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Abstract We investigate stable homology of modules over a commutative
noetherian ring R with respect to a semidualzing module C, and give some
vanishing results that improve/extend the known results. As a consequence,
we show that the balance of the theory forces C' to be trivial and R to be
Gorenstein.
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1 Introduction

Stable homology, as a broad generalization of Tate homology to the realm of
associative rings, was introduced by Vogel and Goichot [9], and further studied
by Celikbas et al. [2,3] and Emmanouil and Manousaki [6]. In [2], it was
shown that the vanishing of stable homology over commutative noetherian local
rings can detect modules of finite projective (injective) dimension, even of finite
Gorenstein dimension, which lead to some characterizations of classical rings
such as Gorenstein rings, the original domain of Tate homology. Emmanouil
and Manousaki [6] further investigated stable homology of modules, and gave
some vanishing results that improve results in [2] by relaxing the conditions on
rings and modules.

The study of semidualizing modules was initiated independently by Foxby
[8], Golod [10], and Vasconcelos [19]. Over a commutative noetherian ring R,
a finitely generated R-module C' is semidualizing if

Homp(C,C) = R, Exth(C,C) =0, Vi>1.

Examples include finitely generated projective R-modules of rank 1. Modules
of finite homological dimension with respect to a semidualizing module have
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been studied in numerous papers. For example, Takahashi and White [18] and
Salimi et al. [15] gave some characterizations for such modules in terms of the
vanishing of relative (co)homology. In this paper, we show that the vanishing
of stable homology can also detect modules of finite homological dimension
with respect to a semidualizing module. Our main results are following two
theorems.

Theorem 1.1 Let R be a commutative noetherian ring, and let C' be a
semidualizing R-module. For an R-module M, the following conditions are
equivalent:
(i) Fe-pdpM < oo;
——Pc I
(ii) Tor, *~“(M,—) =0 for each n € Z;

—— P I
(iii) Tor, ©~ (M, =) =0 for some n > 0.
Moreover, if M 1is finitely generated, then (i)—(iii) are equivalent to

Theorem 1.2 Let R be a commutative noetherian ring, and let C' be a
semidualizing R-module. For an R-module N, the following conditions are
equivalent:

(i) SFo-AdgN < oc;
..\ M Zctc
(ii) Tor,, (—,N) =0 for each n € Z,

—~—Pc I
(iii) Tor, *~“(=,N) =0 for some n < 0.
The above two results improve the right and left vanishing results

in the introduction of [2]. Here, the notations Fc-pdpM, Jc-idgN, and
P
Tor,, “ C(—, —) can be found in Sections 2 and 4. As a consequence, we show

that the isomorphisms

DS, — P,
Tor, ©~“(M,N) = Tor, *~ (N, M)

for all R-modules M and N force C' to be trivial and R to be a Gorenstein ring;
see Corollary 4.1 below.

We prove these results using the next characterization of stable (unbounded)
tensor product inspired by the work of Emmanouil and Manousaki [6].

Theorem 1.3 Let X be a complex of R°-modules, and let Y be a bounded
above complex of R-modules with sup{i € Z | Y; # 0} = k. Then there are
isomorphisms of complexes of Z-modules

X@pY =lm((X ®@rY)/(X ®r Yr-i))

and
X@rY =2 lim' (X ®g Vi)
1€EN
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One refers to Section 3 for the definitions of X®zrY and X®gY, and lim!
is the right derived functor of the limit lim; see Section 3.

2 Preliminaries

We begin with some notation and terminology for using throughout this paper.

Throughout this work, all rings are assumed to be associative rings. Let R
be a ring; by an R-module we mean a left R-module, and we refer to right R-
modules as modules over the opposite ring R°. We denote by & (resp., #, %)
the class of projective R-modules (resp., flat R-modules, injective R-modules).

By an R-complex we mean a complex of R-modules. We frequently (and
without warning) identify R-modules with R-complexes concentrated in degree
0. For an R-complex X, we set

supX =sup{i € Z | X; #0}, infX =inf{i € Z | X; # 0}.

An R-complex X is bounded above if sup X < oo, and it is bounded below if
inf X > —oco0. An R-complex X is bounded if it is both bounded above and
bounded below. The nth homology of X is denoted by H, (X). For each k € Z,
Y*X denotes the complex with the degree-n term (EkX )n = Xn— and whose
boundary operators are (—1)k9X ,. We set XM = S1MM.

If X and Y are both R-complexes, then by a morphism a: X — Y we mean
a sequence o, : X, — Y, such that

10X =0 o, Yn e

A quasi-isomorphism, indicated by the symbol ‘~’ is a morphism of complexes
that induces an isomorphism in homology.

Let 2" be a class of R-modules. Following Enochs and Jenda [7], an Z'-
precover of an R-module M is a homomorphism X — M with X € 2" such
that the homomorphism

Hompg (X', X) — Hompg(X', M)

is surjective for each X' € 2°. 2 is called a precovering class if each R-module
has a 2 -precover.
For a precovering class .27, there is a complex X T :

= X1 = Xg— M — 0,

with each X; in 27, such that Hompg (X', X 1) is exact for each X’ € 2. The
truncated complex X :
s Xl — XO - 07

is called a proper 2 -resolution of M, which is always denoted by X — M. If
2 contains all projective R-modules, then the complex X is exact. In this

case, we always denote by X = M the proper 2 -resolution of M.
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The 2 -projective dimension of M is the quantity
2 -pdpM = inf{sup X | X — M is a proper 2 -resolution of M}.

We define preenveloping classes %, proper % -coresolutions, and % -injective
dimension of M (denoted by #-idrM) dually.

When 2 is the class of projective (resp., flat) R-modules, 2 -pdpM is the
classical projective (resp., flat) dimension; we refer the reader to [15, Remark
2.6] for the flat case. Also, when % is the class of injective R-modules, #-idr M
is the classical injective dimension.

3 Characterization of stable (unbounded) tensor product

We start by recalling the definition of stable (unbounded) tensor product.

Definition 3.1 Let X be an R°-complex, and let Y be an R-complex. The
tensor product X Qg Y is the Z-complex with degree-n term

(X @rY)n = [[(Xi @k Yns)
iz

and differential given by
oY (z@y) = 0¥ (@) @y + (-)Fle © 0¥ (y).

Following [2,9], the unbounded tensor product X®RrY is the Z-complex with
degree-n term
(X @rY)n = [[(Xi ©r Yns)
1€EZ
and differential defined as above. X ® Y is a subcomplex of X ® Y, so we let

X ®rY denote the quotient complex (X ®pY)/(X ®rY), which is called the
stable tensor product.

We notice that if X or Y is bounded, or if both of them are bounded on
the same side (above or below), then the unbounded tensor product coincides
with the tensor product, and so the stable tensor product X ®gr Y is zero.

Remark 3.1 Let {v"": XV — X"}, <, be an N-inverse system of R-complexes.
For the morphism

given by i1
(1 = v)r(@ien = (i — v (@ig1))ien, Yk € Z,

where (z;)ien € [[;en X}, it is well known that

Ker(1 —v) = lim X%, Coker(1 — v) = lim! X",
1€N 1€N
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Here, lim! is the right derived functor of the limit lim; see, e.g., [5,14,20], for
more details. That is, there is an exact sequence of R-complexes:
B i Ve ISt h
€N €N
Let X be an R-complex, and let X = X% O X! D ... be a filtration.

Then the embeddings ¢': X — X*~! and the morphisms 7*: X/X* — X/X*!
determine the N-inverse systems

{5UU: X" — Xu}u<v> {ﬂ_uv: X/Xv - X/Xu}u<v>

respectively. For these systems, we have the following result.

Lemma 3.1 Let X be an R-complex, and let X = XOD X' D - bea
filtration. Then lim/oy X/ X' = 0, and there exists an evact sequence

0— limX* - X — lim X/X" — lim' X" — 0.
i eN €N

€N %

Proof Consider the following commutative diagram with exact rows:

0— HXi — HX —>HX/XZ'HO

i€EN 1€N i€EN
l1—-¢ l1-id l1—7m

0— HX’ — HX —>HX/X’—>O
1€N 1€N 1€N

We notice that the constant N-inverse system {X} has lim;ey X = X and
lim/cy X = 0 since 1 — id is surjective. Then by Remark 3.1 and the snake
lemma, one gets the desired results. O

Remark 3.2 Let X be an R°-complex, and let Y be an R-complex. For fixed
k € Z, the filtration
ng 2 Yék—l D) ng—Q ...

induces a filtration
XOrY<k 2X®rY<t 1 2 X QrYch 22 .
Thus, we have two N-inverse systems
{e": X @R Y<h—0v = X @R Y<h—u}u<os
(" (X @r Yer)/ (X @R Yerv) — (X @1 Y<r) /(X @1 Yr—u) buso-

Proof of Theorem 1.3 We first prove the case when k = 0. In this case, ¥ =
Y<o. For each n € Z,

(X @r Y<o)n = [ [(Xntp @& (Y<0)—p) = [ [ (Xn1p ®r (Ye0) ),
PEL p=0
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and for each i > 1,

(X @r Y i)n = [[(Xntp» @r Y<ri)—p) = [[(Xntp ®r (Ye0)—p).
pEL j=

Thus, one gets

i—1 i—1

(X®rY<0)/(X@rY< ) = [[(Xn1p®r (Vo) p) = [ [(Xntp@r (V<o) —p)-
p=0 p=0

This implies that

m((X ®r Y<o)/(X ®r Y<i))n = [ Xnsp ®r (Yeo)—p) = (X @R Y<0)n-
PEL

Now, it is straightforward to verify

X®rY<c = ?GIII\II((X ®r Y<0)/(X ®r Y<_i)).

Since lim;en(X ®p Y<—;) = 0, there is an exact sequence

1€

by Lemma 3.1 and the isomorphism proved above. Thus, one gets
X ®p Yo = her%l (X ®r Y i).
In the general case, when supY = k € Z, we notice that
V=% )w, (7FY)ci =2 Y
Then one has

X®rY =S (X @r (57Y)«)
= S (X @k (571 )<0)/(X @ (371Y) <))

~ xk lim((X ®n SRV /(X @r SRV )
= lgrg((X QrY)/(X ®r Y<i—i))

and _ -
X@rY = SMX @R (37" ) <)

=~ Y*im! (X @r (B77Y) <)
€N

=~ yFlim" (X @r 2 7F Y )
€N

=~ lim" (X ®r Y<r—i),
1€EN
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as desired. O

Corollary 3.1 Let X be an R°-complex, and let Y be a bounded above R-
complex with supY = k. Then there exists an exact sequence

0= J[(X ®r Yerei) = [[(X @k Vi) = X ®rY — 0.
ieN i€N

Proof Since

. )= lim! B
%lerlr\ll(X ®r Y<—i) =0, lim (X ®r Yr—i) 2 X®RY,

by Theorem 1.3, the desired exact sequence now follows from Remark 3.1. We
notice that the map from [[, (X ®r Y<i—i) to [[ien(X ®r Y<i—i) in the
statement is 1 — ¢, where

e": X ®p ng,v — X ®gr ngfu

for u < v is induced by the filtration Y¢;, 2 Y1 2 Y2 D - - -; see Remarks
3.1 and 3.2. O

Corollary 3.2 Let X be an R°-complex, and let Y be a bounded above R-
complex with supY = k. Then, for each n € Z, there exists an exact sequence

0— hEHNllHn-i-l(X KR ng,i) — Hn+1(X é)R Y) — herlr\ll Hn(X QR ng,i) — 0.
i i

In particular, H, 1 (X @rY) = 0 if and only if

lim'H,,11(X ®p Yp—i) = 0 = lim H, (X ®r Yg—i).
€N €N
Proof By Corollary 3.1, there is an exact sequence

0— J[(X ®r Yerei) = [[(X @k Vi) = X B®rY — 0.
ieN i€N

Thus, one gets the following exact sequence:

= [[Ha1 (X @8 Yami) = [[Hos1 (X @& Yepoi) = Hu1 (X @rY)

ieN ieN
— HHn(X ®r Y<p—i) — HHn(X QR Yh—i) = -,
ieN ieN

which yields the desired exact sequence from the definitions of the lim and lim*
groups. O

Remark 3.3 Recall that an N-inverse system {0y,: M, — My}u<p of R-
modules satisfies the Mittag-Leffler condition if for each ¢ € N, there
exists an index j € N with j > 4 such that Imd;; = Imd;; for each &k € N
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with k& > j. It is clear that if 0;;41 is surjective for each i > 0, then the
N-inverse system {dy,: M, — M, },<, satisfies the Mittag-Leffler condition.
Grothendieck proved in [11] that if the N-inverse system {dy,: M, — My }u<o
satisfies the Mittag-Leffler condition, then one has lim}cy M; = 0. Moreover,
following [5, Corollary 6], lim/_y MZ-(N) = 0 if and only if the N-inverse system
{6uv: My — My }y<, satisfies the Mittag-Leffler condition.

Corollary 3.3 Let X be an R°-complex, let Y be a bounded above R-complex
with supY = k, and let n € Z. If Hn(X(N) DR Y) = 0, then the N-inverse
system {0uy: Hn(X ®r Y<h—v) = Hn(X ®r Yr—u) fugo satisfies the Mittag-
Leffler condition.

Proof 1f Hy(X®™ ®rY) =0, then by Corollary 3.2,

lim'H, (XM @p Y 5) =0,
€N

and so one gets

lim!' (H, (X ®r ngﬂ'))(N) =0,

€N
which implies that the N-inverse system {0y, : Hp(X ®r Y<p—y) — Hp(X ®pr
Y<k—u) buso satisfies the Mittag-Leffler condition; see Remark 3.3. O

Checking the proof of [6, Lemma 4.1], one gets the following result.
Lemma 3.2 Let {dy: Xy — Xy tu<o be an N-inverse system of R-modules
satisfying the Mittag-Leffler condition. If lim;en X; = 0, then one has

CQHI\IIH Homy(X;,Q/Z) = 0.
1€

The next proposition will be used to prove our main results advertised in
the introduction.

Proposition 3.1 Let X be an R°-complex, let Y be a bounded above R-
complex with supY =k, and let n € Z. If

Hy(XM®rY) =0=H,11(X®rY),
then one has

colim H_, (Homps (X, Homz (Y, Q/Z)>i-k)) = 0
1€

and
colil\lln H_,(Hompg(Y¢,—i, Homz(X,Q/Z))) = 0.
e
Proof The N-inverse system {6y, : Hp (X @r Yi—y) = Ho(X ®r Yi—u) buso
satisfies the Mittag-Leffler condition by Corollary 3.3. The vanishing of
H,+1(X ®rY) implies that

lim Hy, (X ®g Yk—i) = 0;
1€N
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see Corollary 3.2. Thus, by Lemma 3.2, one has

colim H_,(Homz(X ®@g Y4, Q/Z)) = colim Homgz (H, (X ®r Y<i—i), Q/Z)
1 7

=0.
Now, the desired results hold by the adjoint isomorphism. U

We end this section with the following result that will be used in the next
section.

Proposition 3.2 Let X be an R°-complez, letY be a bounded (R, S°)-complez,
and let Z be an S-complex. Then there is an isomorphism of Z-complexes

(XQprY)®sZ — X ®r (Y ®g Z), (3.1)

which is functorial in X, Y, and Z.

Proof Consider the following commutative diagram of Z-complexes:

0= (X®rY)®sZ — (X@rY)®sZ — (X @rY)®sZ — 0
| al
0= XOr(Y®sZ) = Xr(Y®s57Z) — X (Y ®57Z) — 0.

‘We notice that
X®RY:X®RY, Y®52=Y®52,

since Y is bounded. Then the second vertical map « is an isomorphism by
[2, Proposition A4]. The first one is clearly an isomorphism. So one gets an
isomorphism (3.1), which is clearly functorial in X, Y, and Z. O

4 Stable homology with respect to semidualizing module

Convention In this section, R is a commutative noetherian ring, and C'is a
semidualizing R-module.

Definition 4.1 Let 2 (resp., %) be a precovering (resp., preenveloping) class
of R-modules. For R-modules M and N, let X — M be a proper 2 -resolution
of M, and let N — Y be a proper % -coresolution of N. For each n € Z, the
nth stable homology of M and N with respect to 2" and % is

—~— XY ~
Tor, (M,N)=H, 1(X®rY).

Following [7, Section 8.2], any two proper £ -resolutions of M, and similarly,
any two proper % -coresolutions of N, are homotopy equivalent. Thus, by [2,
1.5(d)], the above definition is independent of the choices of (co)resolutions.
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We notice that /TE:Z o (M, N) is the classical stable homology, ’I/‘E);f (M,N), of
M and N defined by Goichot [9]; see also [2].

We denote by Z¢ (resp., Fc, F¢) the class of R-modules C' ®@p P (resp.,
C ®pr F, Hompg(C,I)) with P projective (resp., F' flat, I injective). Then
Yo and Fo are precovering and Fo is preenveloping; see, e.g., Holm and
White [12, Proposition 5.3]. In the next lemma, (a) and (b) can be found in
[15, Lemma 3.1], (c) can be proved as in [15, Lemma 3.1(c)], and (d) is from
[18, Lemma 2.1(b)].

Lemma 4.1 Let M be an R-module.

(a) If F = Hompg(C, M) is a proper flat (resp., projective) resolution, then
C®rF — M is a proper Fc (resp., Pc)-resolution of M.

(b) If G — M is a proper F¢ (resp., Pc)-resolution of M, then

Homp(C,G) = Hompg(C, M)

is a proper flat (resp., projective)-resolution of Hompg(C, M).

(c) If C ®@r M = I is an injective resolution of C @p M, then M —
Homp(C,I) is a proper ¢-coresolution.

(d) If M — J is a proper Fc-coresolution of M, then C @p M S C®rJ
s an injective resolution of C @ M.

Proposition 4.1 Let M and N be R-modules. Then there are isomorphisms

G

Jcﬂc(

PcIc
n

_——R —
Tor (M, N) = Tor,,(Homgr(C,M),C ®r N) = Tor M,N),

which are functorial in M and N.

Proof Let P = Hompg(C, M) be a projective resolution of Homg(C, M), and

let C ®z N = I be an injective resolution of C @z N. Then by Lemma 4.1 (a)
and (c¢), C ®p P — M is a proper Z¢-resolution of M, and N — Homp(C,I)
is a proper .#¢-coresolution, and so one gets

P I ~
Tor, *~“(M,N) = H,11((C ®r P) @z Homp(C, I))

n Hoa(
H,+1(P®r (C ®g Homp(C,1)))
Ho1(PRgI)
—R
= Tor,,

1

12

(HOIHR(C, M)> C QR N)a

where the first isomorphism follows from Proposition 3.2, and the second one
holds since I is a complex of injective R-modules.
The isomorphism

T I

Tor ©7C (M, N) = Tor. (Homg(C, M),C @r N)
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can be proved similarly by taking a proper flat resolution F = Homp(C, M)
and using Lemma 4.1 (a) and [2, Proposition 2.6].

Now, it is straightforward to verify that the desired isomorphisms are
functorial in M and N. O

Lemma 4.2 Let M be an R-module, and let n € Z.

——Pc I ——Pc
(a) If Tor, & (=, M) =0, then Tor, *~ (=, M) = 0.

—~— P I P S
(b) IfTornfl C(M,—) =0, then Tor,, “ C(M, —)=0.

Proof (a) For an R-module M’, by [12, Proposition 5.3 (b)], there is a complex
0—-K—-P—M —0
with P € &2 such that the sequence
0 — Hompg(P', K) — Hompg(P', P) — Hompg(P',M') — 0
is exact for each P’ € P¢. In particular, the sequence
0 — Hompg(C, K) — Hompg(C, P) — Hompg(C,M') — 0

is exact. Since Hompg(C, P) is projective, one gets

Tor, (Homg(C, M"),C ©r M) = Tor._, (Homg(C, K),C ®r M),

and so by Proposition 4.1,

PcIc ~—PcIc
Tor (M', M) = Tor,,

n —1

(KaM) =0,

——Pc
which yields Tor, < (=, M) = 0.
(b) Let N be an R-module. Then by [12, Proposition 5.3 (c)], there is a

complex
0—-N—-I—-K-—0

with I € Zo such that the sequence
0 — Hompg(K,I') — Hompg(I,I') — Homg(N,I') — 0
is exact for each I’ € S¢. Since CV = Homy(C,Q/Z) is in #¢, the sequence
0 — Hompg(K,C") — Homg(I,C") — Hompg(N,C") — 0
is exact, which implies that the sequence
0—-C®rN —-CRrlI—-C®rK —0

is exact. We notice that C ®pg I is injective. Then one gets

Tors (Homp(C, M),C ® N) = Tors, , (Homg(C, M), C @ K),
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and so by Proposition 4.1,

PcIc

Tor., (M N) = Torn_H

n

(M,K) =0,

PoIc
(

M,—) =0. O

Now, we are in a position to give the proofs of our main results described
in the introduction.

which yields Tor

Proof of Theorem 1.1 (i) = (ii) Since Fc-pdrM < oo, there is a proper .Z¢-
resolution F© — M with F' bounded. Thus, for each R-module N with N — [
a proper .Zc-coresolution, one has

~—7cYc

(M, N) = Tor

—~——PcIc

Tor (M,N)=H, 1(FRpI)=0

n

by Proposition 4.1.
(i) = (iii) It is clear.
(iii) = (i) We first notice that

P S —~—Pc
Toroc “(M,=)=0=Tor_, “(M,-)

by Lemma 4.2.

Let F S Hompg(C, M) be a proper flat resolution of Homp(C, M). Then
C ®r F — M is a proper Zc-resolution by Lemma 4.1 (a), and

C ®r Homyz(M,Q/Z) = Homz(Homg(C, M), Q/Z) = Homy(F,Q/Z)
is an injective resolution of C' @ Homyz(M,Q/Z), and so
Homyz(M,Q/Z) — Hompg(C,Homy(F,Q/Z)) = Homz(C ®r F,Q/Z)

is a proper .Z¢-coresolution of Homz(M,Q/Z) by Lemma 4.1(c).

Let N be an R-module, and let C @z N = I be an injective resolution of
C ®r N. Then N — Hompg(C,I) is a proper .c-coresolution by Lemma 4.1
(c), and
Cor NV ~ (C ®r N)(N) = 1)

is an injective resolution of C ®z N, and so
NN — Hompg(C, I™) = (Hompg(C, 1))™

is a proper .Z¢o-coresolution by Lemma 4.1 (c).
Since
—~—FcIc ——FcIc

Tor, (M,N)=0="Tor_; (M,NM)

by Proposition 4.1, one gets

H,((C @g F) @g Homg(C, 1)) =
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and
Ho((C ®@p F)™ @ Homp(C, 1)) = Ho((C @p F) @ (Homp(C, 1)) =0
by Proposition 3.2. Now, using Proposition 3.1, one gets

cQIiI\IInHO(HomR(HomR(C, IN<—i,Homz(C ®gr F,Q/Z))) =0,
1€

and so 0
Ext ;. (N, Homz(M,Q/Z)) = 0

for each R-module N by Proposition A.9 in Appendix. Thus,
<ﬂc—idRHOInz(]\l,Q/Z) < o0

by Proposition A.7 in Appendix, and so .Z¢-pdrM < oo; see [16, Lemma 4.2].
Finally, if M is finitely generated, then by [15, Theorem 5.5], conditions (i)
and (i) are equivalent. O

Proof of Theorem 1.2 (i) = (ii) Since Zo-idrN < oo, there is a proper .-
coresolution N — I with I bounded. Thus, for each R-module M with P — M
a proper Zc-resolution, one has

—~——PcIc

Tor (M,N)=H,,1(P®gI) =0.

n

(ii) = (iii) It is clear.
(iii) = (i) We first notice that

Pc I Pc I
Tory  “(=,N)=0=Tor ; (=, N)

by Lemma 4.2.

Let M be an R-module, and let F = Homp(C, M) be a proper flat
resolution. Then, by Lemma 4.1 (a), C @ F' — M is a proper .#¢-resolution
of M. Let N — I be a proper .#¢c-coresolution of N. Since

Fo I ——Pc
Tory ©~“(M,N) = Tory " (M,N)=0
by Proposition 4.1, one gets
Hi((C ®r F)®gI) = 0.

On the other hand, one has

Tor”y (M, N) =0,

and so by Proposition 4.1,

Tor | (Homp(C, M)™,C ©p N) = 0.
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Note that F = Hompg(C, M) is a flat resolution. Then
FM = (Hompg(C, M))™
is a flat resolution of (Homp(C, M))™. Since C@r N = C @r I is an injective
resolution by Lemma 4.1 (d), one gets
Ho(F™ &g (C @r 1)) = 0;
see [2, Proposition 2.6]. Thus, we have
Ho((C @r F)M @r 1) = Ho((C @r FN)@pT) = Hy(F™ @ (C @r 1)) =0,

where the second isomorphism follows from Proposition 3.2.
Now, by Proposition 3.1, one gets

chiNmHo(HomR(C' ®@r F,Homgz(I,Q/Z)>;)) = 0.
1€

We notice that C @ g F — M is a proper .%¢-resolution of M, and
Homy(I,Q/Z) — Homyz(N,Q/Z)

is a proper Zc-resolution of Homy(N,Q/Z). Then, by Proposition A.8 in
Appendix, one gets

—0
Ext g, (M, Homz(N,Q/Z)) =0
for each R-module M. Thus,
Fco-pdpHomy(N,Q/Z) < oo

by Proposition A.6 in Appendix, and so Fo-idgN < oo; see [16, Lemma 4.2].
O

As a corollary of the above theorems, we give a balance result for stable
homology with respect to a semidualizing module.

Corollary 4.1 The following conditions are equivalent for a local ring R:

(i) Tor. °”C(M,N) = Tor. " (N, M) for all R-modules M and N, and
for each n € Z;

(i) So-idpC < oo;

(iii) C = R and R is Gorenstein.
Proof (i) = (ii) Since C is C-projective, one gets

—— P ——Pc S
Tor, " (M,C) = Tor, " “(C,M) =0

for all R-modules M and for each n € Z, and so #¢-id(C') < oo by Theorem
1.2.
(ii) = (iii) It follows from Sather-Wagstaff and Yassemi [17, Lemma 2.11].
(iii) = (i) It holds by [2, Corollary 4.7]. O
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Appendix Stable cohomology

The following definitions of bounded and stable Hom-complexes can be found
in [1,9].

Definition A.1 For R-complexes X and Y, the bounded Hom-complex
Homp(X,Y) is the subcomplex of Homp(X,Y') with degree-n term

Homp(X,Y), = [ [ Homp(X;, Ynis).
€L

We denote by IiIB_I;lR(X,Y) the quotient complex Homp(X,Y)/Homp(X,Y),
which is called the stable Hom-complex.

Proposition A.1 Let X and Z be an R-complexr and an S-complex,
respectively, and let 'Y be a bounded (S,R°)-complex. Then there are
isomorphisms of Z-complexes

Homg (Y ®r X, Z) = Homp(X, Homg(Y, Z))

and

Homg(Y ®z X, Z) = Homp(X, Homg(Y, Z)),
which are functorial in X,Y, and Z.
Proof For every n € Z, one has

Homg (Y @p X, Z)n = | [ Homs((Y @& X)n, Znsn)
hez

= ] Homs < [T ®r Xhy), Zn+h>

heZ qEZ

12

T IT Homs (Y, ®r Xn-g: Zurn)
h€Z qeZ

= H H Homgs (Yy ®r Xp, Zntptq)-
PEL QEL
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On the other hand, for every n € Z, one has

Homp(X, Homg (Y, Z)), = | [ Homp(X,, Homg(Y, Z)np)
PEZL

= [ [ Hompg (Xp, ][ Homs (v, Zn+p+q)>

pEZ q€Z

= H H Homp(X,, Homs(Yy, Znipiq)),
PEZL qEL

where the isomorphism holds since Y is bounded.
We notice that there is a natural isomorphism of Z-modules:

PYqXpZniptq* Homg (}/q ®R Xp, ZnJril’JrlI) - HomR(XZH HomS(YVq’ Zn+p+q)).
Then one gets an isomorphism of Z-complexes:
pyxz: Homg(Y ®r X, Z) — Homp (X, Homg(Y, Z)).

It is straightforward to verify that py xz is functorial in X, Y, and Z.
For the second isomorphism in the statement, consider the following
commutative diagram of Z-complexes:

0— Homs(Y®rX,Z) — Homs(Y®rX,Z) — Homs(Y®rX,Z) — 0
Pl ol
0 — Hompg (X, Homs(Y, Z)) — Homg (X, Homs(Y, Z)) — ﬁ—SI/IIR(X, Homs (Y, Z)) — 0.

Since p and g are isomorphisms, one gets an isomorphism
Homg(Y @ X, Z) — Hompg (X, Homg(Y, Z)),

which is clearly functorial in X, Y, and Z. O

Let 2" be a precovering class of R-modules, and let X3y — M and Xy — N
be proper 2 -resolutions of R-modules M and N, respectively. For each n € Z,
the nth stable cohomology of M and N with respect to 2~ is

o —
EXt’%(M, N) = H_n(HomR(XM, XN))
Dually, let ¢ be a preenveloping class of R-modules, and let M — Y}, and
N — Yy be proper % -coresolutions of M and N, respectively. For each n € Z,
the nth stable cohomology of M and N with respect to % is
Exty (M, N) = H_,(Hompg(Yas, Yi)).

Any two proper Z -resolutions of M, and similarly, any two proper % -
coresolutions of N, are homotopy equivalent; see [7, Section 8.2]. Thus, the
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above definitions are independent of the choices of (co)resolutions. We notice
that Ext; (M, N) is the classical stable cohomology, EXtZ(M ,N), of M and N;
see [1] and [9]. Also Eth(M , N) is the cohomology given by Nucinkis [13].

A.1 Stable cohomology with respect to proper flat (injective) resolutions

The proof of the next result can be modelled along the argument in the proof
of [1, Proposition 2.2}, when the argument is applied to the functor Ext'; (M, —),

that is computed by H_;(Hompg(F,—)), where F = M is a proper flat
resolution.

Proposition A.2 For an R-module M, the following conditions are equivalent:
(i) fdpM < oo;
(ii) E/l;c;(M, -) :0:]5/);(75;(—,M) for each n € Z;
—0
(i) Extgz(M,M) =0.

Dually, we have the following result that was proved by Nucinkis
[13, Theorem 3.7].

Proposition A.3 For an R-module N, the following conditions are equivalent:
(i) idrN < o0;
(ii) E/‘D(\/tT}(N,—):O:E/b(\%Z(—,N) for each n € Z;
—0
(i) Ext ,(N,N)=0.

Proposition A.4 Let M and N be R-modules with proper flat resolutions
FEMand F' S N, respectively. For every n € Z, there is an isomorphism

Exty (M, N) = colim H._,,(Homp(F, FL,)).
i€ =
Proof Set
QM = Coker(Fsy1 — Fy), QgN = Coker(F, , — F).

Using a similar proof as in [13, Theorem 3.6], one gets a natural isomorphism
colim Ext’y (M, Q;_,N) = colim Hom (€ M, Qi N) /FHomp(Q: M, Qi N).
1€ S
Here, FHomp(2;M,Q;_,N) denotes the set of all homomorphisms of R-
modules f € Homp(2; M, Q;_,,N) factoring through a flat R-module. As proved
in [13, Theorem 4.4] (see also [3, B.2]), one gets an isomorphism
Ext (M, N) = colim Homp (M, Q. N) /FHomp(Q: M, 2 N).

On the other hand, we notice that

ST S N
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is a proper flat resolution. Thus, one has

colim Exct'z (M, Qi N) & colim Ext’£" (M, Qi)
= colil\;r]n H_i—p(Hompg(F, 7" FL;))
1€ -
=~ colim H_,,(Hompg(F, FL;)),
ieN -

where the second isomorphism follows from [4, Proposition 2.6]. Now, one gets
the isomorphism in the statement. U

Dually, one gets the following result, which was proved in [6, Proposition
1.1 (iii)].

Proposition A.5 Let M and N be R-modules with injective resolutions M =
ITand NS T, respectively. For every n € Z, there is an isomorphism

Ext (M, N) = colim H_,(Homp(I<—;, I')).
1€

A.2 Stable cohomology with respect to a semidualizing module

In this subsection, we assume that R is a commutative noetherian ring, and let
C be a semidualizing R-module.

Lemma A.1 Let M and N be R-modules. Then there is an isomorphism
Ext .z (M, N) 2 Ext > (Homp(C, M), Homg(C, N)),

which is functorial in M and N.

Proof Let
F = Hompg(C,M), F' = Hompg(C,N),

be proper flat resolutions of Hompg(C, M) and Homp(C, N), respectively. Then
by Lemma 4.1 (a), C ®r F — M and C @ F' — N are proper .Z¢-resolutions
of M and N, respectively. Thus, one has
Ext s, (M, N) = H_,(Homp(C ® F,C @5 F"))
~ H_,,(Homp(F, Homp(C,C ®@r F')))
= an(ﬁS;lR(F; F/))
= ]:D;E;(HomR(C, M),Hompg(C, N)),
where the first isomorphism follows from Proposition A.1, and the second one

holds since F’ is a complex of flat R-modules. It is straightforward to verify
that the desired isomorphism is functorial in M and N. U

The next result can be proved dually using Lemma 4.1 (¢) and Proposition
Al
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Lemma A.2 Let M and N be R-modules. Then there is an isomorphism
e - n
Ethfc(M> N) = EXt,ﬂ(C R Ma c QR N)a

which is functorial in M and N.

Proposition A.6 For an R-module M, the following conditions are equivalent:
(i) Fo-pdpM < oo;
(ii) E/DX\EZ%(M, —-)=0= ]:D;E;C(—,M) for each n € Z;
(i) Bxtp,, (M, M) = 0.

Proof (i) = (ii) Since Fc-pdpM < oo, there is a proper .Zc-resolution
F — M with F bounded, and so

—~—

Homp(F,—) =0= ﬁ(;r/nR(—,F).
Thus, one gets
Exty, (M, ~) =0=Extgz (-, M), VneZ

(i) = (iii) It is clear.
(iii) = (i) By Lemma A.1, one gets

—0 —0

Ext z (Homp(C, M), Homg(C, M)) = Ext z_ (M, M) = 0,
and so fdrHomp(C, M) < oo by Proposition A.2. Thus, one gets Fc-pdpM <
00; see [15, Proposition 5.2(b)]. O

The next result can be proved dually using Proposition A.3, Lemma A.2,
and [18, Theorem 2.11(b)].

Proposition A.7 For an R-module N, the following conditions are equivalent:
(i) Ho-idrN < oo;
(ii) E/}x\/tZC(N, -)=0= ]:D;EZC(—,N) for each n € Z;
(iii) Bxty, (N, N) = 0.

Proposition A.8 Let M and N be R-modules with proper Zc-resolutions
F — M and F' — N, respectively. For every n € Z, there is an isomorphism

Ext .z (M, N) = colim H_,(Homp(F, FL,)).
i€ -

Proof By Lemma 4.1 (b), Homp(C, F) = Hompg(C, M) and Homg(C, F') =
Homp(C,N) are proper flat resolutions of Hompg(C, M) and Homp(C,N),
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respectively. Thus, we have

Ext'z (M, N) 2 Ext (Homp(C, M), Homg(C, N))
= colil\;r]n H_,,(Homg(Hompg(C, F),Homg(C, F')>;))
1€
= colim H_
1€N

n(HOHlR(HOHlR(C, F)a HOHlR(C, Fl}z)))
=~ colim H_,,(Homp(C ® g Hompg(C, F), F;Z))
n( (

1€EN

=~ colimH_

H F,FL,
ieN om(F, F5;)),

where the first isomorphism follows from Lemma A.1, the second one follows
from Proposition A.4, and the last one holds since F' is a complex of C-flat
R-modules. O

Dually, we have the following result.

Proposition A.9 Let M and N be R-modules with proper .Zc-coresolutions
M — I and N — I', respectively. For every n € Z, there is an isomorphism

Exty. (M, N) & colim H_, (Homp(I<—;, I')).
1€
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