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1 Introduction

Fourier analysis has been appeared in many fields such as seismology, crystal-
lography, sonar, and many other applications [1,5,6]. Fourier transformation
was first implemented on finite circles before its extension to Fourier series.
Clairaut introduced the discrete Fourier transform (DFT) in 1754 and
employed the DFT to determine the orbits of the astroids. Gauss initialized the
fast Fourier transform (FFT) in 1805 ([3,4]) while computing the eccentricity of
the orbit of the asteroid Juno [3], which was neglected and was rediscovered by
Cooley and Tukey in an important paper [4], which leads to the wide adoption
of DFT thereafter. Dirichlet showed by FFT the existence of infinite number
of primes in any arithmetic progression (see [17]). Goertzel [7] significantly
improved the efficiency of FFT by the symmetry of trigonometric functions, and
Good [8] essentially developed a prime-factor FFT. The classical FFT method
is implemented through Butterfly processing (also called the divide and conquer
technique) where the summands are equally grouped iteratively. This technique
can reduce the original complexity of the computation of DFT from O(N?) to
O(Nlogy N).

The DFT provides an approximation to the continuous Fourier transform
and can be used to solve many discrete problems in number theory [18], graph
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theory and group theory [19], as well as problems in physics, statistics, and
error-correcting codes, computing the eigenvalues of the adjacency matrix of
a graph. DFT can also be used to diagonalize the adjacency operators of the
Cayley graphs defined on the cyclic group Z,.

In this paper, we want to rediscover the properties of the classical Fourier
matrices and extend them to higher order tensors, i.e., the Fourier tensors. We
show that the higher order Fourier transform can be handled much more easily
by the introduction of the Fourier tensors. We also investigate the spectrum of
the Fourier tensors based on that of the Fourier matrices.

Throughout, we use lowercase and uppercase, respectively, for vectors and
matrices or groups, and slant font or the math font, e.g., Z,V,W, etc. for
tensors. For the detailed information on tensor theory, we refer the reader to
a recent book on tensors [16]. Denote by [n] the set {1,2,...,n} and [n]p the
set [n] U {0} for any positive integer n. Denote by e; the (i + 1)th coordinate
vector in €™ for i € [n — 1], so

eo=(1,0,0,...,0)", e; =(0,1,0,0,...,0)", ..., e,_1 = (0,0,...,0,1)".
For any positive integers m, n, we denote
S(m,n) = {(i1,i2,...,im): i € [n|}

and
S(k;m,n) ={o € S(m,n): s(o) =m+ k},

where s(o) denotes the sum of all elements of 0. Let ¢ := {g0,91,---,9n-1}
denote the additive group Z,, := Z/nZ, where g; = i € Z,, representing the class
of integers a = i (modn). Let L?(%) be the set of complex-valued functions
defined on & and f := (f1, fo,..., fu) ", where f; = f(g;_1). The inner product
on L*(¥) is defined as

(f9) = f(@)g(a). (1)

€Y

The Fourier transform (FT) of a function f(z) on R (the field of real numbers)
is defined by

[e.e]

F(f)(s) == f(s) = / exp(—2msz) f(z)dz ()

—00

(the symbol ¢ is the imaginary unit v/—1), while the inverse Fourier transform
(IFT) of a function g(s) is defined as

F~1(g) :=g(t) = /oo exp(2mst) f(s)ds. (3)

—0o0

An alternate for notation f (resp., f) is (f) (resp., (f)) or F(f) when f is an
expression. Note that all integrals appeared here are assumed to be finite.
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We note that (2) and (3) can be generalized to multivariate functions. Let
f be defined on R™. The FT of f(x) is defined as

f(t) = / - exp(—2mit @) f(x)de, (4)

where .t € R?, dz := dzydzy - - -dx,, and t'@ = (¢, 2) is the inner product
of t and x. We list some examples to illustrate the effects of the FT on some
simple functions.

Example 1 The triangle function A(z) is defined by

Ale) = {1—|x|, z e [-1,1], )

0, otherwise.

Then

R ‘ 2
A= <sm WS) = sinc?(s).
s

As the second example, we take the exponential decay function which is defined

by
f(w)Z{e el (6)

0, otherwise.
A simple calculation tells that

A 1
fls) = a+ 2ms’

where a > 0 is a positive constant.

The third one in this example is the Gaussian function furnished by g(x) =
e ™ A quick check shows that § = g since g(s) = e~ s> The meaning of this
fact is not clear so far to us.

The convolution of functions f(z) and g(z), denoted by h(t) = f o g, is
defined as

ne) = [ " f@)glt - z)da. (7)

Generally speaking, the convolutions are used for smoothing and averaging. For
example, the solution to the heat equation defined on a circle can be expressed
as a convolution of the initial heat distribution with Green’s function (see, e.g.,
[1,9]). For the recent work on the tensor expression of a convolution, we refer
to [21]. Now, we are ready to list some basic properties which may be useful in
the following argument.

Ae

Lemma 1 () (f) = /. (3] = g
(i) £(0) = [, Fs)ds, F(0) = [, f(s)ds
A S
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(iv) (f(xz+ b)) = e*™b(f(x)), where b is any real constant;

(v) (f(at)) = |a|~*(f(s/a)), where a is a nonzero real constant,

(Vi) (fog)=fd

By Lemma 1 (iv), (v), and the fact that (e=™") = =™ in Example 1, we
can calculate the FT of the Gaussian with mean p = 0 and standard deviation
o, i.e.,

1
e_w2/(202)

g(w) = N ,

as
§(s) = exp(—2n%02s?).
For more information on Fourier transform, we refer the reader to [9]. In
the next section, we will turn to the DFT.

2 DFT and generalized Fourier matrices

The DFT is a discrete approximation of the Fourier transform in the continuous
case. It takes a vector as an input and returns another vector of the same
dimension as an output. The DFT converts a finite sequence of data, usually
expressed as a vector of samples of an instant function separated by sample time,
into a sequence of equally-spaced samples which are a complex-valued function
values of frequency. If the original sequence spans all the non-zero values of a
function, then its discrete time Fourier transform (DTFT) is continuous and
periodic, and the DFT provides discrete samples of one cycle. If the original
sequence is one cycle of a periodic function, then the DFT provides all the
non-zero values of one DTFT cycle.

To be specific, we denote w = e 27/" and U = {l,w,w?,...,w" !} is
the set of n-unit roots. For simplicity, we sometimes denote wj := w” for
k € [n— 1)o. Write u? := (ul,ub,...,uh)" (the p-power of a vector u) for a
vector u = (uy,us,...,u,) € €", where p is an integer. Thus, u® = ¢ is the

vector of all-ones, u' = u. Note that some entries of uP can be the infinity if

the corresponding coordinate of u is zero and p < 0.

For our convenience, we index vectors and matrices from 0 to n — 1. Thus,
a column vector & € ¢ is written as * = (zg, z1,... ,Tn_1)" and an n x n
matrix A = (a;5) takes i,j € [n — 1]o. The Fourier matriz

F, = Fy(w) = (Fji)
is defined as the n x n complex matrix with

1 12wk 1
Fjp = —ex (—7):—(,0].
k= P n Jn
Note that F, is symmetric for all positive integers n. In the following, we may
use F' to replace F;, for simplicity when no risk of confusion arises. Given any
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u € U, denote
e = (Lu,u?, .., u" T (8)

and
Flu)=n""2ni,myy oy~
Furthermore, we denote 7y, := 1, for each k € [n— 1]. For any positive integers

p, q, we denote (p, ¢q) for the greatest common divisor of p and ¢. Then we have
the following result.

Lemma 2 For any positive integer k € [n — 1], F(wk) is nonsingular if and
only if (k,n) =1, i.e., k and n are coprime.

Proof By the formula of the Vandermonde determinant, we know that

det(F(w) =[] @ —db). (9)

0<i<j<n—1

We now write the set of n-unit roots as U := {ug, u1,...,up—1} in which u, =
wp = wP for p € [n — 1], and let UF := {uf, uf, ... ,uk_,} for k € [n — 1]. We
note by (9) that det(F(uy)) # 0 if and only if all the n elements in U* are
distinct, which is equivalent to condition (k,n) = 1 by the elementary number
theory. ]

We call a matrix F),(wg) generalized Fourier matriz (GF-matrix) generated
by wy when k € [n — 1] is coprime with n and denote it by F[n,k|. Thus, the
Fourier matrix F,, = F[n,1] is a GF-matrix generated by w = w;. Given any
integer n > 1, there are exactly ¢(n) 4+ 1 GF-matrices of size n x n, where ¢(n)
is the Euler function, the number of integers coprime to n (excluding 1). For
example, there are two GF-matrices of size 4 x 4:

Fy=F[4,1], F[4,3] = Fy(w®).

There are 4 GF-matrices of size 5 x 5 since (k,5) = 1 for all £ = 1,2,3,4.
Actually, for any prime number n, we have n — 1 GF-matrices of size n x n.
More generally, we let

n = p71'1p§2 .. p'gs
be the prime decomposition of n, where p1,ps,...,ps > 1 are the prime factors

of n ordered increasingly. By the Eulerian formula, we have

¢(n>=n(1—;1)(1—p12>"'(1‘p15>'

Thus, we can calculate the number of GF-matrices for each n.
To investigate the properties of the Fourier matrices, we write n := 7. Then

F, = [77077717 s 777n_1]'
Denote by Hj, = (h;j) € R¥*k the permutation matrix with

hij:1<:>i+j:]{3,
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and

P, = ) (10)

Thus, P, = diag(l, H,—1) is an n X n permutation matrix. P, is also a left-
transit cyclic matrix determined by eJ (the first row of P,). We note that
Py = I is the identity matrix. Since 71 = 1, = n_1/2£, we have

F(wo) = nil/QJn,
where J,, is the n x n matrix of all-ones. For k € [n — 1], we have the following
result.

Lemma 3 For each k € [n — 1], we have
[Fn(wi)]? = P (11)

Proof 1t is easy to see that F? = Iy = P,. For each k € [n — 1], wp = wF
satisfies
l+twpg+wp+-+wp'=0, YVk=12,...,n—1, (12)
since
0=1—-wp=(1 —wk)(1+wk+w,§+-~'+wgfl).
On the other hand,
14wy +wg+-+wi !t =n. (13)

We show that (11) is valid for & = 1. For this purpose, we write F' := F,(w)
and denote F? = [fo, fi,..., fa—1], where f; is the (j + 1)th column vector of
F?. Then we have

o 1 n—1 1 n—1 y 1 n—1 i
(odi = (P = — S ()i = — Skl =~ 3k,
k=0 k=0 k=0

Thus, fo = eg € R™ since (fo)o = 1 by (13) and (fo); = 0 for each i € [n — 1]
by (12). We note that this technique can be employed to confirm the equality
fj = ent1—j for all j € [n — 1]. The proof is completed. O

The DFT of an input € R”, denoted by & or (z), is defined by

T = (y()vyla .- '7yn71)—r = ana

that is,

Yi = Z whey = (nj,x), j=1,2,...,n,
k€Zn

where n = 0 (modn) and n; = 7., is defined as above. We define

= (Tp, Tp—1,- .. ,a:l)T
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as the reverse of , ie., z; = x,_; forall i € [n —1]p (n = 0 (modn)). Let
A =1[Ap, A1,...,Ap_1] € €"™*" be any matrix and denote

A™ = [Ag, AT, .. A ]

It is easy to see that
€, =€_, W_f=Wn k-

Here, we use the subscript —k instead of n — k to indicate the symmetry.
Furthermore, we have

mj)” =n—j, ()" =mn;, Vj=0,1,2,...,n—1

We can now rewrite (11) as
F2 =1~ (14)

n

since by definition,

Iy =leg,ers-- e, 1] =lenen1,- en_mo1)] = [€0;€n—1s- -\ en_(n_1)l;

which is exactly P,. By Lemma 3, we get (14). Note that e, = eg whose unique
nonzero coordinate is the first one, which is 1.
From Lemma 3, we get the following result.

Corollary 1 For each j € [n], define n; = ., as

1

nj = % (l,wj,wjz, L hTecn (15)

and denote wj = w’. Then we have
(i) Fu(wp)* =1, fork e [n—1];
(i) Fn(w—r)~" = Fa(wr)™ = Fa(wg) Pas
(iii) (nx) = e_x for all k € [n — 1]o;
(iv) (x~) = ()~ for all z € R™.

From Corollary 1 (ii), we have

Fy = F; = [00,00-1, 002 -, 1)

Furthermore, we have 1, = e, for all k € [n — 1]o.

Given a vector x € €", a Vandermonde matriz (V-matrix) associated with
x is defined as an nxn matrix V(z) := (V;;), where Vi; = ] for all i, j € [n—1]o.
The GF-matrix F),(wg) is exactly the Vandermonde matrix V(). An m-order
Vandermonde tensor or V-tensor of type I generated by « is defined as a tensor
V= (‘/7;12'2...7;7”), where

('i2—1)(i3—1)"'(im—1)‘ (16)

‘/;11'2...2'7” = :E“
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W is called a V-tensor of type 11, if there exists an (m — 1)-order n-dimensional
tensor B = (Bi,iyi,, ) such that

Wisig i = B b

Recall that an mth order n-dimensional symmetric tensor &/ = (A;) is called a
Hankel tensor (associated with v), if there exists v = (vg, v1,...,vy) ' such that
Vk € [Nlo, Ar = vy for all 7 € S(k;m,n). A Hankel tensor < is an elementary
Hankel tensor, if it is associated with a coordinate vector e, € RV*!. Denote /.
for the elementary Hankel tensor associated with e, ([20,21]). The elementary
Hankel tensor .77, is closely related to the convolution operators [21].

The Fourier matrix is a kind of V-matrix. To see this, we denote

k { 2mik }
Wi 1= w" =expy — ;
n

where
21

W= exp{ — 7}, W= {wy: k € [n]},

noting that w, = 1. Then W is a cyclic group generated by w; and each wy
has a unique inverse w,_; for k € [n]. Recall n; in (15) and note that n, =
(1,1,..., 1)T is the vector of all-ones. The following lemma will be used later.

Lemma 4
(nismj) = 45, Vi,j € [n], (17)

where the Kronecker delta 6;; takes value in {0,1} and is equal to 1 if and only
if i = j. Here, the inner product is defined as

n
(@,y) =y'm = o7,
k=1

where € = (1,2, ...,%) , Y= (Y1,y2,...,yn) € C".
Proof We note that @; = w,—;. By (15), we have

1 n n
(mi, ;) = Ez sz] Z wi—j) (18)
k=1 k=1

with j — i (modn) € [n]. If i # j, then i — j (modn) € [n — 1], thus, w;—; €
{wi,wa,...,wp_1}, and so

n

D (wip) =0

k=1

For i = j, we have (n;,n;) = 1. Thus, (17) is proved. O
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The Fourier matrix is useful in the DFT of one-dimensional signals. For the
multi-order DFT (or the multi-dimensional DFT), say, an m-order DFT, with
length n along each mode, we need to calculate mn numbers of one-dimensional
(1-D) DFT if the DFT is based upon the 1-D formula.

In the following, we extend Fourier matrices to Fourier tensors in order to
define a higher order DFT. The DFT on a square image comprising of n X n
pixels requires a 4-order Fourier tensor to implement the calculation, which can
be done compactly in one formula.

In the next section, we introduce the high order Fourier tensor and its
spectrum, and then use the high order Fourier tensors to implement the DFT.

3 Fourier tensors

In signal processing, we sometimes encounter the case when the input signal
is multi-dimensional. A multi-dimensional signal is a function of more than
two variables. For example, a video signal is a function of three independent
variables which are time and two spatial coordinates (X,Y). The high order
(not higher dimensional) Fourier analysis arises when we consider the Fourier
transform of a multi-dimensional input signal. In 2012, Tao used the high order
FT to deal with the higher order linear patterns. As put in [18], he thought
that ‘The full theory of the high order patterns is still rather complicated - - - .’
Tao mainly investigated the behavior of polynomial patterns on arithmetic
progressions as f(n), f(n + ), f(n + 2r),... through the high order Fourier
analysis. The reader is referred to [18,19] for more detail.

For our purpose, we introduce some fundamental knowledge and the
multiplications defined on the tensors. Let a; := (alj,@j,...,anj)T e C"
for j € [m]. The tensor product

X =] Xag X X
is defined as an m-order n-dimensional tensor
% = (Xi1i2~"im))

where
Xivigoipy = Qi110in2 =+ * Qi -

Z is a rank-1 tensor when all ay’s are nonzero. Similarly, the tensor product
A=A x Ay x --- X A,
of a sequence of matrices Ay = (ag-c)) is defined as a 2m-order tensor

‘Q{ = (Ai1i2"'7:m7j1j2”'jm)7

where

4 _ ) (19)

1192+ im,J1J2 " Jm 11711272 tmJm’
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where Aj’s are not required to be the same size. A 2m-order n-dimensional
Fourier tensor, denoted by Wy, ,, € Joy.n, is defined by

WiliQ'“i’m:jle“‘jm = n—m/2w27k”:1 (=1 (r=1) ) (20)

where i, ji € [n], w = exp(2mi/n). It is easy to see that (20) is equivalent to

m

Won = Fm™ =F, x Fy x - x Fy, (21)

which is also called the mth tensor power of Fourier matrix Fj,.
Recall that a 2-dimensional discretized signal can be expressed as a matrix,
say,
f=rfy) = (fiy), i€lml jeln]
Similarly, an m-dimensional discretized signal can be expressed as an m-order
tensor
f = Firjoim) € Tmins

which may be generated by the gridding of an m-variate function f = f(x1, z2,

., T, ). Here, we only concern with the hyper-cubic case though the dimensions
of each mode (direction) of f can be different. We call f an m-order signal, or
briefly, an m-signal. The Fourier transform on an m-signal f can be described
as the tensor multiplication

F:f:Wm,an

with
fivigerim = E Wisig.im i jaeim d j1daeeim - (22)
J1,J25e+5Jm

This is called the Fourier tensor transform of f, where the output f is also an
m-order n-dimensional tensor.

Example 2 Let f = = (0iyiy-i,,) be an m-order n-dimensional Kronecker
(6-) tensor defined by

Oirineripy = 1 <= i1 = ig = -+~ = ipp, (mod 7).
Then 0, = n if s(6) = m (modn) and d, = 0 otherwise. In fact, for any
0= (i17i27 s 7Zm) € S(k7m, Tl), we have
0o =" D WitigimjrjoijmOnjsim
J1,J25:Jm
— Y (is—1)(gs—1
= D w =g
J1,J250+5Jm

_ Z”:w,k(j,l)
j=1

= 3 wkuY,

Jj=1
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where w(k) := w™" = exp(—2kir/n). It follows that
by 0= wk)=1l<=k=nqg<=iy+iz+-+im—m=0 (modn).

Example 2 shows that the Fourier transformation on a J-tensor produces
an elementary Hankel tensor (see [21]). Conversely, an even-order elementary
Hankel tensor can be transformed into the d-tensor by a Fourier transform.

We now study the spectrum of a Fourier tensor W, ,,. By Lemma 4, F}, is a
unitary matrix, so each eigenvalue of F, lies in the set S := {1, —1,2, —2}. This
conclusion also applies to the higher order case.

For convenience, we denote py, := 2*. Then S = {1, po, 13, 4} can be
regarded as a cyclic group of order 4 generated by u;. Furthermore, if we denote
S = Ly s, i, i} and let rem(mm, n) denote the remainder of m divided
by an integer n, then we have

(i) 8™ =8O .= {443} for all m with rem(m,4) = 0;

(i) S0 =S .= 8 for all m = 4k with rem(m,4) = +1;

(iit) S =8P = {1y, uo} = {1, —1} for m with rem(m,4) = 2.
Given a tensor & = (Aj iy.ir,) € Im:n and a vector & = (x1, 2, ... ) € ET,
we define y = /2™ ! as a vector y = (y1,¥2,...,Yn)  with

yi = Z Aiigig i TioTig = Tip,
12,130 yim
for each ¢ € [n]. A scalar \ € C is called an eigenvalue of o7, if there exists a
nonzero vector & € C™, which is called an eigenvector of &/ corresponding to

A, such that
dx™ = g™ (23)

where x* is defined as a vector (x%,zk ... 2%)T. The pair (A, x) is called an

eigenpair of &7. The pair (A, @) is called an E-eigenpair (A is called an E-
eigenvalue) of &7, if Zx™ 1 = \z, where z € C" is a unit vector. \ is called a
Z-eigenvalue, if there is a real vector  satisfying #/x™ ! = \x.

Denote the spectrum of a tensor (matrix) o/ by 7(/). It is easy to see that

w(Fy) = 5’(0)7 T(Fy) = 5(2)’ T(Fy) = g
We use 7,(o) to denote the Z-spectrum of a tensor. In the following, we only
consider the case when m > 1.
Theorem 1 Let m,n > 1 be two positive integers. Then
(1) T(Wpn) = SO if m = 4k for any positive integer k;
(i) 7(Wp,p) = S if m =4k + 2 for any nonnegative integer k;
(iit) S = SW ifm > 1 is an odd number.

Proof Let 0 # x € C™ be a unit eigenvector of F;, corresponding to an eigen-
value A € S| i.e., Fjx = Ax. Then

W ¥t = Flmlg?m=t — (g F )" ' Fe = A" (24)
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The second equality is due to the fact that
m
EMg?m=1 — B x F, % - x F xa?™!
= (F, x1x xox)" 'F, x

= (z*Fx)™ ' Fz.

Thus, for any given k € [4], Ay € n(F,) implies A\}* € 7(W,, ). The result
follows by observing the set consisting of A}". O

Now, we let
AW = (o) e e, k€ [m],

and define the tensor product A x A®@ x ... x AM of AK)’g ag the 2m-order
n-dimensional tensor

G = (Giyigimijrga-jm)

such that . o
Gilizn-im;jlj?“jm = ailjlai2j2 s azmjm
When
A=AD = ... = gm) ¢ Rmxn

we call & the m-tensor power of A and denote it by ¢ = Al™.

A paired symmetric tensor was defined by Huang and Qi [11] as an even-
order tensor %/ whose entries, indexed as Aj;, j,izjo--imjm» ar€ invariant under the
swapping of indices in any block(s) (irjx). &7 is called strong paired symmetric,
if, additionally, it also satisfies

Aiyjriggaimim = Ainjaisgsimimii

for all possible indices. Denote W,, ,, for the 2n-order n-dimensional Fourier
tensor, i.e., Wy, , = F,[lm]. By [11], Wy, 5, is a strong paired symmetric tensor.
For any 2m-order n-dimensional complex tensor &7 = (Aj;, j1injo-imjm ), We define
the 2m-degree homogeneous polynomial associated with </ by

folay) =Y {Awm.mm 1@ }}, (25)
k=1

j=1

where x,y € " and T is the conjugate of x. &/ is called positive (semi-)
definite or a pd (psd) tensor if fo(x,xz) > 0 (> 0) for all nonzero complex
vectors & € ™. This is in fact the extension of positive semidefinite tensor,
a symmetric tensor whose corresponding polynomial is nonnegative (see, e.g.,
[11,15]) from the real field to the complex case. For the properties of the
symmetric tensors, we refer to [14,15].

Let ai,as,...,a, € €". The tensor product of «;’s, denoted by & :=
a1 X ag X -+ X Quy, 18 an mth order n-dimensional tensor, and it is a rank-1
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tensor if o; # 0 for all i. & is written as @™ if a := a1 = as = - -+ = ;. Note
that a tensor & € 7., is a symmetric rank-1 tensor if and only if & = Ax™
for some 0 # = € R” and scaler A # 0. In this case, Ay = zj,xi, -,

for any o = (i1,42,...,im) € S(m,n). It is shown that [10,13] an mth order
n-dimensional real tensor can always be decomposed into a rank-1 tensor as
stated in the following lemma (see, e.g., [2]).

Lemma 5 Let & = (aiiy-in,) € T be an mth order n-dimensional real
tensor. Then o7 can be decomposed as

o = Za§-1) X a§-2) X e X ozg.m), (26)
=1

where agi) € R"™ fori € [m], j € [r]. The smallest positive integer r is called the

rank of . If o is symmetric, then (26) can be reduced to
o =y ()™, (27)
j=1

where oj € R™ is a nonzero vector, see, e.g., [2,12].
Now, we assume that & = (A;,iy.i,,) € Timsn is an input signal. By Lemma
(4)

5, & can be written as (26), where a;’ € R™ are all nonzero input vectors.

Theorem 2 Let the input signal o/ = (ai,..i,,) € Fmn be an mth order
n-dimensional real tensor with decomposition (26). Then

o = ngl) X d§.2) X X dgm). (28)
j=1
If o7 is a symmetric tensor with decomposition (27), then
o= ()", (29)
j=1

where & € R" is a Fourier transform.

Proof By (21) and Lemma 5, we have

J:Wmmx%
= FM x o7

= FI" x <Za§.1) X a§2) X +ee X a§-m)>
j=1
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For the special case when the input signal & is a symmetric tensor, we can
show expression (29) by employing the same technique. O

Theorem 2 allows us to transfer the implementation of a complex high order
Fourier transform into a one-dimensional Fourier transform. We shall mention
that the introduction of a Fourier tensor can make easy even the 2-order Fourier
transforms. We now consider the second order Fourier transform on matrices,
i.e., the 2-order tensor input signal. Note that a 2-order Fourier transform

corresponds to a 4-order Fourier tensor Wy ,, which is defined by F,[f} = F, xF,.
Theorem 3 Let A € R™" be any n x n real matriz. Then A= FT AF.
Proof Since A = Wy, x A, we have A € €. By the definition,

Aij = (W4,n X A)zg
e Z(Wii/,jj/a"i/j/)

2'17‘7'/
= Z(F‘“/Fjjla%/]/)

i,,j,
= Sl

2‘17]‘/

T
= n; Anj.
Consequently, we get R
A=FTAF = FAF

due to the symmetry of F. The proof is completed. O

From Theorem 3, we can deduce the Fourier transforms of some special
input signals. For example, an identity input is exactly P, defined by (10), as
stated in the following corollary. Here, we supply an alternative proof to it.

Corollary 2 fn =P,.
Proof Let A = 1I,, the n x n identity matrix. Then A can be written as

n—1
A= Zek X €L,
k=0
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where ey, is the kth coordinate vector in €™ for i € [n— 1]y as defined in Section
1. By Theorem 2, we have

i
L

A = ék X ék. (30)
0

B
Il

By the definition of F,, and (15), for each k € [n — 1], we have

e, = e, = .

Therefore,
n—1
A:anxnk:FnFnT.
k=0
Since F), is symmetric, by Lemma 3, we get A=P,. O

Given an mth order n-dimensional tensor &7 = (Ajiy.ir,) € Imm and a
matrix B = (B;;) € ¢€"*", for any index k € [n — 1], the product </ X}, B,
called &/ multiplied by matrix B on the right side along mode-k (or direction
k), is also an mth order n-dimensional tensor defined by

n—1

(A Xk Biyigein = Z(Ail---i;---imBi;gik)-

N A
1,=0

This can be naturally extended to the product & x % for the tensors & and
A, where the dimensionalities of the k-mode of &/’s and %’s are consistent.
Similarly, we define B X7 for any k € [n—1]o. We have the following properties
(see, e.g., [13]).

Lemma 6 Let &/ € Ty, B1,By € €™*", and let p,q € [n — 1]p be any two
distinct positive integers. Then we have

(JZ% Xp Bl) Xyq B2 = (% Xyq Bg) Xp Bl (31)

and
o Xp Bl Xp BQ = o Xp (BQBl). (32)

Here, we focus on the situation &/ € F,,.,, and B € €™*". Denote by <7 [B|
for the product
M[B]:dxonlBXQ--- anlB.

By (31), we assert that &/ [B] € ., is well defined. Analogously, we can define
[B]4, i.e., o multiplied by B from the left side along all directions. When B
is a symmetric matrix, we have

%XkB:BXkJZ{, V/{?,
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and thus,
o/ |B] = [B]«.

Now, we are ready to state the following theorem, which is the generalization
of Theorem 3 for the general m-order Fourier transform.

Theorem 4 Let ' € J,,., be any m-order input signal tensor. Then the
Fourier transform of 2" is

A,

X = F|Z = Z'[F,).
Proof By the definition, we have
X = Winn X ' € Tnin.

Denote 2 = (Xijipi, ). For any o := (i1,io,...,im) € S(m,n), by the
definition, we have

Xiigwins = Y Wisigwimasgnomjon Xjrjacivn)
j17j2,~~-7jm

= > (FunFoj Finjn X o)
j17j2’~~-7]’m

= Z [Fn] 2

J15J25--3Jm

= 2[F,).

The proof is completed. 0

We end the paper by remarking that since the vector space R"*" is isometric
to vector space R under the vectorization (Vec), the 4-order Fourier tensor
as a Fourier transform defined on the vector space R™*" is actually equivalent
to a 2-order Fourier tensor. This can be shown as follows:

Vec(A) = Vec(Wy,, x A) = Vec(FAF) = (F" ® F)Vec(A) = (F ® F)Vec(A),

where X ® Y denotes the Kronecker product of two matrices and Vec(A) is the
vectorization of a matrix A. Note that the last equality is due to the symmetry
of F.
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