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Abstract Let K3 be a non-normal cubic extension over Q. We study the higher
moment of the coefficients ax,(n) of Dedekind zeta function over sum of two
squares Zn%Jrn%@ alK3 (n? +n3), where 2 <1 < 8 and ny,n9,l € Z.

Keywords Non-normal cubic field, Dedekind zeta function
MSC 11F30, 11N45, 11R16, 11R42

1 Introduction

Let K be a number field of degree d over the rational field Q, let Ok be the
ring of integers of K, and let the Dedekind zeta function be defined by

(k(s)=> (Na)™®, Res> 1,
a
where the sum runs over all integral ideals in Ok, and N, is the norm of the
integral ideals a. We can rewrite the Dedekind zeta function as

-~ ax(n)
K
Ck(s)=) — - Res>1,
n=1
where ax(n) denotes the number of integral ideals in K with norm n, which
is the so-called coefficients of Dedekind zeta function. Since ax(n) is a multi-

plicative function, we get that for Res > 1,

Ck(s) = i aK(Sn) =11 (1 - arx(p) + ax (1”) + - )
n=1

S 2s
n p p p

It is known that for any ¢ > 0,

ax(n) < 7(n)? < n, (1)
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where 7(n) is the divisor function and d = [K : Q.
It is a classical and important problem in number theory to study the
arithmetic function ax(n). Landau [15] proved the asymptotic formula

d—1
Z ax(n) = cx 4+ O(xdF11e)

n<x

for arbitrary algebraic number field of degree d > 2, where ¢ > 0 is a positive
constant depending on K. Chandrasekharan and Narasimhan [3] considered the
second moment of ax (n) for a general extension K/Q of degree d. They proved

that
Z a(n) < xlog? 1 a.

n<x

Later, Chandrasekharan and Good [2] studied the I-th integral power sum of
ax(n), and gave an asymptotic formula for the sum

ZalK(n), 1=2,3,....

n<e

Lii and Wang [18] improved the result of Chandrasekharan and Good.

Fomenko [4] considered a non-normal cubic extension K3/Q, which is given
by an irreducible polynomial h(z) = x3 + ax?® + bz + ¢ of discriminant D. If
D < 0, he proved that

N dk, (n) = crrlogz + cax + O(a1TH)

n<x

and .

3", (n) = 2P(logx) + O H+),

n<x
where ¢ and ¢y are constants, and P(t) is a polynomial in ¢ of degree 4. Later,
Lii [17] improved the results of Fomenko, and obtained the exponents 23/31 and

235/259 in place of 9/11 and 73/79, respectively. Recently, Yang [23] derived
an asymptotic formula for the sum

2 2
E ax,(ni +nj).
n%+n§§x

In this paper, we will be interested in the estimation of the higher moment
of the arithmetic function ax,(n) over sum of two squares,

Z alK?)(n%jLn%), 2<1<8.

2,2
ni{+ns<e

N

Our main result is the following theorem.
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Theorem 1.1 Let K3 be a non-normal cubic extension over Q, which is given
by an irreducible polynomial h(zx) = x3 + ax?® + bx + ¢ of discriminant D. If
D < 0, then, for arbitrarily small positive constant €, we have

Z ale <n% + n%) = JJPl(log x) + O($19l+5)?

24,2
ni+ny<T

where Py(t) are polynomials with degree n;, and

51 70 71 217
Py = o= Pg= 0 = = P95 =
2759 3Ty ATy 5T 919
1987 6047 18356
67 1990 7T 6050 ° 18359

Here,

n=1 mn3=4, nm=12, ns=33, ng =288, nr =232, ng=609.

2 Preliminaries

In this section, we begin with the representation of sum of two squares. Define
4r(n) = t{(n1,n2) € Z2, n? 4+ n3 = n}.

We know that (cf. [8, (1.51)])
r(n) = ZX4(d)7
din

where x4(d) is the non-trivial Dirichlet character modulo 4. For the sake of
simplicity, we denote
X = X4-
By the completely multiplicative property, we get
r(p) =>_ x(d) =1+ x(p).
dlp

Let K3 be a non-normal cubic extension over Q, which is given by an
irreducible polynomial h(x) = 2% + az? + bx + ¢ of discriminant D. If D < 0,
we learn from [4, (1)] that

Cia(s) = C(s)L(s, f), (2)

where f is a holomorphic cusp form of weight 1 with respect to the congruence
group I'o(|D]), and

F(z) =) Ap(n)e(nz).
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Here, A¢(n) denotes the n-th Fourier coefficient of the holomorphic form f.
By using (2), the Euler product of Riemann zeta function ((s), and the
Dirichlet L-function, one has

GKB Z)\f
dn

In particular, one has
ar,(p) =14 As(p).

It is clear that

Z alK,3 (n? +n3) Z age, (n Z 1=4 Z alK3 (n)r(n)

n%—&-n%éx n<w m:n%—f—n% n<w

The L-function defined for Res > 1 by

> ak- (n)r(n
meﬁz§jkdg<) (3)
n=1

has an analytic continuation to the whole complex plane.
In the following, we will give a decomposition of L, ;(s).

Lemma 2.1 Let K3 be a non-normal cubic extension over Q. Suppose that
Li,.1(s) is defined as in (3). Then we have

Ly 1(s) = Mg, 1(s)Ui(s), 1=2,3,...,8,
where

My, 2(s) = C*(s)L*(s, f)L(s,sym® f)L?(s, x) L*(s, f x x)L(s,sym?f x x),
My, 3(s) = C*(s)LP (s, f)L3(s,sym? f) L(s,sym® f)L*(s, x)
x L3(s, f x x)L3(s,sym?f x x)L(s,sym>f x x),
Mpy a(s) = ¢P(s)L" (s, [)L?(s,sym® f)L* (s, sym® f) L(s,sym" f)
x L (s, X)L (s, f x x)L7(s,sym* f x x)
x L*(s,sym®f x x)L(s,sym*f x x),
My 5(s) = C*1 ()L (s, f)LP (s, sym?® f) L' (s,sym® f) L (s, sym* f)
X L(s,symf x £)L2(s, ) I(s, £ x )IB(s,5ym2f x x)
x LB3(s,sym>f x x)L?(s,sym* f x x)L(s,sym*f x f x x),
My, 6(s) = ¢ (s)L(s, f) L9 (s, sym? f) L3 (s, sym® f) L' (s, sym® f)
x LO(s,sym™ f x f)L(s,sym" f x sym®f)L>! (s,x)L™ (s, f x x)
x L% (s, sym?f x x)L38(s,sym>f x x)L'%(s,sym* f x x)
x LS(s,sym* f x f x x)L(s,sym*f x sym?f x x),
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Mgy 7(s) = (2T(s) LM (s, f) L% (s, sym® £) L1 (s, sym? f) L% (s, sym" f)
x L¥(s,sym*f x f)L7(s,sym*f x sym?f)L(s,sym*f x sym?f)
x LP7(s, )L (s, f x X)L (s, sym?f x x)L'%(s,sym*f x x)
x L9(s,sym*f x x)L®(s,sym?f x f x x)
x L7(s,sym* f x sym?f x x)L(s,sym*f x sym®f x x),
M, 8(s) = CP2(s) L7 (s, f)L™ (s, sym?® f) L2 (s, sym® f) L1 (s, sym* f)
x L%(s,sym*f x f)L3*(s,sym*f x sym? f)L8(s, sym* f x sym?f)
x L(s,sym* f x sym® f) L322 (s, x\) L5 (s, f x x)L*3(s,sym? f x x)
x L¥8(s,sym3f x x) LY (s, sym* f x x)L%(s,sym*f x f x x)
x L3 (s, sym*f x sym?f x x)L8(s,sym?f x sym3f x x)
x L(s,sym* f x sym*f x ).
Here, x is the non-trivial Dirichlet character modulo 4, Uj(s) is a Dirichlet
series which converges absolutely in the half plane Re s > 1/2, and Uj(1+it) # 0.

Proof We will take [ = 8 for an example, and give a detailed proof. Other
cases can be obtained by the similar approaches.

For Re s > 1, the Rankin-Selberg L-function attached to sym™ f and sym® f
are defined by

L(s,sym™ f xsym™f) = T TI TI - ep" '8y 8ip~")""
p 0<i<M O0<y<KN

Z )‘symeXSyme(n)

nS

)
n=1

where
ap+ Bp = Af(p), ophp =1

For [ = 8, we obtain

ale, (P)r(p) = (1 + ap + 5,)° (1 + x(p))
= {(ap + Bp)® + 8(ap + B)7 + 28(cxp + 5,)°
+ 56(ap + Bp)5 + 70(ap + 510)4 + 56(ap + 510)3
+ 28(ap + 51?)2 + 8(ap + Bp) + 1}H(1 + x(p))-

It is clear that
(ap + /Bp)2 = >‘sym2f(p) +1,

(ap + 6]))3 = )‘sym3f<p) + 2)\f(p)7
(ap + ﬁp)4 = >‘sym4f(p) + 3)‘sym2f(p) + 2,
(ap + 6}7)5 = )‘syrn4f><f(p) + 3)‘syrn3f(p) + 5)‘f(p)7
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(ap + /Bp)6 = )‘sym4f><sym2f(p) + 4/\sym4f(p> + 8/\sym2f(p) + 5,
(Olp + Bp)7 = )\Sym4f><sym3f(p) + 5)‘sym4f><f(p) + 8)‘sym3f(p) + 13)\]“(])),
(ap + 6}))8 = /\sym4f><sym4f(p) + 6)‘sym4f><sym2f<p)
+ 13Agyma £ (p) + 21 Agym2(p) + 13.

Hence, we obtain

a§(3 (p)?”(p) = ()‘sym4f><sym4f (p) + 8)‘sym4f><sym3f (p) + 34)‘sylrn4f><synf12f (p)
+ 96)‘sym4f><f(p) + 195>‘sym4f(p) + 288)‘sym3f(p)
+ 483Agym2 £ () + 5045 (p) + 322)(1 + x(p))-

Thus, for Res > 1, we can write
P22 (s) L7 (s, )L* (s, sym?® ) L** (s, sym® f) L' (s, sym" f)
x L% (s, sym*f x f)L3*(s,sym*f x sym?f)L3(s,sym* f x sym?f)
x L(s,sym" f x sym* f)L?** (s, )L (s, f x x) L' (s, sym*f x x)
x L (s, sym® f x x) L' (s, sym* f x x)LP(s,sym* f x f x y)
x L3(s,sym*f x sym? f x x)L3(s,sym* f x sym®f x )
x L(s,sym*f x sym*f x )
as an Euler product of the form

H(1+A(p)+AZ§fj)+---),

S
» p

where
Ap) = ai, (p)r(p).
Then, we derive that
Lic,s(s) = ¢¥2(s) L% (s, )L (s, sym F)L?* (s, sym® F) L' (s, sym )
x L%(s,sym*f x f)L3*(s,sym*f x sym? f) L8 (s, sym* f x sym?f)
X L(s, sym*f x symdf)L32 (s, ) L%(s, | x x)L*(s, sym?f x x)
x L8 (s, sym3 f x x)L'%(s,sym* f x x)L%(s,sym?f x f x x)
x L3 (s, sym*f x sym?f x x)L8(s,sym*f x sym3f x x)
x L(s,sym*f x sym*f x )

« H (1 n aig(p2)7’(p2) — A(p?) L. )

p25
=: Mg, 3(s)Us(s),

where Ug(s) is a Dirichlet series which converges absolutely in the half plane
Res > 1/2, and Ug(1 +it) # 0. O
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Remark 2.2 The famous work of Gelbart and Jacquet [5], Kim [12], and
Kim and Shahidi [13,14] showed that L(s,sym™ f) (1 < M < 4) is a general
L-function, which has an analytic continuation as an entire function in the
whole complex plane C and satisfies a certain functional equation of Riemann
zeta-type of degree M + 1. Due to the work of Jacquet and Shalika [9,10],
Shahidi [20,21], and Rudnick and Sarnak [19], the Rankin-Selberg L-function
L(s,sym™ f x sym™ f) has an analytic continuation as an entire function in
the whole complex plane C (1 < M, N < 4, M # N and except possibly for
simple poles at s = 0,1 for M = N) and satisfies a certain functional equation
of Riemann zeta-type of degree (M + 1)(N + 1).

Next, we shall recall some lemmas, which play an important role in the
proof of our results.

Lemma 2.3 For any € > 0, we have
Clo+it) < (1+ \t\)max{(lfa)/3,0}+s

uniformly for 1/2 <o <14+¢ and |t| > 1.
Proof See [22, Theorem II 3.6]. O

The current best result is due to [1, Theorem 5], which states that
C(o_ —|—it) <. (1 + |t|)ma.x{13(1—a)/42,0}+8 (4)

uniformly for 1/2 < o < 1+¢ and |t| > 1. For the average bounds, we have the
well-known estimates

T

1 A
/’C(—i—it)’ At < T, A=2,4. (5)
Y

Combining the Phragmen-Lindel6f principle for a strip [8, Theorem 5.53]
with the estimate given by Heath-Brown [7, (1.1)], we can derive a similar
sub-convexity bound for Dirichlet L-function:

L(o+it, x) <e (1+[t))' 57+ (6)

uniformly for 1/2 < o < 1 and |t/ > 1, where x is a Dirichlet character y
modulo ¢, and ¢ is an integer.
We learn from [6, Corollary] that

1
L(5 + it,f) < (1+]t)5*, teR
Similarly, we have the following result.

Lemma 2.4 Let f be a primitive holomorphic cusp form with respect to the
congruence group L'g(|D|). Then, for any e > 0, we have

2(1—0)

Lo +it, f) <. (14 t]) "3 *¢
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uniformly for 1/2 <o <1 and |t| > 1.

For the symmetric square L-function L(s,sym?f), we have the following
sub-convexity bound.

Lemma 2.5 For any ¢ > 0, we have
L(o + it,sym?f) < (1 + |t|)mex{11(1=0)/8,0}+e

uniformly for 1/2< o <14+¢ and |t| > 1.
Proof See [16, Corollary 1.2]. O
For the general L-function, we have the following convexity bound.

Lemma 2.6 Let L(s,g) be a Dirichlet series with the Euler product of degree
m > 2, which means that

1

0 Lgn m ag N -
L(s.9)= > n(s)=HHl(1—§fZ”) ,
p =

n=1

where ay(p,j), j = 1,2,...,m, are the local parameters of L(s,g) at prime p
and Lg(n) < n°. Assume that this series and its Euler product are absolutely
convergent for Re s > 1. Assume also that it admits a meromorphic continuation
to the whole complex plane C and satisfies a functional equation of Riemann
type. Then for 0 < o < 1, we have

m(l—o)

Lo +it,g) < (L+[t)) = *=.

Proof See [8, Theorem 5.41]. O

It should be remarked that in Lemma 2.6, we consider only the t-aspect in
the analytic conductor introduced by Iwaniec and Kowalski [8, Theorem 5.41].
By means of Remark 2.2 and Lemma 2.6, for the Rankin-Selberg L-function
L(s,sym™ f x sym” f) and any ¢ > 0, we have

WADWNAD(=0) |

L(s,sym™ f x sym" ) < (1 + [¢]) :

where 1 < M, N < 4.
For the general L-function, we have the following average sub-convexity
bounds.

Lemma 2.7 For any € > 0, we have
T 1 2 T 1 6 0
/ ‘L(§+it,f>‘ dt ~ CTlogT, / ’L(§+it,f>’ dt < T2+,
1 1

uniformly for T' > 1.
Proof See [6, Theorem] and [11, (0.9)]. O
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3 Proof of Theorem 1.1

In this section, we will take [ = 2 for an example, and give a detailed proof.
The cases of 3 < [ < 8 can be obtained by the similar approaches. By using
sharper bounds and mean values of ((s) and L(s, f), we can obtain better
results. However, it will be improved a little. Thus, for the sake of simplicity,
we would rather use the bound of Riemann zeta function in Lemma 2.3 than
refer to (4).

Assume that K3 is a cubic non-normal extension over Q. By the Perron
formula and (1), we get

1 1+e+iT O .’E1+6
L r < )
ZaK3 271'1/ Ka,2(8 ) d8+ T

n<e 1+e—iT

Then we move the integration to the parallel segment with Res = % +e=:0.
By the Cauchy residue theorem, we have

Z 5 1 14e+iT 1,8 :El—&-a
a2 (n)r(n) = — Ly ,2(5)—ds+0( )
= Ks 271 1ot 3 s T
b+iT 14e+iT s
= L, 2(s)—ds
2771{/ /1+e ir /+iT } ’ ()5
x1+5
+Re (Lt T} +0(*7)
J/‘H_E
=: Iy + 1o+ xPy(logx) 4+ O( T )7
where
1 pbHT 25
Iy = — Lk, 2(s)— ds,
271 b—iT :

1 b—iT L+e+iT e
1272 = {/ +/ }LKS,Q(S)dS,
211 ( J1qe—ir  JotiT S

and P, is a polynomial of degree 12. We see from complex analysis that 7y + 1
equals to the order of the pole s = 1 of Lk, 2(s). By Lemma 2.1 and Remark
2.2, we know that only ((s) has a pole at s = 1 in the factorization of L, 2(s).
So we have 7y = 1.

For I5 1, from Lemma 2.1, we have

T
Iy < z2te aé*f/ | Mg, o (b + it) |t dt.
1
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By Cauchy’s inequality, we get

I < zate max{\(LQ(S X)L (s, f X X)

Th<T

X L(‘Sa sym f)L(S7 Sym2f X X)>S=b+iT1‘

T 1/2 T 1/2 .
X (/ !C(b+it)l4dt) </ |L(b+ it, f)|4dt> } + gate.
T1/2 T1/2

By Lemma 2.7 and Cauchy’s inequality, we obtain

Ty T 1/2 T 1/2
/ |L(b +it, f)|*dt < (/ yL(b+it,f)|2dt> (/ \L(b+it,f)|6dt>

T /2 T /2 T /2

< T2t
Then, from Lemmas 2.4-2.6, (5), and (6), we get
I < p3te 4 patepstititntiti-l « piteis,
For I3, we derive that
1+e
Ly < / 27| My, o(o +iT)| T do
b

< max{xUT 5 (1-0)- ey

1 $1+E
< x§+8T39/16 + .
T
Thus, we obtain
$1+5
Z afe,(n = xP(logz) + O(x2+5T43/16 + T)
n<e
On taking 7' = 28/59, we obtain
ZQKS n) = P (logx) —}—O(xgg*E)

Remark 3.1 In the case | = 2, only ((s) contributes orders of s = 1 in the
factorization of L, ;(s). However, for larger [, we know from [4] that in this case
L(s,sym?f) also has a simple pole at s = 1 though in most cases it is entire. So
for I > 3, m+1 equals to the sum of the degree of ((s) and L(s,sym?f) instead
of the degree of ((s) itself. This explains the values of 7; in Theorem 1.1.

Remark 3.2 For the sake of simplicity, we only use the individual convexity
or sub-convexity bounds of Riemann zeta function and the general L-function
to derive nontrivial bounds in the cases of 3 <[ < 8.



Higher moment of coefficients of Dedekind zeta function 67

Acknowledgements The authors were very grateful to the referees for some extremely

helpful remarks. This work was supported in part by the National Natural Science Foundation
of China (Grant Nos. 11771252, 11531008).

References

1.

2.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.
21.

22.

23.

Bourgain J. Decoupling, exponential sums and the Riemann zeta function. J Amer
Math Soc, 2017, 30(1): 205224

Chandrasekharan K, Good A. On the number of integral ideals in Galois extensions.
Monatsh Math, 1983, 95(2): 99-109

Chandrasekharan K, Narasimhan R. The approximate functional equation for a class
of zeta-functions. Math Ann, 1963, 152: 30-64

Fomenko O M. Mean values associated with the Dedekind zeta function. J Math Sci
(N'Y), 2008, 150(3): 2115-2122

. Gelbart S, Jacquet H. A relation between automorphic representations of GL(2) and

GL(3). Ann Sci Ec Norm Supér (4), 1978, 11: 471-542

Good A. The square mean of Dirichlet series associated with cusp forms. Mathematika
1982, 29(2): 278-295

Heath-Brown D R. The growth rate of the Dedekind zeta-function on the critical line.
Acta Arith, 1988, 49(4): 323-339

Iwaniec H, Kowalski E. Analytic Number Theory. Amer Math Soc Colloq Publ, Vol
53. Providence: Amer Math Soc, 2004

Jacquet H, Shalika J A. On Euler products and the classification of automorphic
representations I. Amer J Math, 1981, 103(3): 499-558

Jacquet H, Shalika J A. On Euler products and the classification of automorphic forms
II. Amer J Math, 1981, 103(4): 777-815

Jutila M. Lectures on a Method in the Theory of Exponential Sums. Tata Institute
of Fundamental Research Lectures on Mathematics and Physics, 80. Berlin: Springer-
Verlag, 1987

Kim H H. Functoriality for the exterior square of GL4 and the symmetric fourth of
GL2 (with Appendix 1 by Dinakar Ramakrishnan and Appendix 2 by Kim and Peter
Sarnak). J Amer Math Soc, 2003, 16(1): 139-183

Kim H H, Shahidi F. Functorial products for GLys x GL3 and the symmetric cube for
GL; (with an appendix by C. J. Bushnell and G. Henniart). Ann of Math, 2002, 155(2):
837-893

Kim H H, Shahidi F. Cuspidality of symmetric powers with applications. Duke Math
J, 2002, 112: 177-197

Landau, E. Einflihrung in die elementare und analytische Theorie der algebraischen
Zahlen und der Ideale. New York: Chelsea Publishing Company, 1949

Li X Q. Bounds for GL(3) x GL(2) L-functions and GL(3) L-functions. Ann of Math,
2011, 173(1): 301-336

Lii G S. Mean values connected with the Dedekind zeta function of a non-normal cubic
field. CEJOR Cent Eur J Oper Res, 2013, 11(2): 274-282

Li G S, Wang Y H. Note on the number of integral ideals in Galois extensions. Sci
China Math, 2010, 53(9): 2417-2424

Rudnick Z, Sarnak P. Zeros of principal L-functions and random matrix theory. Duke
Math J, 1996, 81: 269-322

Shahidi F. On certain L-functions. Amer J Math, 1981, 103(2): 297-355

Shahidi F. Third symmetric power L-functions for GL(2). Compos Math, 1989, 70(3):
245-273

Tenenbaum G. Introduction to Analytic and Probabilistic Number Theory. Cambridge
Stud Adv Math, 46. Cambridge: Cambridge Univ Press, 1995

Yang Z S. Ideal counting function in cubic fields. Front Math China, 2017, 12(4): 981—
992



