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Abstract We generalize the P (N)-graded Lie superalgebras of Martinez-
Zelmanov. This generalization is not so restrictive but sufficient enough so
that we are able to have a classification for this generalized P (N)-graded
Lie superalgebras. Our result is that the generalized P (N)-graded Lie super-
algebra L is centrally isogenous to a matrix Lie superalgebra coordinated by an
associative superalgebra with a super-involution. Moreover, L is P (N)-graded
if and only if the coordinate algebra R is commutative and the super-involution
is trivial. This recovers Martinez-Zelmanov’s theorem for type P (N). We
also obtain a generalization of Kac’s coordinatization via Tits-Kantor-Koecher
construction. Actually, the motivation of this generalization comes from the
Fermionic-Bosonic module construction.
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1 Introduction

Root graded Lie algebras initiated by Berman-Moody [6] played important roles
in classification of extended affine Lie algebras. Thereafter, Benkart-Elduque
[1–3] introduced a super-analog of the root graded Lie algebras and classified
Lie superalgebras graded by the root systems of types

A(m;n), B(m;n), C(n), D(m;n), D(2; 1;α), F (4), G(3).

Martinez-Zelmanov [18] introduced and classified Lie superalgebras graded by
the root systems of types P (N) and Q(N). Then Martinez-Shestakov-Zelmanov
studied the Jordan bimodules over the superalgebras P (N) and Q(N). The
novelty of the root system of type P (N) is that there are some ‘odd’ negative
roots without matching positive roots (so P (N) has no non-degenerate invariant
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form). Martinez-Zelmanov’s theorem shows that any P (N)-graded Lie super-
algebra is isomorphic to P (N)⊗R, whereR is an associative commutative super-
algebra. In this paper, we generalize the definition of Lie superalgebras graded
by P (N) by adding the ‘missing’ matching positive roots. This generalization
is not so restrictive but sufficient enough so that we are able to have a
classification for this generalized P (N)-graded Lie superalgebras (GPLS). Our
result is that the generalized P (N)-graded Lie superalgebra is centrally
isogenous to a matrix Lie superalgebra coordinated by an associative super-
algebra with a super-involution. Moreover, the ‘missing’ matching positive
root spaces vanish if and only if the coordinate algebra R is commutative
and the super-involution is trivial. This recovers Martinez-Zelmanov’s
theorem for type P (N). Our approach is inspired by the work of Benkart-
Elduque and Martinez-Zelmanov. Actually, the motivation of this generaliza-
tion comes from the Fermionic-Bosonic construction in which we do get a Lie
superalgebra whose root system is close to P (N) except that the ‘missing’
matching positive root spaces are not zero. This Lie superalgebra is a matrix
Lie superalgebra coordinated by a quantum torus with a super-involution.

Following [3,4,19], and using the connection between root systems graded
Lie superalgebras and their associated Jordan supersystems, we classified GPLS
up to centrally isogeny.

Theorem 1.1 (i) For any unital associative F-superalgebra A with an anti-
superinvolution ¯ , if N > 3, then any Lie superalgebra centrally isogenous to
PN (A,−) is generalized P (N − 1)-graded.

(ii) Conversely, let L be a generalized P (N − 1)-graded Lie superalgebra
over the characteristic zero field F. If N > 4, then there exists a unique (up
to isomorphism) unital associative F-superalgebra A which is equipped with an
anti-superinvolution ¯ such that L is centrally isogenous to the matrix Lie
superalgebra PN (A,−). (See Section 2 for the definition of PN (A,−).)

Theorem 1.2 Suppose N > 3. Then the GPLS PN (A,−) is a P (N − 1)-
graded Lie superalgebra if and only if the unital associative F-superalgebra A =
A0 +A1 is supercommutative and

a = (−1)|a|a, ∀ a ∈ A0 ∪A1.

Then as a special case, we get the classification of P (N − 1)-graded Lie
superalgebras, and it is isomorphic to P (N − 1)⊗F A, which was given in [19].

Corollary Suppose N > 4, and let L be a P (N − 1)-graded Lie super-
algebra over the characteristic zero field F. Then there exists a unique (up to
isomorphism) unital associative supercommutative F-superalgebra A such that
L is centrally isogenous (for N > 4 indeed is isomorphic) to

PN (A, ρ)

=
{(

X Y
Z −ρ(X)t

) ∣∣∣X,Y, Z ∈MN (A), tr(X) = 0, Y = −Y t, Z = Zt
}

∼= P (N − 1)⊗F A,
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where
ρ(a) := (−1)|a|a, ∀ a ∈ A0 ∪A1.

In addition, using the connection between Lie super and Jordan super
structures through Tits-Kantor-Koecher (TKK) construction (see [13]) and the
Coordinatization Theorem for Jordan superalgebras (see [18]) of type JP (n),
we obtain immediately the characterization for GPLS when N is even. It is
a generalization of a result of Kac [13] about the connection between finite
dimensional simple Lie superalgebra P (2n−1) and simple Jordan superalgebra
JP (n).

The Clifford (or Weyl) algebras have natural representations on the
exterior (or symmetric) algebras of polynomials over half of generators. Those
representations are important in quantum and statistical mechanics where the
generators are interpreted as operators which create or annihilate particles and
satisfy Fermi (or Bose) statistics. Fermionic representations for the affine Kac-
Moody Lie algebras were first developed by Frenkel [10] and Kac and Peterson
[14] independently. Feingold-Frenkel [9] constructed representations for all
classical affine Lie algebras by using Clifford or Weyl algebras with infinitely
many generators. The Bosonic and Fermionic representations for the EALA
˜glN (Cq), where Cq is the quantum torus in two variables, were constructed

in [11]. Chen-Gao [7] constructed Fermionic representations for a class of
BCN -graded Lie algebras. Cheng-Zeng [8] constructed Bosonic and Fermionic
representations for the Lie superalgebra D(2, 1;α). Thereafter, Lau [15] gave a
more general Bosonic and Fermionic representations of Lie algebra with non-
trivial central extensions.

In Section 4, we give the Fermionic-Bosonic constructions to the GPLS
coordinatized by quantum tori.

Throughout this paper, the base field F is a field of characteristic zero. ‘t’
denotes the usual transpose of a matrix. And let Z be the ring of integers,
Z2 = Z/2Z be the residue class ring mod 2, with the elements 0 and 1.

2 Definition and construction of GPLS

We first give some notations and definitions which will be used in the sequel.
Then we construct some GPLS.

Follows the symbol in [12], let P (N − 1), N > 3, stand for the finite
dimensional split simple Lie superalgebra which is a subalgebra of sl(N,N)(F),
consisted of the matrices of the form(

X11 X12

X21 −Xt
11

)
,

where
tr(X11) = 0, X12 = −Xt

12, X21 = Xt
21.

Let AN−1 be the special linear Lie algebra slN (F).
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Let

H =

{ N∑
i=1

ai(eii − eN+i,N+i)
∣∣∣ ai ∈ F,

N∑
i=1

ai = 0

}
.

Then H is a split Cartan subalgebra of P (N − 1)0.
For 1 6 i 6 N, defining εi ∈ H∗ by

εi

( N∑
j=1

aj(ejj − eN+j,N+j)

)
= ai.

The root system of P (N − 1) with respect to the action of the Cartan
subalgebra H is

∆P (N−1) = {εi − εj | 1 6 i 6= j 6 N} ∪ {±(εi + εj), −2εi | 1 6 i 6= j 6 N}.

Let
∆ := ∆P (N−1) ∪ {2εi | 1 6 i 6 N},

∆0 := {εi − εj | 1 6 i 6= j 6 N} = ∆AN−1
.

Set
Lα = {x ∈ L | [h, x] = α(h)x, ∀h ∈ H}

as usual.

Definition 2.1 (see [19]) A Lie superalgebra L over F is graded by P (N − 1)
(or ∆P (N−1)), if up to isomorphism,

(i) L contains P (N − 1);

(ii) L has a root space decomposition

L =
∑

α∈∆P (N−1)∪{0}

Lα

relating to a split Cartan subalgebra H of P (N − 1)0;

(iii)

L0 =
∑

α∈∆P (N−1)

[L−α, Lα].

Definition 2.2 A Lie superalgebra L over F is generalized graded by P (N−1)
(GPLS), if up to isomorphism,

(i) L contains P (N − 1);

(ii) L has a root space decomposition

L =
∑

α∈∆∪{0}

Lα

relating to a split Cartan subalgebra H of P (N − 1)0;
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(iii)

L0 =
∑
α∈∆

[L−α, Lα].

Definition 2.3 Two perfect Lie superalgebras are said to be centrally
isogenous if they have the same universal covering superalgebra up to
isomorphism.

Remark A Lie superalgebra graded by P (N − 1) is obvious a GPLS. Any
GPLS is perfect. Condition (iii) is equivalent to ‘L is generated by its nonzero
root spaces’. Then it is reasonable to classify GPLS up to centrally isogenous
(follows from Berman and Moody [6] classified Lie algebras graded by finite
root systems).

Definition 2.4 (see [19]) A Lie superalgebra L = L0 +L1 over F is called an
AN−1-graded Lie superalgebra, if up to isomorphism,

(i) L0 contains AN−1;

(ii) L has a root space decomposition

L =
∑

α∈∆AN−1
∪{0}

Lα

relating to a split Cartan subalgebra H of AN−1;

(iii)

L0 =
∑

α∈∆AN−1

[L−α, Lα].

Let A = A0⊕A1 be a unital associative superalgebra over F and ¯ : A→ A
is an anti-superinvolution on A, i.e., an F-linear, homogenous of degree 0 map
(either called Z2-graded or even for short) on A, satisfies for any homogeneous
a, b ∈ A,

a = a, ab = (−1)|a| |b|ba.

For arbitrary homogeneous element a ∈ A, let

ρ(a) := (−1)|a|a, (1)

where |a| ∈ Z2 denotes the parity of a, and extend ρ by linearity on A.
Obviously, ρ is a superalgebra automorphism of order 2 on A. And for any

F-linear homogenous of degree 0 map τ on A, we have

ρτ = τρ.

Let
Mn(A) = Mn(A0)⊕Mn(A1)

be the associative superalgebra of n × n matrices over A. Then ρ induces a
superalgebra automorphism of order 2 on Mn(A), also denoted by ρ, i.e., for
arbitrary homogeneous X ∈Mn(A),

ρ(X) = (−1)|X|X.
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Let M(N,N)(A) be the associative superalgebra of (N,N)-block matrices
over A, whose algebra structure is the tensor product of associative algebras
M(N,N)(F) and A over F, i.e.,

(X ⊗ a) · (Y ⊗ b) = XY ⊗ ab, X, Y ∈M(N,N)(F), a, b ∈ A,

M(N,N)(A)α =
⊕

β+γ=α

M(N,N)(F)β ⊗F Aγ , α, β, γ ∈ Z2,

where

M(N,N)(F)0 =
(∗
∗
)
, M(N,N)(F)1 =

( ∗
∗

)
.

The new operation

[X,Y ] := XY − (−1)|X| |Y |Y X

for homogeneous X,Y ∈ M(N,N)(A) defines a Lie superalgebra structure on
M(N,N)(A), and we denote the resulting Lie superalgebra by M(N,N)(−)(A).

The new operation

X ◦ Y :=
1

2
(XY + (−1)|X| |Y |Y X)

for homogeneous X,Y ∈ M(N,N)(A) defines a Jordan superalgebra structure
on M(N,N)(A), and we denote the resulting Jordan superalgebra by
M(N,N)(+)(A).

The supertranspose(
X11 X12

X21 X22

)st
:=

(
Xt

11 Xt
21

−Xt
12 Xt

22

)
.

Let

P :=
(

IN
−IN

)
∈M(N,N)(A),

%
(
X11 X12

X21 X22

)
:=

(
X11 ρ(X12)

ρ(X21) X22

)
.

By using %, P, and st, we get the following result.

Proposition 2.1 The map

∗ : X 7→ P−1%(X)
st
P

is an anti-superinvolution on associative superalgebra M(N,N)(A).

Proof By a direct calculation, we have(
X11 X12

X21 X22

)∗
=

(
X22

t
ρ(X12)

t

−ρ(X21)
t

X11
t

)
. (2)
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Then ∗ is obvious an F-linear homogenous of degree 0 map on M(N,N)(A).
For homogeneous

X =
(

X12

X21

)
, Y =

(
Y12

Y21

)
,

since ¯ is an anti-superinvolution on A, we get

(XY )∗ = diag(X21Y12
t
, X12Y21

t
)

= (−1)(|X|+1)(|Y |+1)diag(Y12
t
X21

t
, Y21

t
X12

t
)

= (−1)|X| |Y |
(

(−1)|Y |+1

(
Y12

t

−Y21
t

))(
(−1)|X|+1

(
X12

t

−X21
t

))
= (−1)|X| |Y |

(
ρ(Y12)

t

−ρ(Y21)
t

)(
ρ(X12)

t

−ρ(X21)
t

)
= (−1)|X| |Y |(Y )∗(X)∗.

For homogeneous

X =
(
X11

X22

)
, Y =

(
Y12

Y21

)
,

we have

(XY )∗ =

(
ρ(X11Y12)

t

−ρ(X22Y21)
t

)
= (−1)(|X|+|Y |+1)

(
X11Y12

t

−X22Y21
t

)
= (−1)(|X|+|Y |+1+|X|(|Y |+1))

(
Y12

t
X11

t

−Y21
t
X22

t

)
= (−1)|X| |Y |

(
(−1)|Y |+1

(
Y12

t

−Y21
t

))
diag(X22

t
, X11

t
)

= (−1)|X| |Y |
(

ρ(Y12)
t

−ρ(Y21)
t

)
diag(X22

t
, X11

t
)

= (−1)|X| |Y |(Y )∗(X)∗.

The proof of the remaining cases is similar, so we omit the detailed
calculation.

Since

(X∗)∗ =

(
X11 X12

X21 X22

)
,



654 Jin CHENG, Yun GAO

¯ is an anti-superinvolution, and then * is an anti-superinvolution too. �

Remark If M(N,N)(A) is considered as the graded tensor product
M(N,N)(F)⊗A of associative superalgebras M(N,N)(F) and A over F, i.e.,

(X ⊗ a) · (Y ⊗ b) = (−1)|a||Y |XY ⊗ ab

for homogenous X,Y ∈M(N,N)(F), a, b ∈ A, then

∗ : X 7→ P−1X
st
P

is an anti-superinvolution on M(N,N)(A). There is no essential difference
between these two choices of algebra structures of M(N,N)(A) in our
investigation below.

The following result is well known.

Proposition 2.2 Let L be an associative superalgebra with an anti-super-
involution ∗. Then

L− = {a ∈ L | ∗(a) = −a}

is a Lie subsuperalgebra of L whose Lie superalgebra structure induced naturally
by associativity;

L+ = {a ∈ L | ∗(a) = a}

is a Jordan subsuperalgebra of L whose Jordan superalgebra structure induced
naturally by associativity.

Due to Propositions 2.1, 2.2, and formula (2), we have the following result.

Proposition 2.3

P̃ := {X ∈M(N,N)(A) | X∗ = −X}

is a Lie subsuperalgebra of M(N,N)(−)(A), and

P̃ =

{(
X11 X12

X21 −X11
t

) ∣∣∣X11, X12, X21 ∈MN (A),

X12 = −ρ(X12)
t
, X21 = ρ(X21)

t
}
.

Proposition 2.4

J̃N (A,−) := {X ∈M(N,N)(A) | X∗ = X}

is a Jordan subsuperalgebra of M(N,N)(+)(A), and

J̃N (A,−) =

{(
X11 X12

X21 X11
t

) ∣∣∣X11, X12, X21 ∈MN (A),

X12 = ρ(X12)
t
, X21 = −ρ(X21)

t
}
.
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As Jordan subsuperalgebra of M(N,N)(+)(A), J̃N (A,−) is isomorphic to

JN (A,−) :=

{(
X11 X12

X21 X11
t

) ∣∣∣X11, X12, X21 ∈MN (A),

X12 = −ρ(X12)
t
, X21 = ρ(X21)

t
}
.

Remark JN (F, idF) is simple Jordan superalgebra of type JP (N) (see [13])
for N > 1.

Let A = A+ ⊕A−, where

A+ = {a ∈ A | a = a}, A− = {a ∈ A | a = −a}.

Notice that ¯ is a homogeneous of degree 0 map on A. Then

A = A+ ⊕A−, A = A0 ⊕A1,

are compatible gradings, and

A = A+
0
⊕A−

0
⊕A+

1
⊕A−

1
,

where

A+
0

= A0 ∩A
+, A−

0
= A0 ∩A

−, A+
1

= A1 ∩A
+, A−

1
= A1 ∩A

−.

Let
Θ :=

∑
α∈∆

[P̃−α, P̃α],

f̃ij(a) := aeij − aeN+j,N+i,

g̃ij(a) := aei,N+j − ρ(a)ej,N+i,

h̃ij(a) := aeN+i,j + ρ(a)eN+j,i

where a ∈ A.
Proposition 2.5 For N > 3, we have

f̃NN ([A,A]) ⊆ Θ.

Proof For N > 3 and arbitrary homogeneous elements a, b ∈ A, we have

[g̃1N (a), h̃1N (b)] = aρ(b)e11 − (−1)(|a|+1)(1+|b|)ρ(b)ae2N,2N

− ρ(a)beNN + (−1)(|a|+1)(1+|b|)bρ(a)eN+1,N+1

= aρ(b)e11 − (−1)|a| |b|ρ(b)aeN+1,N+1

− ρ(a)beNN + (−1)|a| |b|bρ(a)e2N,2N

= f̃11(aρ(b))− f̃NN (ρ(a)b)

∈ Θ.
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Replacing b and a by 1 and (−1)|a| |b|ρ(b)a, respectively, we have

f̃11(aρ(b))− (−1)|a| |b|f̃NN (bρ(a)) ∈ Θ.

Then we get

f̃NN (ρ(a)b− (−1)|a| |b|bρ(a)) = f̃NN ([ρ(a), b]) ∈ Θ.

By the arbitrariness of a and b, and ρ is an automorphism on A, we get

f̃NN ([A,A]) ⊆ Θ. �

Proposition 2.6 For N > 3,

P0 := {f̃ii(a)− f̃NN (a) | 1 6 i 6 N − 1, a ∈ A}
⊕ {f̃NN (c) | c+ ρ(c) ∈ [A,A]}

⊆ Θ.

Proof Notice that for arbitrary homogeneous elements a, b ∈ A, 1 6 i 6= j 6
N,

[f̃ij(a), f̃ji(b)] = abeii − (−1)|a| |b|baejj + abeN+j,N+j − (−1)|a| |b|baeN+i,N+i

= abeii − abeN+i,N+i − (−1)|a| |b|(baejj − baeN+j,N+j)

= f̃ii(ab)− (−1)|a| |b|f̃jj(ba).

Then, for b = 1, j = N, we get

f̃ii(a)− f̃NN (a) ∈ Θ, i = 1, 2, . . . , N − 1,

[g̃NN (a), h̃NN (b)] = abeNN − (−1)(|a|+1)(1+|b|)bae2N,2N

− ρ(a)beNN + (−1)(|a|+1)(1+|b|)bρ(a)e2N,2N

+ aρ(b)eNN − (−1)(|a|+1)(1+|b|)ρ(b)ae2N,2N

− ρ(a)ρ(b)eNN + (−1)(|a|+1)(1+|b|)ρ(b)ρ(a)e2N,2N

= f̃NN (ab− ρ(a)b+ aρ(b)− ρ(a)ρ(b)).

Let b = 1 and a ∈ A+
1
. Then we have

f̃NN (a− ρ(a) + a− ρ(a) ) = 4f̃NN (a) ∈ Θ. (3)

By the arbitrariness of a, we get f̃NN (A+
1

) ⊆ Θ.

Let b = 1 and a ∈ A−
0
. Then we also have (3). By the arbitrariness of a, we

get f̃NN (A−
0

) ⊆ Θ.
For any c ∈ A, let

c = c+
0 + c−0 + c+

1 + c−1 ,
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where
c+

0 ∈ A
+
0
, c−0 ∈ A

−
0
, c+

1 ∈ A
+
1
, c−1 ∈ A

−
1
.

Since

c+
0 + c−1 =

1

2
(c+ ρ(c)) ∈ [A,A],

from Proposition 2.5, we have f̃NN (c+
0 + c−1 ) ∈ Θ.

Notice that

f̃NN (c) = f̃NN (c+
0 + c−1 ) + f̃NN (c−0 ) + f̃NN (c+

1 ).

Then, summarizing the above discussion, we get P0 ⊆ Θ at once. �

Lemma 2.7 For N > 3, let

PN (A,−) :=

{(
X11 X12

X21 −X11
t

)
∈ P̃

∣∣∣ tr(X11 + ρ(X11)) ∈ [A,A]

}
.

Then
PN (A,−) =

∑
α∈∆

P̃α ⊕P0 = [P̃, P̃] =
∑
α∈∆

P̃α ⊕Θ.

Proof First, we check

[P̃, P̃] ⊆PN (A,−).

Indeed, for arbitrary homogeneous elements a, b ∈ A and 1 6 i, j, k, l 6 N, we
have

[g̃ij(a), h̃kl(b)]

= δjkabeil + (−1)(|b|+1)(|a|+1)δjkρ(b)ρ(a)el+N,i+N

− δikρ(a)bejl − (−1)(|b|+1)(|a|+1)δikρ(b)ael+N,j+N

+ δjlaρ(b)eik + (−1)(|b|+1)(|a|+1)δjlbρ(a)ek+N,i+N

− δilρ(a)ρ(b)ejk − (−1)(|b|+1)(|a|+1)δilbaek+N,j+N

= δjkabeil − (−1)|b| |a|δjkbael+N,i+N

− δikρ(a)bejl + (−1)|b| |a|δikbρ(a)el+N,j+N

+ δjlaρ(b)eik − (−1)|b| |a|δjlρ(b)aek+N,i+N

− δilρ(a)ρ(b)ejk + (−1)|b| |a|δilρ(b)ρ(a)ek+N,j+N

= (−δikf̃jl(ρ(a)b) + δjlf̃ik(aρ(b))) + (δjkf̃il(ab)− δilf̃jk(ρ(a)ρ(b))).

Notice that

− δikδjl(ρ(a)b− aρ(b) + ρ(ρ(a)b− aρ(b)) )

=− δikδjl(ρ(a)b− aρ(b) + (−1)|a| |b|ρ(b)a− (−1)|a| |b|bρ(a))

=− δikδjl(ρ(a)b− (−1)|a| |b|bρ(a)− aρ(b) + (−1)|a| |b|ρ(b)a)

=− δikδjl([ρ(a), b]− [a, ρ(b)]),
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and similarly,

δjkδil(ab− ρ(a)ρ(b) + ρ(ab− ρ(a)ρ(b)) ) = δjkδil([a, b]− [ρ(a), ρ(b)]).

Then
[g̃ij(a), h̃kl(b)] ∈PN (A,−).

The remainder of cases is similar, so we omit the detailed calculation.
On the other hand, notice that

PN (A,−) =
∑
α∈∆

P̃α ⊕P0.

Then from Proposition 2.6, we have

PN (A,−) ⊆
∑
α∈∆

P̃α ⊕Θ.

Now, the lemma holds at once since∑
α∈∆

P̃α ⊕Θ ⊆ [P̃, P̃]. �

Theorem 2.1 Suppose N > 3. Then, for any unital associative F-superalgebra
A with an anti-superinvolution ¯ , we have any Lie superalgebra centrally
isogenous to PN (A,−) is a generalized P (N − 1)-graded Lie superalgebra.
Furthermore, PN (A,−) is a P (N − 1)-graded Lie superalgebra if and only if A
is supercommutative, and a = ρ(a), ∀ a ∈ A.
Proof Since A is unital, we have P (N − 1) ⊆PN (A,−).

Noticing that

Θ =
∑
α∈∆

[P̃−α, P̃α],

and from Lemma 2.7,

PN (A,−) =
∑
α∈∆

P̃α ⊕Θ,

we get PN (A,−) is a GPLS at once.
Following [3, Lemma 2.4], any universal covering superalgebra of PN (A,−)

is a GPLS, so is its any central quotients.
Furthermore, PN (A,−) is a Lie superalgebra graded by P (N − 1) if and

only if

P2εi = {g̃ii(a) = (a− ρ(a) )ei,N+i | a ∈ A} = 0, 1 6 i 6 N,

⇐⇒ a− ρ(a) = 0, ∀ a ∈ A,

⇐⇒ a = ρ(a), ∀ a ∈ A.
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Moreover, for arbitrary homogeneous elements a, b ∈ A, notice that ¯ is an
anti-superinvolution, ρ is a superalgebra automorphism on A. Then we get

ab = ρ(ab) = ρ(a)ρ(b) = (−1)|a| |b|(ρ(b) )(ρ(a) ) = (−1)|a| |b|ba. �

Later, we say that the GPLS PN (A,−) is coordinatized by A.

Remark If M(N,N)(A) is considered as the graded tensor product of
M(N,N)(F) and A over F, then any Lie superalgebra centrally isogenous to

P ′
N (A,−) :=

{(
X11 X12

X21 −X11
t

) ∣∣∣X11, X12, X21 ∈MN (A),

X12 = −X12
t
, X21 = X21

t
, tr(X11 +X11 ) ∈ [A,A]

}
is a GPLS. Furthermore, P ′

N (A,−) is a P (N − 1)-graded Lie superalgebra if
and only if A is supercommutative, and a = a, ∀ a ∈ A.

About the structure of PN (A,−), from Lemma 2.7, we get the following
root space decomposition at once. And the nontrivial Lie superbrackets between
the root vectors of PN (A,−) are as below.

Theorem 2.2

PN (A,−) = P0 ⊕
∑

16i6=j6N
Pεi−εj ⊕

∑
16i6j6N

Pεi+εj ⊕
∑

16i6j6N

P−εi−εj ,

Pεi−εj = {f̃ij(a) | a ∈ A},

Pεi+εj = {g̃ij(a) | a ∈ A},

P−εi−εj = {h̃ij(a) | a ∈ A},

P0 = {f̃ii(a)− f̃NN (a) | 1 6 i 6 N − 1, a ∈ A} ⊕ {f̃NN (c) | c+ ρ(c) ∈ [A,A]}.
For arbitrary homogeneous a, b ∈ A,

[g̃ij(a), f̃kl(b)] = −(−1)|b| |a|δilg̃kj(ρ(b)a) + (−1)|b| |a|δjlg̃ki(ρ(b)ρ(a)),

[f̃ij(a), h̃kl(b)] = −δikh̃jl(ab)− (−1)|b| |a|δilh̃kj(bρ(a)),

[f̃ij(a), f̃kl(b)] = δjkf̃il(ab)− (−1)|b| |a|δilf̃kj(ba),

[g̃ij(a), h̃kl(b)] = δjkf̃il(ab)− δikf̃jl(ρ(a)b)− δilf̃jk(ρ(a)ρ(b)) + δjlf̃ik(aρ(b)).

Proof

[g̃ij(a), f̃kl(b)] = [aei,N+j − ρ(a)ej,N+i, bekl − beN+l,N+k]

= ρ(a)bδilej,k+N − abδjlei,k+N

− (−1)|b|(|a|+1)δilbaek,j+N + (−1)|b|(|a|+1)δjlbρ(a)ek,i+N

= − (−1)|b| |a|δilg̃kj(ρ(b)a) + (−1)|b| |a|δjlg̃ki(ρ(b)ρ(a)).

The proofs of others are similar. �



660 Jin CHENG, Yun GAO

3 Classification of GPLS

In this section, we follow the symbols given in Section 2, and all the root spaces
decompositions were with respect to the action of the Cartan subalgebra H
which was given in Section 2.

In this section, we assume N > 4 unless otherwise stated.
Let

fij := eij − eN+j,N+i, gij := ei,N+j − ej,N+i, hij := eN+i,j + eN+j,i,

for short.
Following [3,4,19], and using the connection between root systems graded

Lie superalgebras and their associated Jordan supersystems, next, we classify
GPLS up to centrally isogenous.

Due to Benkart et al. [3, Sect. 3], we have the following result.

Lemma 3.1 Let

L =
∑

γ∈∆∪{0}

Lγ , L′ =
∑

γ∈∆∪{0}

L′γ ,

be two GPLS. If there exists a family of homogenous of degree 0, F-linear
isomorphisms

η = (ηγ , γ ∈ ∆), ηγ : Lγ → L′γ ,

such that

ηα+β([xα, xβ]) = [ηα(xα), ηβ(xβ)], ∀α, β, α+ β ∈ ∆, xα ∈ Lα, xβ ∈ Lβ,

and for any α ∈ ∆,

L′α =
∑

δ,γ∈∆,δ,γ 6=±α,δ+γ=α

[L′δ, L
′
γ ],

then L and L′ are centrally isogenous.

Due to Martinez and Zelmanov [19, Sect. 3], we have the following result.

Proposition 3.2 Let L = L0 + L1 be an AN−1-graded Lie superalgebra over
F, N > 4. Then there exists a unital associative superalgebra A = A0 +A1 such
that L is centrally isogenous with slN (A); and furthermore, there exists a family
of homogenous of degree 0, F-linear isomorphisms

η = (ηεi−εj , 1 6 i 6= j 6 N), ηεi−εj : Lεi−εj → slN (A)εi−εj ,

such that

ηεi−εj+εk−εl([xεi−εj , xεk−εl ]) = [ηεi−εj (xεi−εj ), ηεk−εl(xεk−εl)],

η(eij) = eij(1),
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for arbitrary i, j, k, l = 1, 2, . . . , N, i 6= j, k 6= l, xεi−εj ∈ Lεi−εj , xεk−εl ∈
Lεk−εl .

In addition, following the Berman-Moody proof of [6, Proposition 1.29], we
have the unital associative F-superalgebra A which satisfies the above conditions
is unique up to isomorphism.

Following [19], for a GPLS L, let

L∆0
:=

∑
α∈∆0

Lα ⊕
∑
α∈∆0

[Lα, L−α],

and notice that P (N − 1)0
∼= AN−1. Then we have the following result.

Lemma 3.3 Let L be a GPLS. Then L∆0
is an AN−1-graded Lie superalgebra,

and there exists a unique (up to isomorphism) unital associative F-superalgebra
A, such that L∆0

is centrally isogenous with slN (A); and furthermore, there
exists a family of homogenous of degree 0, F-linear isomorphisms

θ = (θεi−εj , 1 6 i 6= j 6 N), θεi−εj : Lεi−εj → slN (A)εi−εj ,

such that

θεi−εj+εk−εl([xεi−εj , xεk−εl ]) = [θεi−εj (xεi−εj ), θεk−εl(xεk−εl)],

θ(fij) = eij(1)

for arbitrary i, j, k, l = 1, 2, . . . , N, i 6= j, k 6= l, xεi−εj ∈ Lεi−εj , xεk−εl ∈
Lεk−εl .

Next, we call A the superalgebra associated with GPLS L, and we denote

θ−1(eij(a)) =: fij(a), 1 6 i 6= j 6 N, ∀ a ∈ A.

The structures of the even-root spaces of L are clear, and about the odd-root
spaces of L, we have the following result.

Lemma 3.4 Let L be a GPLS. Then

Lεk+εl = [gkt, Lεl−εt ] = [glt, Lεk−εt ],

L−εk−εl = [hkt, Lεt−εl ] = [hlt, Lεt−εk ],

for arbitrary k, l, t = 1, 2, . . . , N, t 6= k, l.

Proof For arbitrary k, l, t = 1, 2, . . . , N, t 6= k, l, we have

[gkt, Lεl−εt ] ⊇ [gkt, [htk, Lεk+εl ]]

= [[gkt, htk], Lεk+εl ]

= [fkk − ftt, Lεk+εl ]

= (εk + εl)(fkk − ftt)Lεk+εl

= Lεk+εl .
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Obviously, [gkt, Lεl−εt ] ⊆ Lεk+εl , and then

Lεk+εl = [gkt, Lεl−εt ].

Similarly, we have
Lεk+εl = [glt, Lεk−εt ],

L−εk−εl = [hkt, Lεt−εl ] = [hlt, Lεt−εk ]. �

Proposition 3.5 Let L be a GPLS. Then for any fixed distinct i, j, k, 1 6
i, j, k 6 N, respectively, there exists a unique pair of maps G and G′ on the
superalgebra A associated with L such that

[hik, fkj(a)] = [hjk, fki(G(ρ(a)))],

[gik, fjk(a)] = −[gjk, fik(G
′(ρ(a)))],

∀ a ∈ A.

(The definition of ρ for a superalgebra A, see formula (1).)
Furthermore, G(1) = 1, and G is an F-linear homogeneous of degree 0 map:

ρ(G(a)) = G(ρ(a)).

Proof For any distinct i, k, j = 1, 2, . . . , N, and any a ∈ A, we have

[gkj , [hjk, fki(a)]] = [fkk − fjj , fki(a)]− [hjk, [gkj , fki(a)]] = fki(a),

and then [hjk, fki(a)] = [hjk, fki(a
′)] if and only if a = a′.

From Lemma 3.4, we have

[hik, Lεk−εj ] = L−εi−εj = [hjk, Lεk−εi ],

and then, ∀ a ∈ A, there exists unique G(a) ∈ A such that

[hik, fkj(ρ(a))] = [hjk, fki(G(a))].

Noticing that ρ is an automorphism of order 2 on A, and replacing a by ρ(a),
we have

[hik, fkj(a)] = [hjk, fki(G(ρ(a)))]. (4)

Obviously, G is F-linear, G(1) = 1. For any homogenous element a ∈ A, notice
that ρ is homogeneous of degree 0. Then, from formula (4), we have

1 + |a| = 1 + |G(ρ(a))| = 1 + |G(a)|,

and then G is homogeneous of degree 0 too, so

ρ(G(a)) = G(ρ(a)).

Similarly, we can get the claim for G′. �



Generalized P (N)-graded Lie superalgebras 663

Lemma 3.6 Let L be a GPLS. Then [hij , ] is injective on Lεi−εk , Lεj−εk and
Lεi+εk , Lεj+εk ; [gij , ] is injective on Lεk−εi , Lεk−εj and L−εi−εk , L−εj−εk , for any
distinct i, k, j = 1, 2, . . . , N.

Proof Notice that for arbitrary distinct i, k, j = 1, 2, . . . , N, and arbitrary
[gij , fkj(a)] ∈ Lεi+εk , we have

[hij , [gij , fkj(a)]] = [fii − fjj , fkj(a)]− [gij , [hij , fkj(a)]] = fkj(a).

Then
[hij , [gij , fkj(a)]] = 0 ⇐⇒ a = 0 ⇐⇒ [gij , fkj(a)] = 0,

and we get that [gij , ] is injective on Lεk−εj , [hij , ] is injective on Lεi+εk .
The proof of others is similar. �

Furthermore, about G and G′, we have the following result.

Proposition 3.7 G2 = idA, G = G′. The definition of G does not depend on
the choice of i, j, k, in particular,

[hik, fkj(a)] = [hil, flj(a)], [gik, fjk(a)] = [gil, fjl(a)],

for any distinct i, j, k, l = 1, 2, . . . , N, and a ∈ A.
Proof For any fixed distinct i, j, k, 1 = 1, 2, . . . , N, and a ∈ A, from Proposition
3.5, there exists a unique map G on the superalgebra A such that

[hik, fkj(a)] = [hjk, fki(G(ρ(a)))].

Notice that for distinct i, j, k, l, we have

[hik, fkj(a)] = [hik, [fkl, flj(a)]] = [[hik, fkl], flj(a)] = [hil, flj(a)],

and then G does not depend on the choice of k.
Next, we check that G does not depend on the choice of j :

[hik, fkl(a)] = [hik, [fkj(a), fjl]]

= [[hik, fkj(a)], fjl] + (−1)|a|[fkj(a), [hik, fjl]]

= [[hik, fkj(a)], fjl]

= [[hjk, fki(G(ρ(a)))], fjl]

= [hjk, [fki(G(ρ(a))), fjl]] + [[hjk, fjl], fki(G(ρ(a)))]

= [hlk, fki(G(ρ(a)))].

Notice that the map G defined in Proposition 3.5 for arbitrary fixed distinct
i, k, l is unique. Then we get the definition of G does not depend on the choice
of j.

Similarly, we have

[hlk, fkj(a)] = [hjk, fkl(G(ρ(a)))],



664 Jin CHENG, Yun GAO

and G does not depend on the choice of i too.
In particular, we have

[hik, fkj(a)] = [hjk, fki(G(ρ(a)))] = [hik, fkj(G(ρ(G(ρ(a)))))].

From Lemma 3.6, hik is injective on Lεk−εj , and then we get

G(ρ(G(ρ(a)))) = a, ∀ a ∈ A.

From Proposition 3.5, Gρ = ρG, and noticing that ρ2 = id, we get

G(ρ(G(ρ(a)))) = G(G(a)) = a, ∀ a ∈ A.

Next, we check G = G′. We have

[hil, [gik, fjk(a)]] = [[hil, gik], fjk(a)]− [gik, [hil, fjk(a)]] = [−fkl, fjk(a)] = fjl(a),

[hil,−[gjk, fik(G(ρ(a)))]] = − [[hil, gjk], fik(G(ρ(a)))] + [gjk, [hli, fik(G(ρ(a)))]]

= [gjk, [hki, fil(G(ρ(G(ρ(a)))))]]

= [[gjk, hki], fil(a)]

= fjl(a).

From Lemma 3.6, hil is injective on Lεj+εi . Then have

[gik, fjk(a)] = −[gjk, fik(G(ρ(a)))].

By the uniqueness of G′, we get G = G′. �

About G, summarizing the above discussion in Propositions 3.5 and 3.7, we
have the following result.

Lemma 3.8 Let L be a GPLS. Then there exists a unique map G on the
superalgebra A associated with L such that

[hit, ftj(a)] = [hjt, fti(G(ρ(a)))], [git, fjt(a)] = −[gjt, fit(G(ρ(a)))],

for any distinct i, t, j = 1, 2, . . . , N, ∀ a ∈ A.
Furthermore, G is an F-linear homogeneous of degree 0 map on A, and

G(1) = 1, G2 = id, |a| = |G(a)|, ρ(G(a)) = G(ρ(a)).

Proposition 3.9 Let L be a GPLS, and let G be the map associated with L
defined as above. Then

[[hit, fti(a)], fik(b)] = [hkl, fli(G(ρ(ab)) + (−1)|a| |b|G(ρ(b))a)],

[[git, fit(a)], fki(b)] = [gkl, fil((−1)|a| |b|G(ρ(ba))− aG(ρ(b)))],

for distinct i, t, k, l = 1, 2, . . . , N, and any homogeneous a, b ∈ A, which is the
superalgebra associated with L.
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Proof Noticing that i, t, k, l are distinct, and using Lemma 3.8, we have

[[hit, fti(a)], fik(b)] = [hit, [fti(a), fik(b)]] + (−1)|a| |b|[[hti, fik(b)], fti(a)]

= [hit, ftk(ab)] + (−1)|a| |b|[[htl, flk(b)], fti(a)]

= [hkt, fti(G(ρ(ab)))] + (−1)|a| |b|[[hkl, flt(G(ρ(b)))], fti(a)]

= [hkt, fti(G(ρ(ab)))] + (−1)|a| |b|[hkl, [flt(G(ρ(b))), fti(a)]]

= [hkl, fli(G(ρ(ab)))] + (−1)|a| |b|[hkl, fli(G(ρ(b))a)]

= [hkl, fli(G(ρ(ab)) + (−1)|a| |b|G(ρ(b))a)].

The proof of [[git, fit(a)], fki(b)] is similar. �

Lemma 3.10 Let L be a GPLS, let A be the superalgebra associated with L,
and let G be the map associated with L defined as above. Then we have

[hit, fti(a)] = [hit, fti(G(ρ(a)))], [git,−fit(G(a))] = [git, fit(ρ(a))],

and

∀ [hit, fti(a)] ∈ L−2εi , [hit, fti(a)] = 0 if and only if a+G(ρ(a)) = 0,

∀ [git,−fit(G(a))] ∈ L2εi , [git,−fit(G(a))] = 0 if and only if a−G(ρ(a)) = 0,

where 1 6 i 6= t 6 N, a ∈ A.

Proof Assume that i, j, k, t = 1, 2, . . . , N are distinct, and a ∈ A is
homogeneous.

Using Proposition 3.9, letting b = 1, and then using Lemma 3.8, we have

[[hit, fti(a)], fik] = [hkl, fli(G(ρ(a)) + a)],

[[git,−fit(G(a))], fki] = [gkl, fil(G(a)− ρ(a))].

From Lemma 3.6, hkl is injective on Lεl−εi and gkl is injective on Lεi−εl . Then we
get [hit, fti(a)] 6= 0 ifG(ρ(a))+a 6= 0, and [git,−fit(G(a))] 6= 0 ifG(a)−ρ(a) 6= 0.
Notice that G2 = id. Then we get [git,−fit(G(a))] 6= 0 if a−G(ρ(a)) 6= 0.

Again using Lemma 3.8, and noticing that i, j, k, t are distinct, we have

[[gjk, [hit, ftk(a)]], hij ] = − [[hit, [gjk, ftk(a)]], hij ]

= [[hit, [gtk, fjk(G(ρ(a)))]], hij ]

= [[[hit, gtk], fjk(G(ρ(a)))], hij ]

= − [[fki, fjk(G(ρ(a)))], hij ]

= [fji(G(ρ(a))), hij ]

= − (−1)|a|[hij , fji(G(ρ(a)))].
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On the other hand, noticing that −εi − εk − εi − εj is not a root, we have

[[gjk, [hit, ftk(a)]], hij ] = [gjk, [[hit, ftk(a)], hij ]] + (−1)|a|+1[[gjk, hij ], [hit, ftk(a)]]

= (−1)|a|[fki, [hit, ftk(a)]]

= (−1)|a|[[fki, hit], ftk(a)] + (−1)|a|[hit, [fki, ftk(a)]]

= − (−1)|a|[hit, fti(a)].

Then
[hit, fti(G(ρ(a)))] = [hij , fji(G(ρ(a)))] = [hit, fti(a)],

so
[hit, fti(a)] = 0 ⇐⇒ a+G(ρ(a)) = 0.

The proof of [git,−fit(G(a))] is similar. �

Lemma 3.11 Let L be a GPLS, and let G be the map associated with L defined
as above. Then G is an anti-superinvolution on the superalgebra A associated
with L.

Proof Assume that a, b ∈ A are arbitrary homogeneous elements, 1 6 i, t, k, l 6
N, and i, t, k, l are distinct.

From Lemma 3.8, we have ρG = Gρ, G2 = id, and G is homogeneous of
degree 0. Notice that ρ2 = id and ρ is a superalgebra automorphism on A.
Then, from Proposition 3.9, we have

[[hit, fti(a)], fik(b)] = [hkl, fli(G(ρ(ab)) + (−1)|a| |b|G(ρ(b))a)],

[[hit, fti(G(ρ(a)))], fik(b)] = [hkl, fli(G(G(a)ρ(b)) + (−1)|a| |b|G(ρ(b))G(ρ(a)))],

[[git,−fit(G(a))], fki(b)] = [gkl, fil(−(−1)|a| |b|G(ρ(bG(a))) +G(a)G(ρ(b)))],

[[git, fit(ρ(a))], fki(b)] = [gkl, fil((−1)|a| |b|G(ρ(b)a)− ρ(a)G(ρ(b)))].

From Lemma 3.10,

[hit, fti(a)] = [hit, fti(G(ρ(a)))], [git,−fit(G(a))] = [git, fit(ρ(a))],

and from Lemma 3.6, hkl is injective on Lεl−εi , gkl is injective on Lεi−εl . Then
we get

G(ρ(ab)) + (−1)|a| |b|G(ρ(b))a = G(G(a)ρ(b)) + (−1)|a| |b|G(ρ(b))G(ρ(a)), (5)

−(−1)|a| |b|G(ρ(bG(a))) +G(a)G(ρ(b)) = (−1)|a| |b|G(ρ(b)a)− ρ(a)G(ρ(b)). (6)

Acting (5) by ρ, acting (6) by ρ◦G, and keeping in mind ρG = Gρ, G2 = ρ2 = id,
and ρ being a superalgebra automorphism on A, we have

G(ab) + (−1)|a| |b|G(b)ρ(a) = G(G(ρ(a))b) + (−1)|a| |b|G(b)G(a), (7)
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−(−1)|a| |b|bG(a) +G(G(ρ(a))G(b)) = (−1)|a| |b|bρ(a)−G(aG(b)). (8)

For (8), by using the arbitrariness of b, we replace b by G(b), and notice that
G is homogeneous of degree 0, G2 = id. Then

−(−1)|a| |b|G(b)G(a) +G(G(ρ(a))b) = (−1)|a| |b|G(b)ρ(a)−G(ab).

Exchanging of left- and right-hand sides, we get

G(ab)− (−1)|a| |b|G(b)ρ(a) = −G(G(ρ(a))b) + (−1)|a| |b|G(b)G(a). (9)

Adding (7) and (9), we get

G(ab) = (−1)|a| |b|G(b)G(a),

i.e., G is a superalgebra anti-endomorphism on the superalgebra A associated
with L.

Furthermore, G is an anti-superinvolution from Lemma 3.8. �

Theorem 3.1 Let L be a generalized P (N − 1)-graded Lie superalgebra over
the characteristic zero field F. If N > 4, then there exists a unique (up to
isomorphism) unital associative F-superalgebra A; furthermore, it exists an anti-
superinvolution G on A such that L is centrally isogenous with the matrix Lie
superalgebra PN (A,G).

Proof From Lemma 3.3, there exists a unique (up to isomorphism) unital
associative F-superalgebra A associated with GPLS L such that L∆0

is centrally
isogenous with slN (A).

From Lemma 3.11, we get an anti-superinvolution G on the unital
associative superalgebra A. Through the given construction in Section 2, we
obtain a GPLS PN (A,G).

The root vectors of PN (A,G) denote by

f̃ij(a) = aeij −G(a)eN+j,N+i,

g̃ij(a) = aei,N+j −G(ρ(a))ej,N+i,

h̃ij(a) = aeN+i,j +G(ρ(a))eN+j,i.

(10)

Notice that PN (A,G)∆0
is centrally isogenous with slN (A) too. Then,

by Lemma 3.3, there exists a family of homogenous of degree 0, F-linear
isomorphisms

η = (ηεm−εn , 1 6 m 6= n 6 N), ηεm−εn : Lεm−εn →PN (A,G)εm−εn ,

such that

ηεm−εn+εp−εq([xεm−εn , xεp−εq ]) = [ηεm−εn(xεm−εn), ηεp−εq(xεp−εq)],

η(fmn) = f̃mn(1),
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for arbitrary m,n, p, q = 1, 2, . . . , N, m 6= n, p 6= q, xεm−εn ∈ Lεm−εn , xεp−εq ∈
Lεp−εq .

For any a ∈ A, we denote η−1(f̃ij(a)) by fij(a).
Next, we assume that 1 6 i, j, k, l, t 6 N, t 6= i, j, k, and a, b ∈ A are any

homogeneous elements.
From Lemma 3.4, we have

Lεi+εj = [git, Lεj−εt ], L−εi−εj = [hit, Lεt−εj ],

Define an extension of η as follows, which is denoted by η̂ :

η̂(fij(a)) = f̃ij(a), η̂([hit, ftj(a)]) = h̃ij(a), η̂([git,−fjt(G(a))]) = g̃ij(a).

From Lemma 3.6, for any odd root ±(εi + εj), i 6= j, we have

[git,−fjt(G(a))] = 0 ⇐⇒ a = 0 ⇐⇒ [hit, ftj(a)] = 0.

From Lemma 3.10, for any odd root ±2εi, 1 6 i 6 N, we have

[hit, fti(a)] = 0 ⇐⇒ a+G(ρ(a)) = 0,

[git,−fit(G(a))] = 0 ⇐⇒ a−G(ρ(a)) = 0,

Comparing these with the root vectors of PN (A,G) which are given in
formula (10), we get that η̂ is a collection of well-defined bijective mappings.

Observing the definition of η̂, we get that η̂ is a collection of homogenous
of degree 0, F-linear mappings.

For arbitrary homogeneous a, b ∈ A, from Theorem 2.2, we have

[g̃ij(a), f̃kl(b)] = −(−1)|b| |a|δilg̃kj(ρ(b)a) + (−1)|b| |a|δjlg̃ki(ρ(b)G(ρ(a))), (11)

[f̃ij(a), f̃kl(b)] = δjkf̃il(ab)− (−1)|b| |a|δilf̃kj(ba),

[g̃ij(a), h̃kl(b)] = − δikf̃jl(G(ρ(a))b) + δjkf̃il(ab)

− δilf̃jk(G(ρ(a))G(ρ(b))) + δjlf̃ik(aG(ρ(b))), (12)

[f̃ij(a), h̃kl(b)] = −δikh̃jl(G(a)b)− (−1)|b| |a|δilh̃kj(bρ(a)). (13)

Obviously, for any α ∈ ∆, PN (A,G) satisfies

PN (A,G)α =
∑

δ,γ∈∆, δ,γ 6=±α, δ+γ=α

[PN (A,G)δ,PN (A,G)γ ].

Now, we only remain to check that for arbitrary

α, β, α+ β ∈ ∆, xα ∈ Lα, xβ ∈ Lβ,

η̂ satisfies
η̂α+β([xα, xβ]) = [η̂α(xα), η̂β(xβ)].



Generalized P (N)-graded Lie superalgebras 669

By using Lemma 3.8, G is an anti-superinvolution and keep in mind t 6=
i, j, k. We have

[[git,−fjt(G(a))], fki(b)]

= [git, [−fjt(G(a)), fki(b)]] + (−1)|a| |b|[[git, fki(b)],−fjt(G(a))]

= [git, (−1)|a| |b|δijfkt(bG(a))] + (−1)|a| |b|[[gki, fti(G(ρ(b)))],−fjt(G(a))]

= (−1)|a| |b|δij [git, fkt(bG(a))]− (−1)|a| |b|[gki, [fti(G(ρ(b))), fjt(G(a))]]

= (−1)|a| |b|δij [gkt,−fit(G(ρ(bG(a))))]

− (−1)|a| |b|[gki, δijftt(G(ρ(b))G(a))]− [gki,−fji(G(a)G(ρ(b)))]

= (−1)|a| |b|δij [gkt,−fit(G(ρ(bG(a))))]− (−1)|a| |b|[gki,−fji(G(ρ(b)a))].

Notice that ρG = Gρ and ρ is a superalgebra automorphism. Then we get

η̂([[git,−fjt(G(a))], fki(b)])

=− (−1)|b| |a|g̃kj(ρ(b)a) + (−1)|b| |a|δjig̃ki(ρ(b)G(ρ(a))).

Comparing it with (11), they are consistent.
Similarly, we can get that it holds when l = j.
Again using Lemma 3.8, ρ(a) = (−1)|a|a, and noticing that t 6= i, j, k, we

have

[fij(a), [hkt, fti(b)]]

= [[fij(a), hkt], fti(b)] + (−1)|a|[hkt, [fij(a), fti(b)]]

= (−1)|a|+1δik[[hit, fij(a)], fti(b)]− (−1)|a|+|a| |b|[hkt, ftj(ba)]

= − δik[[hji, fit(G(a))], fti(b)]− (−1)|a|+|a| |b|[hkt, ftj(ba)]

= − δik[hji, [fit(G(a)), fti(b)]]− (−1)|a| |b|[hkt, ftj(bρ(a))]

= − δik[hji, fii(G(a)b)]− (−1)|a| |b|[hkt, ftj(bρ(a))]

= − δik[hji, fii(G(a)b)]− (−1)|a| |b|[hkt, ftj(bρ(a))].

Then we get

η̂([fij(a), [hkt, fti(b)]]) = −δikh̃ji(G(a)b)− (−1)|a| |b|h̃kj(bρ(a)).

Comparing it with (13), they are consistent.
Similarly, we can get that it holds when k = i.
When i, j, k are distinct, let 1 6 t′ 6 N, t′ 6= k, i. Using Lemma 3.8 and

ρ(a) = (−1)|a|a, we have

[[git,−fjt(G(a))], [hkt′ , ft′i(b)]]

= [git, [−fjt(G(a)), [hkt′ , ft′i(b)]]]

+ (−1)|a|(|b|+1)[[git, [hkt′ , ft′i(b)]],−fjt(G(a))]
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= [git, [−fjt(G(a)), [hkt′ , ft′i(b)]]]

= (−1)|a|(|b|+1)[[git, [hkj , fji(b)]],−fjt(G(a))]

= (−1)|a|(|b|+1)[[hkj , [gti, fji(b)]],−fjt(G(a))]

= (−1)|a|(|b|+1)[[hkj , [gji, fti(G(ρ(b)))]], fjt(G(a))]

= (−1)|a|(|b|+1)+|b|[[[hkj , gji], fti(G(b))], fjt(G(a))]

= (−1)|a|(|b|+1)+|b|[[−fik, fti(G(b))], fjt(G(a))]

= (−1)|a|+|b|+1fjk(G(a)G(b))

= − fjk(G(ρ(a))G(ρ(b))).

Then we get

η̂([[git,−fjt(G(a))], [hkt′ , ft′i(b)]]) = −f̃jk(G(ρ(a))G(ρ(b))).

Comparing it with (12), they are consistent.
When i = k 6= j, let 1 6 t′ 6 N, t′ 6= i. Then we have

[[git,−fjt(G(a))], [hit′ , ft′i(b)]]

= [git, [−fjt(G(a)), [hit′ , ft′i(b)]]] + (−1)|a|(|b|+1)[[git, [hit′ , ft′i(b)]],−fjt(G(a))]

= (−1)|a|(|b|+1)[[git, [hij , fji(b)]],−fjt(G(a))]

= (−1)|a|(|b|+1)([[[git, hij ], fji(b)],−fjt(G(a))]− [[hij , [git, fji(b)]],−fjt(G(a))])

= (−1)|a|(|b|+1)([[ftj , fji(b)], fjt(G(a))]− [[hij , [gji, fti(G(ρ(b)))]],−fjt(G(a))])

= − fji(G(ρ(a))b)− (−1)|a|(|b|+1)[[[hij , gji], fti(G(ρ(b)))],−fjt(G(a))]

= − fji(G(ρ(a))b)− (−1)|a| |b|[[fjj − fii, fti(G(ρ(b)))],−fjt(G(ρ(a)))]

= − fji(G(ρ(a))b)− fji(G(ρ(a))G(ρ(b))).

Thus,

η̂([[git,−fjt(G(a))], [hit′ , ft′i(b)]]) = −f̃ji(G(ρ(a))b)− f̃ji(G(ρ(a))G(ρ(b))).

Comparing it with (12), they are consistent.
The proofs of other cases are similar.
Now, summarizing the above discussion, from Lemma 3.1, we get the

theorem holds at once. �

Then, by using Theorems 2.1 and 3.1, we get the classification of P (N −1)-
graded Lie superalgebras at once, which is isomorphic to P (N − 1)⊗F A given
in [19].

Corollary Let L be a P (N−1)-graded Lie superalgebra over the characteristic
zero field F with N > 4. Then there exists a unique (up to isomorphism)
unital associative supercommutative F-superalgebra A such that L is centrally
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isogenous (for N > 4 indeed is isomorphic) to

PN (A, ρ)

=
{(

X Y
Z −ρ(X)t

) ∣∣X,Y, Z ∈MN (A), tr(X) = 0, Y = −Y t, Z = Zt
}

∼= P (N − 1)⊗F A.

Proof Assume that a, b ∈ A are arbitrary homogeneous elements.

Notice that A is supercommutative. From Theorem 2.2, we get the non-
trivial Lie superbrackets between the root vectors of PN (A, ρ) as follows:

[g̃ij(a), f̃kl(b)] = −δilg̃kj(aρ(b)) + δjlg̃ki(aρ(b)),

[g̃ij(a), h̃kl(b)] = −δikf̃jl(ab) + δjkf̃il(ab)− δilf̃jk(ab) + δjlf̃ik(ab),

[f̃ij(a), h̃kl(b)] = −δikh̃jl(ρ(a)b)− δilh̃kj(ρ(a)b),

[f̃ij(a), f̃kl(b)] = δjkf̃il(ab)− δilf̃kj(ab).

We denote the root vectors of P (N − 1)⊗F A by

Fij(a) := afij , Gij(a) := agij , Hij(a) := ahij .

The Lie superbracket of P (N − 1)⊗F A is defined by

[X ⊗ a, Y ⊗ b] = (−1)|a||Y |[X,Y ]⊗ ab, X, Y ∈ P (N − 1), a, b ∈ A,

Then

[Gij(ρ(a)), Fkl(b)] = [gij , fkl]⊗ ρ(a)b = −δilGkj(ρ(aρ(b))) + δjlGki(ρ(aρ(b))),

[Gij(ρ(a)), Hkl(b)] = (−1)|a|[gij , hkl]⊗ ρ(a)b

= − δikFjl(ab) + δjkFil(ab)− δilFjk(ab) + δjlFik(ab),

[Fij(a), Hkl(b)] = (−1)|a|[fij , hkl]⊗ ab− δikHjl(ρ(a)b)− δilHkj(ρ(a)b),

[Fij(a), Fkl(b)] = δjkFil(ab)− δilFkj(ab).

Now, we get a isomorphism

f̃ij(a) 7→ Fij(a), g̃ij(a) 7→ Gij(ρ(a)), h̃ij(a) 7→ Hij(a),

between PN (A, ρ) and P (N − 1)⊗F A.
Further, A is an F-superextension (see [20, Sect. 1.1]) and P (N −1), N > 4,

is centrally closed. Then applying [20, Lemma 1.12], we have

uce(A⊗F P (N − 1)) ∼= A⊗F uce(P (N − 1)) ∼= A⊗F P (N − 1).
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On the other hand, P (N − 1)⊗F A is centerless. Then, for any P (N − 1)-
graded Lie superalgebra L over F, there exists a unique unital associative
supercommutative F-superalgebra A such that L ∼= P (N − 1) ⊗F A if N > 4.
(Or see [19, Sect. 6].) �

Remark In addition, by using the connection between Lie super and Jordan
super structures through Tits-Kantor-Koecher TKK construction (see [13])
and the Coordinatization Theorem for Jordan superalgebras (see [18]) of type
JP (n), we can obtain the characterization for GPLS when N is even as follows
immediately. It is a generalization of Kac’s result [13] about the connection
between the finite dimensional simple Lie superalgebra P (2n − 1) and simple
Jordan superalgebra Jn(F, idF).

Proposition 3.12 Suppose n > 4.

(i) Any Lie superalgebra centrally isogenous with a TKK Lie superalgebras
K (J) of a Jordan superalgebra J which contains Jn(F, idF) as a unital sub-
superalgebra is generalized P (2n− 1)-graded.

(ii) Let L be a generalized P (2n− 1)-graded Lie superalgebra over F. Then
there exists a unital associative F-superalgebra A with an anti-superinvolution ¯ ,
such that L is centrally isogenous to K (Jn(A,−)), which is centrally isogenous
with the matrix Lie superalgebra P2n(A,−) (furthermore, if A is super-
commutative, then they are isomorphic indeed).

Proof For a Lie superalgebra L, it is well known that (see [17]) if L contains
an sl2-triple

sl2 = Fe+ Fh+ Ff,

with
[h, e] = 2e, [h, f ] = −2f, [e, f ] = h,

such that adh : L→ L is diagonalizable which only having eigenvalues −2, 0, 2,
then L2 becomes a Jordan superalgebra with the product x ◦ y := 1

2 [[x, f ], y].
Let L be a generalized P (2n − 1)-graded Lie superalgebra over the

characteristic zero field F. Then

h =

n∑
i=1

fii −
2n∑

j=n+1

fjj , e =

n∑
i=1

fi,n+i, f =

n∑
i=1

fn+i,i,

form an sl2-triple in L, the operator adh acts on L which only having
eigenvalues −2, 0, 2, and

L2 =
∑

16i6n,n+16j62n

Lεi−εj +
∑

16i,j6n

Lεi+εj +
∑

n+16i,j62n

L−εi−εj

with product X ◦ Y = 1
2 [[X, f ], Y ] is a Jordan superalgebra.

From [13], we know that P (2n − 1)2 is isomorphic to the Jordan super-
algebra Jn(F, idF). Then up to isomorphism, L2 contains Jn(F, idF) as a
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unital subsuperalgebra. Using the Coordinatization Theorem for Jordan super-
algebras of type JP (n), n > 4, which was given in [18], we have L2 is isomorphic
to some Jordan matrix superalgebra Jn(A,G), where A is a unital associative
F-superalgebra with an anti-superinvolution G.

For the generalized P (2n−1)-graded Lie superalgebra P2n(A,G), we claim
that P2n(A,G)2 is isomorphic to Jn(A,G) as Jordan superalgebras.

We denote the root vectors of P2n(A,G) by

f̃ij(a) = aeij −G(a)e2n+j,2n+i,

g̃ij(a) = aei,2n+j −G(ρ(a))ej,2n+i,

h̃ij(a) = ae2n+i,j +G(ρ(a))e2n+j,i,

where 1 6 i, j 6 2n, a ∈ A.
Let

Fkl(a) := aekl +G(a)en+l,n+k,

Gkl(a) := aek,n+l −G(ρ(a))el,n+k,

Hkl(a) := aen+k,l +G(ρ(a))en+l,k,

where a ∈ A, 1 6 k, l 6 n. Then

f̃ij(a) 7→ Fi,j−n(a), 1 6 i 6 n < j 6 2n,

g̃ij(a) 7→ −Gi,j(a), 1 6 i, j 6 n,

h̃ij(a) 7→ Hi−n,j−n, 1 + n 6 i, j 6 2n,

give an isomorphism between P2n(A,G)2 and Jn(A,G).
Indeed, for 1 6 i, k 6 n < j, l 6 2n,

f̃ij(a) ◦ f̃kl(b) =
1

2
[[f̃ij(a), f ], f̃kl(b)]

=
1

2
[f̃i,j−n(a)− f̃n+i,j(a), f̃kl(b)]

=
1

2
δj−n,kf̃il(ab) + (−1)|a| |b|

1

2
δn+i,lf̃kj(ba).

Fi,j−n(a) ◦ Fk,l−n(b) =
1

2
δj−n,kFi,l−n(ab) + (−1)|a| |b|

1

2
δl−n,iFk,j−n(ba).

For 1 6 i, k, l 6 n < j 6 2n,

f̃ij(a) ◦ g̃kl(b) =
1

2
[f̃i,j−n(a)− f̃n+i,j(a), g̃kl(b)]

=
1

2
δj−n,kg̃i,l(ab)−

1

2
δj−n,lg̃i,k(aG(ρ(b))),
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Fi,j−n(a) ◦ (−Gk,l(b))

= − 1

2
δj−n,kabei,n+l − (−1)|a|(|b|+1) 1

2
bG(a)δn+l,jek,i+n

+
1

2
(−1)|a|(|b|+1)δn+k,jG(ρ(b))G(a)el,n+i +

1

2
δj−n,laG(ρ(b))ei,n+k

=
1

2
δj−n,k(−Gi,l(ab))−

1

2
δj−n,l(−Gi,k(aG(ρ(b)))).

For 1 6 i, j 6 n < k, l 6 2n,

g̃ij(a) ◦ h̃k,l(b) =
1

2
[[g̃ij(a), f ], h̃k,l(b)]

=
1

2
[g̃j,n+i(G(ρ(a)))− g̃i,n+j(a), h̃k,l(b)]

= − 1

2
δj+n,kf̃i,l(ab) +

1

2
δi+n,kf̃j,l(G(ρ(a))b)

− 1

2
δj+n,lf̃i,k(aG(ρ(b))) +

1

2
δi+n,lf̃j,k(G(ρ(a))G(ρ(b))),

−Gi,j(a) ◦Hk−n,l−n(b)

= − 1

2
δj+n,kabei,l−n − (−1)(|a|+1)(|b|+1) 1

2
δl−n,ibaek,j+n

+
1

2
δi+n,kG(ρ(a))bej,l−n + (−1)(|a|+1)(|b|+1) 1

2
δl−n,jbG(ρ(a))ek,i+n

− 1

2
δj+n,laG(ρ(b))ei,k−n − (−1)(|a|+1)(|b|+1) 1

2
δk−n,iG(ρ(b))ael,j+n

+
1

2
δi+n,lG(ρ(a))G(ρ(b))ej,k−n

+ (−1)(|a|+1)(|b|+1) 1

2
δk−n,jG(ρ(b))G(ρ(a))el,i+n

= − 1

2
δj+n,kFi,l−n(ab) +

1

2
δi+n,kFj,l−n(G(ρ(a))b)

− 1

2
δj+n,lFi,k−n(aG(ρ(b))) +

1

2
δi+n,lFj,k−n(G(ρ(a))G(ρ(b))).

Similarly, we can check that the remaining products are consistent too.
Thus, we get

P2n(A,G)2
∼= Jn(A,G).

We denote the TKK construction for a Jordan superalgebra J by K (J),
and [4, 1.11–1.14] obviously can be extended to the super case. Then P2n(A,G)
is centrally isogenous with the centerless TKK Lie superalgebra K (Jn(A,G)).
Since L2

∼= Jn(A,G), L is centrally isogenous with K (Jn(A,G)) too.

(i) follows from the above discussion and Theorem 2.1 immediately. �
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4 GPLS coordinatized by quantum tori

4.1 Structure of GPLS coordinatized by quantum tori

We denote the field of complex numbers by C. We first recall some basic facts
on quantum tori.

Let 0 6= q ∈ C. A quantum torus associated to q (see [16]) is a unital
associative C-algebra Cq[x±1, y±1] (or simply, Cq) with generators x±1, y±1

and relations

xx−1 = x−1x = yy−1 = y−1y = 1, yx = qxy.

Then
xmynxpys = qnpxm+pyn+s,

Cq =
∑
m,n∈Z

⊕Cxmyn.

Set Λ(q) = {u ∈ Z | qu = 1}. q is said to be generic if Λ(q) = {0}.
From [5], we see that [Cq,Cq] has a basis consisting of monomials xmyn for

m /∈ Λ(q) or n /∈ Λ(q).
Let ¯ be the anti-involution on Cq given by

x = x, y = y−1.

Then
Cq = C+

q ⊕ C−q ,
where

C±q = {s ∈ Cq | s = ±s},
and

C+
q = span{xmyn + xmyn | m ∈ Z, n > 0},

C−q = span{xmyn − xmyn | m ∈ Z, n > 0}.

We get a GPLS PN (Cq,−) through Cq with the anti-involution ¯.
Let 0 < M,N ∈ Z. As done in [11], we get a central extension of the Lie

superalgebra gl(M,N)(Cq) :

̂gl(M,N)(Cq) = gl(M,N)(Cq)⊕
( ∑
u∈Λ(q)

⊕Cc(u)
)
⊕ Ccy

with Lie superbracket

[A(xmyn), B(xpys)]

= A(xmyn)B(xpys)− (−1)degA degBB(xpys)A(xmyn)

+mqnpstr(AB)δm+p,0δn+s,0c(n+ s) + nqnpstr(AB)δm+p,0δn+s,0cy (14)

for m, p, n, s ∈ Z, A,B ∈ gl(M,N)α, and α ∈ Z2, where str is the supertrace

of gl(M,N), c(u) with u ∈ Λ(q), cy are central elements of ̂gl(M,N)(Cq), and
t means t ∈ Z/Λ(q) for t ∈ Z.
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Then we get a nontrivial central extension of PN (Cq,−) :

̂PN (Cq,−) = PN (Cq,−)⊕
( ∑
u∈Λ(q)

⊕Cc(u)

)
⊕ Ccy

with Lie superbracket as in (14).
Let

f̃ij(m,n) := xmyneij − xmyn eN+j,N+i,

g̃ij(m,n) := xmynei,N+j − xmyn ej,N+i,

h̃ij(m,n) := xmyneN+i,j + xmyn eN+j,i.

According to Theorem 2.2 and the properties of Cq discussed above, we get the
following root space decomposition of PN (Cq,−).

Proposition 4.1

PN (Cq,−) = P0 ⊕
∑

16i6=j6N
Pεi−εj ⊕

∑
16i6j6N

Pεi+εj ⊕
∑

16i6j6N

P−εi−εj ,

where
Pεi−εj = spanC{f̃ij(m,n) | m,n ∈ Z},
Pεi+εj = spanC{g̃ij(m,n) | m,n ∈ Z},

P−εi−εj = spanC{h̃ij(m,n) | m,n ∈ Z},

and

P0 = spanC{f̃ii(m,n)− f̃NN (m,n) | 1 6 i 6 N − 1, m, n ∈ Z}
⊕ spanC{f̃NN (m,n) | m,n ∈ (Z× Z)\(Λ(q)× Λ(q))}.

About the root vectors of ̂PN (Cq,−), we have the following result.

Proposition 4.2
[g̃ij(m,n), g̃kl(p, t)] = 0,

[h̃ij(m,n), h̃kl(p, t)] = 0,

[g̃ij(m,n), h̃kl(p, t)]

= − δikq−n(m+p)f̃jl(m+ p, t− n) + δjkq
npf̃il(m+ p, n+ t)

− δilq−(mn+np+pt)f̃jk(m+ p,−(n+ t)) + δjlq
(n−t)pf̃ik(m+ p, n− t)

+mqnpδjkδilδm+p,0δn+t,0(c(n+ t)− c(−n− t))
+ 2nqnpδjkδilδm+p,0δn+t,0cy

+mδikδjlδm+p,0δn−t,0(c(n− t)− c(t− n)) + 2nδikδjlδm+p,0δn−t,0cy,

[g̃ij(m,n), f̃kl(p, t)] = −δilqmtg̃kj(m+ p, n+ t) + δjlq
(t−n)mg̃ki(m+ p, t− n),
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[f̃ij(m,n), f̃kl(p, t)] = δjkq
npf̃il(m+ p, n+ t)− δilqtmf̃kj(m+ p, n+ t)

−mqnpδjkδilδm+p,0δn+t,0(c(−n− t)− c(n+ t))

+ 2nqnpδjkδilδm+p,0δn+t,0cy,

[f̃ij(m,n), h̃kl(p, t)] = −δikq−n(m+p)h̃jl(m+ p, t− n)− δilqmth̃kj(m+ p, n+ t),

for all m, p, n, t ∈ Z and 1 6 i, j, k, l 6 N.

Proof Since

δn−t,0q
np−tp = δm+p,0q

−mn−np = δn+t,0q
−tp−np = 1,

we have

[g̃ij(m,n), h̃kl(p, t)]

= [xmynei,N+j , x
pyteN+k,l] + [xmynei,N+j , xpyteN+l,k]

− [xmynej,N+i, x
pyteN+k,l]− [xmynej,N+i, xpyteN+l,k]

= (δjkx
mynxpyteil + δilx

pytxmyneN+k,N+j

+mqnpδjkδilδm+p,0δn+t,0c(n+ t) + nqnpδjkδilδm+p,0δn+t,0cy)

+ (δjlx
mynxpyteik + δkixpytxmyneN+l,N+j

+mδjlδikδm+p,0δn−t,0c(n− t) + nδjlδikδm+p,0δn−t,0cy)

− (δikxmynx
pytejl + δljx

pytxmyneN+k,N+i

+mδjlδikδm+p,0δn−t,0c(t− n)− nδjlδikδm+p,0δn−t,0cy)

− (δilxpytxmynejk + δkjxmynxpyteN+l,N+i

+mqnpδilδjkδm+p,0δn+t,0c(−n− t)− nq
npδilδjkδm+p,0δn+t,0cy)

= − δikq−n(m+p)f̃jl(m+ p, t− n) + δjkq
npf̃il(m+ p, n+ t)

− δilq−(mn+np+pt)f̃jk(m+ p,−(n+ t)) + δjlq
(n−t)pf̃ik(m+ p, n− t)

+mqnpδjkδilδm+p,0δn+t,0(c(n+ t)− c(−n− t))
+ 2nqnpδjkδilδm+p,0δn+t,0cy

+mδikδjlδm+p,0δn−t,0(c(n− t)− c(t− n)) + 2nδikδjlδm+p,0δn−t,0cy.

The proof of others is similar. �

Remark The subsuperalgebra

˜PN (Cq,−) := PN (Cq,−)⊕
( ∑
u∈Λ(q)+

C(c(u)− c(−u))

)
⊕ cy (15)

of ̂PN (Cq,−) is perfect, which is generalized P (N − 1)-graded.
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4.2 Representation of GPLS coordinatized by quantum tori

In this subsection, we use the Fermionic-Bosonic operators to obtain a class of
generalized P (N − 1)-graded Lie superalgebras coordinatized by quantum tori.

Let R be an arbitrary associative algebra, τ = ±1, and define a τ -bracket
on R as follow:

{a, b}τ = ab+ τba, a, b ∈ R.

Let a be a unital associative algebra with generators ai, a
∗
i , 1 6 i 6 N,

subject to relations

{ai, aj}τ = {a∗i , a∗j}τ = 0, {ai, a∗j}τ = δij .

Let the associative algebra α(N, τ) be generated by{
u(m)

∣∣∣u ∈ N⊕
i=1

(Cai ⊕ Ca∗i ), m ∈ Z
}

subject to relations

{u(m), v(n)}τ = {u, v}τδm+n,0.

Then we define the normal ordering as in [9]:

: u(m)v(n) : =


u(m)v(n), n > m,

1

2
(u(m)v(n)− τv(n)u(m)), m = n,

−τv(n)u(m), m > n,

= − τ : v(n)u(m) :

for n,m ∈ Z, u, v ∈ a. Set

θ(n) =


1, n > 0,

1

2
, n = 0,

0, n < 0.

Then 1− θ(n) = θ(−n). Thus, we have

: ai(m)aj(n) : = ai(m)aj(n) = − τaj(n)ai(m),

: a∗i (m)a∗j (n) : = a∗i (m)a∗j (n) = − τa∗j (n)a∗i (m),

ai(m)a∗j (n) = : ai(m)a∗j (n) : + δijδm+n,0θ(m− n),

a∗j (n)ai(m) = : ai(m)a∗j (n) : − δijδm+n,0θ(n−m).

(16)

For the Fermionic and Bosonic quadratic operators, by a direct computation,
we have the following result.
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Proposition 4.3 The subspace of Clifford algebra α(N,+1) consisted of
quadratic operators are closed under the Lie bracket [· , ·]−. Furthermore,
the Lie-commutators of Fermionic quadratic basis operators ai(m)aj(n),
ai(m)a∗j (n), a∗i (m)a∗j (n) are as follows:

[ai(m)aj(n), ak(p)al(t)]− = 0,

[ai(m)aj(n), ak(p)a
∗
l (t)]− = δjlδn,−tak(p)ai(m)− δilδm,−tak(p)aj(n),

[ai(m)a∗j (n), ak(p)a
∗
l (t)]− = δjkδn,−pai(m)a∗l (t)− δilδm,−tak(p)a∗j (n), (17)

[ai(m)a∗j (n), a∗k(p)a
∗
l (t)]− = −δilδm,−ta∗k(p)a∗j (n)− δikδm,−pa∗j (n)a∗l (t),

[a∗i (m)a∗j (n), a∗k(p)a
∗
l (t)]− = 0,

[ai(m)aj(n), a∗k(p)a
∗
l (t)]− = − δilδm,−ta∗k(p)aj(n) + δikδm,−pa

∗
l (t)aj(n)

+ δjkδn,−pai(m)a∗l (t)− δjlδn,−tai(m)a∗k(p).

Proposition 4.4 The subspace of Weyl algebra α(N,−1) consisted of
quadratic operators are closed under the Lie bracket [· , ·]−. Furthermore, the
Lie-commutators of Bosonic quadratic basis operators ai(m)aj(n), ai(m)a∗j (n),
a∗i (m)a∗j (n) are as follows:

[ai(m)aj(n), ak(p)al(t)]− = 0,

[ai(m)aj(n), ak(p)a
∗
l (t)]− = δilδm,−tak(p)aj(n) + δjlδn,−tak(p)ai(m),

[ai(m)a∗j (n), ak(p)a
∗
l (t)]− = δilδm,−tak(p)a

∗
j (n)− δjkδn,−pai(m)a∗l (t), (18)

[ai(m)a∗j (n), a∗k(p)a
∗
l (t)]− = δilδm,−ta

∗
k(p)a

∗
j (n) + δikδm,−pa

∗
j (n)a∗l (t),

[a∗i (m)a∗j (n), a∗k(p)a
∗
l (t)]− = 0,

[ai(m)aj(n), a∗k(p)a
∗
l (t)]− = δilδm,−taj(n)a∗k(p) + δikδm,−pa

∗
l (t)aj(n)

+ δjlδn,−tai(m)a∗k(p) + δjkδn,−pa
∗
l (t)ai(m).

Proposition 4.5 The subspace of the tensor product algebra α(N,+1)⊗
α(N,−1) consisted of Fermionic-Bosonic quadratic operators are closed under
the Jordan bracket [· , ·]+. Moreover, if we denote the generators of α(N,−1) by
ei(m), e∗j (n), and identify u(m)⊗1 and 1⊗v(n) with u(m) and v(n), respectively,
in tensor algebra, then

u(m)⊗ v(n) = u(m)v(n) = v(n)u(m).

The Jordan-commutators of Fermionic-Bosonic quadratic basis operators
ai(m)ej(n), ai(m)e∗j (n), a∗i (m)ej(n), a∗i (m)e∗j (n) are as follows:

[ai(m)ej(n), ak(p)el(t)]+ = 0,

[ai(m)ej(n), a∗k(p)el(t)]+ = δikδm,−pej(n)el(t),

[ai(m)ej(n), ak(p)e
∗
l (t)]+ = δjlδn,−tai(m)ak(p),
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[ai(m)ej(n), a∗k(p)e
∗
l (t)]+

= δikδm,−pe
∗
l (t)ej(n) + δjlδn,−tai(m)a∗k(p)

= δikδm,−pej(n)e∗l (t) + δjlδn,−tai(m)a∗k(p)− δikδjlδm,−pδn,−t, (19)

[ai(m)e∗j (n), ak(p)e
∗
l (t)]+ = 0, (20)

[ai(m)e∗j (n), a∗k(p)el(t)]+ = δikδm,−pel(t)e
∗
j (n)− δjlδn,−tai(m)a∗k(p), (21)

[ai(m)e∗j (n), a∗k(p)e
∗
l (t)]+ = δikδm,−pe

∗
j (n)e∗l (t),

[a∗i (m)ej(n), a∗k(p)el(t)]+ = 0, (22)

[a∗i (m)ej(n), a∗k(p)e
∗
l (t)]+ = δjlδn,−ta

∗
i (m)a∗k(p),

[a∗i (m)e∗j (n), a∗k(p)e
∗
l (t)]+ = 0.

Proof We have

[ai(m)ej(n), a∗k(p)e
∗
l (t)]+

= ai(m)ej(n)a∗k(p)e
∗
l (t) + a∗k(p)e

∗
l (t)ai(m)ej(n)

= ai(m)ej(n)a∗k(p)el(t) + δikδm,−pe
∗
l (t)ej(n)− ai(m)a∗k(p)e

∗
l (t)ej(n)

= ai(m)ej(n)a∗k(p)e
∗
l (t) + δikδm,−pe

∗
l (t)ej(n)

− ai(m)a∗k(p)ej(n)e∗l (t) + δjlδn,−tai(m)a∗k(p)

= δikδm,−pej(n)e∗l (t) + δjlδn,−tai(m)a∗k(p)− δikδjlδm,−pδn,−t.

Then (19) holds, and the proof of others is similar. �

As in [9,11], let α(N, τ)+ be the subalgebra generated by ai(n), a∗j (m), a∗k(0)

for n,m > 0 and 1 6 i, j, k 6 N. Let α(N, τ)− be the subalgebra generated
by ai(n), a∗j (m), ak(0) for n,m < 0 and 1 6 i, j, k 6 N. Those generators in

α(N, τ)+ are called annihilation operators while those in α(N, τ)− are called
creation operators.

Let V (N, τ) be a simple α(N, τ)-module containing an element vτ0 , called a
‘vacuum vector’ which satisfies

α(N, τ)+vτ0 = 0.

So all annihilation operators kill vτ0 and

V (N, τ) = α(N, τ)−vτ0 .

We define the normal orderings of the mixed quadratic elements as follows:

: ai(m)ej(n) : = ai(m)ej(n), : ai(m)e∗j (n) : = ai(m)e∗j (n),

: a∗i (m)ej(n) : = a∗i (m)ej(n), : a∗i (m)e∗j (m) : = a∗i (m)e∗j (m).
(23)

Obviously, the α(N,+1)⊗ α(N,−1)-module

V (N) := V (N,+1)⊗ V (N,−1) = α(N,+1)⊗ α(N,−1)v+1
0 ⊗ v

−1
0
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is simple.
By comparing Proposition 4.2 with Proposition 4.3–4.5, let

gij(m,n) = −
∑
s∈Z

q−ns : ai(m− s)e∗j (s) : +
∑
s∈Z

q−ns : aj(s)e
∗
i (m− s) : , (24)

hij(m,n) =
∑
s∈Z

q−ns : a∗i (m− s)ej(s) : +
∑
s∈Z

q−ns : a∗j (s)ei(m− s) : .

Then we have the following result.

Lemma 4.6
[gij(m,n), gkl(p, t)] = 0, (25)

[hij(m,n), hkl(p, t)] = 0, (26)

[gij(m,n), hkl(p, t)]

= − δikq−n(m+p)
∑
s∈Z

q−(t−n)s{: aj(m+ p− s)a∗l (s) : + : el(s)e
∗
j (m+ p− s) :}

+ δjkq
np
∑
s∈Z

q−(n+t)s{: ai(m+ p− s)a∗l (s) : + : el(s)e
∗
i (m+ p− s) :}

− δilq−(mn+np+pt)
∑
s∈Z

q−[−(n+t)]s{: aj(m+ p− s)a∗k(s) :

+ : ek(s)e
∗
j (m+ p− s) :}+ δjlq

(n−t)p

·
∑
s∈Z

q−(n−t)s{: ai(m+ p− s)a∗k(s) : + : ek(s)e
∗
i (m+ p− s) :}. (27)

Set

fij(m,n) =
∑
s∈Z

q−ns : ai(m− s)a∗j (s) : +
∑
s∈Z

q−ns : ej(s)e
∗
i (m− s) : .

Then

[gij(m,n), hkl(p, t)]

=− δikq−n(m+p)fjl(m+ p, t− n) + δjkq
npfil(m+ p, n+ t)

− δilq−(mn+np+pt)fjk(m+ p,−(n+ t)) + δjlq
(n−t)pfik(m+ p, n− t).

Proof Notice that (25) and (26) come from (20) and (22) in Proposition 4.5
immediately. We need to check (27).

By using the definition of the normal ordering (23), we have

[gij(m,n), hkl(p, t)] =
∑

s1,s2∈Z
q−ns1−ts2 [−ai(m− s1)e∗j (s1) + aj(s1)e∗i (m− s1),

a∗k(p− s2)el(s2) + a∗l (s2)ek(p− s2)]+.
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Then by using (21) in Proposition 4.5, we get∑
s1,s2∈Z

q−ns1−ts2 [−ai(m− s1)e∗j (s1), a∗k(p− s2)el(s2)]+

=
∑

s1,s2∈Z
q−ns1−ts2(−δikδm−s1,s2−pel(s2)e∗j (s1)

+ δjlδs1,−s2ai(m− s1)a∗k(p− s2)).

Similarly, we have∑
s1,s2∈Z

q−ns1−ts2 [aj(s1)e∗i (m− s1), a∗l (s2)ek(p− s2)]+

=
∑

s1,s2∈Z
q−ns1−ts2(−δikδm−s1,s2−paj(s1)a∗l (s2)

+ δjlδs1,−s2ek(p− s2)e∗i (m− s1)).

From (16), we have

aj(s1)a∗l (s2) = : aj(s1)a∗l (s2) : + δjlδs1,−s2θ(s1 − s2),

el(s2)e∗j (s1) = : el(s2)e∗j (s1) : + δjlδs1,−s2θ(s2 − s1),

ai(m− s1)a∗k(p− s2)

= : ai(m− s1)a∗k(p− s2) : + δikδm−s1,s2−pθ(m− p+ s2 − s1),

ek(p− s2)e∗i (m− s1)

= : ek(p− s2)e∗i (m− s1) : + δikδm−s1,s2−pθ(p−m− s2 + s1),

and then, when we turn to normal ordering series, the additional scalar terms
are cancelled out in the sum. We have∑
s1,s2∈Z

q−ns1−ts2{[−ai(m− s1)e∗j (s1), a∗k(p− s2)el(s2)]+

+ [aj(s1)e∗i (m− s1), a∗l (s2)ek(p− s2)]+}

=
∑

s1,s2∈Z
q−ns1−ts2{−δikδm−s1,s2−p(: aj(s1)a∗l (s2) : + : el(s2)e∗j (s1) :)

+ δjlδs1,−s2(: ai(m− s1)a∗k(p− s2) : + : ek(p− s2)e∗i (m− s1) :)}

= − δikq−n(m+p)
∑
s∈Z

q−(t−n)s{: aj(m+ p− s)a∗l (s) : + : el(s)e
∗
j (m+ p− s) :}

+ δjlq
(n−t)p

∑
s∈Z

q−(n−t)s{: ai(m+ p− s)a∗k(s) : + : ek(s)e
∗
i (m+ p− s) :}.

Similarly, for the remainder terms, we have
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∑
s1,s2∈Z

q−ns1−ts2{[−ai(m− s1)e∗j (s1), a∗l (s2)ek(p− s2)]+

+ [aj(s1)e∗i (m− s1), a∗k(p− s2)el(s2)]+}

=
∑

s1,s2∈Z
q−ns1−ts2{−δilδm−s1,−s2(: aj(s1)a∗k(p− s2) : + : ek(p− s2)e∗j (s1) :)

+ δjkδs1,s2−p(: ai(m− s1)a∗l (s2) : + : el(s2)e∗i (m− s1) :)}

= + δjkq
np
∑
s∈Z

q−(n+t)s{: ai(m+ p− s)a∗l (s) : + : el(s)e
∗
i (m+ p− s) :}

− δilq−(mn+np+pt)
∑
s∈Z

q−[−(n+t)]s{: aj(m+ p− s)a∗k(s) :

+ : ek(s)e
∗
j (m+ p− s) :}.

Adding these terms, the (27) follows. �

About the remainder of Lie superbrackets, we have the following result.

Lemma 4.7 For all m, p, n, t ∈ Z and 1 6 i, j, k, l 6 N,

[gij(m,n), fkl(p, t)] = δjlq
(t−n)mgki(m+p, t−n)− δilqmtgkj(m+p, n+ t), (28)

[fij(m,n), fkl(p, t)] = δjkq
npfil(m+ p, n+ t)− δilqtmfkj(m+ p, n+ t),

[fij(m,n), hkl(p, t)] = − δikq−n(m+p)hjl(m+ p, t− n)

− δilqmthkj(m+ p, n+ t). (29)

Proof Notice that the influence of removing normal ordering is at most a scalar
element which has no effect in Lie bracket. Then we have

[gij(m,n), fkl(p, t)] =
∑

s1,s2∈Z
q−ns1−ts2 [−ai(m− s1)e∗j (s1) + aj(s1)e∗i (m− s1),

ak(p− s2)a∗l (s2) + el(s2)e∗k(p− s2)]−.

Since

−a∗l (s2)ai(m− s1) = ai(m− s1)a∗l (s2)− δilδm−s1,−s2 ,

we get ∑
s1,s2∈Z

q−ns1−ts2 [−ai(m− s1)e∗j (s1), ak(p− s2)a∗l (s2)]−

=
∑

s1,s2∈Z
q−ns1−ts2δilδm−s1,−s2ak(p− s2)e∗j (s1)

= δilq
tm
∑
s∈Z

q−(n+t)sak(m+ p− s)e∗j (s).
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Similarly, we have∑
s1,s2∈Z

q−ns1−ts2 [−ai(m− s1)e∗j (s1), el(s2)e∗k(p− s2)]−

=
∑

s1,s2∈Z
q−ns1−ts2δjlδs1,−s2ai(m− s1)e∗k(p− s2)

= δjlq
m(t−n)

∑
s∈Z

q−(t−n)sai(s)e
∗
k(m+ p− s),

∑
s1,s2∈Z

q−ns1−ts2 [aj(s1)e∗i (m− s1), ak(p− s2)a∗l (s2)]−

=−
∑

s1,s2∈Z
q−ns1−ts2δjlδs1,−s2ak(p− s2)e∗i (m− s1)

=− δjlqm(t−n)
∑
s∈Z

q−(t−n)sak(m+ p− s)e∗i (s),∑
s1,s2∈Z

q−ns1−ts2 [aj(s1)e∗i (m− s1), el(s2)e∗k(p− s2)]−

=−
∑

s1,s2∈Z
q−ns1−ts2δilδm−s1,−s2aj(s1)e∗k(p− s2)

=− δilqtm
∑
s∈Z

q−(n+t)saj(s)e
∗
k(m+ p− s).

Adding the four terms and noticing that (23) and (24), we get (28) at once.
Notice again that the influence of removing normal ordering is at most a

scalar element which has no effect in Lie bracket. Then we have

[fij(m,n), fkl(p, t)] =
∑

s1,s2∈Z
q−ns1−ts2 [ai(m− s1)a∗j (s1) + ej(s1)e∗i (m− s1),

ak(p− s2)a∗l (s2) + el(s2)e∗k(p− s2)]−.

By using (17) in Proposition 4.3, we get∑
s1,s2∈Z

q−ns1−ts2 [ai(m− s1)a∗j (s1), ak(p− s2)a∗l (s2)]−

=
∑

s1,s2∈Z
q−ns1−ts2(−δilδm−s1,−s2ak(p− s2)a∗j (s1)

+ δjkδs1,s2−pai(m− s1)a∗l (s2)).

Then, by using (18) in Proposition 4.4, we get∑
s1,s2∈Z

q−ns1−ts2 [ej(s1)e∗i (m− s1), el(s2)e∗k(p− s2)]−

=
∑

s1,s2∈Z
q−ns1−ts2(−δilδm−s1,−s2ej(s1)e∗k(p− s2)

+ δjkδs1,s2−pel(s2)e∗i (m− s1)),
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s1,s2∈Z

q−ns1−ts2 [ej(s1)e∗i (m− s1), ak(p− s2)a∗l (s2)]−

=
∑

s1,s2∈Z
q−ns1−ts2 [ai(m− s1)a∗j (s1), el(s2)e∗k(p− s2)]−

= 0.

About the normal ordering, from (16), we have

ak(p− s2)a∗j (s1) = : ak(p− s2)a∗j (s1) : + δkjδp−s2,−s1θ(p− s2 − s1),

ai(m− s1)a∗l (s2) = : ai(m− s1)a∗l (s2) : + δilδm−s1,−s2θ(m− s1 − s2),

ej(s1)e∗k(p− s2) = : ej(s1)e∗k(p− s2) : + δjkδs1,s2−pθ(s1 − p+ s2),

el(s2)e∗i (m− s1) = : el(s2)e∗i (m− s1) : + δliδs2,s1−mθ(s2 −m+ s1),

and then, when we turn to normal ordering series, the additional scalar terms
are cancel out in the sum. We have

[fij(m,n), fkl(p, t)]

=
∑

s1,s2∈Z
q−ns1−ts2{−δilδm−s1,−s2(: ak(p− s2)a∗j (s1) : + : ej(s1)e∗k(p− s2) :)

+ δjkδs1,s2−p(: ai(m− s1)a∗l (s2) : + : el(s2)e∗i (m− s1) :)}

= − δilqtm
∑
s∈Z

q−(n+t)s(: ak(m+ p− s)a∗j (s) : + : ej(s)e
∗
k(m+ p− s) :)

+ δjkq
np
∑
s∈Z

q−(n+t)s(: ai(m+ p− s)a∗l (s) : + : el(s)e
∗
i (m+ p− s) :)

= δjkq
npfil(m+ p, n+ t)− δilqtmfkj(m+ p, n+ t).

The proof of (29) is similar, so we omit the detailed calculation. �

Although gij(m,n), hij(m,n), fij(m,n) are infinite sums, they are well
defined as operators on V (N) since at most finitely many terms can make
a nontrivial action to ∀ v ∈ V (N) = α(N,+1)⊗ α(N,−1)v+1

0 ⊗ v
−1
0 .

Then, from Lemmas 4.6 and 4.7, we have the following result.

Theorem 4.1 The correspondence

π(g̃ij(m,n)) = gij(m,n),

π(h̃ij(m,n)) = hij(m,n),

π(f̃ij(m,n)) = fij(m,n),

gives rise to a representation for the GPLS PN (Cq,−). Furthermore, π is
faithful if q is generic.

Moreover, let
π(c(u)) = 1, u ∈ Λ(q), π(cy) = 0.
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Then (V (N), π) is also a representation for ˜PN (Cq,−) which is a nontrivial
central extension of PN (Cq,−) given in (15).

Proof We only remain to check that π is faithful for PN (Cq,−) when q is
generic.

If q is generic, then

P0 = spanC{f̃ii(m,n) | 1 6 i 6 N, m, n ∈ (Z× Z)\{0} × {0}}.

Due to Proposition 4.1, and noticing that V (N) is faithful for α(N,+1) ⊗
α(N,−1), it is sufficient to check for any summation∑

i,j,m,n

aij(m,n)fij(m,n) +
∑
k6l,p,t

(bkl(p, t)gkl(p, t) + ckl(p, t)hkl(p, t)),

which contains at most finitely many nonzero terms vanishing implies that

aij(m,n) = bkl(p, t) = ckl(p, t) = 0

for all i, j,m, n, k, l, p, t.
Notice that (16), (23), and that the linearly dependent quadratic operators

only come from the same form root vectors such as fi,j(m,−), gkl(p,−), or
hk′l′(p

′,−). Then, for any fixed i, j,m, k, l, p, we have∑
n

q−nsaij(m,n) = 0,
∑
t

q−tsbkl(p, t) = 0,
∑
t

q−tsckl(p, t) = 0, ∀ s ∈ Z.

In
∑

n q
−nsaij(m,n), we assume that all distinct nonzero terms are

aij(m,n1), aij(m,n2), . . . , aij(m,nr). Let s = 0, 1, . . . , r − 1. Then we get a
homogeneous linearity equations with Vandermonde type coefficient matrix for
aij(m,n1), aij(m,n2), . . . , aij(m,nr).

Notice that q−n1 , q−n2 , . . . , q−nr are distinct since q is not a root of unity.
Then the determinant of the Vandermonde coefficient matrix is nonzero, and
we get aij(m,n) = 0 for all i, j,m, n.

The proofs of bkl(p, t) and ckl(p, t) are similar. �
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