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Abstract The main purpose of this paper is to solve the viscous Cahn-Hilliard
equation via a fast algorithm based on the two time-mesh (TT-M) finite element
(FE) method to ease the problem caused by strong nonlinearities. The TT-M
FE algorithm includes the following main computing steps. First, a nonlinear
FE method is applied on a coarse time-mesh 7.. Here, the FE method is used
for spatial discretization and the implicit second-order 6 scheme (containing
both implicit Crank-Nicolson and second-order backward difference) is used for
temporal discretization. Second, based on the chosen initial iterative value,
a linearized FE system on time fine mesh is solved, where some useful coarse
numerical solutions are found by Lagrange’s interpolation formula. The analysis
for both stability and a priori error estimates is made in detail. Numerical
examples are given to demonstrate the validity of the proposed algorithm. Our
algorithm is compared with the traditional Galerkin FE method and it is evident
that our fast algorithm can save computational time.

Keywords Fast algorithm, two time-mesh (T'T-M) finite element (FE) method,
viscous Cahn-Hilliard equation, stability, CPU time
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1 Introduction

The Cahn-Hilliard equation describes the process of phase separation, first
introduced by Cahn and Hilliard in the late 1950s [3-5]. Numerical methods for
solving the Cahn-Hilliard equation provide an important tool for studying the
dynamics described by the Cahn-Hilliard equation. It has been well studied
and broadly used to investigate the coarsening dynamics of two immersible
fluids. Recently, researchers have devoted tremendous efforts to the relaxed
Cahn-Hilliard system, i.e., the viscous Cahn-Hilliard (VCH) system and its
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perturbed form with the hyperbolic relaxation (HR) effect (referred to as the
perturbed viscous Cahn-Hilliard equation). Formally, the governing equation
of the VCH-HR system is slightly different from the Cahn-Hilliard equation
by incorporating two extra terms, including a strong damping (or viscosity)
term and a hyperbolic relaxation term (or inertia). The viscous term was first
proposed by Novick-Cohen [31] in order to introduce an additional regularity
and some parabolic smoothing. It can be viewed as a singular limit of the
phase field equations for phase transitions [9]. The hyperbolic relaxation term
was proposed by Galenko et al. [10-15,23] in order to describe strong non-
equilibrium decomposition generated by rapid solidification under supercooling
into the spinodal region occurring in certain materials (e.g., glasses). Since
the VCH system contains the viscosity, it is mathematically more intractable
compared to the Cahn-Hilliard systems [21,32,44].

Before developing efficient numerical schemes to solve the VCH system, we
notice that its reduced version, the Cahn-Hilliard equation has been used as a
model for various problems: microphase separation of diblock copolymers (two
or more different polymer chains linked together [8]); spinodal decomposition
[20] (a mechanism for the phase separation of a mixture of liquids or solids
from one thermodynamic phase); image inpainting (a process of reconstructing
lost parts of images [2]); phase-field modeling of tumor growth simulation [38];
volume reconstruction [26]; topology optimization [45]; co-continuous binary
polymer microstructures [6]; microstructures with elastic inhomogeneity [42],
and multiphase fluid flows [19,24,25].

It is noticed that, despite a great deal of work done for the numerical
solution of the classical Cahn-Hilliard system, almost all researches related to
the VCH or VCH-HR system were focused on the theoretical analysis of partial
differential equation with very few algorithm design or numerical analysis. This
is due to the numerical difficulties of proper discretization for the viscous effect,
besides the regular stiffness issue induced by the nonlinear double well
potential. Therefore, an efficient and accurate time marching scheme is
required. The invariant energy quadratization (IEQ) approach has been
proposed to solve the VCH-HR equation [40].

This paper is mainly devoted to improve the speed of the numerical
calculation for viscous Cahn-Hilliard system. Zhang and Qiao [43] discussed
a finite difference scheme and proposed an adaptive time-stepping technique to
quickly solve the 2D Cahn-Hilliard equation. He et al. [17] proposed a large
time-stepping methods. Novo et al. [1], Layton [22], and Xu et al. [30,39]
introduced the two-level type methods. The basic idea of the two-level method
is to first solve the nonlinear equation in the coarse-level subspace and then
solve the linear equation in the fine-level subspace. Therefore, the two-level
method can achieve better accuracy with less CPU time. Recently, Liu et al.
[29] has proposed a fast two time-mesh (TT-M) finite element (FE) algorithm
for time fractional water wave model, which has been developed to deal with
the time-consuming problem of nonlinear iteration used in the standard non-
linear Galerkin FE method for the nonlinear term. Based on two-grid finite
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element discretization and a recent subgrid-scale model, Shang [33] analyzed
a two-level subgrid stabilized Oseen iterative method for the convection
dominated Navier-Stokes equations. Wang et al. [35] have proposed a fast
time Two-Mesh Algorithm for Allen-Cahn equation.

Here, our work is to use similar idea as in [29] for solving the viscous Cahn-
Hilliard equation:

ut:—Aw—FQ, anX(O7T]7
w=e*Au— f(u) — Buy, in Qx (0,7,

ou Ow (1.1)
%_67_0’ on 90 x (0,7,

’LL(,O) = Uuop, in Q’

. . ou )
where € is a given parameter, u; = —, n is the outward normal, and 5 > 0

is the viscosity parameter, it becomes the classical Cahn-Hilliard system when
B = 0. f(u) is usually of the form f(u) = u3 —u and Q € R?, d = 2. Here, u
is the concentration of one of the two substances in the mixture and is known
as the phase variable, and g is external force. Our aim is to introduce a similar
fast TT-M FE algorithm as proposed in [35] for water wave to solve viscous
Cahn-Hilliard equation. The time derivative is approximated by a second-order
scheme [28] derived based on the idea of the second-order-schemes in literature
(see Galerkin FE method by Wang et al. [37] and finite difference schemes by
Gao et al. [16]).

The organization of the rest of this paper is as follows. In Section 2, we
provide some definitions of norms and lemmas. In Section 3, we give the
numerical scheme of fast TT-M FE algorithm with second-order 6 scheme. In
Section 4, we implement the analysis of stability for the proposed scheme. In
Section 5, we analyze the error estimates in detail. We present some numerical
experiments in Section 6. Finally, we do some simple summaries for the
numerical methods.

2 Theoretical preparation

In this section, we state the necessary abstract for the analysis of subsequent
proof. We denote the inner products and the norms in space L?(Q2) and H'(Q)
as follows:

(u,v)Z/QU(w)v(w)dl‘, [ull = llullL2(0),

1/2 1/2
lull g = </ |u]2dx—|-/ |Du|2dx> . ulg = (/ ]Du|2d$> .
Q Q Q

To derive a fully discrete TT-M FE scheme, we first split the time
interval [0, 7] into a coarse uniform partition with the nodes ¢, = nM7 (n =
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0,1,...,N), which satisfy 0 = tg < t; < --- < ty = T with the fine time step
size 7 = T'/(nM) for some positive integer M > 2, where 7. = M is the coarse
time mesh step size. Let u™ = u(-,t,). Then the time-second order # method
[28] is

(3 —20)u™ — (4 — 40)u™ 1 + (1 — 20)u"™2

-@Tu(tn—Q) = o )

n =2,

and for the first time level, we use the Crank-Nicolson discrete scheme

ul—uo

81/2U =

Lemma 1 [29] For a sufficiently smooth function u(t) = u(-,t) € C3[0,T] and
any 0 € [0,1/2], the above approrimation of first-order derivative at time t,_g
is of second-order convergence, i.e.,

Ut(tn—g) = Dru(tn_g) + R;‘_e, n =2, ultyp) =0 ,pu+E, n=1,

where
IR~ < Cr?, | Byl < C72,

with the constant C independent of T.

Lemma 2 [29] For a sufficiently smooth function u(t) = u(-,t) € C?[0,T] and
function f(t) € C2[0,T), at time t,_g, the approzimate formula

u(tn—g) = (1= O)u(tn) + ultn1) + E5 7,
Flultn-g)) = (1= 0)f(u(tn)) + 0 (u(tn—1)) + E5 7,
holds for any 6 € [0,1/2], n > 1, where
1Bz~ < Cr?, ||EFY)| < o7
We take the following notations:
) = Q=) fW™) +0f(u™ ), u = (1-0)u"+ou" .

In this paper, referring [27,34,36], we assume that potential function F'(u)
whose derivative f(u) is uniformly bounded, i.e.,

max | f'(u)| < L.
ueRk

3 Numerical scheme

Let
HL(Q) = {u e H'(Q) ‘ g“ —0on aQ}.

n
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Using the above 6 method, the temporal semidiscrete scheme for (1.1) is as
follows. Find
u": [0,T] — Hf, w":[0,T) — Hj,

such that for any v, q € H}E, when n =1,

1_,0 1 0
() = (Ve w), vo) = (T2 0),
ul 7u0

—e2(Vul’2, Vq) = (fV2(u), q) = B(“—q) = (*(w), q),
where

0 1 0 1 0 1

12 _ W tu 12,y _ S (W) + f(u) 12 _9 *9
U 2 ’ f (U) 2 Y g 2 I

when n > 2,

(Z-u"%,0) = (V' (u), V) = (¢"°(u), v),
—*(Vu"=?, V) = (f*"(u), q) = B(Z-u"%, q) = (w""(u), q),

with u° = ug(z,y).
Next, we define V}, as the subspace of H (1), i.e.,

Vi = {v € Hi: vl € Py(z,9)},

where Py (z,y) is the space of polynomials of degree at most k € Z*. The fully
discrete scheme for (1.1) is as follows. Find

U™ 0,T) — Vi, W":[0,T] — Vi,

such that for any vy, qn, € Vi, when n =1,

1_ 70 1, 0
(P20 ) - v (232 )
(3.1)
1_ 0
VUV, V) — (P20 01) — (BT an) = (W(0). ),
where 0 U [0 -
U2 — ‘;‘ ’ fl/Q(U):f( );f( );
when n > 2,
(9TU”_07 vh) - (VWH_G(U)v VUh) = (gn—07 vh)?
(3.2)

2 (VU V) = (f"0U), an) = BZ-U" 0, qn) = (WP (U), qn),

with U® = uy, (z,9).
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To improve the computation efficiency of the FE discrete system (3.1) and
(3.2), we consider the following TT-M system based on FE method. Here, 7, is
the coarse time-mesh step, and 7 is the fine time-mesh step. We now give the
TT-M algorithm for the Cahn-Hilliard equation in three steps.

Step 1 The coarse time-mesh numerical approximations Uj and W[ are
obtained by the following equations: when n =1,

(=) - (W2 We), Vo) = (£ m), (33w)
Ul o UO
(VU Van) = (72 (Uc).an) = 8(=C—C )
= (WY2(Uc), an), (3.3b)
where
Ug + Ut Ug) + f(U¢
Ué/Q _“c 5 C,fl/Q(Uc) — S C) 5 f( C);
when n > 2:
(2,047 o) — (VW0 (Uc), Vop,) = ("%, vn), (3.4a)
—e2(VUE ™ Van) — (f0Uc), an) — B(2-. U, an)
= (Wnie(UCLQh)a (34b)

with Ug = up,(z,y), an appropriate approximation of ug(x,y).

Step 2 Obtain the values between qu and U (n=1,2,...,N —1) on the
fine time-mesh by the Lagrange’s interpolation, where Uj* (m = 1,2,..., M, ...,
2M,...,NM) are the interpolated results and m is the fine time-mesh index.

Step 3 By using the interpolated results U7, the following linear systems on
the fine time-mesh with step 7 are solved to find

UR:[0,T] — Vi, WE:[0,T] = Vi,

for any vy € Vi, qn € Vi, when m = 1,

Ul _ UO
(u, (3.5a)

» Uh |5

vh) —(YWYR(UR), V) = ( .

T

~A(VUE2 V)~ 5 (PO + (U~ UN AU, )

1 _ 770
5 R0 - 5(EE a)

= (WY2(UF), qn); (3.5b)
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when m > 2,

(2:U~" o) = (VW™ (UR), Von) = (g™, vn), (3.6a)

—2(VUR V) — (1= 0)(f{UP) + (UR — UM fu(U), an)
—0(f(UE ") an) = B(Z-UE an)
= (W™ (Ur), an), (3.6b)

where f, is the derivative of f about w.
4 Analysis of stability

Lemma 3 [41] For series {u"} and 0 < 0 < 1/2, the following inequalities

hold:
1
(Drun=0 un=?) > yp (H[u"] — H[u"Y]), n>2,
T
1
M) > — a5 >2,
where

H[u"] = (3=20)[[u"*— (1 =20)[u" ' + (2= 0)(1 —20) [u" —u"7'[*, n>1.
Lemma 4 For series {u"} and 0 < 0 < 1/2, the following inequalities hold:

1
(VZu=? vur=?) > o (Lu"] — L"), n>2, (4.1)
T

1
Llu"] > T-9 [Vu"|?, n>2,

where
L[u"] = (3 —20)||Vu"|? — (1 — 260) | Vu" |

+(2-60)(1—20)|Vu™ — Vu"?, n>1.
Proof Tt is obvious that the operator Z,u"~? can be rewritten as

u — un—l (1 29) u — un—2

n—60 __ .
D" = (2 —20) . o

By using equalities

(a—b)a:%[aQ—lP—F(a—b)Q], (a—b)bz%[aQ—lF—(a—b)Q],



696 Danxia WANG et al.

the following inequality holds:
(VZ2u? vur?)
= (VZ2u"0 (1 - 0)Vu" + 0Vu" 1)

oD Gy (DT Gy

3 ;20 (Vu” — Vur! 1-26 (vun—l — Vun? 7 Vu"*)}

2 T
1-90 ni2 n—12 n n—1)2
=(1-10) [T(HVU 7 = [[Vu™ 17 + [[Vu"® = Va7 7)

+ 0[ - ,Vu”ﬂ)

e Y e R e )
Fo 229 — P — 9 — )
R s R e 6]
> (1= ) [ (9 — P 4 [V — )
1-20

= (V[P = Va2 * + 2| V" — V2
=

+ 2”Vu”_1 — Vu”_2||2)

3—20 n n— n n—
(T L T R LA e

e i e R e
= 222 v — ) S (R )
2052 (gur - w1 = Vet = Tur2)
= L] - L))

In addition, we have

L[u"] = (202 — 70 + 5)||Vu"||* + (20% — 30 + 1) || Vu" 1|2
—2(20% — 50 + 2)(Vu", Vu" 1)

> (26% — 70 + 5)||Vu"||? + (26% — 30 + 1)||Vu" 1|2

202 — 50 + 2

202 — 30 + 1 [Var|?

—[(20% =30 + 1)||Vu" 12 +
> v ? O
Z1_gve

Theorem 1 Under the condition 7. < T /N, for the coarse time-mesh system
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(3.3a)-(3.3b) and (3.4a)-(3.4b), the following stability inequality holds:
IUEI? + IVUEI* < CIU2IP + ClIvUe|* + C%i g% (42)
k=0
Proof Taking vy, = Ug_e in (3.4a), we have
(9 U8 V) — (WU, VU ) = (" UE . (43
Taking g, = AUZ™? in (3.4b), we have

—2(VUE VAUL?) — (" 0(Ue), AUET?) — (82, UL, AUE™?)
= (W (Ug), AUSTY). (4.4)
Combing (4.3) and (4.4), we get
(2, U U870 + 2(AUE?, AUE™?) — (82, U, AULT?)
= (f*(Uc), AUG") + (9" %, UE").

Using the Cauchy-Schwarz inequality and the Young inequality, we have the
following estimate:

(7" (Uc), AUE™?)| < %Ilf" ()| + AT

2 (=) f(UE) + GJF(UE)H2 +e2|AUE?

4

( 9) n—1y(12 U 2 2 AUan 2
< o Wl + ||f( N+ e AU

CUUE? + V&l )+€2HAU879H2- (4.5)

By Lemmas 3, 4, and (4.5), the following inequality is obvious:

o (HIUB) - HUZ ) + £ (Lg"] — Lis™ 1)

< (9o VB0 + BI(V 2, U, TU )

< C(ITEIP + U&7 + Clg™ 1> + 1Ug~°11)

SCUITEI + U3 +CUlg™ 1P+ lg" M%), n=2. (4.6)
Adding up inequality (4.6) from 2 to n, one obtains

o (V2] - HUE) + 2 (LU8) - LIvd)

n n n n
SCYNUEP+C Y NUE P +0 ) g 1P +C ) lg* P
k=2 k=2 k=2 k=2
n n
< CYNUEIP+C Y g
k=1 k=1

o
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By the triangle inequality and the Young inequality, we have

H[UG] = (3 = 20)[UG|° — (1 = 20)| US> + (2 — 0)(1 — 20)||U — Ug |
< ClUG|”? + Cllugl?,
LUG) = (3= 20)[[VUSI? — (1 = 20)[[VUS|* + (2 — 0)(1 — 26)|| VU — VUG
< C|IVUGIP + ClIvUg®.

By Lemmas 3, 4, and the above inequality, we have

1 n I3
— U2l +

T T35 IVUE|? < H[UZ] + SLIUE]

< Cre Y UEIP +Cre Y |lg*|? + H[US] + BLIUE]
k=1 k=1

< 073 UEIR + ¢ S IgHIP + CIUEIP + ClugiP
k=1 k=1
T+ OIIVUIP + CIIVUR|P.

Next, to estimate | U} | + | VUL ||?, taking

_Us+Ug

Ul + U2
2 b 77

=A
dn B)

Uh

in (3.3a) and (3.3b), respectively, and adding the results yields

<U5—Ug7 U5+U8) +€2(AU5~I—U8’AU8¥+U(’}>

Te 2 2 2
_(f(Ug)Jrf(Ué) AUg+U5>_ﬁ<Ué—Ug AU8+U5)
2 ’ 2 Te 2
1 0 1 0
_ (9 *tg Uc+Uc
- (T ), @

And using the above similar analysis, one has
IUEN? + IVUSI? < ClOel? + CIIVUE)? + Cre(lg®* + lgH]?).  (4.8)
By combining (4.1) and (4.7) with (4.8), the following inequality holds, i.e., for
sufficiently small 7. and 3, one has
n n
ITEI? + VUS| < CIUI? + CINUEIP + Cre Y IUEIP + Cre Yy llg" 1>
k=1 k=0

Finally, the use of the discrete Gronwall inequality proves (4.2). O
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Theorem 2 Under the condition T < T/(MN), for the fine time-mesh system
(3.5a)-(3.5b) and (3.6a)-(3.6b), the following stability inequality holds:

m~+M
WUEI2+ I VURI? < C(HU2~H2+HVU8H2+HU2H2+IIVU2!!2+T 3 ”ng2>_
k=0
(4.9)
Proof Taking v, = Ur™% in (3.6a), we have

(2-Up=? U™ — (VW2 (Up), VUR %) = (¢" %, U %) (4.10)
Taking g, = AU?_G in (3.6b), we have

—(VUR, VAUR™) — (1= 0)(f(UT") + (UF = UF) fu(UT), AU )
—0(f(UR™), AUR") = B(2, U0, AUE)
= (W™ (Up), AUR?). (4.11)

Combining (4.10) and (4.11), we get

(2:Up " Up™") + 4(AUR ", AUR™)
— (1= 0)(f(U") + (UR — U fu(U), AUE?)
—0(f(URY, AUR) - (2, Um0 AU = (gm0 Uum?).

By the similar method applied to (4.2), we can obtain the following inequality
easily:

H[UF| — H[UE] + LU — BL[UE]

<CTY (IUEIP+ IUEH) + 0 > (g™ 12 + 1" 112 + e Y |UF|?
k=2 k=2 k=1

<O _NUEIP+Cm ) g 1P+ Cr > U7 (4.12)
k=1 k=1 k=1

Let n = [k/M, the smallest integer that is equal to or greater than k/M. Using
the interpolation, we can estimate the Lagrange interpolation term [|U¥|, i.e.,

k
UF = MUS ™ + (1= M)UE, N =n— 27 €01, (4.13)
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TZHUIHQ TZHM P (1= A UBP
Cr Y (U117 + 1u2?)
k=1
M[m/M]
<Cr Y (IUE 1P+ IIUE)
k=1
m/M]—1 (I+1)M
oo UwEt P+ e
1=0  k=1+IM
[m/M]—1 (I+1)M

Z > (UGl + 0P

= k=1+IM
(m/MW—
=CMr Y (UL +IITE 1)
=0

n
<Cr > UGN
=0

n [
<ory (IIU8~H2 LIV + O Y Hg’“HQ)

1=0 k=0

n n
< Ct|UGIP + Ctal VURN + Crer YD 119"
k=0 =k

< OGP + VU + CT ) NP
k=0
m~+M
<CO|UEIP + CIVUE|P +Cr Y "I (4.14)
k=0
By (4.12) and (4.14), the following inequality holds:

1 m||2 /8
mHUFH T

5 |IVUR|* < H[UE] + BLIUE]

< HUE] + BLIUE] + C|Ug? + ClIvue|)?
m-+M

+CTZHUFH2+CT Z lg* 1%

The following inequality is obvious by the trlangle 1nequahty and the Young
inequality:
H[UE] = (3= 20)|Up|* — (1 = 20)||UR||* + (2 — 6)(1 — 26) | U — Up||?
< O|UEI? + Cllup?,
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LUE] = (3 = 20)IVUp|* — (1 = 20)|VUR|* + (2 = 0)(1 - 20)||VUf — VUg|?
< C|IVUE|P? + C[VUE|*.

By the above inequality, we have

p

1 m||2 mi||2
1-0 IUE(I” + 1-9 IVUE|
< H[UF'] + BL[UE']
m m+M
SH[UE] + BLIUE + CTY_NUEIP+Cr > g8 + CIIULIP + C|I VU |
k=1 k=0
< CUR|? + CIURI? + C|VUER|? + CVUR|?
n m+M
+Cr Y _NUEIP+Cr > llgkIIP + CIULI? + CIVURP. (4.15)
k=1 k=0
By taking
Up +Up Up + U}
Vp = E 2 F7 dh = A £ 2 F)

in (3.5a) and (3.5b), respectively, and adding the results, |Ux|? and |[VUE|?
can be estimated using the above similar analysis:

IUEI? + IVUEI? < CIURI? + CIVURI? + Cr(llg’l* + llg'1?).  (4.16)
By (4.15) and (4.16), and combing (4.10) and (4.11), we have
IUE 1 + IVUE? < ClUEI + CIUE|? + CIVUEN? + ClIVUE|

m—+M

+C7 Y |UEIP +Cr Y IVUEIP +Cr Y llg*|
k=1 k=1 k=0

By using the discrete Gronwall inequality, the proof of (4.9) is done. O

5 Error analysis

Definition 1 The orthogonal projection operator P : Hx(£2) — V}, is defined
as
B(u — Py(u),v) =0, u€ HE(Q), Vv eV,

Lemma 5 [7] For any u,u; € L*(0,T; H?), there exists a unique Pyu € Vj,
such that for 0 <t < T,

||u — Phu|| + hHu — Phqu + H(U — Phu)tH + h||(u — Ph“)t”l < Ch2.

Theorem 3 Suppose that the solution of initial problem (1.1) and the fine
time-mesh problem (3.4a)-(3.4b) are u and UX, respectively. Then, with the
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assumption u € C3(0, T, H*(S2)), there exists a positive constant C independent
of 1¢, T, and h such that

lu(tm) = UE < C(72 + h?). (5.1)

Proof First, we rewrite the weak form of the initial system (1.1) is as follows.
For any v,q € HE(f), when n = 1,

(ut(t12),v) — (Vw(ty2), Vv) = (9(t12),v),
—2(Vu(ty/2), Va) — (f (u(ti2)), @) — Bluc(ti o), q) = (wlt1)2), ),
(0121, v) — (Vw(ty ), Vo) + (E1,0) = (¢2,0) + (B, v),  (5.2a)
—*(Vultyy2), V) = (f1/2(w),q) — B(D1/2u, q)
= (B3, q) + B(E1, 0) + (w(t1 2), ) (5.2b)
when n > 2,

(ut(tn—p),v) = (Vw(tn-g), Vv) = (g(tn-0), v),
—2(Vu(tn-g), V) = (f(ultn-o),q) — Blut(tus), q) = (w(tn—o), ),

(Dru™,0) = (Vw(tn_g), Vo) + (Ry " v) = (9", 0) + (B3, 0), (5.3a)
e2(Vultn-),Vq) = (f" % (u),q) = B(Dr.u"?,q)
= (B57%,9) + BB}, q) + (w(tn—9), q), (5.3b)
where

uetiyn) = O1jputEr,  gltn—g) = g" "+E}" flultng)) = f*"(u)+E5~
Subtracting (5.3a)-(5.3b) from (3.4a)-(3.4b), and letting

Ué —u(tn) = (U¢ = Pou(tn)) + (Phu(tn) — u(tn)) = & + p¢,
we have

(D-.£87°0) = (VW™ (Uc) — Vw(tu—o)(u), Vv) + (D7 pp =", v)
= (R} %,0) — (B3, v), (5.4a)
—e2(VEr=,Vq) — (f"(Uc) — f"(u),q) — B(D~.E2%, q) — B(Dr.p2 %, q)
= (WP (Ug) — w(tn-0)(u),q) — (B3, q) = BRI, q). (5.4b)
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By using v = £27% in (5.4a), ¢ = A¢"~% in (5.4b), and adding them, we have

(chgnfG n79)+€2(A€n79 Agnfa)
= (f"(Uc) = (), ML) + B(Zrpi ™" + 26070 A7)
(R? Q_E;L 9_@72100 ) c ) (En o AS ) ﬁ(R?iaaAgg_e)
= Ji+Jo+-+ s

Next, we estimate Ji, Ja, ..., J5:

Ji= (" (Uc) — "0 (), AEY)

2
= S 10— O(FWE) = F™) + 0 UE™) = S DI + 5 g

N

C C _ _ 52 —9
ST — w2 + S0 — P+ A

Jo = B(Drp? + 25,6770, A0
252 —0,2 0 e? 0112
2202012 + |1 2:.627011%) + 7 1A&IR,

Jy = (R:?*G — By — 9, p270 070)
-0 -0 6 —0
< IR+ IES NP + 1 Zep2 01 + Hf? 1%,

_ _ 1 N g2 _
Jy=—(By P, A7) < gHE:? 9||2+Z||A5? 12,

_ _ [ g2 _
Js = —B(Ry ™%, A7) < = IR ?I1% + - A& )%
Putting everything together, we have

n— n— n C n— n—
(26277, ¢ 9>|\ 7 108 — |+ S 0" — |

52 —0 0 0 0
N 2r o2 0112 + 126270117 + I|1RY P11 + 1B |
1 1
—6 —6 —0 —0
+ | Zr. Pt ||2+§||f? H2+€7||E§L ||2+67HR? [

By using Lemma 3, the following estimate is obtained:

1

47‘C

(HIEM — HIE ) < 1(2.607°,¢079)

< COUE = ulta)|” + CIUET = ulta)|?
+C(IDrp 1P + |1 Dr 27012 + ll€2°11%)
+C(I1E: 9||2+||E§" “1% + IRE ). (5:5)
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Adding up inequality (5.5) from 2 to n, we get
Hlg] - [fcl]
<O Z U8 = u(t)? + Cre Y (1 Drepl 17 + 1D 820 + 11€27°11%)

Jj=2
n

j—0 j—0 j—6
+Cre Y (1B 1P + 1B 712 + 1R

=2
Cre > (€17 + 1021 + Cre > | Drpl ™ I? + Cre > |1 D701
j=1 =2 =2
n n
. - - o
+C7e > 7P+ Cre > (B 1P + 111 + 1R (5.6)
j=2 j=2

By Lemma 3 and using the discrete Gronwall inequality, (5.6) is formulated as
(n>2)

j—0 j—0 j—60
l€2)? < CTCZHﬂZ||2+CTcZ(IIE§ 12+ 11BN + 11RO
7j=2

+ O Z 1D =0 1% + Cllec|I?

Jj=2

n n
; i—0 i—0 j—0
<03 AP+ On S (1B O + B2 + |’ ))

j=1 j=2
+CTcZHDnP] 0 —oupl” 9H2+CTCZH<% P+ Cle.
Jj=2 j=2

By Lemmas 2 and 5, one obtains
I€21* < Ctah? + Ctotd + Ctor! + CllE|* < Ch* + Cr2 + Cllgc [P, (5.7)

Next, as in the previous analysis to estimate ||£}[|?, subtracting (5.2a)-(5.2b)
from (3.3a)-(3.3b), we get

(O1)26e,v) — (VWH2(Ug) — Vw(ty ) (u), Vo) + (9 j2pe, )
= (B1,v) — (BY? v), (5.82)

—2(Ve? Vq) — (fY2(U) — FY2(u), q) — B(D1 j2ber @) — B(Dr 200 )
— (WY2(Uc) — w(ty o) (), q) — (E3%,q) — B(E1, q). (5.8b)
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By using v = 52/2 in (5.8a), ¢ = Aécl/z in (5.8b), and adding them, we have

(D1y2er €7%) + (A&, AGT?)
= (FY2(Uc) = £2(u), A&?) = B0y ke, AE?)
= (01206, AE) + (B1 — By*, €1%) — (B, Al?)
= (O1/2pe, &%) = B(E1, AES?).
By the similar analysis, one can derive
lecl? < O (2 + 1) + CllUE — uol*. (5.9)
By (5.7) and (5.9), the following inequality holds:
€2 1* < O(rg + hY). (5.10)

Combining (5.10) with the property of the orthogonal projector P, we complete
the proof of (5.1). O

Theorem 4 Suppose that the solutions of initial problem (1.1) and the fine
time-mesh problem (3.5a)-(3.5b) and (3.6a)-(3.6b) are u and UR', respectively.
Then, with the assumption u € C3(0, T, H*(Q)), there exists a positive constant
C independent of 1., T, and h such that

ultn) — UR| < C(r2 + 72 4+ h?). (5.11)

Proof We first estimate the error |[u(t,,) — UJ"|| on the fine time-mesh. By the
notations introduced in (4.13), we have
UM = A\pUL 4 (1= M) UR,

(5.12)
w(tm) = A1+ (1 = Xp)u" + C72us(Vn),  Om € (tn_1,tn).

With (5.12) and (5.1), the following result holds by the triangle inequality:
lu(tm) = Ul < C(7Z + h?).

Next, we replace n with m and 7, with 7 in (5.3a)-(5.3b), and subtract it from
(3.6a)-(3.6b). We have
(2:677°,0) + (2ep7 0 0) = (VW (Up) = Vao(tm-)(w), Vo)
= (R:tnieﬂj) - (E;nie’v)a
— (VP Vq) - B(2:670a) = B(Zp 0 AP
— (1 =0)(f(U7") + (UF' = U fulUS") = f(u™), )
—0((fUF™") = f@™1).q)
= (Wm_e(UC) - w(tm—e)(u)vq) - (Eénigv vq) - IB(Rlnigv Q)'
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By choosing v = f}”_e, q= A{}”_G, and adding them, we have

(2:6770, 6070 + (2070, 77 0) + (AP0, A7)
= (1= 0)(fUT") + (UR = UP") fuUF) = F(u™), A7)
+O(fURY) = F™ ), AP 0) + B2, AP )
+B(Zep 0 AT — (B0, ALY
—BRY, AP0 + (R0, 6770) — (Bg 0, €770, (5.13)

where
Up' — u(tm) = (Ug" — Ppultm)) + (Phu(tm) — ultnm)) = & + pf-

Using Taylor expansion, we estimate the first term on the right-hand-side of
(5.13) as follows

1 (™) = F(UT") = (UF = U) fu(U)|l
= 1£u(UP)[(u™ = UT") = (UF = UP)] + C fuu () (™ = U
= [l fu(UF") (u™ UF)+CfUU(77m)( ~ U
= 1 £u (U EF + A7) + C fuu () (u™ = UT*)?||
CUIER T+ A7) + Cllu™ = U [4(g - (5.14)

Combining (5.13) and (5.14) with the similar analysis applied to (5.1), for n > 2,
we have

IEFP 1P < C(rt + 72 + 1Y) + CllUR — uo|® + ClIE4I. (5.15)
Next, as in the previous analysis to estimate ||§}||2, we replace n with m, 7.
with 7 in (3.3a)-(3.3b), then we subtract (5.2a)-(5.2b) from (3.3a)-(3.3b):

(31/2§f, v) — (VWl/Q(UF) - Vw(f1/2)(u)7 Vo) + (81/2va v)

= (B1,v) — (B ), (5.16a)
—2(VE2, V) — (FY2(UF) — 2 (w),q) — B(D1 /a5, q) — B(Dr 20, )
= (WY2(UF) — w(ty)2)(u),q) — (By%,q) — B(E1, q). (5.16b)

By using v = 5}/2 in (5.16a), g = A§1/2 (5.16b), and adding them, we have

(01285, 5}/ ) + & (A§1/2 A£1/2)
— (FV2(Uy) = £Y2(u), AE?) — B0y )a65, AEY?)
= (B1. &%) — (%, 6% — (B, ag)?)

— B(EL, A = (91265, 0) %) + BOraps. €.
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Using the above technique again, we can get
IEF1* < Ot + 72 + 1Y) + C|lUR — o> (5.17)

Combining (5.15) and (5.17) with the property of the orthogonal projector P,
we complete the proof of (5.11). O

6 Numerical experiments

In this section, we present some numerical examples to illustrate the theoretical
results obtained in the previous section. We study the effects of 6§ and 5 values
on the spatial convergence orders and compare the CPU time of the Galerkin
method and the TT-M FE method. The behavior of the exact solution and
the TT-M numerical solution are demonstrated via visualization. All tests are
obtained by the package Freefem++ [18].

6.1 Convergence results

In this part, we verify the theoretical error estimates by numerical examples,
i.e., verification of the order of spatial convergence of the viscous Cahn-Hilliard
equation using the TT-M method by examples. We take the P1 finite element
space, and choose the initial condition

up = ecos(mx) cos(my),

the exact solution

cost

u(z,y,t) = e“®" cos(mz) cos(my).

We can compute the external force term in the equation.
6.1.1 Order of convergence in space

Tables 1-3 show that the spatial convergence order is consistent with the
theoretical value for different [ value. The parameters used in our simulation
are

1
£=03, 0=02, 7.=10r=

on’ T = 17
20
1 1 1
5 =0,0.001, 0.01, h= 16’ 32 64°

Table 1 Spatial convergence rate of numerical results of TT-M: 8 =0

h lu—Url|/lull lu = Url g1 /[lull m
relative error rate relative error rate
1/16 0.104671 0.201608
1/32 0.0243144 2.105 0.0966592 1.065

1/64 0.00603877 2.009 0.0479912 1.010
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Table 2 Spatial convergence rate of numerical results of TT-M: g = 0.001

h lu—Urll/lull lu = Urll g1 /[lull m
relative error rate relative error rate
1/16 0.104686 0.201582
1/32 0.0243551 2.103 0.0966518 1.060
1/64 0.00608312 2.001 0.047988 1.010

Table 3 Spatial convergence rate of numerical results of TT-M: g = 0.01

h lu—Url|/lull lw = Urllg1/[lull m
relative error rate relative error rate
1/16 0.104837 0.201357
1/32 0.0247716 2.081 0.0966 1.059
1/64 0.00666528 1.893 0.0479904 1.009

Table 1 lists the results based on TT-M FE method for 5 = 0 and h =
1/16, 1/32, 1/64. The spatial convergence orders computed from relative
errors |[u — Up||/||u|| and |[u — Up||g1/||u]| g1 are close to 2 and 1, respectively.
Results for § = 0.001 and 0.01 are listed in Tables 2 and 3, respectively. We
get the same conclusion according to the similar analysis as that discussed
for Table 1. We also observe that the spacial convergence rate is almost same,
when ( takes different values. These numerical results imply that our numerical
algorithm is correct.

Tables 4-7 show that the spatial convergence order is consistent with the
theoretical value for different 8 value. The parameters used in our simulation
are

1
£=03, =001, 7.=10r=—, T=1,

20’
1 1 1
0=0,02,04,05 h=-, —, —=.
’ ) ) ’ 87 167 32

Table 4 lists the results based on TT-M FE method for § = 0 and h =
1/8,1/16, 1/32. The spatial convergence orders computed from relative
errors |[u — Up||/||u|| and |[u — Up||g1/||u]| g1 are close to 2 and 1, respectively.
Results for # = 0.2, 0.4, and 0.5 are listed on Tables 5, 6, and 7, respectively.
The same conclusion can be obtained. These numerical results imply that our
numerical algorithm is correct.

Table 4 Spatial convergence rate of numerical results of TT-M: § = 0

h lu—Ur|l/ul lu—Upll a1 /llull g
relative error rate relative error rate
1/8 0.858158 0.616371
1/16 0.236553 1.859 0.299096 1.043

1/32 0.0324659 2.865 0.0991513 1.59
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Table 5 Spatial convergence rate of numerical results of TT-M: 6§ = 0.2

h lw—Urll/||ul lu—Upll g /llull g
relative error rate relative error rate
1/8 0.388401 0.448404
1/16 0.104837 1.889 0.201357 1.155
1/32 0.0247716 2.081 0.0966 1.059

Table 6 Spatial convergence rate of numerical results of TT-M: 6 = 0.4

h lu = Urll/||ul lu—=Urll a1 /llull
relative error rate relative error rate
1/8 0.335496 0.40981
1/16 0.0950239 1.819 0.197356 1.054
1/32 0.0245207 1.954 0.0965279 1.031

Table 7 Spatial convergence rate of numerical results of TT-M: 8 = 0.5

h lu—Url|/||ul luw—Urll a1 /llull
relative error rate relative error rate
1/8 0.333468 0.408707
1/16 0.0948542 1.813 0.197361 1.050
1/32 0.0245138 1.952 0.0965818 1.031

6.1.2 Order of convergence in time

Table 8 shows that the time convergence order is consistent with the theoretical
value for different 6 value. We choose parameters as follows:

11 1 1

==, —, =, — =1.
9°16° 25’ 36"

e=03, 6=0,02 04,05 p=01, 7T=h
The time convergence orders computed from errors ||u—Up|| is close to 2. These
numerical results imply that our numerical algorithm is correct.
Table 9 shows that the time convergence order is consistent with the
theoretical value for different 5 value. We choose parameters as follows:

1 1 1 1
=03, 7=1=h=-,—, —, o, =000, =05 T=1
g ) TC T 97 16) 257 367 ﬂ ) ) )
The time convergence orders computed from errors ||u — Up|| is close to 2.

6.1.3 Comparison between TT-M FE method and Galerkin FE
method on CPU time

In this part, the CPU time of the traditional Galerkin FE method and the
TT-M FE method are compared. We take parameters

0—05 B=00l, e=03 =107, —— _Lb1
=0 PERUL e = RS TE T 000 TR 167 32

From Table 10, one can see that our numerical algorithm can substantially
reduce the CPU time while producing equally accurate numerical results.
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Table 8 Temporal convergence rate of numerical results of TT-M: 5 = 0.1

0 T=h lu—Ur|| rate
0 1/9 0.271629
1/16 0.0950813 1.824
1/25 0.0407967 1.895
1/36 0.0209129 1.832
0.2 1/9 0.27205
1/16 0.0936853 1.852
1/25 0.0387008 1.980
1/36 0.0186608 2.000
0.4 1/9 0.272465
1/16 0.0940023 1.849
1/25 0.039034 1.969
1/36 0.0188599 1.994
0.5 1/9 0.27231
1/16 0.0940378 1.847
1/25 0.0390698 1.968
1/36 0.0189 1.991

Table 9 Temporal convergence rate of numerical results of TT-M: 6 = 0.5

Jé] T=h lu—Url| rate
0 1/9 0.278024
1/16 0.0943529 1.878
1/25 0.0396985 1.939
1/36 0.0189656 2.025
0.01 1/9 0.278574
1/16 0.0948477 1.872
1/25 0.0401712 1.925
1/36 0.01947771 1.985

Table 10 CPU time of TT-M FE method and Galerkin FE method: 6 = 0.5

h FE(s) TT-M(s)
[u = Ur|l/llu]l llu = Ur|[g/lullmr CPU _|lu—Ur|l/|lu]l [lu = Ur|lg1/||ullz: CPU
1/8  0.333532 0.408677 36.74  0.333468 0.408707 11.86
1/16  0.0948615 0.197356 92.518  0.0948542 0.197361 36.858
1/32  0.0245146 0.0965814  395.162  0.0245138 0.0965818  162.789

6.2 Influence of M on CPU time and error

To check the computational efficiency of the fast TT-M FE method, we consider
the impact of parameter M on CPU time. Fig. 1 plots the CPU time versus
the value of M for parameters

1 1
=1 =0.01, =05 =— h=—, T=1
€ ) B 0 ) ) T 4007 207
One can see that the computing time of the fast TT-M FE method gradually
decreases as M increases from 2 to 20, which indicates higher computational
efficiency for greater value of M, and one can know that the most efficient
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calculation is produced at M = 20, and when M tends to value M = 20, the
CPU changes very slowly.

Next, we check the possible influence of M on the computational accuracy.
Using the same set of parameters as in Fig. 1, we compute the error versus value
of M in Fig. 2. One clearly sees that the parameter M has little influence on
the computational accuracy. Therefore, when using the TT-M FE method, we
can select the appropriate value of M to improve the computational efficiency
without affecting the accuracy.

260 - 0.0590

[o* 0.0588 |
240 0.0586 -
0k 0.0584
L 0.0582
200 F % 0.0580 |
=) F 0.0578
& 180 5 0.0576 *
' 5 0.0574F Xy
160? » 0.0572Fx % x * x x * %
ol 0.0570 F
L * % 0.0568 -
120 L X x 0.0566
b Xoxoox oy 0.0564 |
100 F 0.0562 F
1 1 1 1 1 1 1 1
0 5 10 15 20 0'05600 5 10 15 20
M M
Fig. 1 CPU(M) based on 6 = 0.5 Fig. 2 Error(M) based on § = 0.5

7 Summary

In this paper, we apply the fast TT-M FE method to the nonlinear viscous
Cahn-Hilliard equation. Theoretical stability analysis and error estimates of
the method are provided in detail. Numerical examples are given to verify
these theoretical results. The comparisons of CPU time is made between the
TT-M FE method and the Galerkin FE method, and we study the effect of
the parameter M. It is worth noticing that for the second-order 8 scheme with
B = 0, the spatial convergence orders computed from ||u —Up|| and ||u—Ug|| g1
are close to 2 and 1, respectively. When 8 = 0.001, 0.01 have similar results.
All of the numerical results show that our fast TT-M FE method is effective
and efficient.
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