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Abstract We establish a class of stochastic partial differential equations
(SPDEs) driven by space-time fractional noises, where we suppose that the
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1 Introduction and main results

A class of special Gaussian processes called fractional Brownian motion (fBm)
has been established by many authors as random fields, due to their useful
feature of preserving long term memory and a large number of interesting
results from scaling invariance to the description of their laws. The study of
these Gaussian processes has its historical motivation from their applications in
hydrology and telecommunication, and has been applied to the mathematical
finance, biotechnology, and biophysics, see, for example, [3,10,18] and references
therein.

Mandelbrot and Van Ness [12] proposed a theory of stochastic calculus
for the fBms as archetypal examples. Especially, Mémin et al. [13] gave an
embedding theorem to estimate the moments of Wiener integrals with respect
to an fBm. Then many authors were interested in the research on fractional
noise instead of space time white noise. Hu [6] proposed the multiple stochastic
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integral with respect to multi-parameter fractional noise, then showed via chaos
expansion the existence and uniqueness of the solutions for a class of second-
order stochastic heat equations, and further estimated the Lyapunov exponents
of the solutions. Nualart and Ouknine [17] discussed the existence and
uniqueness of the solution to stochastic partial differential equation (SPDE)
with additive fractional noise (fractional in time and white in space). Hu et al.
[8] studied the central limit theorem for an additive functional of the fBm. In
fact, we deal with a class of SPDEs driven by fractional noises, including the
Cahn-Hillard equations and Burgers equation among others (see [1,7,9] for more
details).

When the drift term in SPDE depends on the gradient, our idea originates
from the Burgers equation

ou K ou
i §Au—|—uk%, (1.1)
which describes the interaction between the diffusion part and the non-linear
inertial part in fluid flow for integer x > 1. It then comes natural to study
the stochastic counterparts for such equations. Gydngy [4] proved existence,
uniqueness, and comparison theorems for a class of semilinear stochastic
partial differential equations, containing special cases like the stochastic Burgers
equation and the reaction-diffusion equations, driven by space-time white noise.
Wang et al. [21] proposed an Lo-gradient estimate for the corresponding
Galerkin approximations, and the log-Harnack inequality was established for
the semigroup associated to a class of stochastic Burgers equations. Hairer and
Voss [5] discussed the numerical methods of various finite-difference approxima-
tions to the stochastic Burgers equation. Mohammed and Zhang [15] proved
an existence theorem for solutions of the stochastic Burgers equation on the
unit interval subject to the Dirichlet boundary condition and the anticipating
initial velocities. Jiang et al. [9] considered the stochastic generalized Burgers
equations driven by fractional noises. Dong et al. [2] gave the irreducibility and
asymptotics of stochastic Burgers equation driven by a-stable processes.
Moreover, Hu et al. [7] studied a class of SPDEs driven by space-time
fractional noises, where they supposed that the drift term is Lipschitz with the
gradient. Now, we extend the drift term to be satisfying a certain non-Lipschitz
condition. In this paper, we consider the following SPDE:

t t
ug(z) = uo(x) + /0 [% Aug(z) + g(us(x),Vus($))]ds+ /O WH (ds, dz), (1.2)

where W is the fractional white noise with Hurst parameter H = (hy, hy) for
hi,he € (0,1). We study the strong existence and uniqueness and joint Holder
continuity of the solution.

To continue with the introduction, we state some notation. Let C*°(R) be
the space of functions which has derivatives of all orders and C2°(R) be the
subset of C*°(R) of functions with compact supports. Let L?(R) be the space
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of quadratic integration functions and

(f.9) = /R f(@)g(x)de

whenever the integral is well defined. For h > 1, define

1/h
1l gy == ( /R \f(x)\hdx>

if it exists. For h > 1 and Ty > Ty > 0, define L"([T1,Ty]), L"([T}, T2] x R),
£l oy o)y and [ FI npry o) xr) similarly. Define

I@) = [ el =)y

with pg given by

1
po(z) = coexp ( — 1= x2>1{\$|<1}’

where ¢y > 0 is a constant so that
/ po(x)dz = 1.
R

Moreover, due to [14, (2.1)], for each n > 0 there exist constants Cy,, Cy, > 0 s0
that B _
Cpe 1 <M (2)] < Cpe™l 2z eR. (1.3)

Let 25 be the collection of functions f such that

I11:= [ fapreys <.
Let 27 be the space consisting of all functions f such that

LI = IL£11E + 117115 < oo

Then, for each i = 0,1, 2Z; is a Hilbert space under the norm | - ||;. We use
(-,+)i to denote the corresponding inner product.

In this paper, we assume that all random elements are defined on a filtered
complete probability space (2, .7, .%;, P) satisfying the usual hypotheses. We
use E to denote the corresponding expectation.

Definition 1.1 Let ug € 27. SPDE (1.2) has a strong 27-valued solution if
for any fractional white noise W# | there exists a continuous .27-valued process
(ut)e=0 so that for all f € C(R),

1) = fuon )+ [ [§ e 7+ s V), )]

t
+/O/Rf(x)WH(ds,d:z), t >0,
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almost surely.

In this paper, we always assume that 1/2 < hy,ho < 1 and 2h; + hy > 2,
and that the continuous function g can be written into the following form:

g($, y) = ?(‘T7 y) + g(l’)y

Recently, Xiong and Yang [23] established the strong existence and uniqueness
to a class of SPDEs with this form of diffusion coefficient and Gaussian colored
noises. Before state the main results, we formulate the following condition on
g and g.

Condition 1.2 There exists a constant C > 0 so that

|g9(z1,91) — gz, y2)| < C(|z1 — 22| + |11 — 32]), [9(z)| < C,

for all x, x1,x2,y1,y2 € R.

Theorem 1.3 Suppose that Condition 1.2 holds and uy € Z1. Then SPDE
(1.2) has a unique strong Z7-valued solution (u;)i>0-

Theorem 1.4 (Joint Holder continuity) Suppose that Condition 1.2 holds. Let
(ut)i=0 be an Z1-valued solution to (1.2). Then, for anyT > T > 0,a > 0, and
6 € (0,1), there exists a random variable K11, 49 = 0 with E[Kp 1, 4] < 00
so that almost surely for all ty,ts € [T1,T] and |z1|, |z2| < a,

[y (1) = usy (22)] < Krmy a0 ([t — ta]' /2 + |21 — aa))°.
Furthermore, if ug is also Hélder continuous with exponent v > 1/2, i.e.,

sup luo(w1) — uo(z2)|
eraaeR |71 — T2|?

< 00,

then, for some random variable Kt 49 > 0 with E[K7 49| < 00, we have, almost
surely, for all ti,to € [T1,T] and |z1|, |x2| < a,

Jug, (21) — uty (22)| < K109ty — 2] /% + |21 — 22))".

Remark 1.5 If g(x,y) = y(z® A1) for some a € (0,1), then Condition 1.2 is
satisfied.

The rest of this paper is organized as follows. In Section 2, we introduce
fractional noise and state some assertions on fractional noise and heat kernel.
Theorem 1.3 is proved in Section 3. In Section 4, we establish the proof of
Theorem 1.4.

Notation Let V and A be the first and the second order spatial differential
operators, respectively. Let C denote a positive constant whose value might
change from line to line.
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2 Preliminaries

2.1 Fractional noise

A one-dimensional fBm W" = (W/)o<i<r with Hurst parameter h € (0,1) on
[0,T] is a centered Gaussian process with its covariance function given by

1
EW¢W@]:§(ﬁh+s%gﬂtfﬂ%)

The existence of such a Gaussian process and the regularity of its sample paths
are well documented. We may generalize the definition to fractional noises with
two parameters.

Definition 2.1 A one-dimensional double-parameter fractional Brownian
sheet
WH = (WH(t, ), (t,2) € [0,T] x R},

with Hurst parameter H = (hy, he) for h; € (0,1) and ¢ = 1,2, is a centered
Gaussian field defined on some probability space (Q2,.%,P) with covariance

R(t,s;x,y) = E[WH(t, x)WH(s, Y)]

1
=1 (£ 4 20—t — M) (a2 + [y — o —y*2), (2.1)

for all t,s € [0,T] and z,y € R.

Let & denote the collection of all step functions defined on [0,7] x R and
L%{ denote the Hilbert space of the closure of & under scalar product

R(ta 83T, y) = <1[0,t] x[0,z]» 1[0,8]>< [07y}>H'
In the above formula, if < 0, then we assume, by convention, that
Loa) = =1z

Then the mapping 1ljgx0,s] — WH(t,x) can be extended to an isometry

between L%I and the Gaussian space # associated with WH,
Introduce the square integrable kernel

t T
Ky(t, s;z,y) :cHsé_hlyé_hz/ dz/ (u—s)hl_%uhl_%(z—y)hr%zhr%du
s y

and its derivative

82 hi—3 t hl_% ho—3 (T hQ_%
%KH(@SJT:CU) =cu(t—s) 2 (;) (x—y)" 2 (;) )

where ¢y > 0 is a constant depending only on H. Define the operator K7; from
& to L*([0,T] x R) by

T oo 82
(i) = [t [ otta) g Kt siy)da.
s Yy
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It is easy to check that

(K L0,4x(0,2)(5:y) = K (t, s52,9) 10,4 x[0,2) (5 Y)

and

(Krlogx0,2) Kirljo,s)xjo,y)) = Bt s32,9) = (Lj0,4x[0,2]> 1[0,5]x[0,4]) H-

Hence, the operator K7}; is an isometry between & and L%([0, T x R) which can
be extended to L%I. Let K }}_1 denote the inverse mapping of K7;. By definition,

B(ta .%') = WH(K}(({_I(l[O,t]X[O,x]))7 (ta l’) S [OvT] X R,

is a Brownian sheet, and in turn the fractional noise has a representation
u t rx
Wi(t.o) = [ [ Kault,s.)Blds, o).
0 Jo

Then the integral fot Iy o(s,y)WH (ds,dy) is defined by

t x t rx
| [ eamwiasan = [ [ @Goeppasa. @2
For 0 < s <t <T and x,y € R, define
U (t,s,x,y) := 4h1ho(2hy — 1)(2he — 1)|t — 3\2}“_2 |z — y\2h2_2.

A routine calculation shows the equivalence of the stochastic integrals defined
in [7] and those in this section for functions in L.

Proposition 2.2 For f,g € L?;, we have

E[/Ot/Rf(s,x)WH(dx,ds)] ~0

E[/ot/R f(s,z)WH (dz, ds) /Ot/Rg(s,x)WH(dx,ds)]

- /[0 ]2/Rg p(u, v, 2,y)f(u, x)g(v, y)dydzdvdu.
,t

and

Note that we have the following inequality (see [13] for more details).

Lemma 2.3 Ifhe (1/2,1) and f,g € L'/"([a,b]), then

b rb
/ / Fw)g()lu — o 2dudv < Ol oy 19 o)

where C' = C(h) > 0 is a constant depending only on h.
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Next, we will obtain the embedding property which enables us to define the
integral for f € L%{ with respect to W#.

Proposition 2.4 We have L'/ ([0,T] x R) C L?,.
Proof 1In fact,

IflIE = /[0 t}Z/R? Uy, (s1,82,91,y2) f(51,91) f (52, y2)dy1dyadsidss

=C - 51 — 82" 72 y1 — 2|22 £ (51, 51) f (52, y2)dyrdyadsidss
0.42JR

< C/[O " |81 - 82‘2h1—2 Hf(sl, ’)HLl/hQ(R) ||f(52’ ')HLl/hQ(R)dSldSQ
it

t 2h1
([ U5 My s)

2
= C||f||L1/H([o,t}XR)v

which ends the proof. O

Moreover, we end this subsection with the following estimation, which will
be used in our later derivation.

Lemma 2.5 Suppose that f(t,z) € L% and p > 1. Then

5| [ [ ssamanas" <o [ t<||f<s,->|Ll/hQ(m)l/hlds)Qphl.

Proof By Proposition 2.4, we have

“//f s, 2)WH (da, ds ] U//KHf )W(dx,ds)‘%]
<o [ [imisc.r . sparas]

= CIIfII%,
CHf”Ll/H ([0,t] xR)

Then the proof of this lemma is complete. O

2.2 Estimation of heat kernel
Lemma 2.6 Let a € [0,1] be fized. Then

% 1 — wa|” x1 To
P < e o) o) < O () ()]
t> O, r1,T2 € R. (2.3)
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Moreover,

)g%, t>0,z€R, (2.4)
and for 0 € [0, 1],

[Vpe(z) — Vpe(y)| < CM [pt(g) +pt<%>}, t>0,z,y R (25)

Proof The estimation (2.3) is given by [19, (2.4e)] and the rests follow from
[16, Lemma 2.2]. O

Lemma 2.7 LetT >0 and p > 1 be fizred. Then

t I 2p
sup E“//pt_s(:c,y)W (ds,dy)’
0<t<T,z€R 0o JR
t I 2p
+’//th_s(:c,y)W (ds,dy)’ }<oo.
0 JR

Proof 1In view of (2.3), we have
ha
HmwNmM®=(/mwwWW®>

</ ps(, )|z ps(w,y)dy> -

< Cslh2=b/ (2.6)

and

ho
1955 Y p1sva e (/w%myﬂMmQ < Cs )2

It then follows from (2.5) that

t . % t 1/ 2phy
EU/O/Rpt_s(x,y)W (ds,dy)‘ } < C</O (1P—s (2, ) /02 2) 1d8>

t 2pha
<c</@_@W1mmmg
0

and

t 2
ED/O /Rth_s(m,y)WH(ds,dy)‘ 7’] < Cp(2hi+ha=2),

This completes the proof. ]
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Lemma 2.8 LetT >0 and p > 1 be fired. Then

t1 to
[]/ Jonstarwas.dn) = [ o asan)|”]

Oty = tol* + |21 — 22]")*
for zy, 20 € R, 0 < tg < t; < T, where p € [0,1/2) and v € [0,1).
Proof By virtue of (2.3) and (2.6), we obtain
15 (21, -) = ps (@2, )| L1/ma ()

< OS—V/2|1,1 _x2’u</R p8<~’512— y) —|—ps($22—y)‘l/h2dy>h2

< Cs(h2_1_y)/2|l'1 _$2|u.

Then, applying Lemma 2.5, we get

E“ /t/(pt—s(l‘lay) _pt_s(xQ’y))WH(dS,dy)‘Qp]
<0 [ st ) = pestaz )h

t 2phi
g C’l’l _ $2|2pl/</ (t _ 5)_(1+V_h2)/(2h1)d8>
0

<0’$1—$2|2py, tE(O,T],:L’l,l'QER.

By a similar argument, one can deduce that

and
i H 2p 2
B|| [ [r-wwa@san|”| <cin-npr. @)
to JR
which ends the proof. U

3 Proof of Theorem 1.3

This section is devoted to the proof of Theorem 1.3. We first establish the
following assertion.

Lemma 3.1 The definition of solution to (1.2) is equivalent to the following
mild formulation:

(ur, f) = (w0, Puf) + /0 (9(us, Vug), Pr_af)ds + /O /R Preof(x)WH (ds, da),
t>0, (3.1
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where f is bounded function on R. Moreover, for allt >0 and x € R,
t
() = G prle =) + [ (gl V). pros = )ds
0

t - g
4 /0 /R pr_s(w — )W (ds, dy) (3.2)

almost surely.

Proof Suppose that (u¢)¢>o is a solution to (1.2). We first assume that f €
C®(R). Let t; =i/n for 0 <i < mn and n > 1. By (1.2), we have

<uti7 Pt*ti—1 f> - <ut¢—1 ) Pt*ti—1 f)
ti t;
= 1 / <u8($)7 Pt*t171f”>ds + / <g(u87 VUS)a Pt*ti71f>ds

2 ti—1 ti—1

t;
_|_/ti1/RPt_ti_1f(x)WH(d37dx)

and st
Pt f(x)— Py, ,f(x)= / 0sPs f(x)ds
t—ti—1
L
= 2/151;2.1 P, f"(x)ds
1 [t
= - 5 /til Pt—sf”(x)ds
Then
(ut, f) — (uo, Prf)

n

= Z<UtzaPt tf*Pt t¢,1f> Z[(Ut”Pt ti_ 1f>*<ut¢,17Pt7ti,1f>]

= —/ Zl ti1,ts utl,Pt sf d8+ / Z1(ti,1,ti]<“87Pt—ti_1f”>d5
=1

+/0 Zl(i71,ti]< (uSJVUS)a-Pt—ti_lf>dS
=1

t n
+ /0 /RZ 1(ti—1,tz‘]Pt*t¢71f(x)WH(dS, dz).
=1

Letting n — oo, we get (3.1) for f € C°(R). By the dominated convergence,
one can get (3.1) for bounded function f. Conversely, if (u;)i>0 satisfies (3.1),
then similar to the argument in the proof of [20, Theorem 2.1], we can show
that (u¢)¢=0 is the solution to (1.2). Let M;(x) denote the right-hand side of
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(3.2). Then by (3.1) and the Fubini theorem, (u;, f) = (Hy, f) for all bounded
function f, which ends the proof. O

Proof of Theorem 1.3 (Uniqueness) Let (u, (1 ))t>0 and (u§2))t>0 be two strong
Z1-valued solutions to (1.2) with u(l) ( ) . For 5,6 > 0 and x € R, define

U (2) = u{! (@) —ul) (2),  gu(2) = g(ulV (@), Vul) (2) — g (uP (2), VuP (2)),
W) = [ s =y 50 = [ gwmste—u)dy
Then @4 € 25 N C*®(R) for each 5,8 > 0. It follows from (1.2) that
/ AT ds+/ S(x)ds, z€R, (3.3)

which deduces that for all f € C°(R),

@, f /ds/ (AT( )J(z )dw+/t<gg,f>0ds.

Using It6’s formula, we obtain

t t
wiﬁazjkwhﬂ<AmmﬂmS+;/@mfm@iﬁM&
0 0

Summing on f over a complete orthonormal system of %Zj, we get

t t
uur/@mmmm/@@m. (3.4)

0 0

By integration by parts, for each u,u € %27, we have

/IRu(x)ﬂ'(x)J(x)dcz:: —/IRu'(m)ﬂ(x)J(:z:)d:v—/u(m)ﬂ(m)J'(x)dx, (3.5)

R

which implies that
(@, Ay =~ [Vad|P ~ [ wd(e)Vad(e) (a)d
R
1
—— Va5 [ V(@) (@)
R

_ L[ _
=~ IV@IP - 5 [ (@) (@)
<~ IR + Ol

where we used (1.3) in the last inequality. Combining this with (3.4), we obtain

t t t
a2 < Anv@ﬁ&+clu@ﬁm+2é&&ﬁmm.
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Now, letting § — 0 and using [22, Lemma 2.1], we get

t t t
g < - /O |V, |3ds + C /0 Jsl|?ds + 2 /0 (s oods.  (3.6)

Observe that

It then follows from (3.5) that

Hi(s) := /R U (2) [g(ul) () Vul (z) = G(uP (2)) Vul? ()] ] (x)de

_ /R (Vits(2)) [ /u e §(v)dv] J(z)de

)

_ /R us(x)[ /u :(:::) §(v)dv} J'(z)dz.

S

Using (1.3), we get
() < C | [Va @) [a @)l (e)de + Ol < g Va3 + Clalf. (67
Observe that under Condition 1.2,
o1 2] g1, 1) — o 2)| < Clor = 2af? + oy — ol
Then, together this with (3.7), we get
iy, 9o)o < 5 IVAJE + Ol

Combining the above inequality with (3.6), we obtain

1 t t
alg+5 [ Vel <c [ s

Now, by Gronwall’s lemma, we have |[w||; = 0 for all ¢ > 0, which ends the
proof. O

Proof of Theorem 1.3 (Existence) Recall that

pr(x) = V;%e—‘*/@“, Puf(x) = /R P — ) f(y)dy.

We consider the mild form (3.2) for (1.2).
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For ¢,6 > 0 and = € R, define uj(z) as
ui (¢) = Pyuo(),

and for n > 1,

ul ™ (x) = Poug(x /Pt sg(uy, Vuy) ds—{—//pt s(x —y)WH (ds, dy).

(3.8)
By Lemma 2.7, one can see that uj € 27. Let

up’ (z) = Pyul(z).

Then u"® € C*(R). It follows from (3.8) that
1,6 ¢
0 a) = Prasuo(a) + [ Prosisglul, V) (o)ds
0

+/0 /Rpt_eré(ﬂf —y)WH(ds, dy), (3.9)

which can be written into the form

(up™°, f)o = (uo, Psfho + 2/ (Aupth0, fods +/0 (Psg(ug, Vuy), flods

0

t
4 /0 /R Py(£1)(y)WH (ds,dy), e CX(R). (3.10)

By [22, Lemma 2.1}, uf € 27. Forz € R, 5,6 >0, and n > 1 let

,n+1,6 — u?+1,5 _ un,&

geti (@) = g(uit (2), Vui (@) — g(ug (2), Vug ().
It then follows from (3.10) that

1 t t
3 [T plods + [ (Pigt o
0

0

_n+1,6
<'LL?+ ’ 7f>0:

By Itd’s formula, we have

t
@ )2 = / @10 o (AT, flods + 2 / @1 o (Psgl, fods.

Summing on f over a complete orthonormal system of Zp, we get

t t
||7n+15|| /0<A n+15 n+15> d8+2/ <]3(sgs7 ?+15>0d8.
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Then, by integration by parts again and (3.5), we get

”7n+1 5”2 -t _ /t<A n+1§ —n+1 5>2 —)\st_ / ||
0

t
+2/ (Psgh, u"19)g e ds

/||

+2/ (G, a0 g e ds.
0

/ H n+15H2 —)\sds

As the same argument in the proof of Theorem 1.3 (uniqueness), we have

P _
2(g0°, w0 < O

as [I3] + [II a|Ig)-

Then, for A > 0 large enough, we can see that

t t
3
\\"+15\\2e’\t+/\/ |]u?+1’6|]3e)‘5d3+4/ |Va? 2o Mg
0 0
1 ! —n (|2 ,—As 3 ! —n (|2 —AS
<§ A ; [wz]lGe ds+1 ; |Vul|ge *ds|. (3.11)

It then follows from Fatou’s lemma that

t 3

PR Hvazﬂuﬂe—*%s
0
t
- / [|| lim 7192 + || lim V@ 2]6_)‘sds
0 —0 0—0

t
3
< liminf / [)\||ﬂ’;+1’5||2+ ° HVH?H"SHﬂe_’\SdS
0—0 0 4

I 3
o [, IR+ IV le s,

N

2n
which means that for each T > 0,

o . C
[ e s v e < o

Thus, (u})o<t<r is a Cauchy sequence in 27 x [0,7] and Z7-valued process
(u¢)i=0 denotes the limit. Letting n — oo in (3.8), we obtain that (u:)i>0
satisfies (3.2), which ends the proof. O
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4 Proof of Theorem 1.4

To establish the proof of Theorem 1.4, we first state two lemmas.

Lemma 4.1 For eachT >0 andp > 1,

t
2 p
sup Bl + | [l + 19ulas]’| <o
o<t<T 0

Proof Let

¢
ve(x) = / /pt_s(x — y)WH(ds,dy), U = Uup — V.
0 JR

Then, by Lemma 2.7, we have v, u; € 271 and

(@) = (uo, pole — ) + /0 (9(ts, Vus), prs( — ))ds,

which can be written into the form

U =A{u 1 tﬂ " ds t u U S
(i ) = (w0 fy 5 [ @ s+ [ ot T p)ds.

As the same argument in (3.11), for A > 0 large enough, we have
2 A t 2 3 ) A
ale ™+ [ (Al + 5 19 13)eas

1t 3 -
< luoll+3 [ (Al +F IValf)eas,

which deduces that
t
JudlZe + /0 (lusl2 + [V 2)e > ds

t
< Ol + 1l +C [ (sl + 1 90ulB)eas.

Now, by Lemma 2.7, one can conclude the assertion. ]

Lemma 4.2 Let0 <6 <1<pandT,a >0 be fited. Then there is a constant
C > 0 so that

w1 — ao|P?

ElJur(w1) = u(w2)|?] < CF s

0<t<T, |:L'1|,|{L‘2| < a, (4.1)

and
|t — to]?9/2

Blfur () — s (2)/] < Oy
2

0<t1<t2<T, |:E|<CL
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Moreover, if uy is also Holder continuous with exponent vy > 1/2, then
Efjui(z1) — ug(22) ] < Clzy — 22??, 0<t < T, |z1], |22] < a, (4.2)
and
EJug, (z) — ug, (7)) < Cltr = 022, 0 <ty t2 < T[] <

Proof Since the proofs are similar, we only state those of (4.1) and (4.2). By
(3.2), we have

t

ur(1) = ug(wz) = (ug, M%) + / (g(us, Vus), M ")ds
0

t
[ v s [ [ v ww s
0
=: Itl(xl, x9) + Itz(xl, x9) + It (x1,22) + It (z1,22), (4.3)

where
M (y) = pe(21 — y) — pela2 — y).
Observe that

/R ((J( )) Cem/pt Ix Yldy < Ce® / (2)e\/ﬂzldz.

(4.4)
Then, by (2.3) and Condition 1.2, for 0 < ¢t < T and |z1], |z2| < a, we have

[ M2 ()P
/R J(y) v
—+0)2p,. _ o0 [ Pel@1—9)/2) + pel(z2 — y)/2)
< O s st [ T®) dy

< 4075_(1_'—6)/2‘.%1 - .7)2|9

and
9(z, y)| < C(lz] + [y[ +1).
It follows from Hélder’s inequality that

1,72 2 2p pb
1 " p [ WP e ool o~ o
11}, 2 < [l /R P g < ol (4.5)

$1,$2
]I x1,T2)| / |G (us, Vus)||g ds/ ds/ M

< Clay — 2’ / (sl + [Vus]2 + 1)ds
0

and
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for all t € (0, 7] and |z1], |x2| < a. Using Lemma 4.1, we obtain
E[|It2(x1,x2)]2p] < C]xl — xg‘pe, 0<t< T, ‘1'1’, ‘:B2| < a. (4.6)
If
luo(z1) —uo(x2)|] < Cloy —x2|7, x1,22 €R,
then, by a change of variable, we have
1 r,m2)| = | [ faoter — ) = waz ~ ()
< Clay — $2|7/pt(y)dy
R
= C|LE1 — $2|W
for all t € (0, 7] and |z1|, |x2| < a, which implies
|Itl({L‘1,:L‘2)|2p < C|l‘1 — l'2|2p7, 0<ty,to <T, |l‘| < a. (47)
By (2.4), (2.5), and (4.4), for all t € (0,7 and |z1|, |z2| < a, we have
M$17$2 2 C M171712
g JW) tJe  JW)
— x9|% 2 2
con—nl! [ nlnty)) e,
+(3+0)/ R J(y)
|21 — o]’
< e
It then follows from Condition 1.2, Hélder’s inequality, and (4.4) that
t
1o 2) < C [ (ul, VM s
0
t \VAV 2 1/2
<o [l [ FHEEE g s
0 R J(y)
t 1/2
< [Culo| [ 193t Ray| s
0 R
< Clzy — x9)77? sl ds
N T2 o (t—s)B+o/A"
Combining the above inequality with Lemma 4.1, we obtain
. 2p
E[|I}(z1,22)[*] < Clay — zof” / Mool a5 < Cloy — o (48)

o (t—s)@+0)/4
for all t € (0, 7] and |x1], |x2| < a. By Lemma 2.8, we have

E[|I;L(l‘1,l‘2)|2p] < C|l‘1 — $2|2p6’ 0<t<T, 21,29 € R.
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Together this with (4.3) and (4.5)—(4.8), one ends the proof. O
Now, we are ready to prove Theorem 1.4.

Proof of Theorem 1.4 By Kolmogorov’s continuity criteria (see, e.g., [11, p. 31])
and Lemma 4.2, the assertion follows immediately. U

Acknowledgements This work was supported in part by the National Natural Science
Foundation of China (Grant Nos. 11571190, 11771218, 11771018, 12061004), the Natural
Science Foundation of Ningxia (No. 2020AAC03230), and the Major Research Project for
North Minzu University (No. ZDZX201902).

References

1. Bo L, Jiang Y, Wang Y. Stochastic Cahn-Hilliard equation with fractional noise. Stoch
Dyn, 2008, 8(4): 643-665
2. Dong Z, Wang F, Xu L. Irreducibility and asymptotics of stochastic burgers equation
driven by a-stable processes. Potential Anal, 2020, 52(3): 371-392
3. Guasoni P. No arbitrage under transaction costs, with fractional Brownian motion and
beyond. Math Finance, 2006, 16(3): 569-582
4. Gyongy I. Existence and uniqueness results for semilinear stochastic partial differential
equations. Stochastic Process Appl, 1998, 73(4): 271-299
5. Hairer M, Voss J. Approximations to the stochastic Burgers equation. J Nonlinear Sci,
2011, 12(6): 897-920
6. Hu Y. Heat equations with fractional white noise potentials. Appl Math Optim, 2001,
43: 221-243
7. Hu'Y, Jiang Y, Qian Z. Stochastic partial differential equations driven by space-time
fractional noises. Stoch Dyn, 2019, 18(6): 1950012 (34 pp)
8. Hu Y, Nualart D, Xu F. Central limit theorem for an additive functional of the
fractional Brownian motion. Ann Probab, 2014, 42(1): 168-203
9. Jiang Y, Wei T, Zhou X. Stochastic generalized Burgers equations driven by fractional
noise. J Differential Equations, 2012, 252(2): 1934-1961
10. Kou S C. Stochastic modeling in nanoscale biophysics: subdiffusion within proteins.
Ann Appl Stat, 2008, 2(2): 501-535
11. Kunita H. Stochastic Flows and Stochastic Differential Equations. Cambridge:
Cambridge Univ Press, 1990
12. Mandelbrot B, Van Ness J. Fractional Brownian motions, fractional noises and
applications. STAM Rev, 1968, 10(4): 422-437
13. Mémin J, Mishura Y, Valkeila E. Inequalities for moments of Wiener integrals with
respect to a fractional Brownian motion. Statist Probab Lett, 2001, 51(2): 197206
14. Mitoma I. An co-dimensional inhomogeneous Langevin equation. J Funct Anal, 1985,
61: 342-359
15. Mohammed S, Zhang T. Stochastic Burgers equation with random initial velocities: a
Malliavin calculus approach. SIAM J Math Anal, 2013, 45(4): 2396-2420
16. Mytnik L, Wachtel V. Multifractal analysis of superprocesses with stable branching in
dimension one. Ann Probab, 2015, 43: 2763-2809
17. Nualart D, Ouknine Y. Regularization of quasilinear heat equations by a fractional
noise. Stoch Dyn, 2004, 4(2): 201-221
18. Odde D J, Tanaka E M, Hawkins S S, Buettner H M. Stochastic dynamics of the nerve
growth cone and its microtubules during neurite outgrowth. Biotechnol Bioeng, 1996,
50(4): 452461



SPDEs with gradient driven by space-time fractional noises 497

19.

20.

21.

22.

23.

Rosen J. Joint continuity of the intersection local times of Markov processes. Ann
Probab, 1987, 15: 659-675

Shiga T. Two contrasting properties of solutions for one-dimensional stochastic partial
differential equation. Canad J Math, 1994, 46(2): 415-437

Wang F, Wu J, Xu L. Log-Harnack inequality for stochastic Burgers equations and
applications. J Math Anal Appl, 2011, 384(1): 151-159

Xiong J. Super-Brownian motion as the unique strong solution to an SPDE. Ann
Probab, 2013, 41: 1030-1054

Xiong J, Yang X. Strong existence and uniqueness to a class of nonlinear SPDEs driven
by Gaussian colored noises. Statist Probab Lett, 2017, 129: 113-129



