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Abstract In this paper, for homogeneous diffusion processes, the approach of
Y. Li and X. Zhou [Statist. Probab. Lett., 2014, 94: 48–55] is adopted to find
expressions of potential measures that are discounted by their joint occupation
times over semi-infinite intervals (−∞, a) and (a,∞). The results are expressed
in terms of solutions to the differential equations associated with the
diffusions generator. Applying these results, we obtain more explicit expressions
for Brownian motion with drift, skew Brownian motion, and Brownian motion
with two-valued drift, respectively.
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1 Introduction

The goal of this paper is to study a joint Laplace transform of occupation
times over disjoint intervals for one-dimensional time homogeneous diffusion
processes. In the following, we first give a brief review on the related previous
results and their approaches.

Using the classical approach of solving the associated differential equation,
Linetsky [26] and Davydov et al. [7] studied the Laplace transform of
occupation time over semi-infinite intervals (−∞, 0) or (0,∞) and over finite
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interval (a, b) of a geometric Brownian motion model, respectively. Cai et al.
[5] generalized the previous results to the jump-diffusion process with double
exponential jumps. They also derived a closed-form Laplace transform of the
joint distribution of the occupation time and the terminal value of the
jump-diffusion process. Applying excursion theory, Pitman and Yor [30,31]
also obtained similar Laplace transforms for one-dimensional diffusions. In
particular, they found a formula for the joint Laplace transform of the
occupation times spent by the process either above or below a level up to a
suitable random time.

Landriault et al. [18] proposed a perturbation approach to study the Laplace
transform of occupation time for spectrally negative Lévy processes (SNLP).
In [18], the occupation time is, respectively, over and under estimated by the
approximating occupation times whose Laplace transforms can be computed
via solutions to the exit problems for SNLP. The desired Laplace transform
of the occupation time then follows by taking a limit. With the strategy of
Landriault et al. [18] and for diffusion processes, Li and Zhou [22] studied
the joint Laplace transforms of occupation times up to an independent
exponential time. The results were expressed in terms of solutions to the
differential equation associated to the diffusion generator. More recently, using
the same approach, Li et al. [23] found expressions of double Laplace transform
for diffusion processes. They also obtained the explicit Laplace transforms of
the corresponding occupation time and the occupation density for Brownian
motion with two-valued drift and that of occupation time for skew Ornstein-
Uhlenbeck process.

In [27], the occupation time Laplace transforms were first considered for
SNLP with sample paths of bounded variation, and then for general SNLP
that can be approximated by SNLP of bounded variation. As a result, the
Laplace transform of occupation time over a finite interval before certain first
passage time was obtained. The above approximation method is similar to one
that was used previously by Kyprianou et al. [17] to study the occupation time
of the so called spectrally negative refracted Lévy processes. Similarly, Yin
et al. [34] determined the joint laws for some occupation time related quantities
for SNLP which are useful in risk theory. Recently, for SNLP and using the
approximation scheme of [27], Guérin and Renaud [14] identified the expression
of a quantity which determines the joint distribution of the occupation time over
finite interval (a, b) up to time t and the value of the process at time t. Renaud
[33] derived identities for the distribution of occupation times of refracted Lévy
processes. More recently, Pérez and Yamazaki [28] studied the occupation times
of the so called refracted-reflected SNLP, which was used in [29] to consider the
occupation times of dual model.

In order to get around the approximation arguments in the aforementioned
work, Li and Zhou [24] first studied the Laplace transforms of pre-exit joint
occupation times for SNLP, where they proposed an alternative approach that
identified the joint Laplace transform of the occupation time with the
probability that two independent sequences of Poisson arrival times avoids their
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respective regions. Using formulas of potential measures, solutions to the exit
problems, and identities on scale functions for SNLP, they found expressions
for the desired probabilities. Li et al. [25] adopted the Poisson approach in [24]
to obtain expressions of potential measures that are discounted by their joint
occupation times over semi-infinite intervals (−∞, 0) and (0,∞). Recently, with
the Poisson approach, Li and Palmowski [21] obtained fluctuations identities for
Omega-killed SNLP.

The Poisson approach also works well for diffusion processes. Chen et al. [6]
used this approach to express the joint Laplace transform for pre-exit diffusion
of occupation times in terms of solutions to the associated differential equation.
The direct approach of [24] allows us to handle more complex quantities
involving Laplace transforms of occupation times. It thus has some advantages
over the previous approaches.

Similar to [24], these expressions in [25] are in terms of the associated
scale functions and the inverse functions of Laplace exponents. The problems
considered in [25] and [14] are along the same line. But the methods of [25]
and [14] are different. More fluctuation identities on SNLP observed at Poisson
arrive times have been studied in Albrecher et al. [1].

Occupation times have be found many applications in mathematical finance
and risk theory for insurance. In mathematical finance, the occupation times
can be used to define and price options such as step options (e.g., Linetsky [26],
Guérin et al. [14]) and corridor options (e.g., Fusai [13]). In risk theory, the
occupation times can be utilized as a useful tool to manage insurable risks.
Egidio dos Reis [10], Dickson and Egidio dos Reis [8], and Kolkovska et al. [16]
studied different Laplace transform of occupation times of the classical
compound Poisson risk model. Occupation times for other risk models were
also studied, such as the SNLP risk model (e.g., Landriault et al. [18], Loeffen
et al. [27], Yin et al. [34]), the Erlang-2 risk model (e.g., Dickson and Li
[9]), the Markov additive risk model (e.g., Albrecher et al. [1]), the Markovian
arrival process (e.g., Landriault et al. [19]), and the Markov-modulated
Brownian motion (e.g., Breuer [4]).

Many explicit results on Laplace transforms for occupation times have been
obtained for some well-known examples of diffusion processes; see, e.g., Borodin
and Salminen [3] for a collection of such results. Potential measures are also
interesting topics for stochastic processes. But for general diffusion processes,
the potential measure discounted by their joint occupation times over disjoint
intervals (a,∞) and (−∞, a) have not been studied systematically.

In this paper, we adopt the Poisson approach of Li and Zhou [24] to consider
the two-sided discounted potential measures for diffusion processes, the
expressions are in terms of solutions to the associated differential equations.
Moreover, the results can be applied to find more explicit Laplace transforms of
the occupation times up to an independent exponential time for skew Brownian
motion and for Brownian motion with two-valued drift. To our best knowledge,
such results have not been known before. In addition, our results can also be
applied to study option pricing.
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The rest of this paper is arranged as follows. In Section 2, we review the
basic facts we need for time-homogeneous diffusion processes. In Section 3, we
first show a lemma which we need later. Then the desired results on two-sided
discounted potential measures for diffusion processes are obtained. In Section
4, we find explicit expressions on two-sided discounted potential measures for
several examples of diffusion processes, such as Brownian motion with drift,
skew Brownian motion, and Brownian motion with two-valued drift.

2 Preliminaries

In this paper, we consider a one-dimensional diffusion process X = (Xt)t�0

defined on a filtered probability space (Ω, P, (Ft)t�0). The law of X such that
X0 = x is denoted by Px and the corresponding expectation by Ex, and we
write P and E when x = 0. Process X takes values in interval I with end points
−∞ � l1 < l2 � ∞, which is specified by the following stochastic differential
equation:

dXt = μ(Xt)dt + σ(Xt)dWt, (1)

where X0 = x0 is the initial value and W = {Wt, t � 0} is a one-dimensional
standard Brownian motion. Throughout the paper, we assume that equation
(1) allows a unique weak solution, which is guaranteed if there exists a constant
K > 0 such that, for all x, y ∈ I,

|μ(x) − μ(y)| + |σ(x) − σ(y)| � K|x − y|, μ2(x) + σ2(x) � K2(1 + x2); (2)

see Evans [11].
Two basic characteristics of diffusion processes X, the speed measure m and

the scale function s, are given by

m(dx) = m(x)dx :=
2eB(x)

σ2(x)
dx, s(x) :=

∫ x

e−B(y)dy, l1 < x < l2,

respectively, where

B(x) :=
∫ x 2μ(y)

σ2(y)
dy.

Let p(· ; · , ·) be the transition density of X with respect to the speed measure
for diffusion processes, i.e.,

Px{Xt ∈ dy} = p(t;x, y)m(dy).

For q > 0, let g−,q(·) and g+,q(·) be two independent positive solutions to
the (generalized) differential equation associated to the generator of X,

1
2

σ2(x)g′′(x) + μ(x)g′(x) = qg(x), (3)
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with g−,q(·) decreasing and g+,q(·) increasing, respectively. For some examples
of diffusion processes, equation (3) yields explicit expressions for g−,q(·) and
g+,q(·); see Borodin and Salminen [3]. Here, a solution g(x) to equation (3)
satisfies

q

∫
[a,b)

g(x)m(dx) = g−(b) − g−(a), (4)

where

g−(x) := lim
h→0+

g(x) − g(x − h)
s(x) − s(x − h)

.

The Green function for X is

Gq(x, y) :=
∫ ∞

0
e−qtp(t;x, y)dt.

Then

Gq(x, y) =

{
ω−1

q g+,q(x)g−,q(y), x � y,

ω−1
q g+,q(y)g−,q(x), x � y,

where

ωq := g+
+,q(x)g−,q(x) − g+,q(x)g+

−,q(x) = g−+,q(x)g−,q(x) − g+,q(x)g−−,q(x)

is the so-called Wronskian with

g+(x) := lim
h→0+

g(x + h) − g(x)
s(x + h) − s(x)

.

It is known that ωq is independent of x.
We refer to [3, Chapter II] for the above facts and more details about

diffusion processes.
Furthermore, for q > 0, define

fq(y, z) := g−,q(y)g+,q(z) − g−,q(z)g+,q(y).

We have the following well-known solutions to the exit problems. Let

τx := inf{t � 0: Xt = x}

be the first passage time of X at level x with the convention inf φ = ∞. For
any x ∈ (a, b) and q � 0,

Ex[e−qτa ; τa < τb] =
fq(x, b)
fq(a, b)

(5)

and

Ex[e−qτb ; τb < τa] =
fq(a, x)
fq(a, b)

; (6)
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see, e.g., Borodin and Salminen [3] and Feller [12]. Moreover, for q > 0, we
have

lim
x→−∞ g−,q(x) = lim

x→∞ g+,q(x) = ∞
and

lim
x→∞ g−,q(x) = lim

x→−∞ g+,q(x) = 0;

see, e.g., Li and Zhou [22]. Therefore, let b → ∞ in (5) and a → −∞ in (6),
for x ∈ (a, b), we have

Exe−qτa =
g−,q(x)
g−,q(a)

, Exe−qτb =
g+,q(x)
g+,q(b)

.

3 Main results

Throughout this section, we always take eq to be an independent exponential
random variable with rate q, and write X(eq) for Xeq . We first prove a lemma
which will be used later.

Lemma 1 For any y ∈ R,
∫ ∞

0
Py{t < τa, Xt ∈ dx}e−qtdt

=

⎧⎪⎪⎨
⎪⎪⎩

[
Gq(y, x) − g−,q(y)

g−,q(a)
Gq(a, x)

]
m(dx), y ∈ (a,∞),

[
Gq(y, x) − g+,q(y)

g+,q(a)
Gq(a, x)

]
m(dx), y ∈ (−∞, a).

The proof of Lemma 1 is given in Appendix.
We now consider the potential measure denoted by

I y
(−∞,a)∪(a,∞)

(dx)

:=
∫ ∞

0
e−qt

Ey[e−λ−
∫ t
0 1(−∞,a)(Xs)ds−λ+

∫ t
0 1(a,∞)(Xs)ds;X(t) ∈ dx]dt.

Theorem 1 For any λ−, λ+ > 0, with λ− �= λ+, we have
for x < a < y,

I y
(−∞,a)∪(a,∞)(dx) =

g−,q+λ+(y)A(a,dx)
qg−,q+λ+(a)B(a)

; (7)

for x, y < a,

I y
(−∞,a)∪(a,∞)(dx)

=
[
Gq+λ−(y, x) − g+,q+λ−(y)

g+,q+λ−(a)
Gq+λ−(a, x)

]
m(dx) +

g+,q+λ−(y)A(a,dx)
qg+,q+λ−(a)B(a)

; (8)
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for x, y > a,

I y
(−∞,a)∪(a,∞)(dx)

=
[
Gq+λ+(y, x) − g−,q+λ+(y)

g−,q+λ+(a)
Gq+λ+(a, x)

]
m(dx) +

g−,q+λ+(y)A′(a,dx)
qg−,q+λ+(a)B(a)

; (9)

for y < a < x,

I y
(−∞,a)∪(a,∞)(dx) =

g+,q+λ−(y)A′(a,dx)
qg+,q+λ−(a)B(a)

, (10)

where

A(a,dx) := qGq+λ−+λ+(a, x)m(dx) + λ+q

∫ a

−∞
Gq+λ−+λ+(a, z)

×
[
Gq+λ−(z, x)m(dx) − g+,q+λ−(z)

g+,q+λ−(a)
Gq+λ−(a, x)m(dx)

]
m(dz),

A′(a,dx) := qGq+λ−+λ+(a, x)m(dx) + λ−q

∫ ∞

a
Gq+λ−+λ+(a, z)

×
[
Gq+λ+(z, x)m(dx) − g−,q+λ+(z)

g−,q+λ+(a)
Gq+λ+(a, x)m(dx)

]
m(dz),

B(a) := 1 − λ−
∫ ∞

a
Gq+λ−+λ+(a, z)

g−,q+λ+(z)
g−,q+λ+(a)

m(dz)

− λ+

∫ a

−∞
Gq+λ−+λ+(a, z)

g+,q+λ−(z)
g+,q+λ−(a)

m(dz).

Proof For x, y ∈ R, because

I y
(−∞,a)∪(a,∞)(dx) =

1
q

Ey[e−λ−
∫ eq
0 1(−∞,a)(Xs)ds−λ+

∫ eq
0 1(a,∞)(Xs)ds;X(eq) ∈ dx],

let
f(y) := Ey[e−λ−

∫ eq
0 1(−∞,a)(Xs)ds−λ+

∫ eq
0 1(a,∞)(Xs)ds;X(eq) ∈ dx].

Write
0 < T−

1 < T−
2 < · · · , 0 < T+

1 < T+
2 < · · · ,

for the arrived times of two independent Poisson processes with rate λ− and
λ+, respectively. In particular, we denote

T− = T−
1 , T+ = T+

1 .

We also assume that these Poisson processes are independent of process X.
Using a property of Poisson process that

P{{T−
i } ∩ B = ∅} = e−λ−m(B)
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for any Borel set B ⊂ [0,∞) and Lebesgue measure m on R, by conditioning
on X and eq, we observe that

f(y)
= Py{D,X(eq) ∈ dx}
:= Py{{T−

i } ∩ {s < eq,Xs < a} = ∅ = {T+
i } ∩ {s < eq,Xs > a},X(eq) ∈ dx}.

For x, y < a,

f(y) = Ey[e−λ−eq ; τa > eq,X(eq) ∈ dx] + Ey[e−λ−τa ; τa < eq]f(a)

= q

∫ ∞

0
Py{t < τa,X(t) ∈ dx}e−(q+λ−)tdt + Eye−(q+λ−)τaf(a)

= q
[
Gq+λ−(y, x) − g+,q+λ−(y)

g+,q+λ−(a)
Gq+λ−(a, x)

]
m(dx) +

g+,q+λ−(y)
g+,q+λ−(a)

f(a),

where in the third equation, we used Lemma 1.
For x < a < y,

f(y) = Ey[e−λ+τa ; τa < eq]f(a) = Ey[e−(q+λ+)τa ]f(a) =
g−,q+λ+(y)
g−,q+λ+(a)

f(a).

It follows that for x < a,

f(a) = Pa{eq < T− ∧ T+,X(eq) ∈ dx} + Pa{T− < eq ∧ T+,D,X(eq) ∈ dx}
+ Pa{T+ < eq ∧ T−,D,X(eq) ∈ dx}

= Ea[e−(λ−+λ+)eq ;X(eq) ∈ dx] +
∫ ∞

a
Ea[e−(q+λ+)T− ;XT− ∈ dz]

× Ez[f(a); τa < eq ∧ T+] +
∫ a

−∞
Ea[e−(q+λ−)T+ ;XT+ ∈ dz]

× (Pz{eq < τa ∧ T−;X(eq) ∈ dx} + Pz{τa < eq ∧ T−}f(a))

= Ea[e−(λ−+λ+)eq ;X(eq) ∈ dx] +
∫ ∞

a
Ea[e−(q+λ+)T− ;XT− ∈ dz]

× Ez[e−(q+λ+)τaf(a)] +
∫ a

−∞
Ea[e−(q+λ−)T+ ;XT+ ∈ dz]

× (Pz{eq < τa ∧ T−;X(eq) ∈ dx} + Pz{τa < eq ∧ T−}f(a)).

With some calculations, we have
∫ ∞

a
Ea[e−(q+λ+)T− ;XT− ∈ dz]Ez[e−(q+λ+)τaf(a)]

= λ−
∫ ∞

a
Gq+λ−+λ+(a, z)

g−,q+λ+(z)
g−,q+λ+(a)

m(dz)f(a)
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and ∫ a

−∞
Ea[e−(q+λ−)T+ ;XT+ ∈ dz]Pz{τa < eq ∧ T−}f(a)

= λ+

∫ a

−∞
Gq+λ−+λ+(a, z)m(dz)Ez [e−(q+λ−)τa ]f(a)

= λ+

∫ a

−∞
Gq+λ−+λ+(a, z)

g+,q+λ−(z)
g+,q+λ−(a)

m(dz)f(a).

By Lemma 1, the following result can be deduced:
∫ a

−∞
Ea[e−(q+λ−)T+ ;XT+ ∈ dz]Pz{eq < τa ∧ T−;X(eq) ∈ dx}

= λ+

∫ a

−∞
Gq+λ−+λ+(a, z)m(dz)

∫ ∞

0
qe−qt

Pz{t < τa ∧ T−;X(t) ∈ dx}dt

= λ+

∫ a

−∞
Gq+λ−+λ+(a, z)m(dz)

∫ ∞

0
qe−(q+λ−)t

Pz{t < τa;X(t) ∈ dx}dt

= λ+q

∫ a

−∞
Gq+λ−+λ+(a, z)

[
Gq+λ−(z, x)m(dx)

− g+,q+λ−(z)
g+,q+λ−(a)

Gq+λ−(a, x)m(dx)
]
m(dz).

So we can get

f(a) = qGq+λ−+λ+(a, x)m(dx) + λ−
∫ ∞

a
Gq+λ−+λ+(a, z)

g−,q+λ+(z)
g−,q+λ+(a)

m(dz)f(a)

+ λ+q

∫ a

−∞
Gq+λ−+λ+(a, z)

[
Gq+λ−(z, x)m(dx)

− g+,q+λ−(z)
g+,q+λ−(a)

Gq+λ−(a, x)m(dx)
]
m(dz)

+ λ+

∫ a

−∞
Gq+λ−+λ+(a, z)

g+,q+λ−(z)
g+,q+λ−(a)

m(dz)f(a).

After some calculations, we have

f(a) =
A(a,dx)

B(a)
.

Similarly, for x > a,

f(a) = Pa{eq < T− ∧ T+,X(eq) ∈ dx} + Pa{T− < eq ∧ T+,D,X(eq) ∈ dx}
+ Pa{T+ < eq ∧ T−,D,X(eq) ∈ dx}

= Ea[e−(λ−+λ+)eq ;X(eq) ∈ dx] +
∫ a

−∞
Ea[e−(q+λ−)T+ ;XT+ ∈ dz]
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× Pz{τa < eq ∧ T−}f(a) +
∫ ∞

a
Ea[e−(q+λ+)T− ;XT− ∈ dz]

× (Pz{eq < τa ∧ T+;X(eq) ∈ dx} + Ez[f(a); τa < eq ∧ T+])

= Ea[e−(λ−+λ+)eq ;X(eq) ∈ dx]

+
∫ a

−∞
Ea[e−(q+λ−)T+ ;XT+ ∈ dz]Pz{τa < eq ∧ T−}f(a)

+
∫ ∞

a
Ea[e−(q+λ+)T− ;XT− ∈ dz]Pz{eq < τa ∧ T+;X(eq) ∈ dx}

+
∫ ∞

a
Ea[e−(q+λ+)T− ;XT− ∈ dz]Ez[e−(q+λ+)τa ]f(a),

where∫ ∞

a
Ea[e−(q+λ+)T− ;XT− ∈ dz]Pz{eq < τa ∧ T+;X(eq) ∈ dx}

= λ−
∫ ∞

a
Gq+λ−+λ+(a, z)m(dz)

∫ ∞

0
qe−qt

Pz{t < τa ∧ T+;X(t) ∈ dx}dt

= λ−
∫ ∞

a
Gq+λ−+λ+(a, z)m(dz)

∫ ∞

0
qe−(q+λ+)t

Pz{t < τa;X(t) ∈ dx}dt

= λ−
∫ ∞

a
Gq+λ−+λ+(a, z)

[
qGq+λ+(z, x)m(dx)

− q
g−,q+λ+(z)
g−,q+λ+(a)

Gq+λ+(a, x)m(dx)
]
m(dz).

So we can get

f(a) = qGq+λ−+λ+(a, x)m(dx) + λ−
∫ ∞

a
Gq+λ−+λ+(a, z)

g−,q+λ+(z)
g−,q+λ+(a)

m(dz)f(a)

+ λ−
∫ ∞

a
Gq+λ−+λ+(a, z)

[
qGq+λ+(z, x)m(dx)

− q
g−,q+λ+(z)
g−,q+λ+(a)

Gq+λ+(a, x)m(dx)
]
m(dz)

+ λ+

∫ a

−∞
Gq+λ−+λ+(a, z)

g+,q+λ−(z)
g+,q+λ−(a)

m(dz)f(a).

After some calculations, we have

f(a) =
A′(a,dx)

B(a)
.

Now, we prove expressions (7)–(10).
Given x < a, for y > a,

f(y) = Ey[e−λ+τa ; τa < eq]f(a) =
g−,q+λ+(y)
g−,q+λ+(a)

f(a) =
g−,q+λ+(y)
g−,q+λ+(a)

A(a,dx)
B(a)

;
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for y < a,

f(y)

= Ey[e−λ−eq ; τa > eq,X(eq) ∈ dx] + Ey[e−λ−τa ; τa < eq]f(a)

= q

∫ ∞

0
Py{t < τa,Xt ∈ dx}e−(q+λ−)tdt + Eye−(q+λ−)τaf(a)

= qGq+λ−(y, x)m(dx) − q
g+,q+λ−(y)
g+,q+λ−(a)

Gq+λ−(a, x)m(dx) +
g+,q+λ−(y)
g+,q+λ−(a)

f(a)

= q
[
Gq+λ−(y, x) − g+,q+λ−(y)

g+,q+λ−(a)
Gq+λ−(a, x)

]
m(dx) +

g+,q+λ−(y)
g+,q+λ−(a)

A(a,dx)
B(a)

.

Given x > a, for y > a,

f(y)

= Ey[e−λ+eq ; τa > eq,X(eq) ∈ dx] + Ey[e−λ+τa ; τa < eq]f(a)

= q

∫ ∞

0
Py{t < τa,Xt ∈ dx}e−(q+λ+)tdt + Eye−(q+λ+)τaf(a)

= qGq+λ+(y, x)m(dx) − q
g−,q+λ+(y)
g−,q+λ+(a)

Gq+λ+(a, x)m(dx) +
g−,q+λ+(y)
g−,q+λ+(a)

f(a)

= q
[
Gq+λ+(y, x) − g−,q+λ+(y)

g−,q+λ+(a)
Gq+λ+(a, x)

]
m(dx) +

g−,q+λ+(y)
g−,q+λ+(a)

A′(a,dx)
B(a)

;

for y < a,

f(y) = Ey[e−λ−τa ; τa < eq]f(a) =
g+,q+λ−(y)
g+,q+λ−(a)

f(a) =
g+,q+λ−(y)
g+,q+λ−(a)

A′(a,dx)
B(a)

. �

Remark 1 From the proof of Theorem 1, we have

Ea[e−λ−
∫ eq
0 1(−∞,a)(Xs)ds−λ+

∫ eq
0 1(a,∞)(Xs)ds;X(eq) ∈ dx]

=
1

B(a)

{
A(a,dx), x < a,

A′(a,dx), x > a.

Some corollaries then follow from Theorem 1.

Corollary 1 For λ−, λ+ > 0, we have

Ee−λ−
∫ eq
0 1(−∞,0)(Xs)ds−λ+

∫ eq
0 1(0,∞)(Xs)ds =

A1

B1
,

where

A1 :=
q

q + λ− + λ+
+

qλ−
q + λ+

∫ ∞

0
Gq+λ−+λ+(0, y)

(
1 − g−,q+λ+(y)

g−,q+λ+(0)

)
m(dy)

+
qλ+

q + λ−

∫ 0

−∞
Gq+λ−+λ+(0, y)

(
1 − g+,q+λ−(y)

g+,q+λ−(0)

)
m(dy),
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B1 := 1 − λ−
∫ ∞

0
Gq+λ−+λ+(0, y)

g−,q+λ+(y)
g−,q+λ+(0)

m(dy)

− λ+

∫ 0

−∞
Gq+λ−+λ+(0, y)

g+,q+λ−(y)
g+,q+λ−(0)

m(dy).

In general,

Eye−λ−
∫ eq
0 1(−∞,0)(Xs)ds−λ+

∫ eq
0 1(0,∞)(Xs)ds

=

⎧⎪⎪⎨
⎪⎪⎩

q

q + λ−

(
1 − g+,q+λ−(y)

g+,q+λ−(0)

)
+

g+,q+λ−(y)
g+,q+λ−(0)

A1

B1
, y < 0,

q

q + λ+

(
1 − g−,q+λ+(y)

g−,q+λ+(0)

)
+

g−,q+λ+(y)
g−,q+λ+(0)

A1

B1
, y > 0.

Proof For y ∈ R, let

Ly := Eye−λ−
∫ eq
0 1(−∞,0)(Xs)ds−λ+

∫ eq
0 1(0,∞)(Xs)ds.

Similar to the proof of Theorem 1, we denote 0 < T−
1 < T−

2 < · · · and 0 <
T+

1 < T+
2 < · · · for the arrived times of two independent Poisson processes with

rate λ− and λ+, respectively, and they are both independent of process X. We
have

Ly = Py{D} = Py{{T−
i } ∩ {s < eq,Xs < 0} = ∅ = {T+

i } ∩ {s < eq,Xs > 0}}.

For y < 0,

Ly = Ey[eλ−eq ; eq < τ0] + Ey[eλ−τ0 ; τ0 < eq]L0

= Eyeλ−eq − Ey[eλ−eq ; τ0 < eq] + Eye−(q+λ−)τ0L0

=
q

q + λ−
− q

q + λ−
Eye−(q+λ−)τ0 + Eye−(q+λ−)τ0L0

=
q

q + λ−

(
1 − g+,q+λ−(y)

g+,q+λ−(0)

)
+

g+,q+λ−(y)
g+,q+λ−(0)

L0, (11)

and for y > 0,

Ly = Ey[eλ+eq ; eq < τ0] + Ey[eλ+τ0 ; τ0 < eq]L0

=
q

q + λ+

(
1 − g−,q+λ+(y)

g−,q+λ+(0)

)
+

g−,q+λ+(y)
g−,q+λ+(0)

L0. (12)

Now, we consider L0.

L0 = P{D}
= P{eq < T− ∧ T+} + P{T− < eq ∧ T+,D} + P{T+ < eq ∧ T−,D}
= E[e−(λ−+λ+)eq ] +

∫ ∞

0
E[e−(q+λ+)T− ;XT− ∈ dy]Ly
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+
∫ 0

−∞
E[e−(q+λ−)T+ ;XT+ ∈ dy]Ly

=
q

q + λ− + λ+
+ λ−

∫ ∞

0
Gq+λ−+λ+(0, y)m(dy)Ly

+ λ+

∫ 0

−∞
Gq+λ−+λ+(0, y)m(dy)Ly . (13)

Combining (11)–(13), we have

L0 =
q

q + λ− + λ+
+ λ−

∫ ∞

0
Gq+λ−+λ+(0, y)m(dy)

×
[ q

q + λ+

(
1 − g−,q+λ+(y)

g−,q+λ+(0)

)
+

g−,q+λ+(y)
g−,q+λ+(0)

L0

]

+ λ+

∫ 0

−∞
Gq+λ−+λ+(0, y)m(dy)

×
[ q

q + λ−

(
1 − g+,q+λ−(y)

g+,q+λ−(0)

)
+

g+,q+λ−(y)
g+,q+λ−(0)

L0

]

=
q

q + λ− + λ+
+

qλ−
q + λ+

∫ ∞

0
Gq+λ−+λ+(0, y)

(
1 − g−,q+λ+(y)

g−,q+λ+(0)

)
m(dy)

+ λ−
∫ ∞

0
Gq+λ−+λ+(0, y)

g−,q+λ+(y)
g−,q+λ+(0)

m(dy)L0

+
qλ+

q + λ−

∫ 0

−∞
Gq+λ−+λ+(0, y)

(
1 − g+,q+λ−(y)

g+,q+λ−(0)

)
m(dy)

+ λ+

∫ 0

−∞
Gq+λ−+λ+(0, y)

g+,q+λ−(y)
g+,q+λ−(0)

m(dy)L0.

After some algebras, we can obtain B1L0 = A1 with A1 and B1 as desired. �
Corollary 2 For any λ, we have

Ey[e−λ
∫ eq
0 1(0,∞)(Xs)ds; eq < τ0,X(eq) ∈ dx]

= q
[
Gq+λ(y, x) − g−,q+λ(y)

g−,q+λ(0)
Gq+λ(0, x)

]
m(dx), x, y > 0,

Ey[e−λ
∫ eq
0 1(−∞,0)(Xs)ds; eq < τ0,X(eq) ∈ dx]

= q
[
Gq+λ(y, x) − g+,q+λ(y)

g+,q+λ(0)
Gq+λ(0, x)

]
m(dx), x, y < 0.

Proof Given x, y > 0, we have

Ey[e−λ
∫ eq
0 1(0,∞)(Xs)ds; eq < τ0,X(eq) ∈ dx]

= Py{eq < eλ ∧ τ0,X(eq) ∈ dx}
= q

∫ ∞

0
Py{t < eλ ∧ τ0,X(t) ∈ dx}e−qtdt
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= q

∫ ∞

0
e−λt

Py{t < τ0,X(t) ∈ dx}e−qtdt

= q
[
Gq+λ(y, x) − g−,q+λ(y)

g−,q+λ(0)
Gq+λ(0, x)

]
m(dx).

With similar arguments, we can get the result of case x, y < 0. �
Letting λ− → 0+ and λ+ → 0+, respectively, in Corollary 1, we obtain the

following corollary.

Corollary 3 When λ− → 0+, λ+ = λ, we have

Ee−λ
∫ eq
0 1(0,∞)(Xs)ds = 1 −

λ
q+λ − λ

∫ 0
−∞ Gq+λ(0, y)m(dy)

1 − λ
∫ 0
−∞ Gq+λ(0, y)g+,q(y)

g+,q(0) m(dy)
,

Eye−λ
∫ eq
0 1(0,∞)(Xs)ds

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 − g+,q(y)
g+,q(0)

·
λ

q+λ − λ
∫ 0
−∞ Gq+λ(0, y)m(dy)

1 − λ
∫ 0
−∞ Gq+λ(0, y)g+,q(y)

g+,q(0) m(dy)
, y < 0,

q

q + λ
+

g−,q+λ(y)
g−,q+λ(0)

(
λ

q + λ
−

λ
q+λ − λ

∫ 0
−∞ Gq+λ(0, y)m(dy)

1 − λ
∫ 0
−∞ Gq+λ(0, y)g+,q(y)

g+,q(0) m(dy)

)
, y > 0;

when λ+ → 0+, λ− = λ, we have

Ee−λ
∫ eq
0 1(−∞,0)(Xs)ds = 1 −

λ
q+λ − λ

∫ ∞
0 Gq+λ(0, y)m(dy)

1 − λ
∫ ∞
0 Gq+λ(0, y)g−,q(y)

g−,q(0) m(dy)
,

Eye−λ
∫ eq
0 1(−∞,0)(Xs)ds

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

q

q + λ
+

g+,q+λ(y)
g+,q+λ(0)

(
λ

q + λ
−

λ
q+λ − λ

∫ ∞
0 Gq+λ(0, y)m(dy)

1 − λ
∫ ∞
0 Gq+λ(0, y)g−,q(y)

g−,q(0) m(dy)

)
, y < 0,

1 − g−,q(y)
g−,q(0)

·
λ

q+λ − λ
∫ ∞
0 Gq+λ(0, y)m(dy)

1 − λ
∫ ∞
0 Gq+λ(0, y)g−,q(y)

g−,q(0) m(dy)
, y > 0.

4 Examples

In this section, we apply the results in Section 3 to some examples to find more
explicit expressions.

4.1 Brownian motion with drift

Let Xt = μt + Wt be a Brownian motion with drift. The corresponding
differential equation (3) is

1
2

g′′(x) + μg′(x) = qg(x), q > 0,
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with two independent solutions

g+,q(x) = e(−μ+
√

μ2+2q )x, g−,q(x) = e(−μ−
√

μ2+2q )x;

see [3, pp. 127, 128]. We also have

m(dx) = 2e2μxdx, ωq = 2
√

2q + μ2, Gq(x, y) = ω−1
q e−μ(x+y)e−

√
μ2+2q |y−x|.

By Theorem 1, for x < 0, with some computing, we have

B(0) = 1 − λ−√
μ2 + 2(q + λ− + λ+)

∫ ∞

0
e−(

√
μ2+2(q+λ−+λ+)+

√
μ2+2(q+λ+) )zdz

− λ+√
μ2 + 2(q + λ− + λ+)

∫ 0

−∞
e(
√

μ2+2(q+λ−+λ+)+
√

μ2+2(q+λ−) )zdz

=

√
μ2 + 2(q + λ+) +

√
μ2 + 2(q + λ−)

2
√

μ2 + 2(q + λ− + λ+)
,

A(0,dx)

=
qe(μ+

√
μ2+2(q+λ−+λ+) )xdx√

μ2 + 2(q + λ− + λ+)
+

qλ+√
μ2 + 2(q + λ− + λ+)

√
μ2 + 2(q + λ−)

×
[ ∫ 0

−∞
eμx+z

√
μ2+2(q+λ−+λ+) e−

√
μ2+2(q+λ−) |x−z|dz

− e(μ+
√

μ2+2(q+λ−) )x

∫ 0

−∞
e(
√

μ2+2(q+λ−+λ+) +
√

μ2+2(q+λ−) )zdz

]
dx

=
qe(μ+

√
μ2+2(q+λ−+λ+) )xdx√

μ2 + 2(q + λ− + λ+)
+

q

2
√

μ2 + 2(q + λ− + λ+)
√

μ2 + 2(q + λ−)

× [2
√

μ2 + 2(q + λ−) e(μ+
√

μ2+2(q+λ−) )x

− 2
√

μ2 + 2(q + λ−) e(μ+
√

μ2+2(q+λ−+λ+) )x]dx

=
qe(μ+

√
μ2+2(q+λ−) )xdx√

μ2 + 2(q + λ− + λ+)
.

By Remark 1, we have

E[e−λ−
∫ eq
0 1(−∞,0)(Xs)ds−λ+

∫ eq
0 1(0,∞)(Xs)ds;X(eq) ∈ dx]

=
A(0,dx)

B(0)

=
2qe(μ+

√
μ2+2(q+λ−) )xdx√

μ2 + 2(q + λ+) +
√

μ2 + 2(q + λ−)
. (14)
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For x > 0, we have

A′(0,dx)

=
qe(μ−

√
μ2+2(q+λ−+λ+) )xdx√

μ2 + 2(q + λ− + λ+)
+

qλ−√
μ2 + 2(q + λ− + λ+)

√
μ2 + 2(q + λ+)

×
[ ∫ ∞

0
eμx−z

√
μ2+2(q+λ−+λ+) e−

√
μ2+2(q+λ+) |x−z|dz

− e(μ−
√

μ2+2(q+λ+) )x

∫ ∞

0
e−(

√
μ2+2(q+λ−+λ+) +

√
μ2+2(q+λ+) )zdz

]
dx

=
qe(μ−

√
μ2+2(q+λ−+λ+) )xdx√

μ2 + 2(q + λ− + λ+)
− q

2
√

μ2 + 2(q + λ− + λ+)
√

μ2 + 2(q + λ+)

× [2
√

μ2 + 2(q + λ+) e(μ−
√

μ2+2(q+λ−+λ+) )x

− 2
√

μ2 + 2(q + λ+) e(μ−
√

μ2+2(q+λ+)) x]dx

=
qe(μ−

√
μ2+2(q+λ+) )xdx√

μ2 + 2(q + λ− + λ+)
,

and thus,

E[e−λ−
∫ eq
0 1(−∞,0)(Xs)ds−λ+

∫ eq
0 1(0,∞)(Xs)ds;X(eq) ∈ dx]

=
A′(0,dx)

B(0)

=
2qe(μ−

√
μ2+2(q+λ+) )xdx√

μ2 + 2(q + λ+) +
√

μ2 + 2(q + λ−)
. (15)

Expressions (14) and (15) agree with [3, Expression 1.6.5, p. 260] for r = 0.

4.2 Skew Brownian motion

Skew Brownian motion, proposed by Itô and McKean [15], is a natural
generalization of the Brownian motion. We now briefly introduce the skew
Brownian motion. Let X be a skew Brownian motion of parameter β with
β ∈ (0, 1). Process X is specified by the following stochastic differential
equation

dXt = dWt + (2β − 1)dL0
t (X), (16)

where Wt is a one-dimensional standard Brownian motion and L0
t (X) is the

local time at 0 for X. Equation (16) has a unique strong solution; see Lejay
[20]. In addition, from [3, p. 126], we have

m(dx) =

{
2βdx, x > 0,

2(1 − β)dx, x < 0,
s(x) =

⎧⎪⎨
⎪⎩

x

β
, x � 0,
x

1 − β
, x < 0,
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and

Gq(x, y) =
e−|x−y|√2q − e−(|x|+|y|)√2q

√
2q (1 + (2β − 1)sgn(x ∧ y))

+
e−(|x|+|y|)√2q

√
2q

.

In addition, ωq =
√

2q . We refer to Borodin and Salminen [3] and Lejay [20]
for more details about skew Brownian motion and Appuhamillage et al. [2] for
an occupation time related results on skew Brownian motion.

Then for a < 0 < b, the corresponding differential equation (4) of skew
Brownian motion is

2q(1 − β)
∫

[a,0)
g(x)dx + 2qβ

∫
[0,b)

g(x)dx = βg′−(b) − (1 − β)g′−(a),

where g′− denotes the usual left derivative, and it has two independent positive
solutions

g−,q(x) =
[1 − 2β

1 − β
sh(x

√
2q ) + e−x

√
2q

]
1(−∞,0)(x) + e−x

√
2q1[0,∞)(x)

and

g+,q(x) = ex
√

2q1(−∞,0](x) +
[1 − 2β

β
sh(x

√
2q) + ex

√
2q

]
1(0,∞)(x).

For x < 0, we obtain∫ 0

−∞
Gq+λ−+λ+(0, z)Gq+λ− (z, x)m(dz)

=
∫ x

−∞

ez
√

2(q+λ−+λ+)√
2(q + λ− + λ+)

ez
√

2(q+λ−)

2(1 − β)
√

2(q + λ−)

× [
e−x

√
2(q+λ−) + (1 − 2β)ex

√
2(q+λ−)

]
2(1 − β)dz

+
∫ 0

x

ez
√

2(q+λ−+λ+)√
2(q + λ− + λ+)

ex
√

2(q+λ−)

2(1 − β)
√

2(q + λ−)

× [
e−z

√
2(q+λ−) + (1 − 2β)ez

√
2(q+λ−)

]
2(1 − β)dz

=
1

2λ+

√
2(q + λ− + λ+)

√
2(q + λ−)

[ − 2
√

2(q + λ−) ex
√

2(q+λ−+λ+)

+ (
√

2(q + λ− + λ+) +
√

2(q + λ−) )ex
√

2(q+λ−)

+ (1 − 2β)(
√

2(q + λ− + λ+) −
√

2(q + λ−) )ex
√

2(q+λ−)
]

and ∫ 0

−∞
Gq+λ−+λ+(0, z)

g+,q+λ−(z)

g+,q+λ−(0)
m(dz)

=
2(1 − β)√

2(q + λ− + λ+)

∫ 0

−∞
ez(

√
2(q+λ−+λ+)+

√
2(q+λ−) )dz

=
(1 − β)(

√
2(q + λ− + λ+) − √

2(q + λ−) )
λ+

√
2(q + λ− + λ+)

.
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Therefore,

A(0,dx) =
2q(1 − β)ex

√
2(q+λ−+λ+) dx√

2(q + λ− + λ+)
+

q(1 − β)dx√
2(q + λ− + λ+)

√
2(q + λ−)

× [ − 2
√

2(q + λ−) ex
√

2(q+λ−+λ+) + 2
√

2(q + λ−) ex
√

2(q+λ−)
]

=
2q(1 − β)ex

√
2(q+λ−) dx√

2(q + λ− + λ+)
.

Similarly, for x > 0, we have the following results through some algebras:
∫ ∞

0
Gq+λ−+λ+(0, z)Gq+λ+(z, x)m(dz)

=
1

2λ−
√

2(q + λ− + λ+)
√

2(q + λ+)

[ − 2
√

2(q + λ+)e−x
√

2(q+λ−+λ+)

+ (
√

2(q + λ− + λ+) +
√

2(q + λ+) )e−x
√

2(q+λ+)

− (2β − 1)(
√

2(q + λ+) −
√

2(q + λ− + λ+) )e−x
√

2(q+λ+)
]
,

∫ ∞

0
Gq+λ−+λ+(0, z)

g−,q+λ+(z)

g−,q+λ+(0)
m(dz)

=
2β√

2(q + λ− + λ+)

∫ ∞

0
e−z(

√
2(q+λ−+λ+) +

√
2(q+λ+) )dz

=
β(

√
2(q + λ− + λ+) − √

2(q + λ+) )
λ−

√
2(q + λ− + λ+)

.

So,

A′(0,dx) =
2qβe−x

√
2(q+λ−+λ+) dx√

2(q + λ− + λ+)
+

2qβdx

2
√

2(q + λ− + λ+)
√

2(q + λ+)

× [ − 2
√

2(q + λ+) e−x
√

2(q+λ−+λ+) + 2
√

2(q + λ+) e−x
√

2(q+λ+)
]

=
2qβe−x

√
2(q+λ+) dx√

2(q + λ− + λ+)
.

Then

B(0) = 1 − 2λ−β√
2(q + λ− + λ+)

∫ ∞

0
e−(

√
2(q+λ−+λ+)+

√
2(q+λ+) )zdz

− 2λ+(1 − β)√
2(q + λ− + λ+)

∫ 0

−∞
e(
√

2(q+λ−+λ+)+
√

2(q+λ−) )zdz

=
β
√

2(q + λ+) + (1 − β)
√

2(q + λ−)√
2(q + λ− + λ+)

.
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By Theorem 1 and Remark 1, we have

E[e−λ−
∫ eq
0 1(−∞,0)(Xs)ds−λ+

∫ eq
0 1(0,∞)(Xs)ds;X(eq) ∈ dx]

=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

A(0,dx)
B(0)

=
2q(1 − β)ex

√
2(q+λ−)

β
√

2(q + λ+) + (1 − β)
√

2(q + λ−)
dx, x < 0,

A′(0,dx)
B(0)

=
2qβe−x

√
2(q+λ+)

β
√

2(q + λ+) + (1 − β)
√

2(q + λ−)
dx, x > 0;

I y
(−∞,0)∪(0,∞)(dx)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2(1 − β)ex
√

2(q+λ−) e−y
√

2(q+λ+)

β
√

2(q + λ+) + (1 − β)
√

2(q + λ−)
dx, x < 0 < y,

[
e−|x−y|

√
2(q+λ−) − e(x+y)

√
2(q+λ−)√

2(q + λ−)

+
2(1 − β)e(x+y)

√
2(q+λ−)

β
√

2(q + λ+) + (1 − β)
√

2(q + λ−)

]
dx, x, y < 0,

[
e−|x−y|

√
2(q+λ+) − e−(x+y)

√
2(q+λ+)√

2(q + λ+)

+
2βe−(x+y)

√
2(q+λ+)

β
√

2(q + λ+) + (1 − β)
√

2(q + λ−)

]
dx, x, y > 0,

2βe−x
√

2(q+λ+) ey
√

2(q+λ−)

β
√

2(q + λ+) + (1 − β)
√

2(q + λ−)
dx, y < 0 < x.

Letting β = 1/2, one can recover the well-known results for Brownian motion.

4.3 Brownian motion with two-valued drift

Let X be a Brownian motion with two-valued drift, specified by the following
stochastic differential equation:

dXt = (μL1(−∞,0)(Xt) − μR1(0,∞)(Xt))dt + dWt, (17)

where μL, μR ∈ R and Wt is a standard one-dimensional Brownian motion.
The Brownian motion with two-valued drift, referred as a refracted Brownian
motion, is also interested to risk theory.

Although the Lipschitz assumption (2) for drift function

μ(·) = μL1(−∞,0)(·) − μR1(0,∞)(·)

fails, equation (17) still has a unique strong solution, see Prokhorov and Shiryaev
[32].
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In this two-valued drift model, for q > 0, two independent, positive, and
convex solutions of the differential equation

1
2

g′′(x) + (μL1(−∞,0)(x) − μR1(0,∞)(x))g′(x) − qg(x) = 0,

with g−,q(·) strictly decreasing and g+,q(·) strictly increasing are given by

g−,q(x) = e(μR−
√

μ2
R+2q )x1x>0

+
[
cq
−e(−μL+

√
μ2

L+2q )x + (1 − cq
−)e(−μL−

√
μ2

L+2q )x
]
1x<0

and
g+,q(x) =

[
cq
+e(μR+

√
μ2

R+2q )x + (1 − cq
+)e(μR−

√
μ2

R+2q )x
]
1x>0

+ e(−μL+
√

μ2
L+2q )x1x<0,

respectively, where

cq
− =

μR −
√

μ2
R + 2q + μL +

√
μ2

L + 2q

2
√

μ2
L + 2q

,

cq
+ =

−μL +
√

μ2
L + 2q − μR +

√
μ2

R + 2q

2
√

μ2
R + 2q

;

see [22, Section 5.2]. In addition,

B(x) = −2μRx1x>0 + 2μLx1x<0,

m(x) = 2(e−2μRx1x>0 + e2μLx1x<0),

s(x) =
e2μRx − 1

2μR
1x>0 +

1 − e−2μLx

2μL
1x<0,

ωq = −μL − μR +
√

μ2
L + 2q +

√
μ2

R + 2q.

We can also get the Green function of this process

Gq(x, y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ω−1
q e(−μL+

√
μ2

L+2q )y

×[
cq
−e(−μL+

√
μ2

L+2q )x + (1 − cq
−)e(−μL−

√
μ2

L+2q )x
]
, 0 � x � y,

ω−1
q e(−μL+

√
μ2

L+2q )ye(μR−
√

μ2
R+2q )x, x � 0 � y,

ω−1
q e(μR−

√
μ2

R+2q )x

×[
cq
+e(μR+

√
μ2

R+2q )y + (1 − cq
+)e(μR−

√
μ2

R+2q )y
]
, x � y � 0.
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For x < 0,∫ 0

−∞
Gq+λ−+λ+(0, z)Gq+λ−(z, x)m(dz)

=
2(1 − c

q+λ−
− )e(−μL+

√
μ2

L+2(q+λ−+λ+) )x + 2cq+λ−
− e(−μL+

√
μ2

L+2(q+λ−) )x

ωq+λ−+λ+ωq+λ−
(√

μ2
L + 2(q + λ− + λ+) +

√
μ2

L + 2(q + λ−)
)

+
2(1 − c

q+λ−
− )

(
e(−μL+

√
μ2

L+2(q+λ−) )x − e(−μL+
√

μ2
L+2(q+λ−+λ+) )x

)
ωq+λ−+λ+ωq+λ−

(√
μ2

L + 2(q + λ− + λ+) −
√

μ2
L + 2(q + λ−)

)

=
1

λ+ωq+λ−+λ+ωq+λ−

[ − 2(1 − c
q+λ−
− )

√
μ2

L + 2(q + λ−)

× e(−μL+
√

μ2
L+2(q+λ−+λ+) )x +

(√
μ2

L + 2(q + λ− + λ+)

+
√

μ2
L + 2(q + λ−) − 2cq+λ−

−
√

μ2
L + 2(q + λ−)

)
e(−μL+

√
μ2

L+2(q+λ−) )x
]
,

Gq+λ−(0, x)
∫ 0

−∞
Gq+λ−+λ+(0, z)

g+,q+λ−(z)

g+,q+λ−(0)
m(dz)

=

√
μ2

L + 2(q + λ− + λ+) −
√

μ2
L + 2(q + λ−)

λ+ωq+λ−+λ+ωq+λ−
e(−μL+

√
μ2

L+2(q+λ−) )x,

A(0,dx) =
qe(μL+

√
μ2

L+2(q+λ−) )xdx

(1 − c
q+λ−+λ+
− )

√
μ2

L + 2(q + λ− + λ+)
.

Similarly, for x > 0,∫ ∞

0
Gq+λ−+λ+(0, z)Gq+λ− (z, x)m(dz)

=
1

λ−ωq+λ−+λ+ωq+λ+

[ − 2cq+λ+
+

√
μ2

R + 2(q + λ+)

× e(μR−
√

μ2
R+2(q+λ−+λ+) )x +

(√
μ2

R + 2(q + λ− + λ+)

−
√

μ2
R + 2(q + λ+) + 2cq+λ+

+

√
μ2

R + 2(q + λ+) )e(μR−
√

μ2
R+2(q+λ+) )x

]
,

Gq+λ+(0, x)
∫ ∞

0
Gq+λ−+λ+(0, z)

g−,q+λ+(z)

g−,q+λ+(0)
m(dz)

=

√
μ2

R + 2(q + λ− + λ+) −
√

μ2
R + 2(q + λ+)

λ−ωq+λ−+λ+ωq+λ+

e(μR−
√

μ2
R+2(q+λ+) )x.

So

A′(0,dx) =
qe(−μR−

√
μ2

R+2(q+λ+) )xdx

c
q+λ−+λ+
+

√
μ2

R + 2(q + λ− + λ+)
.
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Then

B(0) = 1 − 2λ−
ωq+λ−+λ+

∫ ∞

0
e−(

√
μ2

R+2(q+λ−+λ+) +
√

μ2
R+2(q+λ+) )zdz

− 2λ+

ωq+λ−+λ+

∫ 0

−∞
e(
√

μ2
L+2(q+λ−+λ+) +

√
μ2

L+2(q+λ−) )zdz

=
−μL − μR +

√
μ2

R + 2(q + λ+) +
√

μ2
L + 2(q + λ−)

ωq+λ−+λ+

.

By Theorem 1 and Remark 1, we have

E[e−λ−
∫ eq
0 1(−∞,0)(Xs)ds−λ+

∫ eq
0 1(0,∞)(Xs)ds;X(eq) ∈ dx]

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

A(0,dx)
B(0)

=
2qe(μL+

√
μ2

L+2(q+λ−) )xdx

−μL − μR +
√

μ2
R + 2(q + λ+) +

√
μ2

L + 2(q + λ−)
, x < 0,

A′(0,dx)
B(0)

=
2qe(−μR−

√
μ2

R+2(q+λ+) )xdx

−μL − μR +
√

μ2
R + 2(q + λ+) +

√
μ2

L + 2(q + λ−)
, x > 0;

I y
(−∞,0)∪(0,∞)(dx)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2e(μR−
√

μ2
R+2(q+λ+) )ye(μL+

√
μ2

L+2(q+λ−) )xdx

−μL − μR +
√

μ2
R + 2(q + λ+) +

√
μ2

L + 2(q + λ−)
, x < 0 < y,

2(cq+λ−
− − 1)eμL(x−y)

[
e
√

μ2
L+2(q+λ−) (x+y) − e−

√
μ2

L+2(q+λ−) |x−y|]dx

−μL − μR +
√

μ2
R + 2(q + λ−) +

√
μ2

L + 2(q + λ−)

+
2eμL(x−y)e

√
μ2

L+2(q+λ−) (x+y)dx

−μL − μR +
√

μ2
R + 2(q + λ+) +

√
μ2

L + 2(q + λ−)
, x, y < 0,

2cq+λ+
+ eμR(y−x)

[
e−

√
μ2

R+2(q+λ+) |x−y| − e−
√

μ2
R+2(q+λ+) (x+y)

]
dx

−μL − μR +
√

μ2
R + 2(q + λ+) +

√
μ2

L + 2(q + λ+)

+
2eμR(y−x)e−

√
μ2

R+2(q+λ+) (x+y)dx

−μL − μR +
√

μ2
R + 2(q + λ+) +

√
μ2

L + 2(q + λ−)
, x, y > 0,

2e(−μR−
√

μ2
R+2(q+λ+) )xe(−μL+

√
μ2

L+2(q+λ−) )ydx

−μL − μR +
√

μ2
R + 2(q + λ+) +

√
μ2

L + 2(q + λ−)
, y < 0 < x.

Letting μL = −μR = μ, we can recover the results for Brownian motion with
drift, see [3, Expression 1.6.5, p. 260] for r = 0.
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Appendix Proof of Lemma 1

Proof of Lemma 1 Note that
∫ ∞

0
Py{t < τa,Xt ∈ dx}e−qtdt =

1
q

Py{eq < τa,X(eq) ∈ dx}.

Since

Py{eq < τa,X(eq) ∈ dx}
= Py{X(eq) ∈ dx} − Py{eq > τa,X(eq) ∈ dx}
= Py{X(eq) ∈ dx} − Py{τa < eq}Pa{X(eq) ∈ dx}
= q

∫ ∞

0
e−qtp(t; y, x)m(dx)dt − qEye−qτa

∫ ∞

0
e−qtp(t; a, x)m(dx)dt

= qGq(y, x)m(dx) − qEye−qτaGq(a, x)m(dx)

=

⎧⎪⎪⎨
⎪⎪⎩

q
[
Gq(y, x) − g−,q(y)

g−,q(a)
Gq(a, x)

]
m(dx), y ∈ (a,∞),

q
[
Gq(y, x) − g+,q(y)

g+,q(a)
Gq(a, x)

]
m(dx), y ∈ (−∞, a),

the result of Lemma 1 then follows. �
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arrival times. Bernoulli (to appear)

2. Appuhamillage T, Bokil V, Thomann E, Waymire E, Wood B. Occupation and local
times for skew Brownian motion with applications to dispersion across an interface.
Ann Probab, 2011, 21: 183–214

3. Borodin A N, Salminen P. Handbook of Brownian Motion-Facts and Formulae. 2nd
ed. Basel: Birkhäuser Verlag, 2002
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