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Abstract We study the existence of ground state solutions for a class of dis-
crete nonlinear Schrédinger equation with a sign-changing potential which is
periodic or asymptotically periodic. The resulting problem engages two ma-
jor difficulties: one is that the associated functional is strongly indefinite, the
second is that, due to the asymptotically periodic assumption, the associated
functional loses the Z-translation invariance, and many effective methods for
periodic problems cannot be applied to asymptotically periodic ones. These
enables us to develop a direct approach to find ground state solutions with
asymptotically periodic potential. Two types of ground state solutions are ob-
tained with some new super-quadratic conditions on nonlinearity which are
weaker that some well-known ones. Moreover, our conditions can also be used
to significantly improve the well-known results of the corresponding continuous
nonlinear Schrédinger equation.
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1 Introduction

In this paper, we study standing waves of the following system of discrete
nonlinear Schrédinger (DNLS) equation:

iwm = _Awm + (Vm + w)wm - fm<¢m)7 m € Zv (1'1)

where w € R, Ay, := Yme1 — 20, + ¥m—1 is the discrete Laplacian in one
spatial dimension. The discrete potential V,, is a sequence of real numbers, f,,
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is a function sequence. Equation (1.1) may be viewed as a discrete form of the
nonlinear Schrodinger equation:

iy = =AY + (V(z) + w)e — f(z,9), xeRY, (1.2)

The nonlinear Schrédinger equation (1.2) has been extensively investigated
analytically by many mathematicians and physicists, from the fundamental well
posedness of Cauchy problem to the existence and stability of standing waves.

Assume that the nonlinearity f(u) is gauge invariant, that is f(e™u) =
e f(u) for any w € R. Thus, we consider the special solutions of (1.1) of the
form 1,, = e *“!q,,, these solutions are called breather solutions or standing
waves due to their periodic time behavior. Inserting the ansatz of a breather
solution into (1.1), we see that any breather solution satisfies the infinite non-
linear system of algebraic equations

where ¢, is a real-valued sequence.

The DNLS equation has been proven useful in describing a variety of phe-
nomena in nonlinear physics, such as propagation of excitations in a deformable
medium [7,9], dynamics of Bose—Einstein condensates inside coupled magneto-
optical traps [1, 18], transversal propagation of light in waveguide arrays, self-
focusing and collapse of Langmuir waves in plasma physics and description of
rogue waves in the ocean [8]. Its main features include the existence of localized
nonlinear solutions with families of stable and unstable modes, the existence
of a selftrapping transition of an initially localized excitation, and a degree of
excitation mobility in 1D. All these characteristics have made the DNLS in-
to a paradigmatic equation that describes the propagation of excitations in a
nonlinear medium under a variety of different physical scenarios, see [11,13].

Discrete Schrodinger operators of the form —A + V' appear in a wide range
of fields, such as the description of random walks, the propagation of waves
in crystals [12], and the theory of nonlinear integrable lattices (see [1,8, 10, 16]
and references therein). It is worth pointing out that the existence of nontrivial
solutions of (1.3) has been studied under different assumptions on the potential
and the nonlinearity by using the variational method [3-6, 15,17, 19, 24, 25,
32-34]. For instance, Pankov [19, 20, 22] studied the existence of a nontrivial
solution problem (1.3) in the case of 0 belonging to a spectral gap of —A+V. By
using the Nehari manifold approach and the mountain pass argument, Pankov
and Rothos [21] considered the existence of a nontrivial solution of (1.3) with a
constant potential V' and an asymptotically linear term f. Zhou and Yu [37,38]
improved the classical AR superlinear condition to a general superlinear one.
Later, they [39] studied the existence of nontrivial solutions of (1.3) under the
strictly increasing conditions on f which is very crucial. G. Chen et al. [3,4,6]
considered the nonautonomous problem of (1.3) with the potential V' being
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periodic and f being asymptotically linear at infinity by using weak linking
theorems; when either 0 is a spectral endpoint of —A + V', or it is in a finite
spectral gap of —A 4V, the authors obtained the existence of nontrivial solitons
by using a generalized weak linking theorem introduced by Schechter and Zou
[23]. Recently, Lin, Zhou and Yu [15] studied the existence of ground state
solutions for (1.3) with a sign-changing potential V' that converges at infinity
and a nonlinear term being asymptotically linear at infinity.

Motivated by the interest shared by the mathematical community in this
topic and the papers [3-6,15,17,19,24,25,32-34], the main goal of this paper is
to investigate the question of existence of ground state solutions for (1.3). Based
on the recent work [15,24-30,32,37-39] and the non-Nehari manifold method
[27,30,31] which are different from the previous work and generalize the results,
this method has been proven successful, for instance, in solving Schrodinger
equation and Dirac equation [2,35,36]. In this work, one difficulty in problem
(1.3) is that the associated functional J (defined in Sect. 2) is strongly indefinite,
that is, its quadratic part is respectively coercive and anti-coercive in infinitely
dimensional subspaces of the energy space. To tackle this difficulty, we adapt
non-Nehari method introduced by Tang [31]. It is convenient to decompose the
functional space I2 into a direct sum of two subspaces H* and H~ (H is defined
in Sect. 2), one of which being infinite dimensional.

Another difficulty is the lack of periodic assumption. As a result, neither
the periodic translation technique nor the compact inclusion method can be
adapted. In this case, the functional J loses the Z-translation invariance. For
the above reasons, many effective methods for periodic problems cannot be
applied to asymptotically periodic ones. To the best of our knowledge, there
are no results on the existence of ground state solutions to (1.3) when V;, is
asymptotically periodic. In this paper, we find new tricks to overcome the
difficulties caused by the dropping of periodicity of V,,.

Now, we are ready to state the main results of the present paper as follows.

1.1 Periodic Potential

We assume that V,,, and f,,(f) are N-periodic sequences on m and 0 lies in a
finite spectral gap of o(—A 4+ V},,), i.e.,
(V1) Vipyn = Vi, and

suplo(—A + V) N (—00,0)] < 0 < inflo(—A + V;,) N (0, 00)];

(f0) finan(t) = fin(t), fin(t) is continuous in t € R for every m € Z;
(f1) for everym € Z, t € R, tfp(t) > 0;
(£2) fm(t) = o(|t]) as [t] = 0;
(£3)

£3) limy o0 |’;|(2t) = o0 for all m € Z, where F,, fo fm(s
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(f4) there exists a constant ny € (0,1) such that
1—n?
2

Theorem 1.1. Assume that (V1), (f0)—(f4) hold. Then problem (1.3) has a
ground state, i.e., a nontrivial solution ¢ € H such that J(q) = inf 4, J >

t
Unlt)> | Jls)ds, ¥ e [0,m).
n

(%)1/19_2 @(z)/p_Q > 0, where
M ={q € H\{0}: (J'(q),q) = 0}, (1.4)
and
1 1
o = ( p1 +)0507£, W= sup |qllp, p=2, (1.5)
Mo p q€H, |q]=1

C,, s defined by (3.11) (see Sect. 3 in details) with g = W.
2

1.2 Asymptotically Periodic Potential

In this part, we assume that V;,, and f,,(t) are asymptotically periodic on m.
(V1) For allm € Z, Vi, = Wi + Ry, Winan = W,y and

sup[o(—A + Wy,) N (—00,0)] < 0 < inf[o(—A + Wy,) N (0, 00)].
Furthermore,
0 < =Ry, <sup(—Ry,) < I := inf[o(—A + W,,) N (0, 00)],
z

and limy, oo Ry = 0;

(f4') t — fTT(f) is non-decreasing on (—oo,0) U (0, 00);

(f4") fin(t) = gm(t) + hm(t), gm(t) is continuous in t € R for every m € Z,
Im+nN(t) = gm(t), gm(t) = o(|t]), as [t| — 0, uniformly in m € Z, t — g (t)/|t|
is non-decreasing on (—o0,0) U (0,00); hm(t) is continuous in t € R for every
m € Z and satisfies that

0 < thm(t) < an(t]® +|tP), V(m,t) €Z xR, p>2

with limyy, o0 @y = 0. Moreover,

1
H,,(t) — §th2 >0, for(m,t)€ZxR,

Let
N~ ={qe H\H :{J'(q),q) = (J'(q),h) =0, Vh € H }. (1.6)

The set .4/~ was first introduced by Pankov [20], which is a subset of the
Nehari manifold (1.4). Since qq is a solution to the equation J(q) = 0 at which
J has minimal energy in set .4 ~, we shall call it a ground state solution of
Nehari—Pankov type.
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Theorem 1.2. Assume that (V1), (f0), (£2)—(f3), (f4’) hold. Then problem
(1.3) has a ground state, i.e., a nontrivial solution ¢ € H such that J(q) =

infc/V7J>O.

Theorem 1.3. Assume that (V1'), (f0), (£2)—(f3), (f4”) hold. Then problem
(1.3) has a ground state, i.e., a nontrivial solution q € H such that J(q) =
ianyf J > 0.

The present paper is built up as follows. The variational structure and some
properties of the associated functional are established in Section 2. We establish
some instrumental lemmas involving our main theorem in Sections 3-5, finally
the proofs of Theorems 1.1-1.3 are presented by non-Nehari method.

2 Variational Structure and Preliminaries

In order to apply variational method, we firstly state the corresponding work
space, then we reduce the problem of finding solutions of (1.3) to the one of
seeking the critical points of a corresponding variational functional.

Let H = I2(Z,R). H is a Hilbert space with the usual inner product and
norm:

(‘Tay)ﬂ = Z ITmYm, |'C6’l2 = Z ’.’Z‘m‘Q, Vx,y € H.
meZ meZ

Let o = —A+ Vi, {&(X) : =A\1 < XA < A2} and |#7| be the spectral family

and the absolute value of o7, respectively, and |./|'/? be the square root of |.<7|.
There hold \
2
E(-2)=0, 60 =id= [ ds)
“\

and for any ¢ € 2,

A2

A2
g = / MIENG, |e/lg = / A&V,

-\ —-A

A2
%= [ Nl (N
1

Set % = id — &(0) — £(0—), then % commutes with <7, |&7| and |/|'/2, and
of = 9 |4/| is the polar decomposition of o7. Let

H™ =&(0-)H, H" =]Iid - &(0)]H.
For any q € H, it is easy to see that ¢ = ¢~ + ¢™, and
dq =—|dq", Fq" =||¢", VYgeH, (2.1)

where

¢ =&0-)geH, ¢ =[d-&0)qe HT.
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We can define an inner product
(g:p) = (||"%q, | |"?p), q.peH

and the corresponding norm

lall = Il *all2, g € H, (2.2)
where (-,-);2 denotes the inner product of la, || - ||s denotes the norm of I°.
By a standard argument, one can show that the norms || - || and || - ||2 are

equivalent. Obviously, one has the orthogonal decomposition H = H~ & H™,
where orthogonality is with respect to both (-, -);2 and (-,-). If o(?) C (0, 00),
then H~ = {0}, otherwise H~ is infinite-dimensional.

For any ¢ € H, we define the following functional

1
J(a) = (A0, q)e = Y Fl), (2.3)
MEZ
where F, fo fm(s)ds. Standard arguments show that under the assump-

tions of T heorems 1.1- 1 3, J is well-defined and is of C*(E,R), and solutions
of (1.3) are critical points of the functional J, and

(J'(q),p) = (Fq,p)iz — Y _ fm(@)p. (2.4)
meZ
Let B: H — R,
) 2.5)
meZ

Combining (2.4) with (2.5), we see that

J(q) = %(ﬂfq,Q) — B(q) (2.6)
and
(J'(@):p) = (Fq,p) = > fm(a)p. (2.7)
meZ

In view of (2.1) and (2.2), we have
Lo 42 —12 -t - +
J@) = 5" P =Nl 1) = D_ Fule). Ya=q +q* € H @ H' = H (2.8)
mEeEZ

and

(J'(@),a) = g™ 1P=llg I*P=D_ fm(@)p, Vg=q +¢" € HoH' = H. (2.9)
meZ
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Let W be a real Hilbert space with W = W~ @& W™* and W~ L WT. For
a functional ¢ € CY(W,R), 1 is said to be weakly sequentially lower semi-
continuous if for any u,, — u in W one has ¥ (u) < liminf, o ¥ (uy), and ¢’
is said to be weakly sequentially continuous if lim,, o (¥’ (uy),v) = (' (uy), v)
for each v € W.

Lemma 2.1 [14]. Let W be a real Hilbert space, W = W~ @ W+ and W~ L
W+, and ¢ € CYH(X,R) of the form

wu) = LI~ )~ (), w= Tt e W W

Suppose that the following assumptions hold:

(A1) o € CY(W,R) is bounded from below and weakly sequentially lower
semi-continuous;

(A2) ¢ is weakly sequentially continuous;

(A3) there existr > p >0, e € W with |le]| =1 such that

k= inf(SF) > sup p(9Q),
where
Sf={fueX*:|ul=p}, Q={v+se:veX™, 5>0, |[v+se|] <r}.
Then for some ¢ € [k,sup ¢(Q)], there exists a sequence {u,} C W satisfying

Y(un) = ¢, 1Y (un) |1+ [lunl]) — 0.

3 Proof of Theorem 1.1

Lemma 3.1. Suppose that (f0)—(f3) are satisfied. Then B(q) is nonnegative,
weakly sequentially lower semi-continuous, and B'(q) is weakly sequentially con-
tinuous.

It is not difficult to verify the above lemma by means of Sobolev’s imbedding
theorem. The proof will be omitted.

Lemma 3.2. Assume that (f1), (£2) and (f4) are satisfied, then for any q € H,
there holds
P |? | 1-p?

J(@) = T(ng") + =+ ——(J"(0),0) + #*(T(@),a7)

— 2 Y fml@dt, Wp>o. (3.1)

meZ(|plgT1>nolgl)




474 Peng CHEN, et al.

Proof. Fix z,y € R. Let

1 + P @) — 2 @)y + Fo(y) — ()

g(r) =
If zy < 0, using the assumption (f1), we have

s ’” fm( & — 12 f(2)y + Fn(ry) — Fon(2)

g(r) =

> 1 @)e— Fa(x), Vr>0. (3.2)

If zy > 0, let n = ry/z. Using the assumptions (f1), (f2) and (f4), we have

o(r) = - ” fon@) — 12 f(2)y + F(ry) — F(z)

_1+T — 2nr B x S)ds
= A (o / bl

—r 2 . T
=S e 2 p@)e — [ (s

nT
(x)x — fm(s)ds
nT

>0, r>0, % <10 (3.3)

Based on the above two arguments, we obtain

1” Fn(@)@ = 12 fon @)y + Fn (1) — Fn(2) >0, >0, |ry| <nola]. (3.4)

Taking the assumption (f4) into consideration, we get

J(q) = J(rq")
= 1 0.0) ~ (g ra )] + 3 Fnlr(a) — Fnla)]

MmEZ

- %[(1—7“2)(42{(], Q)+ (A q.q7)]+ ) [Fm = Fn(9)]
meZ

7”2 _ 7”2
= Dl 1P+ S 00+ P 0.0) + Y [Fnlr(a™) — Fno)

§ . mez
= Sl 2+ T<J’(q), a) +1*(J'(a),47)
+Z |: q+r2fm :|+Z Fm(Q)]
meZ meZL
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7‘2 1-— 7‘2
= Dl I+ 5 a)a) + 2 ()
,',,2
+ 2 [t |+ 3 (i) - o)

MEZ MEZ

1—r2
— @)+ (@) a)

D S " @)~ Pl

2
meZ{plgt|<nolql}

+ > [Fin(r(g7)) = Fn(q)]

meZ{plgt|<nolql}

7“2
T S E Ay S r2fm<q>q—]

2
T -2
= Tl I+

+ Z [Fm(rq+) - Fm(‘])]
meZ{plgt|<nolql}
7“2 - T
> Slla I+ —— (@) q) + (S (@), a)

—7r? Z fm(@)g™, r>0.

meZ{plgt|<nolql}

O]

Lemma 3.3. Assume that (V1), (f0)—(f2) are satisfied. Then there is a con-
stant p > 0 such that & := inf J(S}) >0, where Sf = 0B, N H™.

Lemma 3.3 can be proved in the same way as [26].

Lemma 3.4. Suppose that (V1), (f0)-(f3) are satisfied. Let e € H' with
lle]| = 1. Then there is a constant ro > 0 such that sup J(9Q) < 0, where

Q={qg=se+q :q € H ,5>0,]ql <ro}.

Proof. From (f1) we have F,,(t) > 0 for all m, so we get J(q) < 0 for any
g € H~. Next, it remains to show that J(q) — —oco as ¢ € H~ @ Re, ||q|| — 0.
The proof is by contradiction. Assume that for some sequence {¢(™} ¢ H- @Re
with [|¢" || — oo, there exists M > 0 such that J(¢™) > —M for all n € N.
Denote h(™ = ¢ /||¢™| = bW~ + s,e, obviously ||| = 1. Passing to a
subsequence, we may suppose that R —~ hin H, thus h™ — h for all m € Z,
R —~h~in H, s, — 5 and

oM _J@™) s
lg1> = flg™]> 2

1 _ Frn(q™)
_ ZRmTy2 = E { tm\d )
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If s = 0, thanks to (3.5), it follows that

IN

1 - En(g™) 2 M
R 2 Im\4 ) o on M
0= GIHIE 2 T < 5 g ©

which leads to ||~ || = 0, and so 1 = ||A|| = 0, a contradiction.
If 5§ # 0, then h # 0, combining (3.5), (f3) and Fatou’s lemma, we see that

1 - Fm(q(n))
_ )T y2 Tm\q ")
M = 2 S

MEZ

2o SR

0 < lim sup [
n—oo

2

n

, s 1 - Fo(q™)
— n _ Zpm) T2 Im\4 ") 1 (n)y2
Jim sup [ L PO (R)
mez
(n)
< % lim s2 — lim inf Fnla™)

n—o0 n—oo |q(”) ‘2
meZ

(ht™)?
32 (n)

= —00, (3.6)
which leads to a contradiction. Hence Lemma 3.4 is proved. O

Lemma 3.5. Assume that (V1), (f0)—(f4) are satisfied. Then there ezists a
constant ¢ > r and a sequence {¢"™} C H satisfying

J(@™) = e, [T @I+ 1g™]) = 0. (3.7)
Proof. Lemma 3.5 is a direct corollary of Lemmas 2.1, 3.1, 3.3 and 3.4. 0

Lemma 3.6. Suppose that (V1), (f0)—(f4) are satisfied. Then any sequence
{¢™} C H satisfying

J(@™) = e, (J(g™), (¢™)F) =0 (38)
1s bounded in H.

Proof. We prove boundedness of {¢(™} by contradiction. Suppose that |¢™ || —
co. Letting A = ¢(™/||¢™||, it is easy to show that ||A(™|| = 1 and there
exists a constant C; such that ||A("||; < C}. Passing to a subsequence, we may
assume that (™ — hin H, h™ — h for all m € Z. Based on the concentration
compactness principle of Lions, we will divide our proof into two cases: either
((h(™)*) is vanishing or it is nonvanishing.

Now, we assume that ((h(™)*) is vanishing, that is

limsup || (2™) oo = 0.
n—oo
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Fix R = [2(1 4 ¢)Y/2]. Tt follows from (f1) and (£2) that

t2

It follows that ||(h(™) s < %, where n is sufficiently large. Hence,

1 1
li Fpn(h™) < — lim ||n™|3 < = 3.10
nﬂﬁlos”pn;z (") < gz Jm IRIE < (3.10)
Using (f1) and (f2), for € > 0, there exists C.; > 0 such that
[frn(0)] < elt] + CeftP™ (3.11)
and
Funlt)] < lt]? + Coltp (3.12)
for any t € R and m € Z, where p > 2. Then,
R? n
n_g)low Z fm(Q)’(h( ))ﬂ
meZ{R|ht|>nolql}
R? _ n
_nl_{glom Z (elgl + Cclql? 1)‘(h( ))ﬂ
TN ez minF 1>nolal)
: R’ — n — - n
<Jimogr > R  CR ) )
q meZ{R|(h(M)*+|>mnolql}
3,—1 (n)\+2 p+1,,1—p (n)\+ 1P
< 1im eR%ny ||(R"™) "5 ‘HF (Ce)f mo “IR) Ml _ (3.13)
n—o00 q”

Letting 1, = R/||¢™]|, it follows from (3.8), (3.10), (3.13) and Lemma 3.2 that

¢+ o(1) = J(¢™)
1201 () " |2
2

1— 2 _
+ I @), ") + 2 (@), (67)7)

_ 3 Fm(@)(R™)*
MEZL pin | (R™)+[>n0|q|}

2 (n)\— 2
w + <1 _ R H2> <J’(q(”))7q(”)>

> J(pn (™)) +

= J(R(h™)*) +

2 2 2[¢™)
L N N (my+
FgeyE @@ ey 2 @l

mEZ{R|(h(™)+|>no|ql}
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R2 2 2 R2
= S (GO I+ IR 1) - o > Fu(@I(R)]
meZ{R|(h(™)*|>nolq|}
(n)\+ 1 R2 (. (n) (n)
— > Fn(RAM)) + (o = ————— ) (J'(¢™), ™)
2 2|jgm)|12
meZ q
R? 10 (n) (n)y—
R2
> 5 = > Fu(R(h")1)
meZ
R2 (
“y 2 In@IE) ()
meZ{R|(h(™))+|>nolq|}
R 1
> _
> - = +oll)

3
>c~|—1—|—0(1),

which leads to a contradiction.
Going if necessary to a subsequence, we may assume the existence of my € Z
such that

(R

k

Choose integers i and ng with 0 < np < N — 1 such that my = iz N + ny. Let
(" = p(™ . Then

Wm™ = m~+ikN*

5
V=105 e > 5

5
(i) > 5. VkeN. (3.14)

Now we define qN%L) = quj_ikN. Then cjﬁg)/HQS,?)H = w{" and ||w§,?)||2 = Hh,(ff)Hg <
C:. Passing to a subsequence, we have w,(ff N Wy, in H, then wﬁfz ) wyy, for
all m € Z. Thus, (3.14) implies that w,, # 0 for some m € {0,1,...,N — 1}.
It is obvious that w;,, # 0 implies lim,, s \qﬁ,’} )| = 00.

Hence, it follows from (2.3), (f1) and (f3) that

0= tim <0

J(¢™)
n— 00 ||q(n)H2

. [ n ) — F,, q(n) .
S N N R D e >P]

1
n—oo | 2 =
L m

- (n)
. 1 n n)\— Fm Qi n
L P RD S g CATE IR ]
L mez |qm+ikN}
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~(n)
— 1im | 2" H?—u<q<n>>-u2>—zW\ww

MEZ ‘Qm ‘
7L
< z_ dm (n)
<l 3 < ‘ )
meZ |dm
N-1 ~(n)
1 F
< — —liminf M|w$)‘2
m=0 dm
= —00, (3.15)
which is a contradiction. Hence the statement of Lemma 3.6 is proved. 0

Lemma 3.7. Suppose that (V), (f0)—(f4) are satisfied. Then problem (1.3) has
a nontrivial solution, i.e., M # ).

Proof. Lemma 3.5 implies the existence of a sequence {q(”)} C H satisfying
(3.3). By Lemma 3.6, {¢(™} is bounded in H. If § := limsup,, . [|(A"™)*|ec =
0, by virtue of (f1) and (f2), one can get that

limsup » [;fm(q(")) - Fm<q<">>} =0. (3.16)

From (2.3), (2.4), (3.7) and (3.16), one has

e=J(¢") - §<J'< ), ¢™) + o(1)
= 3 [ = Fula®)] + (1) = o)
meZ

which is a contradiction. Thus § > 0.
Going if necessary to a subsequence, we may assume the existence of my € Z
such that

n n 5
B = 11 o > 5
Choose integers i and ng with 0 < ni < N — 1 such that my = iz N + ng. Let
w,(g) = hfg)ﬂ'kN' Then
()< 0
Since V,, and f,,(t) are N-periodic on m, then ||w,(ﬁ)H = ||h,(lf)|] and
Jw) = e, [ (SN + [wP]]) — 0. (3.18)

Passing to a subsequence, we have wﬁ,’f ) ~win H , and w% N wy, for all

m € Z. Hence, it follows from (3.17) and (3.18) that J'(w) = 0 and w # 0.
This shows that w € .# is a nontrivial of problem (1.3). O
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Proof of Theorem 1.1. Lemma 3.7 shows that .# is not an empty set. Let
¢o = inf 4 J. By Lemma 2.3, one has J(q) > J(0) = 0 for all ¢ € .#. Thus
co > 0. Let {¢"™} C . such that J(¢™) — ¢y. The (J'(¢"™),p) = 0 for any
p € H. According to the proof of Lemma 3.6 (¢ > 0 is not necessary), we can
certify that {¢(™} is bounded in H and

0= (J' ("), (¢"™)") = l(g")TI* = D fmlq (3.19)
meZ
and
0= (J(¢"), @) ) = ") I* =D ful@™)(@™)~.  (3.20)
meZ

By (3.11) with g9 = (3.19), (3.20) and the Holder inequality, one has

10
2(2+m0)73°
a2 = g™ 12 + (™)1

fm q(n) n n)\—
=y I ey - g
mez(gmz0)
<eo > @) TPHCy Y [l R
mEL (gt #0) mEZ (g #0)
< eoll (@) * I3 + Caolla™ 12 1a™ 2
<093 lla™|* + Cegrbllg™ 1P

1
< in(n)ll2 + G lld™ P, (3.21)
which, together with (3.21), shows that
800/lq™ [77* = 2C-7pllg"™ P2 > 1. (3.22)
1/p—1 o .
Let t, Hq(l’”H (8@0) /P71 Then (3.22) implies that 0 < t,, < 1. Since ¢(™ €

A, it follows from (1.5), (3.1), (3.11), (3.12) that
|12

sz B g S @) - S Pt

meZ(plg™|>nolql) meZ
75%”(1(”)”2 tn 1 20/ (n)y+ 12 tn 1 P|(o(MYH]||P
2 Gt ol = (e ) Canthla )
1

Y

g™ (11 1
M (g ) 2Bl ™I = () Cenbth g™ P
7o M p

£2 1112 1\ /P2 B

This shows that cg > ( )1/ P2 93/ P2, By a standard argument, we can demon-
strate that ¢ € .# such that J(q) = ¢o =inf 4 J. O
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4 Proof of Theorem 1.2

Lemma 4.1. Suppose that (V1), (f0) and (£2) hold, then B(q) is non-negative
and weakly sequentially lower semi-continuous, and B'(q) is weakly sequentially
continuous.

Using Sobolev’s imbedding theorem, one can check the above lemma easily.
So we omit the proof.

Lemma 4.2. Suppose that (V1), (0), (£2), (f4") hold. Then ¥q € H, p > 0,
p € H™, there holds

1-—

J(q) = J(ug +p) + *||p|\2 5 <J’( ),q) — 1(J'(q),p)- (4.1)
Proof. For any m € Z and 7 # 0, we have
) <20 s <n pa > D) s n @)

7]

It is easy to prove that

7]

<1_“27_ua>fm<7>z/T fm(s)ds, p20, 0 €R  (43)
%

2 T+0

Thus, by (2.1), (2.2), (2.8), (2.9) and (4.3), one has

J(q )—J(uq+p)

= L (et .0) (A 0.) — S0+ 3 (Flpa) — Fnla)
meZ
2 q
5 @pp) + T @a) — plT @) = S [ )

meZ " P

+> [1_2N2fm(q)q - ufm(q)p]

meZ

2 q
=Sl + 25 @0 - nT @ - Y [ futs)ds
mez” Hatp
+) [ — pfm(q) ]
meZ

)
> 2ol + 1T“<J'<q>, @~ 1T (@).p)

From Lemma 4.2, we have the following corollaries.
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Corollary 4.1. Suppose that (V1), (f0), (£2), (f4') are satisfied. Then
1 _ _
J(@) > J(ua +p)+ llal*, Yn>0,peH™, geN". (4.4)

Corollary 4.2. Suppose that (V1), (f0), (£2), (f4’) are satisfied. Then for
qe H, p=>0,

2

7@ > ol + S @) + 120 @) = Y Fulr). (45

meZ

Lemma 4.3. Suppose that (V1'), (f0), (£2), (f4") are satisfied. Then
(i) there exists p > 0 such that

b:= iAI/lfJZ k:=1inf{J(q) : q € H", ||q|| = p} > 0;

(ii) for allqge AN,
lg* || = max{|lg™, v2b}.

Lemma 4.4. Suppose that (V1), (f0), (f2)—(£3), (f4’) are satisfied. Then for
any e € HY, sup J(H- @ Rte) < oo, and there is Re > 0 such that

J(q) <0, Vge H  ®R"e, [lq| > R.. (4.6)

Proof. Notice that F,(t) > 0 for any (m,t) € Z x R. Then we have J(q) <0
as ¢ € H-. To prove this lemma, it suffices to show that J(q) — —oo as
q € H @ Re, ||g|| — oo. Arguing indirectly, assume that for some sequence
(¢™) ¢ H- ® Re with ||¢"| — oo such that J(¢(™) > 0 for all n € N, set
R = ¢ /)¢ = A + s,e, then ||A™| = 1. Passing to a subsequence,
we may assume that s, — 5, h(® — h, (™)~ =~ h~in H~, and (h")* — pt
in H*. Hence

J q(n) 3% 1 - F,, q(n)
0 < T = Bl ~ IO - 3 TmE . (4.7
meZ

If 5 =0, then by (4.7), we have
0< = Hh(” 12 + Z a) < —%LHeHz -0
la "’H2 -2 ’
meZ

which yields ||~ || = 0, and so 1 = ||h(™~ + s,¢|> = 0, a contradiction.
If 5 # 0, similar to the proof in Lemma 3.4, we can get (3.6), which is a
contradiction. O
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Corollary 4.3. Suppose that (V1), (f0), (£2)—(f3) and (f4’) are satisfied. Let
e € HT with ||e|| = 1. Then there exists ro > p such that sup J(0Q) < 0 for
r > 1o, where

Q={p+tse:pecH ,s=0,|p+sel| <r} (4.8)

Lemma 4.5. Suppose that (V1), (f0), (£2)—(f3) and (f4") are satisfied. Then
there exist a constant ¢ € [k,sup J(Q)] and a sequence {¢"™} C H satisfying

J(@™) = e, 7)1+ [lg™]) — 0,
where @Q is defined by (4.8).

Proof. Lemma 4.5 is a direct corollary of Lemmas 2.1, 4.1, 4.5 (i) and Corollary
4.3. O

Lemma 4.6. Suppose that (V1), (f0), (£2)—(f3) and (f4') are satisfied. Then
there exist a constant ¢, € [k,b] and a sequence {¢"™} C H such that

T(g™) = ey 1 @)+ g™) — 0. (4.9)

Proof. Choose w®) € 4~ such that

b < J(w®) <b+%, keN. (4.10)

By Lemma 4.3, |[(w™)*|| > v/2b > 0. Set e, = w®) /||w®)]|, then e, € Ht
and |lex|| = 1. There exists a sequence (¢*™), ey C H satisfying

T(g® ™) = cry T (@B + [lg*M]) =0, keN, (4.11)
By Corollary 4.3, one can get that
J(w®) > Jquw®) +p), V>0 peH". (4.12)

Since w®) e Q, it follows that from Corollary 4.3, there exists rj, > max{p,
|lw® ||} such that sup J(0Qy) < 0, where

Qr={p+sex:peH ,5>0,|p+sexl] <rp}, kel (4.13)

Hence, applying Lemma 4.5 to the above set ()i, there exists a constant ¢ €
[k, sup J(Qy)] and from (4.13) and (4.12) we have J(w®)) = sup J(Qy). Hence,
by virtue of (4.10) and (4.11), one has

1
J(g®™) = e < b+ o 17 (@™ A+ lg®™ ) =0, keN.

Now, we can choose a sequence {n;} C N such that

1 1
J(g*Fm)) < b+ o 17/ (g™ (1 + |g*m)) < o keN
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Let ¢®) = ¢(7%) Then going if necessary to a subsequence, we have
T(g™) = ¢ € [0, 1@+ [g™]) — 0.
The proof of Lemma 4.6 is complete. O

Lemma 4.7. Suppose that (V1), (0), (£2)—(f3) and (f4’) are satisfied. Then for
any q € H\ H™, there exist s(q) > 0 and w(q) € H™ such that s(q)q +w(q) €
N

Proof. Since H-®RTq = H~ ®R*q¢", we may assume that ¢ € H. By Lemma
4.4, there exists R > 0 such that J(q) <0 for any ¢ € (H~ ®R"q)\ Bg(0). By
Lemma 4.3 (i), J(sq) > 0 for small s > 0. Thus, 0 < sup J(H~ &#R"¢q) < co. It
is easy to see that J is weakly upper semi-continuous on H~ @ R™¢q, therefore,
J(q) = supJ(H™ @& Rtq) for some § € H- & R*q. This g is a critical point
of J|g-arg so (J'(q),q) = (J'(q),p) for all p € H~ ® Rq. Consequently,
qge N~ N(H ®Rtg). O

Lemma 4.8. Suppose that (V1), (f0), (£2)—(f3) and (f4') are satisfied. Then
any {¢"™} C H satisfying

J'(@™) = c>0, (J' (@), (™)*) =0 (4.14)
1s bounded in H.

Proof. We prove the boundedness of {¢(™} by contradiction. If the assertion
would not hold, then ||¢™| — oo. Denoting h(™ = ¢ /||¢"|, we have
|A")|| = 1 and there exists a constant C; > 0 such that ||[h( ||y < C}. Passing
to a subsequence, we may assume that 2™ — h in (2, then h(™ — h for all
n € Z. Fixing A = [2(1 4 ¢)]'/2, by (£2), there exists w > 0 such that

t2
Fult)] < 50

Let
 := lim sup H(h(n))+‘|oo

n—oo

If § = 0, then ||(h(™)* | < & for large n. Thus, it follows from (4.15) that

. (4.16)

| =

meZ 1 M—

Set 8™ = A/||(h™)*||. Combining (4.14) and (4.16), we have, in light of
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Corollary 4.14,

c+o(1) = J((h")7)

g(n) " .
> O o2 = 3 E, (00 (1))
meZ
1—(9(”))2 Jp Y )y L (a(N2y (5 () ()"
+ (SR, R+ (07) (T (), )
A? A(R)* 1 A2
=— - Fnl=>—— S J' (K™, ™)
5 (thu >+<2 2 H2>< (), 50
me7Z
A2 _
J (WY p()
A2 <Ah(")+>
== = Ful T | +o(1)
2 = A
A% 1
_?—14'0(1)
3
>1+c+0(1)

This leads to a contradiction, so § > 0. Similar to the proof of Lemma 3.6,
we can verify (3.14) holds, which is a contradiction. Hence the statement of
Lemma 4.8 is proved. O

Proof of Theorem 1.2. Lemmas 4.6 and 4.8 imply the existence of a bounded
sequence {¢™} C H satisfying (4.9). Thus there exist constants Cy, C3 > 0
such that

la™1 < llg™ll2 < Call™ ]| < C3, Vn € Z. (4.17)

Hence, by (f2) and (£3), there exists a constant Csy > 0 such that
| fn ()t — 2F, ()] <o \t\Z + Cult]?, Y(m,t) € Z xR, |t| < Cs. (4.18)

If
§ := limsup ||¢™]|o = 0,
n—oo

then for p > 2,

ST 1P < g™ (22 S g™ < Calld™ % = 0, n - 0. (4.19)
meZ meZ

Thus
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Then

which is a contradiction. Then § > 0.
Going if necessary to a subsequence, we may assume the existence of my € Z
such that

n n 5
RG] = 11 o > 5
Choose integers i; and ng with 0 < np < N — 1 such that my = iz N + ny. Let
w,(g) = h7(n—)§-sz Then
™50 vken 4.20
w1 > 5, VkeN. (4.20)
Since V;,, and fp,(t) are N-periodic on m, then ||w,(;z)]| = ||h£;f)|] and
J(wi) = coy [T (G + [lwi?]]) — 0. (4.21)

Passing to a subsequence, we have w™ — win 2, w™ — w for all m € Z.
Thus, (4.20) implies that w # 0. Let

lo={gm €la:m€Z, |gn| > 0 is a finite set}.

Then for every ¢ € [y, there exists an mg € Z such that ¢, = 0 for all |m| > my.
Hence, it follows from (2.4) and (4.21) that

(J'(w), 9) = (Fw,Q)p(zy = Y, fm(w)

meZ
(%w 80 12(Jm|<myg) Z fm
[m|<mo
= lim {(dw() O)iz(m<me) — O fm(w ]

|m|<mo
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= lim (J’(w(")), ©)

n—o0

=0.

Since [y is dense in ly, then J'(w) = 0. This shows that w € 4~ and so
J(w) > b. On the other way, it follows from (2.8), (2.9), (4.9), (f4’) and Fatou
Lemma that

b > ¢y
i T (™), ™)
Jim. [J(wm) (T (wy”), wy >]

which implies that J(w) < b. So J(w) = b = inf - J > 0. The proof is
completed. O

5 Proof of Theorem 1.3

In this section, we always assume that V satisfies (V1’) and define functionals
J, Jo as follows:

7(@) = 5((~A+ Wyt R e — 3 [Gonla) + Hn@)],
mez

Jo(@) = 3 (=B + Wa, 0 = 3 Ca)

meZ

where G, fo gm(8)ds, Hp, f P
Then (Vl ) (f0), (f2) and (f4”) 1mply that J € CY(H,R) and

('), w) = (A + Wi+ Ri)g, w)iz = Y [9(a) + hun(@)]w,

meZ

(@) w) = (~A + Wadg.w)e — 3 gm(g)w

mEZ
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Lemma 5.1. Suppose that (V1'), (f0) and (£2) hold. Then B(q) is non-negative
and weakly sequentially lower semi-continuous, and B'(q) is weakly sequentially
continuous.

Lemma 5.2. Suppose that (V1'), (10), (£2)—(f3) and (f4”) hold. Then for
qe H, u>0,pe H, there holds

J(q) = J(pg+p)+ *HPHQ—*ZR <J’( ), ) — 1(J'(q),p). (5.1)

meZ
From Lemma 5.2, we have the following corollaries.

Corollary 5.1. Suppose that (V1'), (10), (£2)—(£3) and (f4") are satisfied. Then

1 1 _ _
J(Q)ZJ(uq+p)+§HpH2—§ZRmp2, Vu>0,peH , ge N (52)
meEZ

Corollary 5.2. Suppose that (V1'), (10), (£2)—(£3) and (f4") are satisfied. Then
forqe Hyjp >0

2 )
Ta) = P lall + S @) 0) + 2 a)oa)

2
=Y Fulng) + 5 3 Bulla*)? = ()7 (5.3)

MmEZ MmEZ

Lemma 5.3. Suppose that (V1'), (f0), (£2) are satisfied. Then
(i) there exists p > 0 such that

b::%iJZn::inf{J( ):q€ H" : g = p} > 0;

(i) for allqge AN,
lg* || = max{]|g™ |, v2b}.

Proof. Set v = supz(—R;). Then (f2) and (£3) imply that there exists a
constant C, > 0 such that

Fi(q) < eolg* + CslqlP,  ¥m € Z.

Then we have for g € A4,
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Ta) = lal? + 5 3 Bud® ~ 3 Fula)

MEZ mEZ

1 70
> S llall* = < lall2 = collallz — Csollally
1

”)/0+2€0
22(1— )u 12— Conllal? > 0, Ve H.

This shows that there exists a p > 0 such that (i) holds.
On the other hand, we have for g € A4,

1 1, 1
b<Sllgt 1 = SlaT 1P+ 5 D Rma® = ) Fu(a)

meZ mez
1 1 1
< a2 — Do 112 < Siigt2
< 211 - 212 < 2l
which implies that ||¢*| > max{|¢"||, v'2b}. O

Lemma 5.4. Suppose that (V1'), (f0)—(f3) are satisfied. Then for anye € HT,
sup J(H™ @ Rte) < oo, and there is Re > 0 such that

J(g) <0, Vge H ®Rfe, |q|| > Re. (5.4)

Proof. Notice that F,,(t) > 0 for any (m,t) € Z x R. Then we have J(q) <0
as ¢ € H~. To prove this lemma, it suffices to show that J(¢) — —oo as
g € H- @ Re, ||q|| = oo. Arguing indirectly, assume that for some sequence
(¢"™) ¢ H= @ Re with ||¢™| — oo such that J(¢™) > 0 for all n € N, set
R = ¢ /)¢ = A + sue, then ||A™|| = 1. Passing to a subsequence,
we may assume that s, — 5, A — b, B(W™ <~ p~ in H~, and k(™" — pt+ in
H™. Hence

J(q(n)) s2 9 1 12
0< = Zlef? = SR 2+ ) R (h™ . (5.5)
[g™]2 2 2 2 §:H¢”P

MmeZ meZ

If § =0, then by (5.5), we have

—_

%WWIP+§: ”P__QMV%O
mEZ

\V)

which yields ||~ || = 0, and so 1 = ||h(™~ + s,¢||> = 0, a contradiction.
If 5 # 0, similar to the proof of Lemma 3.4, we can get (3.6), which is a
contradiction. O

Lemma 5.5. Suppose that (V1'), (f0), (£2), (£3) and (f4") are satisfied. Then
any {¢"™} C H satisfying

(™) =c>0, (J'(@™),(¢™)*) =0 (5.6)
1s bounded in H.
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Proof. To prove the boundedness of {q } arguing by contradiction, suppose
that ||¢™| — oo. Let (™ = ¢ /||¢™|. Then 1 = ||h™| . By Sobolev
imbedding theorem, there exists a constant C; > 0 such that |||y < Cy.
Passing to a subsequence, we have h(™ — h in H. There are two possible
cases: (i) h =0 and (ii) h # 0.

Case (i): h =0, ie., h™ — 0in H. Then (h™)* — 0 and (")~ — 0 for
all m € Z. By (V1'), it is easy to show that

lin > Ry ((hM)F)? = lim > R ((hM)7)? =0. (5.7)
meEZ meZ

Letting
6 :=limsup [|(h™)* oo,

n—o0

if § =0, then ||(h() ]| < % for large n. Thus,

lim sup Z Fn h(n) ) < EthUP ”( ) Hg <

1
n—oo n—oo 4

(5.8)

Set #() = A/||(h™)*||. Combining (5.7) and (5.8), we have, in light of
Corollary 5.2

¢+ o(1) = J((h™)*)
2

H(TL) n (n) 11— Q(n) 2 n n
> L o = 32 B (n) ) + (2)<J'<h< ). )
meZ
+(OU)2(J (R, hmW ™ )y L Z R, — ((h")™)?]
MmeZ
5 S (N > ( )
=— — F,, (J' (R, By
2 = ") 2||h IE
A2 n n_ n)\—
+ s (/(h™), A — (W)
1R ®]] =
A2 AR
=5 - I 1
2 <||h<n>|| ) +oll)
>§3—1+(n>§+ +o(1)
Z 5 1 o 1 c+o(l).

This leads to a contradiction, so § > 0.

Similar to the proof in Lemma 3.6, we can verify (3.14) holds, which is a
contradiction. Hence the statement of Lemma 5.5 are proved.

Case (ii): h # 0. In this case, we can also deduce a contradiction by a
standard argument.

Cases (i) and (ii) show that {h(™} is bounded in H. O
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Proof of Theorem 1.3. Applying Lemmas 4.9 and 5.7, we deduce that there ex-
ists a bounded sequence {¢(™} C H satisfying (4.9). Passing to a subsequence,
we have ¢ — ¢ in H. Next, we prove ¢ #0.

Arguing by contradiction, suppose that ¢ = 0, i.e., ¢™ — 0 in H, and so
¢™ — 0 in 12 and u, — 0 for all m € Z. By (V1) and (f4”), it is easy to show
that

- )M =0, 1 0))(4™)p =
Tim > Ru(¢™)(@™)? =0, lim Y Ru(@™)¢™)p=0 (59

meZ meZ
and

lim H,(¢™) =0, lim hn(¢™)p =0, Vpe H. (5.10)
Note that

1
Jo(q) =J(@) = 5 Y Bmd®+ ) Hul(q), Vg€ H (5.11)
MmeZ mEZ

and

(Jo(@).p) = (J'(@).p) = > _ Rm(@)ap+ Y hm(a)p, Vg,p€ H. (5.12)
meZ meEZ

From (3.4), (5.5)—(5.8), one can get that
Jo(@™) = ¢, [ J5(a™ I+ 1a™]) = 0. (5.13)

Going if necessary to a subsequence, we may assume the existence of my € Z
such that

n n 6
RG] = 1 e > 5
Choose integers i and ng with 0 < np < N — 1 such that my = iz N + ny. Let
w,(g) = hi:-)s—ikN' Then
(my+) 5 O
[(wy! )T > 2 Vk € N. (5.14)
Since V;,, and fp,(t) are N-periodic on m, then ||w,(7?)H = ||h£,rf)|] and
Jo(wi) = ey IT5 (I + [[wi? ) — 0. (5.15)

In the same way as the last part of the proof of Theorem 1.2, we can prove
that Jj(w) = 0 and Jo(w) < ¢,

It follows from J{(w) = 0 and (5.12) that w™ # 0. By Lemma 4.7, there
exist sp = s(w) > 0 and wy = w(w) € H~ such that spw + wyg € A,
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and so J(sow + wg) > b. By virtue of (f4”), ¢, (t)/|t| is non-decreasing on
t € (—00,0) U (0, 00), similar to (4.3), we have

w

Im(W)w — sogm (w)wo — / gm(s)ds > 0.

Sow-+wo

1—33
2

Hence, from the fact that Hp,(t) — $Viut? > 0, for (m,t) € Z x R, we have

b>c. > Jo(w)

1 1—s3
= Jo(sow + wo) + 3 lwol[* + == (J(w), w) = so(Jg(w), wo)
1—42 w
+ Z 5 gm(w)w — togm (w)wo — gm(8)ds
tow—+wo

meZ

1
> Jo(sow + wp) + §Hon2

1 1
- 5Hon2 + J(sow + wo) — B Z Vin(sow + wo)? + Z H,, (sow + wo)
meEZ meEZ
> J(sow 4+ wq) > b.

This contradiction implies that ¢ # 0. In the same way as the last part of the
proof of Theorem 1.2, we can certify that J'(¢) = 0 and J(q) = b = inf - J.
This shows that ¢ € H is a solution to (1.3) with J(¢) = inf ,—- J > 0. The
proof is completed. O
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