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Abstract Consider the generalized dispersive equation defined by

{iatquqs(m)u—o, (,t) € R" x R,
u(x,O) :f(x)v fey(R”),

(%)

where ¢(v/—A) is a pseudo-differential operator with symbol ¢(|¢]). In the
present paper, assuming that ¢ satisfies suitable growth conditions and the
initial data in H*(R"™), we bound the Hausdorff dimension of the sets on which
the pointwise convergence of solutions to the dispersive equations (x) fails.
These upper bounds of Hausdorff dimension shall be obtained via the

Kolmogorov-Seliverstov-Plessner method.
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1 Introduction and main results

Let f be a Schwartz function in .(R"), and let

A f(z) = (2m) ™ / T EHIE® feyde,  (z,t) € R" x R.

n

Here, f denotes the Fourier transform of f defined by

f) = [ e pa)aa.
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It is well known that '
u(z,t) == "2 f(x)

is the solution of the Schrodinger equation

ioiu—Au=0, (x,t)eR"xR,
u(z,0) = f(z), [feSR).

Carleson [5] proposed a problem: determining the optimal exponents s for which
lim e'2 f(z) = ez €R" 1
lim e f(z) = f(x), ae. zeR", (1)

holds whenever f € H*(R"). Here, H*(R™) (s € R) is the non-homogeneous
Sobolev space, defined by

H*(R™) = {Gs* f: f € L*(R™)},
where G is the Bessel potential defined by
Gi(€) = (1+ [~

Carleson [5] first considered this problem for one spatial dimension and
showed that the pointwise convergence (1) holds for data in H*(R) with s > 1/4,
and Dahlberg and Kenig [8] showed that s > 1/4 is sharp. Recently, in two
spatial dimensions, Du et al. [12] showed that (1) holds for data in H*(R?)
with s > 1/3, which improved the result of (1) that holds for s > 3/8 in [20].
Moreover, Bourgain [4] gave examples showing that such convergence (1) can
fail for any s < 1/3 when n = 2, so the result in [12] is sharp up to the endpoint.
In higher dimensions, Bourgain [3] showed that (1) holds for data in H*(R™)
with 1 )

> - —.
79 m

In particular, in the case f is a radial function, Prestini [22] proved that, if
f € H*(R™) (n > 2), then the convergence (1) holds for s = 1/4. For more
results on the pointwise convergence (1), see, e.g., [13,24,26-28,32].

Naturally, one may consider a refinement of this question which is the
Hausdorff dimension of sets on which the pointwise convergence fails. In this
direction, Sjogren and Sjolin [23] made the solution of Schrodinger equation
precise by the ball or the disc method, and they had previously obtained
some upper bound of the Hausdorff dimension of the divergence set (see
[23, Theorem 2]). Carleson [5] and Sjogren and Sjolin [23] obtained some
results of the pointwise convergence of the solution to the Schrédinger equation.
Recently, Barcel6 et al. [1] and Bennett and Rogers [2] refined the above results
of [5,23]. Barcel6 et al. [1] considered the pointwise convergence to the initial
data of the solution to the fractional Schrodinger equation defined by

10+ (=A)™2u =0, (x,t) € R" xR,
u(z,0) = ug(x),
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and bounded the Hausdorff dimension of the sets on which convergence fails.
We denote by am, »(s) the supremum of

dimp{z € R": u(x,ty) » up(z), k — oo}

over all ug € H*(R™) and all sequences {t;} which converge to zero. Here, dimy
denotes the Hausdorff dimension. More precisely, in one dimension, Barcel6
et al. [1] proved the following result for f € H*(R).

Theorem A [1] Assumen =1 and m > 1. Then

1
1, < -,
LT
am1(s) =4 1—2s, 1§s<§,
1
0, > —.
525

And for the radial data, Bennett and Rogers [2] obtained the following
result.

Theorem B [2] Assume that n > 2, m > 1, and f is radial. Then

< 1

n s < —
) 1 47 1
Oémm(S) = n— 25) Z < s < 57

1

0, > —.

79

A class of generalized dispersive equations is defined by

{i@tu +o(vV=A)u=0, (z,t)eR" xR,

_ _ n (2)
u(z,0) = uo(x) = f(z), [fe SR,

where ¢(v/—A) is a pseudo-differential operator with symbol ¢(|¢]). For initial
data ug belonging to the Schwartz class, the formal solution of equation (2) can
be written as

i, t,6) = eV (o) = (2m) ™ [ D fepac

We would like to point out that some Strichartz estimates for the generalized
dispersive equation (2) have been discussed recently. In fact, many dispersive
equations can be reduced to this type. For instance, the half-wave equation
(¢(r) = r), the fractional Schrodinger equation (¢(r) = 7% (0 < a # 1)), the
Beam equation (¢(r) = V1 +r4), Klein-Gordon or semirelativistic equation
(p(r) =vV1+712),iBq (¢(r) = rv/1+7r2), imBq (¢(r) = r/v/1+r2), and the
fourth-order Schrédinger equation (é(r) = r2 + r4) (see [6,7,14,16-19,29-31]
and references therein).
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Inspired by the work of Barceld et al. [1] and Bennett and Rogers [2], in the
present paper, under ¢: R™ — R satisfying suitable growth conditions and the
initial data in Sobolev space H*(R"), we bound the Hausdorff dimension of the
sets on which the pointwise convergence to the initial data of the solution to
equation (2) fails. We denote by o, (s) the supremum of

dimp{z € R": V=2 £(2) - ug(z), k — oo}

over all ug € H*(R") and all sequences (i) which converge to zero. Here, dimy
denotes the Hausdorff dimension.
For ug € H*(R™), we may define u as in pointwise limit:

u(z,1) = lim SN, f(z)

whenever the limit exists, where the operator ng(z) is defined by

Sppf (@) = 2m) ™" / ) ¢(‘]§V')e“'f+“¢<§'>f<£>dé.

Here, for convenience, we choose v to be the Gaussian ¢ (r) = e By standard
argument, we can obtain

w(z,t) = Spef(x) ae xzeR”
with respect to the Lebesgue measure, where

Seal(2) = Jim S, /(2)

in the L?-sense. However, u(-,t) is also well defined regarding fractal measures
when s > 0, see [1].
Let 0 < o < n. We say that a positive Borel measure p is a-dimensional if

B
ca(p) := sup wB,r)) < 0.
z€R™,r>0 re

We denote by .#%(A™) the a-dimensional probability measures which are
supported in the unit annulus

1
A":{xeR”:igym\gl}.
Assume that ¢: RT — R satisfies the following conditions:

(H1) there exists my > 1 such that

@/ (r)] ~ ™ 9" ()] Z ™7, Ve (0,1);

~
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(H2) there exists my > 1 such that
@' ()| ~ o2t g ()] 2T Ve 2 1

(H3) either ¢"(r) > 0 or ¢"(r) < 0 for all r > 0.
Our main result in this paper is as follows.

Theorem 1 Assume that n =1 and ¢ satisfies conditions (H1)-(H3). Then

(i) agi(s)=1—2s for1/4<s<1/2;

(ii) agi(s) =0 fors=>1/2.

In higher dimensions, we obtain the following result for radial data.
Theorem 2 Assume that n > 2 and ¢ satisfies conditions (H1)-(H3). If f is
radial, then

(i) agn(s)=n—2s for1/4<s<1/2;

(i) agn(s) =0 fors>1/2.

Remark 1 From the results in [10,11], for ¢ satisfying conditions (H1)-(H3),
s > 1/4, and initial data f € H*(R) or f isradial and f € H*(R"), the pointwise
convergence

lim eV=2) #(2) = f(z) ae. z€R" (3)

t—0

holds with respect to Lebesgue measure. Hence, by the results of Theorems 1
and 2, we give a refinement of this question regarding the Hausdorff dimension
of the set on convergence (3) fails.

Remark 2 There are many elements ¢ satisfying conditions (H1)-(H3), for
instance, 7% (a > 1), /1 +r%, and r2 + r*. Therefore, Theorems 1 and 2 are
apparently good extensions to the results of Theorems A and B, respectively.

2 Proof of Theorem 1

In this section, we will prove Theorem 1. To do this, we need two important
lemmas (i.e., Lemmas 1 and 2 below), which play a key role in proving Theorems
1 and 2.

Lemma 1 Assume that ¢ satisfies (H1)—(H3) and p is a Schwartz function.
If1/2 < s <1, then

’/eix§+it¢(|§|)|£‘—8 ( ) ’ ’1 ., zE€RteR, N=12,....
R

Here, the constant C may depend on s, my, ma, and p, but not on x, t, and N.

Remark 3 The proof of Lemma 1 is similar to that of [10, Lemma 2.1], so
we omit it here.
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Lemma 2 If

I sup sup S g < CVeal) [ fllas@ny, Ya>ao>n—2s,  (4)

whenever u € M*(A"), f € H*(R"), and (ty) € RY, then ayn(s) < ap.
Proof We choose a Schwartz function g such that
|uo — gl s mny < €,
and notice that
|Sivsuo — uo| < |S)yu0 — Shsgl + 1579 — gl + g — uol.
Thus, we have

p{z: limsup lim sup |S£Z pUO — Uo| > A}
k—oo N—oo ’

A
< ,u{x: sup sup |S£Z7¢(U0 -9 > *}
k=1 N>1 3

A A
lim Tim SN g — gl > S} +p{eilg - -
—I—,u{x Jim - lim 1S 09 — 9l > 3 +psz:|g —uo| >

3
=1+ +1Is.
Letting t; — 0, we have
I, =0. (5)
By the maximal inequality (4), we have
L < OX'ealp) lluo = gllmsgmy < CA™ ' ealp) e (6)

Noting that
121 apy < Cvea(p) 1 f | sy
for p € A “(A™) with a > n — 2s, see [2, p. 3], we have
Is < CA Mg —uollpr(ap) < CA'Vea(p) luo — gll s @ny < CA™ Vea(p)e. (7)

Hence, by (5)—(7), we obtain

p{z: lim lim ‘S£Z7¢UD —up| > A} < OAX 1 ea(p) e

k—o0o0 N—oo

Letting ¢ — 0, and then A — 0, we have
p{x: u(x, ty) - up(z), k = 00} =0
whenever p € #*(A™) with a > ap. By Frostman’ lemma [21, p. 112], we get

AN x e A" u(x,ty) » u(x,0), k — oo} =0,
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where % denotes the a-Hausdorff measure. By translation invariance and the
countable additivity of Hausdorff measure, we have

AN x e R": u(x,ty) » u(z,0), k — oo} =0,
which holds for every a > «g. Thus,
dimp{zr € R": u(z,t;) » uo(x), k = oo} < «
whenever f € H*(R"™) and t; — 0. We complete the proof. O

As a similar proof on [1, pp.613,614], when 1/4 < s < 1/2, we can obtain
the lower bound on the exponents oy 1(s), that is, ag1(s) = 1 — 2s. Hence,
when 1/4 < s < 1/2, to prove Theorem 1, it suffices to set up the following
lemma.

Lemma 3 Assume that n = 1 and ¢ satisfies (H1)—(H3). If1/4 < s < 1/2
and o > 1 — 2s, then

| sup sup 1St o f ) < CVealw) I1F L) (8)

= =

whenever p € A *(A), f € H*(R), and (ty) € RY, which yields as1(s) < 1—2s.

Proof By the embedding property of the non-homogenous Sobolev spaces, we
only prove inequality (8) holds when 1/4 < s < 1/2. We recall the a-energy of

1 defined by
// |z — y\a

By the dyadic decomposition, for all u € .#Z“(A) with a > 1 — 2s, we have

== D B — =

< 2% (1 /22‘j“2j(1‘23)du(y)

j=0
< Cea(p).
Thus, the inequality
I 2s(p) < Cealp)

holds for all € .#Z“(A) with a > 1 — 2s. Therefore, in order to prove (8), it
suffices to prove

/sup sup ]Stk of (@)|dp(z C\/ﬁ”f”m 9)

k>1 N>1

whenever 1 € A#*(A), f € H*(R). Let t(z), N(z), and w(x) be measurable
functions with

t:(=1,1) > R, N:(=1,1) = [l,00), w:(=1,1) —S.
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By linearizing the maximal function, to prove (9), it suffices to prove

2
| [ i @e@du@)] < Chos@l (10)

By Fubini’s theorem, and invoking the Cauchy-Schwarz inequality, we have

| [ st @) dut)|

25| f(g) 2 |§! (@) B(ED) 2 dg
/ f@Pa [ ] [o(y (o)) 16

é- 1{L‘ T 2 dé_
<oy /’/w e | @Dy () dps () e (11)

Applying Fubini’s theorem and by Lemma 1, we get

/‘/¢ ’f‘ @@ () dpu(x) 2 d¢

\§|2S
ol \a Jo LYottt
<o [[ iy ‘gg_y‘l )
= Cli_2s(p) (12)

uniformly in the functions ¢, N, and w. Hence, inequality (10) holds from (11)
and (12). Hence, it follows that (8) holds, and applying Lemma 2, we get
ag.1(s) <1 —2s. Thus, we complete the proof. O

When s > 1/2, to prove Theorem 1, it suffices to set up the following lemma.
Lemma 4 Assume that ¢ satisfies (H1)-(H3). If n =1 and s > 1/2, then

Hsup Sup|5k¢fH|L1 @) S Clf s ®) (13)

whenever i € A*(A), f € H¥(R), and (tg) € RN, which yields a1 (s) = 0.
Proof Let f = Gsxg. To prove (13), it suffices to prove

W(|€ N i(z-E+tip(l€])
[ supsup | [ HUERIOEE delana) < Clgllizgy  (14)

A k>1 N>1 1+ |¢|2)s/2

for all p € .#%(A), g € L*(R), and (t;) € RY. Note that p is a probability
measure. Thus, in order to prove (14), it suffices to prove

’ V(E|/N)g 1(w-£+t¢(|£\))

4] < Cllllage (15)
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uniformly in N > 1, ¢t € R, x € A, and g € L?(R). Note that for s > 1/2,

oo 1 1/2
————dr < C.
</0 (1 +[r?)® )

Then, applying the Cauchy-Schwarz inequality and Plancherel’s theorem, we
obtain

(€] /N)g(€)el@EFtedED)
‘ 1+\6| )/ 5‘ C/ 1+\§| s/? 4
1/2 de 1/2
of [laorac) ~( )
(Luaora) ([ e
< Cllgllz2m)

uniformly in N > 1,¢t € R, 2z € A, and g € L?(R). Thus, we verify estimate
(15). It follows that (13) holds. Thus, applying Lemma 2, when s > 1/2, we
get ag1(s) = 0. We complete the proof. O

3 Proof of Theorem 2

Let H: (R") be the set of all radial elements of H*(R"), and let L2 ;(R") be
the set of all radial elements of L?(R"). When s > 1/2, to prove Theorem 2, it
suffices to set up the following lemma.

Lemma 5 Assume that ¢ satisfies (H1)-(H3). If n > 2 and s > 1/2, then
Jsup 500 152 114 < 1 e (16)

whenever p € A (A"), f € HS (R™), and (t) € RY, which yields oy (s) = 0.

Proof Writing f = G * g, to prove (16), it suffices to prove

P(|€]/N)g(€)ell@ettrodleD)
sup su déldu(e) < © ) .
/A" Sl (1+ [¢]?)s/2 §|du(@) < Cllgllreny (A7)

for all y € .#*(A"), g € L2 4(R"), and (t) € RY. Noting that y is a probability
measure, in order to prove (17), it suffices to prove

’/ D ([E]/N)g(€)e!+FtetieD)

0+ [P d¢| < Cllgll 2 mn) (18)

uniformly in N > 1, ¢t € R, z € A", and g € L2 (R"). Using the polar
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coordinates, we have

¢(|£N\) (€)ei(@E+to(l€D)
e e

) T/N g ( ) itg(r) ire-&’ /
_ )/ A T /Sn_le do(¢ )dfr‘
o ah(r /N )15 (r)elto0) T gy o (r|a]) T)
0 (1+ [r]?)s/2 (rla])m=2/2 1

:Cn

where Cy, is a constant which dependent on n, J;,_2)/, denotes the Bessel
function of order (n — 2)/2, and the Bessel function J,,(r) is defined by

(r/2)™ /1 irt 2\m—1 1
() = —121 [ i1 — $2)ymmagy, —.
Im (1) T(m + %)71.1/2 716 ( )"z m > 5

By the result on [15, pp.430,431], we have

(r|z) " -2 j2(rl]) < cp.

Thus, applying the Cauchy-Schwarz inequality and Plancherel’s theorem, we
obtain

(€] /NG (€)elleE+teeD)
‘ R™ (1+[¢2)s/2 ’

L [T,
2072 Jo (T Irf)

1 o ) 1/2 oo 1 1/2
C—— =g d ——d
MW1W<A " g””r> <A u+vmsr>

1
< CWHQHLQ(R")

< Ollgll 2@y

uniformly in N > 1, ¢ € R, z € A", and g € L2 (R"). Thus, we verify estimate
(18). It follows that (16) holds Then applying Lemma 2, when s > 1/2, we
get g (s) = 0. Thus, we complete the proof. O

On the other hand, similar to the proof on [2, p.8|, when 1/4 < s < 1/2,
we can get the lower bound on the exponents oy ,(s), that is, ag ,(s) > n —2s.
Hence, when 1/4 < s < 1/2, to prove Theorem 2, it suffices to set up the
following lemma.

Lemma 6 Assume that n > 2 and ¢ satisfies (H1)—(H3). If1/4 < s < 1/2,
then, for a > n — 2s, we have

| sup 0 1575 ]34 < €Vl 1o (19)
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whenever p € A *(A"), f € HS,(R™), and (tg) € RY, which yields apn(s) <
n — 2s.

Proof Denote f = G *g. To prove (19), it suffices to prove

/ sup sup |SY G * g(2)|du(@) < Cveal) lgllz2zn) (20)

k>1 N>1

whenever p € #%(A™) and g € L? ;(R™). Notice that the operator SN maps
radial functions to radial functions. Thus, it suffices to consider the radial
measures. We write dug(v) = du(x) when \:L'| = v, and recall the energy I_o

defined by y
dpo(v)dpo(
Il 2s 1“’0 / / |w — v ‘ 1 2s .

And noting that the inequality

I1-25(po) < Cealp)

holds for all p € .#*(A™) with @ > n — 2s. Using the polar coordinates, to
prove (20), it suffices to prove

/ sup sup S G+ g(0) [0 D 2duo(v) < Ov/Tr—a(u0) gl z@ny. (1)

k=1 N>1

As in the proof of Lemma 5, we have

65 Gon oy = G [ HENAN) a0 O D
tr s * 9 o(n—1)/2 1+ 12)/2

Let t(v) be a measurable function with [0, 1] — R, and let N(v) be a measurable

function with [0, 1] — [0, 00). By linearizing the maximal function, in order to
prove (21), it suffices to prove

[ 8560 g0 2ot
< OVl el Il 22

where h € L>(dup). By the duality, to show (22), it suffices to show that

| TR 12(0,00) < CV/11-25(10) |2l oo (dpuo) (23)

where
1 - .
Th(r)=(1+ 7“2)5/2/0 w(m>(rv)l/zJ(n,Q)/Q(rv)e‘t(”)‘i’(’”)h(v)duo(v).

To prove inequality (23), we need the following lemma.
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Lemma 7 [25, p.158] Asr — oo,

~ R cos(ro T ~3/2
Im (1) = —cos (r 5 4> +O(r—/°).

In particular, Jo,(r) = O(r=12) as r — cc.

Applying Lemma 7 and by [22] or [9, p.15], we may get the following
estimates:

. . C
[61/2 T 02y 2 () — (bre” + bye )| <

7 t>1, (24)

and
2 Ty ja(t) — (bre + bee™ )| < C, 0<t <1, (25)

where b; and b2 are the constants depending on n. Invoking (24) and (25), we
have

Th(r) =: by B1(r) + baBa(r) + C(r), (26)
where
1
Bir) = (142772 [0 )N ho) o),
1
By(r) = (1 +12) 7%/ /0 l/J(ﬁ)ei(_mﬁ(”)"b(r))h(v)duo(v),
and

1
O < O(1L+ )2 /0 min {1, - Ah(0) dpo(o).

From the proof of [2, Theorem 3.3|, we have

00 1/2
( / |c<r>12dr) < OV/Tr 23010 Ml ety (27)

Set
1 .
B = (1+€)7 [ w(JghN ) O ) (o), € € R
0

We first prove

1/2
( / |B<s>\2d5) < OV () Il . (28)

</R!B(£)I2d§>l/2 < </R|B’(§)|2dg>l/2, (29)

Notice that
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where

B©) =l [ (s ) N ) duoo), € < R

By Fubini’s theorem, we have

LB @Pa = [[ 10.0mh o)),

I(v,w)z/Rw(]V'fL))w(]V'fL)) (o-)6—(t0) N BEN] ¢ ~25 g

By Lemma 1, we have

where

I(v,w) < C;. (30)

|U_w|172s

By (29) and (30), we have

) < o)l b
‘B df |U—W|1 25 d O(U)dﬂo(w)
< CmHhHLW(dﬂo)’

which is estimate (28). Note that

(/ooo ’Bi(‘f)ng)l/Q < C(/R \B(€)|2d§> 1/2, i=1,2. (31)

Thus, by (28) and (31), we have

oo 1/2
(A|&@W%) < OV (i) My, i= 12 (32)

Hence, (22) holds from (26), (27), and (32). Thus, estimate (19) holds, and
then applying Lemma 2, when 1/4 < s < 1/2, we get oy n(s) < n — 2s. Thus,
we complete the proof of Lemma 6. O
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