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Abstract This paper introduces some efficient initials for a well-known
algorithm (an inverse iteration) for computing the maximal eigenpair of a class
of real matrices. The initials not only avoid the collapse of the algorithm but
are also unexpectedly efficient. The initials presented here are based on our
analytic estimates of the maximal eigenvalue and a mimic of its eigenvector
for many years of accumulation in the study of stochastic stability speed. In
parallel, the same problem for computing the next to the maximal eigenpair is
also studied.

Keywords Perron-Frobenius theorem, power iteration, Rayleigh quotient
iteration, efficient initial, tridiagonal matrix, ()-matrix

MSC 15A18, 65F15, 93E15, 60J27

1 Introduction. Two algorithms and a typical example

Consider a nonnegative irreducible matrix A = (a;;) on E := {0,1,...,N},
N < o0. By the well-known Perron-Frobenius theorem, the matrix has uniquely
a positive eigenvalue p(A) having positive left-eigenvector and positive right-
eigenvector. Moreover, both the left-eigenspace and the right-eigenspace of
p(A) have dimension one. This eigenvalue is maximal in the sense that for
every other eigenvalue A\, we have p(A) > |\g|. The last equality sign appears
only if A has a period p > 1. For instance, for

0
A=10
1

— o O
O ==

we have p = 2 and the eigenvalues of A are ++/2 and 0. However, we may
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assume that p(A) > |\i| for every other eigenvalue \y. Actually, if A = pe'® with
0 # kr /2 for every odd k € Z, then for every € > 0, we have p + ¢ > [pel? +¢|.
This means that the required assertion holds for the shifted pair p 4+ ¢ and
A+ e. In other words, an analog of the Perron-Frobenius theorem is meaningful
for the matrices having nonnegative off-diagonal elements only, their diagonal
elements can be arbitrary but real. By a shift if necessary, such a matrix can be
transformed into a nonnegative one: the maximal eigenvector is kept but their
maximal eigenvalues are shifted from one to the other. In this paper, we are
interested in computing p(A) and its corresponding eigenvector. This is a very
important problem, we will come back to its motivation in the next section.
There are mainly two popular algorithms for this problem. Unless otherwise
stated, the eigenvector below means the right-eigenvector. Then, the maximal
eigenpair (the maximal eigenvalue and its eigenvector) is denoted by (p(A), g).

Power iteration Given an initial vector vg € RNT! having a nonzero

component in the direction of g with ||vg|| = 1, define
Avg_q
v = 2 = || Av k>1 1
k ||A'Uk;_1||’ k H k‘H? = ( )
where || - || is an arbitrary but fized vector norm. Then vy converges to the

eigenvector g of p(A) and zj, converges to p(A) as k — oo.

Even it is not necessary, in the next algorithm, we fix the vector norm to be
the Euclidean one (or equivalently, the 2-norm). Actually, a refined choice is
using the inner product and the norm in the space L?(u) for a suitable measure
1 to be specified case by case, as illustrated by the improved algorithm given
at the end of Sections 3 and 4. See also Section 6.

Rayleigh quotient iteration (a variation of inverse iteration) Choose a pair
(20,v0) as an approzimation of (p(A), g) with vivg = 1, where v* is the transpose
of v. In particular, one may set zg = vjAvy for a given vy. At the kth (k > 1)
step, solve the linear equation in wy:

(A — zi_1Dwg, = v_1, (2)
where I is the identity matriz on E, and define

U, 2 = v Avg.

_ Wk

\/w,’;wk’
If the pair (29, vo) is close enough to (p(A), g), then (z,v) converges to (p(A), g)
as k — oo.

In what follows, unless otherwise stated, we fix zy to be the particular choice
just defined. We now use a typical example (which will be studied time by time
in the paper) to illustrate the effectiveness and their difference of the above two
algorithms.
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Example 1 Let £ ={0,1,...,7} and

-11 0 0 0
-5 22 0 0
22 13 32 0
32 —25 42
0 42 —41 5% 0
0 0 5 —61 62
0 0 0 62 -85
o 0 0 0 7 —113

O
|
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Voocooocoo

0
0
0
0
0

Then we have p(Q) ~ —0.525268 with eigenvector
~~ (55.878, 26.5271, 15.7059, 9.97983, 6.43129, 4.0251, 2.2954, 1.0)".
Starting from vg which is the normalized vector of
(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)*,

the power iteration (applied to the nonnegative A := 1131 + Q) arrives at
—0.525268 ~ p(Q) after 990 iterations. Here, we adopt the ¢'-norm:

ol = > lokl.

keE

We now give a little more details about the computations for this example.

Table 1 gives us partial outputs of (k, —z). The corresponding figure below
shows that —z; decreases quickly for small k, but the convergence goes very
slow for large k.

Table 1 Partial outputs of (k, —zx)

k —Zk k —Zk k —Zk
0 2.11289 14 0.877012 100 0.589332
1 1.42407 15 0.86311 120 0.574136
2 1.37537 16 0.850338 140 0.56279
3 1.22712 17 0.838548 160 0.554157
4 1.1711 18 0.827619 180 0.547529
5 1.10933 19 0.817449 200 0.542423
6 1.06711 20 0.807953 300 0.529909
7 1.02949 30 0.738257 400 0.526517
8 0.998685 40 0.694746 500 0.525603
9 0.971749 50 0.664453 600 0.525358
10 0.948331 60 0.641946 700 0.525292
11 0.927544 70 0.624473 800 0.525274
12 0.908975 80 0.610468 900 0.52527

13 0.892223 90 0.598963 > 990 0.525268
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Fig. 1 Figure of —z; for £k =0,1,...,1000

The advantage of the first algorithm is that it allows us to use a quite
arbitrary positive initial vector vg. The reason why the convergence of the
example at the beginning steps goes quite fast is because we have used a very
good initial vy, as will be studied in Section 3. However, for larger k, the
convergence becomes very slow, that is the limitation of this algorithm. From
Fig. 1, it is clear that one may stop the computation at 300 iterations since
then the results are almost the same. However, we keep going on until the six
precisely significant digits as limited by a computer using Mathematica 9. The
reason for doing so is for the comparison with other algorithms to be studied
later.

Certainly, we expect the second algorithm to be more efficient. Now, what
can we expect? Since this problem is often used in practice, we would be very
happy if a new algorithm can reduce the number of iterations seriously, say, 500
for instance. Certainly, we would be very surprising if it can be reduced to 250.
Let us think this question more carefully. Suppose that we are now interested
in the maximal eigenvalue only, and suppose that we know it is located on
(0,1) (actually, as we will see by Proposition 11 below, the maximal eigenvalue
of A := 1131 4+ @Q is located in (0,113)). We may use the Golden Section
Search (a famous method in optimization theory), its speed is about 0.6187!.
Then, to obtain the six precisely significant digits as in the last example, one
needs at least 24 iterations since 1079 ~ 0.618%4. Suppose that we can adopt
a faster algorithm, the Bisection Method. Then it requires about 20 iterations
since 1079 ~ 2720, Hence, it is reasonable if an algorithm uses more than 20
iterations to arrive at the same precise level. Having this analysis in mind, we
were shocked when the next result came to us.

Example 2 The matrix @) and the initial vector vy are the same as in the
last example but we now adopt the ¢?-norm. The Rayleigh quotient iteration
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(applied to Q) starts at
20 = vyQuo ~ —0.78458
and then arrives at the same result as in the last example at the second step:
z1 = —0.528215, 29 =~ —0.525268.

Example 2 is the main illustrating example (which will be further improved
by Example 7 below) of this paper. It shows that the second algorithm can be
extremely powerful. The key to this result is that we have chosen an efficient
initial vector vy and then the resulting zg is also close to p(@). It may be the
position to compare the use of /!-norm and ¢?-one. Let everything be the
same as in the last example but replacing the ¢>-norm by the ¢'-one. Then the
iteration starts at zy &~ —0.367937 and arrives at the same result at the third
step:

z1 &~ —0.509272, 29 =~ —0.52509, z3~ —0.525268.

The result comes with no surprising: it is easier to use the ¢!-norm in the
computation but it is a little less efficient than using the £>-norm.

We have seen the power of the second algorithm. However, “too good” is
dangerous. Each eigenvalue A\, # p(A) can be a pitfall of the algorithm provided
either zg is close enough to A or vg is close enough to the eigenvector g of
Ak. The next example illustrates the latter situation. For which a simpler v
deduces its corresponding zy to be more close to Ay rather than As.

Here and in what follows, we often use the so-called Q-matrix

Q = (qZ] ,Lv] € E)>

which means that ¢;; > 0 for every pair i # j and ) jepdij <0 for every i € E.
This implies the intrinsic use of probabilistic idea. For convenience, we often
write by

0< X <M <A <000y

where {);} is the sequence of the eigenvalues of —Q. Then A\g = —p(Q).

Example 3 The matrix ) is the same as the last example and we use again
the /2-norm. Replace Q by —@Q (then the corresponding 2z > 0). Choose the
initial vector vy to be the normalized uniform vector:

1
Y

Then with the particular choice given in the algorithm
20 = vp(—Q)vg = 8,

we obtain the following output at the first 4 steps of the iterations:

w= {1,1,1,1,1,1,1,1}.

21 /=~ 4.78557, 29 = 5.67061, 23~ 5.91766, 24 ~ 5.91867 = As.
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The first two eigenvalues of —(@) are
Ao ~ 0.525268, A = 2.00758, A3 =~ 13.7009,

respectively. Hence, the limit A\ is quite away from what we are interested in.

By the way, let us mention that in practice, we can stop our computation
once the components of the first output vy have different signs, and try to choose
a new initial pair (vg, z9). This is due to the fact that the maximal vector should
be positive/negative up to a constant. Here, in the last example,

v; = (—0.26762, 0.242432, —0.522646, —0.579319,
—0.423469, —0.253452, —0.124365, —0.0425044)*.

Each of the components is negative except the second one.
The next example shows that we can still arrive at the expected result for
a good initial zg even if vy is quite rough.

Example 4 Everything is the same as in the last example except
20 = 2.05768 ! 2 0.485985.
Then {z;} approaches to Ay at the second step:
z1 = 0.525998, 29 ~ 0.525268.

This paper is organized as follows. In the next section, we first review
the five sources of the motivation for our problem. Then we recall the known
convergence of these algorithms. From the above examples, we have seen that
the second algorithm is much more attractive. To which, we need a careful
design in choosing the initial pair (vg, z9). Clearly, an efficient initial pair is just
a good estimate of the pair in advance. This itself is a hard topic in the study
of eigenvalue problem and so it is understandable that the initial problem is
still largely open in the eigenvalue computation theory. A complete, analytic
(explicit) solution to this problem is presented in Section 3 first for tridiagonal
matrices (after a suitable relabeling if necessary), and then for a class of more
general matrices in terms of the so-called Lanczos tridiagonalization procedure.
The main extension to the general situation is presented in Section 4
which consists of two subsections. In the first one, we concentrated on the
construction of zy for a fixed simplest vg. The second one in even more
technical, in which we are mainly working on the construction of vg. A number
of examples are illustrated, case by case, for the results in the paper. It is
remarkable that only the one-step iteration scheme, as illustrated by the two
algorithms used above, is used in the paper. In Section 5, we make either
additional proofs of some results in the main context, or additional remarks
on related problems. In particular, we prove a convergence result of our
approximating procedure for the principal eigenvalue of birth—death processes
which have been studied for a long period up to now. A summary for the use
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of the algorithms up to Section 4 is given at the end of Section 5. The study
on the next eigenpair is delayed to Section 6.

2 Motivation of problem and convergence of algorithms

In this section, for the reader’s convenience, we recall briefly the motivation of
our problem and the well-known convergence of the two algorithms introduced
in the first section.

2.1 Motivation

It seems not necessary to mention the value of the study on the problem since
the matrix eigenvalue computation is used almost everywhere. The next five
sources reflect more or less the road where we started and finally arrive here.

Google’s PageRank

When we search an expression from the network, a large number of webpages are
collected. The question is how to output them on the screen of our computer.
For this, we need to rank the pages. The procedure goes as follows. According
to the connections of the websites, we get a nonnegative matrix A. To which we
have the largest eigenvalue p(A) and its corresponding positive left-eigenvalue.
The normalized left-eigenvector gives us an order of the webpages, that is the
PageRank as we required. Nowadays, there are a large number of publications
on Google’s PageRank, see for instance [12], in which the power iteration is
studied but not the inverse iteration.

Global optimization of planned economy

Regarding the matrix A as a structure matrix in economy, Hua [11] proved
that the optimal input of the planned economy is the left-eigenvector u of p(A).
Surprisingly, Hua [11] also proved that if one uses a different input rather than
u, then the economy will go to collapse (i.e., some components of the product
in the economic system will become less or equal to zero). Mathematically, this
situation is very much the same as the last one, but in a completely different
context. As far as I know, the practical algorithms for (u, p(A)) were not studied
carefully during that period, except a formula was mentioned in [11]:

p(A) = lim

{—00

(VA"

Stationary distribution of time-discrete Markov chain

If A itself is a transition probability matrix, then the left-eigenvector
corresponding to the largest eigenvalue one is nothing but the stationary
distribution of the corresponding Markov chain. This explains the stability
meaning in the two situations just discussed above. Based on this idea, we
obtained a probabilistic proof of Hua’s collapse theorem. Refer also to [4,
Chapter 10| for additional story and related references.

Computing the stationary distribution of a given Markov chain is very
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important in practice and so has been studied quite a lot in the past years,
including the so-called Markov Chain Monte Carlo (MCMC), perfect /backward
coupling, and so on.

Exponential decay of time-continuous Markov chain

The maximal eigenvalue p(@Q) in Example 1 describes the exponential decay
rate of the Markov chain with semigroup (P; = e'@: ¢ > 0). The present paper
is based on our study on this topic, as will be seen from the subsequent sections.

Phase transitions

The last topic and the investigation on related stability speed are actually
motivated from the study on phase transitions in statistical mechanics (cf. [3,4]
for more references within). This is a challenge topic in mathematics since
it is mainly in infinite-dimensional setting. To which, the mathematical tools
are rather limited. Therefore, we have to look for new tools or develop some
known traditional tools. To this end, we have already visited several branches
of mathematics, including the computation theory. We are now glad to be able
to say something on the last field after a long trip of the study.

In the second part of this section, we review some well-known facts on the
convergence of the algorithms.

2.2 Convergence of algorithms

Here is the convergence of the power iteration. In this subsection, we suppose
that the given matrix A (not necessarily nonnegative) has the dominant
eigenvalue g (i.e., [Ag| > |A;| for all other eigenvalues A;) which is simple.
The extension to the periodic situation is also possible, but is omitted here, one
simply replaces the convergence of the original sequence by a subsequence.

Lemma 5 Suppose that the initial vector vy has a nonzero component in the
direction of the dominant eigenvector g. Then

Akvo

= | Ao — g, vLAv — Ao, k— o0.

Uk,

Moreover,
. A”vo
lim

=A
n—o0 A"_l'uo 0

where for given vectors u and v, the ratio u/v is understood as the quotient
function of the functions u and v.

Proof Suppose that the eigenvalues are all different for simplicity. Otherwise,
one simply uses the Jordan representation of matrices. Write

N

Vo = Z ngj

J=0
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for some constants (c¢;) with gg = ¢g. Then ¢y # 0 by assumption and

N N ok
Afvo =3 eiXj9; = coXg {9 20 (3) g]}.
j=0 j=10 70
Since |Aj/Ao| < 1 for each j > 1 and |[|g|| = 1, we have

Ak'l)() Co

— g, k— o0
[AFvoll - leol™ ’

and then
v Avg — g Ag = g* Aog = Ao, k — oc.

We have thus proved the main assertion of the lemma. The proof of the last
assertion is similar. U

Clearly, the convergence speed in the lemma is

A1
Ao

k
. A1 == max{|\;]: j > 0}.

The next result is the convergence for the inverse iteration.

Lemma 6 Under the assumption of the last lemma, for each z close to \g,
we have
(A — 2I)

*A k .
I(A— 2D)—kop) 9 UkATE T Ao ke

Vi =

Moreover,
lim (A—=zl)""v 1
n—oo (A — Zf)fnJrlvo N Xo— 2

Proof Note that for z close to Ag, the dominant eigenvalue of the matrix
(A —2I)7tis (A — 2)~! with the same dominant eigenvector g as the one for
A. The proof is very much the same as the previous one. U

The iteration given in Lemma 6 is called the inverse iteration. It is
remarkable that the convergence speed in this lemma is

)\O—Z‘k )\O—Z‘k

)\1—2’ N)\l—)\o

when z is sufficiently close to Ag. At the kth step, replacing z by the Rayleigh
quotient approximation z; = v Avy, we obtain the Rayleigh quotient iteration
as described in the first section. Clearly, the last algorithm is an acceleration of
the inverse iteration. The price is that the initial zy has to be chosen close to Ag
which is usually not explicitly known. Otherwise, if zy is chosen close to some
Aj # Ao, then a similar proof of Lemma 6 shows that v; Avi, converges to the
pitfall \; # Ao. In practice, once z = z is chosen in a suitable neighborhood of
Ao, the sequence z = 2, converges to Ag rapidly, as illustrated by Examples 2
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and 4. More precisely, Example 1 applies the power iteration to A := 1131 + @),
its convergence speed is

(113 — Al)k N ( 113 — 2.00758 )k

113 - X/ ~ \113 —0.525268/

Examples 2 and 4 wuse the Rayleight quotient iteration which has
the convergence speed

— OQ.

H“‘Zﬂ
~ —>OO.
)\1—2]

Since zp — Ag, the last convergence is much fast than the previous one.
Honestly, this still does not answer the reason why the inverse algorithm in
Example 2 can achieve the six significant digits at the second iteration.

3 Efficient initials. Tridiagonal case

Again, assume that A = (a;;) on E = {0,1,...,N}, N < oo, is irreducible
and having non-negative off-diagonal elements. Assume also that the matrix is
tridiagonal (after a suitable relabeling if necessary): a;; = 0 unless |i — j| < 1.
By a shift @ := A — m[ if necessary, where [ is the identity matrix on E and

JjeERE
one may assume that
—(bo + Co) bo 0 0
ap —(a1 4+ b1 + 1) b1 0
Q= 0 as —(ag +bg 4+ c2) by ’
0 0 0 an —(an +cn)

where a;,b; > 0, ¢; = 0 but ¢; # 0. Define

b,,— boby -+ - by —
po=1, pn=jmq = 0L <N,
Ay, a1ag - - - Qp

We now split our discussion into two cases.
Case 1 Let
Co = C1 :"':CN_l:O.

Then we may assume that ¢y > 0. Otherwise, () has the trivial maximal
eigenvalue 0 with eigenvector with components being one everywhere. In this
case, we rewrite ¢y as by, ignoring the sequence (¢;), and define

N

1
_ 0<n<AN. 3
@n ;ukbk’ n (3)
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Case 2 Let some of ¢; (i =0,1,..., N — 1) be positive. Then, we need more
work. Define

e T

— , 1<n<N,
bo by, bnrn—1

n—1
ho=1, hp=hp1rn1=]]rr 1<n<N,
k=0

and additionally,
hnt1 = enhn +an(hn-1 — hn).
Finally, define

N
1
- E ) 0 < n g N7 4
o = hihira pby @

with a convention that by = 1 to save our notation.
We remark that in the special case that ¢g = ¢; = -+ = ¢y_1 = 0, by
induction, it is easy to check that

ro=r1=--=rNn_1=1,

and hence,
hg=h1=---=hy=1.

Furthermore, hy41 = cn. Thus, once replacing ¢y by by, we return to (3) from

(4)-

To state our algorithm, we need one more quantity:

n N
1
01 = max |:\/g0n E ”kh%‘/@k+¢¢ E Mjh?goj-/2:|'
k=0

o<nN
N n j=n+1

Rayleigh quotient iteration in tridiagonal case For given tridiagonal
matriz A, define m, (a;,b;,¢;), (h;), (i), and 61 as above. Set

~ . . U 1
vo(i) = hiv/wi, 0<i< N, wv= O =
NG o1
At the kth step (k > 1), solve the linear equation in wy:
(=Q — zx—1D)wy, = vp_1, (5)

and define
Wi,
Vg = . 2 = vp(—Q)ug.

Then vy, converges to g and m — zj, converges to p(A) as k — oc.

It is an essential point that the choice of zy avoids the collapse since we have
known that A\o(Q) = Amin(—Q) (the minimal eigenvalue of —Q) > d; ' by [5,
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Corollary 3.3]. As an application of this result to Example 1, we have ¢; = 0 but
by = 64 and then h; = 1. We can define ¢ by (3) and then vy = /¢ which is the
one, up to a free factor /po, used in Example 1. This is the meaning of “very
good” claimed in the first section. We now compute the minimal eigenvalue of
—( using not only vy but also 9.

Example 7 The matrix Q and the vector vy are the same as in Example 1:
(1, 0.587624, 0.426178, 0.329975, 0.260701, 0.204394, 0.153593, 0.101142)*.

We have §; = 2.05768. Then, with the new zg := 5;1 ~ 0.485985, the Rayleigh
quotient iteration arrives at the expected estimate at the second step:

21 ~ 0.525313, 29 =~ 0.525268.

Comparing the approximation value of z; here and that in Example 2, it is
clear that this result is sharper than Example 2 (see also the comment below
Corollary 12).

Now, let us discuss the effectiveness of our algorithm with respect to the size
N of the matrix. In computational mathematics, one often expects the number
of iterations M grows up no more than N® for some « > 0. It is unusual if
M = log N for large N. To this question, considering the basic Example 1 with
varying IV, the answer given below is worked out by Yue-Shuang Li using the
algorithm introduced in this section and the software MatLab on a notebook.
In the first line of Table 2, the reason we use N + 1 rather than N is that the
space is labeled starting at 0 but not 1.

Table 2 For different NV, eigenvalue Ag, its lower bound d; L and 21, 2

N+1 Z():(S;l 21 20 = Ao
100 0.348549 0.376437 0.376383
500 0.310195 0.338402 0.338329

1000 0.299089 0.32732 0.32724
5000 0.281156 0.308623 0.308529
7500 0.277865 0.305016 0.304918

10000 0.275762 0.30266 0.302561

Is it believable? Yes, we have justified the outputs in two different ways: in
each case, first, the outputs starting from z, become the same (which actually
coincides with the output of \g). Second, by using ve, we can find upper/lower
estimates £/& of \g such that z9 € (§,&), and moreover,

¢ ~1+107°.

The next example is due to Hua [11] in the study of economic optimization
(cf. [4, Chapter 10]). Note that here we are studying the right-eigenvector, the
matrix A used below is the transpose of the original one.
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1 25 40
A= 100 <14 12> ’

37+ /2409
200

Example 8 Let

Then
p(A) ~ 0.430408.
With the initials:
vo ~ (0.429166, 0.220573)*, 2o := 6; ' =~ 0.212077,
the iteration arrives at the expected result at the second step (n = 2):

0.65 — 29 =~ 0.437923; 0.65 — z1 ~ 0.430603; 0.65 — 25 ~ 0.430408.

Proof First, we have m = 65/100 and then

2 2
_ 5 5
@= 7 93
50 100

In this case, we ignore (¢;) but let by > 0. Actually, we have

b 2 b 39 7 1 20 265 35
= = N a1l = N = = N = = .
0 5’ 1 100’ 1 50’ Ho y M1 70 ¥0 78 ¥1 39
Therefore,
\/ 53 \/ 14 1 5(2809 4 401/742)
Vo = Z = .
0 67 Ver ) O 4134

The conclusion now follows by our algorithm. U

An additional example for the algorithm presented in this section is delayed
to Example 22.

Before moving further, let us introduce an algorithm for (and then
a representation of) the solution to equation (5). This is mainly used in
theoretic analysis rather than numerical computation. The idea is meaningful
in a more general setup and comes from [9, Theorem 1.1, Proposition 2.6] plus
a modification [6, Proposition 4.1]. Given a number z € R and a vector v,
consider the equation for the vector w:

Qu+ zw = —v. (6)

To do so, we need some notation. Fix 7: 0 <7 < N — 1, and set

NONS 1 {Ciw — 2+ Qite,

1
bive | cive — 2, 2 <
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Next, define the vector G(’Zl) by Géli = agi) for £ =1,2,...,N —i and define
recursively in k =2,3,..., N — ¢, the vector G(ZL by

Gl =G +al Vel L = kk 1, N~ (7)
Note that here for computing G%, we use only G.(%_l but not the others G(Z;
with j < k — 2.

Proposition 9 Let N > 1 and Gg,)o = 1. Then the solution w = (wy: k € E)
to equation (6) has the following representation:

oy + Mpy—1(v)

L+ No—i(e. = 2)] = N 0<n<N,
CN—Z‘FMNfl(C.—Z)[ + No-a(e. — 2)] n—1(v), n

Wy, =

where for each vector h, N_1(h) =0 and

Nol, oo
My-a(h)=en D 7GR vy
=0

n—j
Na(h) =" Z? S 6P, 0<n<N.
j=0 7 k=0

The proof of this result is delayed to Section 5.

From now on, we are going to treat general real matrices. This is a hard task
and will be the main goal of the next section. Here, we study a special case only.
In computational mathematics, there is a well-known Lanczos tridiagonalization
procedure making a matrix to be tridiagonal one. That is, for a given A,
constructing a nonsingular B such that B~'AB =: T becomes a tridiagonal
matrix. We will come back to the procedure soon. Here is an example (the
details are omitted).

Example 10 Let

123 I 0 0
A=1121|, B=|01/V10 3/V13
321 0 3/V10 —2/y/13
Then
1 11/V/10 0
T=B'AB= (V10 25/11 20v/130/143
0 V130/11 8/11
We have

p(A) = p(T) = 3+ /5 ~ 5.23607.

Our algorithm arrives at the same result at the second step of the iterations
(n=2):

(n=0)5.43937; (n=1)5.23996; (n =2) 5.23607.
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It is the position to recommend an improved algorithm as follows. The
point is to use the inner product (-, ), and norm || -||,, in the space L?(u) since
(1x) may not be a constant as in Example 1.

Improved algorithm Given vy and 0, as above, redefine vy = vy/||vg ||, and

20 =E&07 "+ (1= &) (vo, —Quo)u, € €1[0,1].
For k > 1, define wy, as before but redefine
Wy,

Vg = )
Hwk”u

2k = (vka _ka)u'

With ¢ = 7/8, Example 7 and Table 2 are improved as Table 2'.

Table 2 Example 7 and Table 2 are improved using new zo with £ = 7/8

N+1 20 21 Z2 = Ao upper /lower
8 0.523309 0.525268 0.525268 141071
100 0.387333 0.376393 0.376383 141078
500 0.349147 0.338342 0.338329 141077
1000 0.338027 0.327254 0.32724 1+1077
5000 0.319895 0.30855 0.308529 1+1077
7500 0.316529 0.304942 0.304918 1+1077
10000 0.31437 0.302586 0.302561 1+1077

The last column is the order of the ratio of the upper and lower bounds of Ay
in terms of vy, as will be explained below, above Example 13.
Table 3 gives two more examples.

Table 3 Outputs using improved zg with £ = 7/8

Example 20 21 22 = Ao
8 0.436733 0.430407 0.430408
10 5.36161 5.23578 5.23607

Appendix of Section 3 Algorithm for Lanczos tridiagonalization

For a given A, the aim is choosing a nonsingular ¢ such that

cp by oo e 0
ap €2 :
QAQ=T=
B bnfl
0 ...... an-l Cn

Note that the notation here is somehow different from the other part of the
paper. To do so, we use the following column partitionings:

Q=lnlael e, @Y =Q=@la]| |



1394 Mu-Fa CHEN
Let
qo:oa ZIVO:Oa b0:07 CLo:O.
Choose unit vectors ¢; and ¢; such that ¢fg; = 1. Define

e = (A —cpl)qp — ap—1qp—1, k=1,
k>

Tk = (A —c )" qp — bp—1qr—1, 1,
F*Tk
b = [Irkll2,  ar = Z . k>1,
b
Tk—1 ~ Tk—1
dk = b ; qik = ) k p 2.
k—1 Q-1

For Example 10, we simply choose
q: (1’070)*’ a: (1’070)*'

Generally speaking, there is a question in choosing initial ¢y and gy. More
generally, it should be meaningful to know for what A, the resulting matrix
have positive a and by for every k.

4 Efficient initials. General case

A general algorithm for the efficient initials will be introduced later in the
second subsection. The algorithm introduced in the next subsection is easier
and quite general, but may be less efficient.

4.1 Fix uniformly distributed initial vector vg
In this subsection, we fix the uniformly distributed initial vector
(1,1,...,1)

VN+1
This is the easiest choice of vy since it does not use any information from the
eigenvector g of p(A) except its positivity property. On the other hand, this
means that the choice is less efficient and it can be even broken as shown by

Example 3. The effectiveness of this vy depends heavily on the choice of zy. For
which, here we introduce three effective choices.

Vo =

Choice I Let A = (aj;: 4,5 € E) be nonnegative and set zg = sup;cp A,
where A; = 3.y a;;. This universal choice comes from the fact that sup;cp 4
is an upper bound of p(A), which can be seen by setting x; = 1 in the next
result.

Proposition 11 For a nonnegative irreducible matriz A with mazimal
eigenvalue p(A), the Collatz—Wielandt formula holds:

Azx); Azx);
sup min (Az); = p(A) = inf max ( $)Z.
>0 t€E Ty x>0 i€l Xy
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For the present (v, zg), even though it is not necessary, one may replace (2)
by
(zp—11 — A)wy, = vg—1. (8)

This choice of zg avoids the collapse of the algorithm since
0<zo—p(A) < lz0— A

for every eigenvalue \ # p(A) of A.

Let us now introduce an important application of Proposition 11. First, if
we replace A and p(A) with —@Q and A, respectively, the same conclusion holds,
as shown in the next corollary (the proof is delayed to Section 5). Actually, the
corollary holds in a much more general setup. Refer to [3, Theorem 9.5].

Corollary 12 For Q-matriz, the Collatz—Wielandt formula becomes

. (—Qx); . (—Qx);
= = inf .
T o(@) = imfmax "

Thus, instead of the mean estimate given in these algorithm, we can produce
pointwise estimates. To do so, we need only to compute the ratio (—Q)v/vg.
For instance, in Example 2, the ratio (—Q)vy/v9 is as follows:

0.525197, 0.5254, 0.52553, 0.525623, 0.525693, 0.525747, 0.525787, 0.525816.

Therefore, we obtain
0.525197 < Ag < 0.525816

and the ratio of the upper/lower bounds is &~ 1.00118. Next, for Example 7, the
ratio (—Q)ve/vs is as follows:

0.525268, 0.525268, 0.525267,0.525267,0.525267,0.525267,0.525267, 0.525267.

Hence, we have
0.525267 < Ag < 0.525268

and the ratio of the upper/lower bounds is ~ 1 + 1075. Actually, if we apply
the estimates given in [5, Theorem 2.4 (3)] (with supp (f) = E)

z2 A\ sup Ji > Ao = inf fi
i€E Ji €E gi
i N
9= Y mfepive =i Y mfe+ Y kP
keE k=0 k=i+1
A
i = Z (for this example, uy = 1, by = (i +1)?),
— by

to the test function f = vy with a more precise output, the upper/lower bounds
can be improved as ~ 1 + 10~7. Hence, the estimate Ay ~ 0.525268 is indeed
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sharp up to the six precisely significant digits. This shows that the estimates
in the latter example are much better than the former one.

Example 13 Let A be the same as in Example 10. Then p(A) = 5.23607 and
zo = 6. The Rayleigh quotient iteration gives us

z1 &= 5.27273, 29 = 5.23639, 23~ 5.23607.

Example 14 Let
1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

Then p(A) ~ 36.2094 and 2y = 58. The Rayleigh quotient iteration gives us

A:

21~ 37.3442, 2o ~ 36.2674, 23 ~ 36.2095, 24 ~ 36.2094.

Example 15 Let
12 00
314 110
9 10 11 1
56 7 8

A:

This matrix has complex eigenvalues:
24.0293, 7.72254, 1.1241 + 2.405221, 1.1241 — 2.405221.
Hence, p(A) =~ 24.0293 and zy = 31. The Rayleigh quotient iteration gives us
z1 A 24.4393, 29 & 24.0385, 23 &~ 24.0293.
Example 16 Let @ be the same as in Example 1 and let
A=1131+ Q.

Then zy = 113. Recall that A\pin(—Q) =~ 0.525268. For k = 1,2, 3, the Rayleigh
quotient iteration gives us 113 — z as follows:

113 — 21 = 0.602312, 113 — 23 =~ 0.525463, 113 — z3 ~ 0.525268.

Alternatively, one may apply the algorithm directly to —Q with zg = 0.

We remark that the algorithm is meaningful for any

For instance, if we choose zy = 200 rather than zy = 6 used in Example 13,
then the successive results of the iterations are as follows:

21 & 5.33546, 29 = 5.24182, 23 =~ 5.23608, 24 ~ 5.23607.



Efficient initials for computing maximal eigenpair 1397

The convergence becomes slower as we can imagine. In other words, a larger
initial zq is less efficient. In view of Proposition 11, we have

0 < p(A) < 113

It seems that there is a large room for us to choose zy. Yes or no? It is yes,
since the last estimates are rather rough, each choice zp € [111.7,113] is also
available. The answer is also no, since if we choose zg = 111.6, then we will go
to the pitfall \; (> Ag). Hence, it is rather sensitive to find a useful zy except
Choice I. Noting that

p(A) =~ 113 — 0.525268,

the reason why the rough Choice I is still efficient for this model should be
clear.

We have thus studied the model introduced in Example 1 six times with
different initials. The results are collected in Table 4. Among them, the worst
one is Example 3 and the best one is Example 7 which uses the whole power of
the algorithm introduced in Section 3. The “Uniform” is the present Choice I

and the “Auto” means automatic one given by the algorithm, as we will come
back in Choice II below.

Table 4 Comparison of examples with different initials

same @ Vo 20 # of iterations
Example 1 0 power 10°
Example 2 o auto 2
Example 3 uniform auto collapse
Example 4 uniform o7t 2
Example 7 Vo ot 2
Example 16 uniform 113 3

In conclusion, even though the present choice (vg,zg) may not be very
efficient, but it works in a very general setup. This algorithm works even for
a more general class of matrices, without assuming the nonnegative property,
once you have an upper estimate of the largest eigenvalue of A. Clearly, for
large-scale matrix, Choice I is meaningful only for the sparse ones.

Choice IT Simply use the particular choice given in the Rayleigh quotient
iteration: zg = vjAvg. This simple choice is quite natural and so is often used
in practice. However, there is a dangerous here since vy is chosen roughly, the
algorithm may lead to an incorrect limit, as illustrated by Example 3.

With the present zy, the computation results for Examples 13-15 are listed
in Table 5.

Table 5 Output (21, 22, 23) of Examples 13-15

Example 21 22 23 = Ao
13 5.24183 5.23608 5.23607
14 35.8428 36.2127 36.2094

15 23.7316 24.0317 24.0293
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Combining (z1, z2) here with those given in the last part, it is clear that the
present choice of zy, once works, is better than Choice I.

Choice IIT This is based on a comparison technique. For given A = (aj;)
having the property a;;+1 + ait+1; > 0 for every ¢, we introduce the
symmetrized matrix (A 4+ A*)/2. (This symmetrizing procedure may be
omitted if both a; ;41 > 0 and a;41, > 0 for every i.) Denote by («;, 3;,7;) the
tridiagonal part (where ~; are the diagonal elements) taken from the
symmetrized matrix. By assumption, we have a; > 0 and §; > 0. We can
then follow the last section to choose a zq first for the tridiagonal matrix and
then regarding it as an approximation of zy for the original A. One may worry
that we have lost too much in the last step. Yes, it may be so. However, the
key is to avoid the collapse. The smaller estimate zg of Apin(—@Q) is not really
serious since the algorithm can repair it rapidly, as shown by the next example.

Example 17 Let A be the same as in Example 15. Then

1 5/2 9/2 5/2
5/2 14 21/2 3
9/2 21/2 11 4
5/2 3 4 8

1
(A+47) =

2

From this, we obtain a tridiagonal matrix

1 5/2 0 0
5/2 14 21/2 0

=10 212 11 4|
0 0 4 8
and then
26 5/2 0 0
Q=T o~ |52 ~13 212 0

0 21/2 —16 4
0 0 4 -19

According to what we did in Section 3, we have zy ~ 1/0.321526 for —@Q. Then,

we have
1

0.321526

for T. This is regarded as an approximation of zy for A. Starting from here and
using the Rayleigh quotient iteration, we obtain the successive approximation
of p(A) as follows:

20%27—

z1 &~ 24.0125, 29 & 24.0293,
as we expected. Picking up the tridiagonal part directly from A (without using

the symmetrizing procedure), the same approach leads to the following output:

1
~ 28 — ~ 237004, 2 ~ 23.9901 ~ 24.0293.
“0 0.23307 b A b2
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Let us remark that the three choices of zg in this subsection are independent
of the initial vy used here and so can be also used in the next subsection.
Certainly, there are other approaches can be used to deduce an approximation of
the required zg. For instance, Cheeger’s approach [3, §9.5], which is meaningful
in a very general setup. Since it takes account of all subset of E (except the
emptyset), the number of computations is of order 2/V. This approach as well as
the capacitary one (cf. [4, Chapter 7]) needs to be simplified to fit the present
setup. In practice, one often uses Proposition 11 or Corollary 12 to get an
upper /lower bound in terms of a suitable test sequence (z;). Refer also to [4,
Theorem 3.6] which uses test weights. These approaches depend heavily on the
working models.

4.2 Efficient initial vector vg

In general, it is much more difficult to choose an efficient initial vy than zg.
Here is our algorithm.

A general algorithm

Let A = (a;5: 4,5 € E) be a given irreducible matrix having nonnegative off-
diagonal elements. Once again, denote by p(A) the maximal eigenvalue of A. If
A; ==} cpaij is a constant (independent of i € E), then we have p(A4) = A;
with right-eigenvector 1 (its components are all equal to 1). From now on, we
assume that A; are not a constant.

We introduce our algorithm in four steps.

Step1 When A; < 0 for every i € E, one can jump from here to Step 2 below
by setting () = A. Otherwise, let max;cgp A; > 0. Define

Q=A- (rineagiAi)I.

Then the sum of each row of @ is less or equal to zero and at least one of the
rows is less than zero since A; is not a constant. Now, if

Q=Q1=-=Qn-1=0

but Qn < 0 (Qk = Ej qkj), then one can jump from here to Step 3 with
hi =1.
Step 2 Assume that Qi < 0 for some k£ < N — 1. Denote by

h = (ho,h1,...,hn)"
with hg = 1 the solution to the equation
Q\N’s rowy _

where Q\Fs 1% ig obtained from @ removing its k’s row (qros qk1y - -+, QN )- In

the case that b
v+ D ‘INJ'(I_ hj)
. N
JEN-1
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is much smaller than
g
Z gNj hN
J<N-1
(say, 1 : 100 for instance), one can jump from here to (10) with z; = 1 (cf.
Example 21 in the case of by = 0.01).

Step 3 Let (h;: i € E) be constructed in the last step. Define ¢; = —g;;,
i€ E.Let x = (x0,21,...,xN)* (with g = 1) be the solution to the equation

x\O’s row __ P\O’s rowx’ (9)

where

. qijh; o
P=(pj:i,j€E): p;=0, py= """ j#i
qih;

or in the matrix form,
P = Diag((gihi)~")@Diag(hi) + 1.

Refer to the comments below Examples 21 and 22 for the constraint xy = 1.
Here, the sequence (z;) is an extension of (¢;) used in Section 3 (cf. Lemma 24

below).

Step 4 We are now ready to state our algorithm as follows. Define a (column)
vector vy with components

170(2) :hi\/xi, i:O,l,...,N. (10)

Let

Vo
vo= ., 2 =1v5(-Q)vo.
In general, for k > 1, let wi be the solution to the equation

(—Q — zp—1Dwy, = v,

and define
Wi

Vg = 2z = Ur(—Q)vy.
k Sty k= V(= Q)vy

Then z; and vy are approximations of the minimal eigenvalue A\g = Apin(—Q)
of —@Q and its eigenvector, respectively. If we replace —@Q by A everywhere
in this step, then the resulting z; and vy are approximations of p(A) and its
eigenvector g, respectively. Obviously, from Step 1, it follows that

Amin(—Q) + p(4) = max A;.

Hence,

Ao = Amin(—Q) > a <= p(4) < mabziAi - a.
1€
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This gives the relationship of a lower estimate of A\g and an upper estimate of
p(A).
Example 18 Let A be given in Example 10. Then

p(A) = 3+ V5 ~ 5.23607.
Our algorithm here gives us
z1 ~ 5.23883, zo ~ 5.23607.

Proof Since max; A; = 6, we have

-5 2 3
Q=A-61= 1 -4 1
3 2 =5
Next, we have
4 9
ho=1, h; = hoy =
0 P 1 77 2 77
and
T 1, =z 7 T 49
o=1, 1= g 2= g1

From these, we obtain

~ . 4 *
v = (1, hiy/x1, hoy/zo )" = (17 5y/7 1) .

Now, with B
v
w= 0, 2 =uviAvy ~ 511616,
V50
we can apply the Rayleigh quotient iteration in two steps to obtain the
conclusion. Il

Example 19 Let A be the same as in Example 14. Then p(A) =~ 36.2094. By
using (10),
vo = (0.348213, 0.244601, 0.389728, 0.816719)*,

the Rayleigh quotient iteration starts at zg ~ 34.4924 and gives us
21 = 36.1469, 22 =~ 36.2095, 23 ~ 36.2094.
Proof We have

—57 2 3 4
5 =52 7 8
9 10 —-47 12
13 14 15 —42

Q=A—58] =
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Next, we have

Furthermore, we have
189 7155 243
T=h T g0 2T gugg3t T 4901
Then the conclusion follows from the iteration. O

Example 20 Let A be the same as in Example 15. Then p(A) ~ 24.0293.
By using the algorithm in Section 4.2, the Rayleigh quotient iteration starts at
31 — 29 &~ 22.6424 and gives us for k=1,2,3,

31 — 2, ~ 24.1046, 24.0298, 24.0293,

respectively.

Proof We have

-30 2 0 0
3 —17 11 0

Q=A-3l= 9 10 —20 1
5 6 7 =23

Then, we have

9252 3291
hO == 17 hl == 15a h2 == 11 ) h3 == 11 5
1 3691 1694 7447
Trog — r1 = To = Ta = .
0= 5 LT es7sT 2T 450457 P T 3360111

vo = (0.140655, 0.463208, 0.61873, 0.61873).

The conclusion follows by the algorithm. U

It is interesting to compare this example with Examples 15 and 17.

Actually, to show that our algorithm is reasonable, one may ignore the
part using the H-transform and jump to the last step on -matrix since the
transform does not change the spectrum. Thus, one needs to compare the
maximal eigenvector g and its approximation (x;). As mentioned before, this
depends heavily on the rate by = cx. Here is an example of sparse matrix.

Example 21 Let
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Corresponding to different by, the maximal eigenvector g (normalized so that
the first component to be one) and its approximation (\/z;) (up to a positive
constant) are given in Table 6.

Table 6 For different by, vectors g and (\/z; ) (Example 21)

I g v/ up to a constant
0.01 (1, 1.00011, 1.00017, 0.999498, 0.998616)* (1, 1, 1, 0.999728, 0.999274)*
1 (17 1.00992, 1.0149, 0.955637, 0.877794)* (17 1, 1, 0.9759, 0.934353)*
100 (1, 1.08011, 1.1211, 0.656961, 0.0652116)* (1, 1, 1, 0.805682, 0.253629)*

The corresponding output of our algorithm is given in Table 7.

Table 7 For different by, eigenvalue A\g and z1, 23, z3 (Example 21)

by 21 29 23 = Ao
0.01 0.000278573 0.000278686

1 0.0236258 0.0245174 0.0245175
100 0.200058 0.182609 0.182819

Our original purpose to design the @-matrix in the last example is for a
test of sparse matrix. The solution zg = 1 = x2 = 1 leads us to think about
the transition machinery of the -matrix. Here is the graphic structure of the
Q-matrix:

Q505053050

As we will see at the end of Section 5, x; is the probability of the process
first hitting 0 starting from 4 (which is exactly the probabilistic meaning of the
construction of (x;) given in our general algorithm). Now, starting from 2, there
is only one way to go to 0, and hence x5 should be equal to 1. So does x1. From
this graph, it follows that the matrix is indeed tridiagonal after a relabeling
(simply exchange the labels ) and (0)):

05050503050

As a comparison, we present the next result using the algorithms given in
Sections 4 and 3, respectively.

Example 22 Let

55 0 0
3 -7 4 0
Q=0 2 -3 1
0 0 10 —16
0 0 0 11 —11—1by

Corresponding to different b4, the maximal eigenvector g and its approximation
(/i) are given in Table 8.
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Table 8 For different by, vectors g and (\/z; ) (Example 22)

ba g \/Z up to a constant

0.01 (1,0.999944, 0.999833, 0.999331, 0.998449)* (1,0.999819, 0.999682, 0.99941, 0.998956)*

1 (1,0.995096, 0.98532, 0.941608, 0.864908)" (1,0.984848,0.973329, 0.949871, 0.909433)*
100 (1,0.963436,0.89198, 0.585996, 0.0581675)* (1,0.91325, 0.842344, 0.678661, 0.213643)"

The corresponding output (zj) of the algorithm in Section 4 is given in Table
9.

Table 9 For different by, eigenvalue Ay and 21, 29, 23 (Example 22)

b4 Z1 z2 z3 = )\0
0.01 0.000278548 0.000278686

1 0.0234222 0.0245174 0.0245175
100 0.13342 0.182541 0.182819

The output (zj) of the algorithm in Section 3 is given in Table 10.

Table 10 For different by, eigenvalue Ao, its lower bound ;! and 21, 2o (Example 22)

b4 z0 = (5;1 zZ1 zZ2 = /\o
0.01 0.00027867 0.000278686

1 0.0244003 0.024519 0.0245175
100 0.179806 0.182912 0.182819
10° 0.191917 0.195239 0.195145

Once again, one sees the efficiency of our algorithm.

Comparing the last two examples, especially their g and /z;, it is obvious
that the latter is better than the former one. This suggests us to choose the
starting point 0 carefully. Here is an easier way to do so. First, define a sequence
{Ey} of level sets as follows. Let Ey = {N} and E; = {i € E: a;y > 0}. At the
kth step, set

Ek:{iEE\(E0+E1+---+Ek_1): 47 € Ej_1 such that aij>0}.

The procedure should be stopped at m if E,+1 = (. Because of the
irreducibility, each ¢ € FE should belong to one of the level sets. Finally,
regard one of i,, € E,, satisfying

Qi1 = min{aij: 1 € B, j € Em—l}

as our initial 0. However, for initial vy, in practice, it is not necessary to
relabeling the states as we did in Example 22. What we need is only replace
the constraint zp = 1 by x;,, = 1 (at the same time, “removing the first line”
is replaced by “removing the i,,’s line” in constructing the required matrix)
in solving (z;) without change the original matrix A or ). One may need the
relabeling in computing d; defined in Section 3.
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To conclude this subsection, we introduce a new construction of zy based
on vy defined by our general algorithm. It is an extension of zp = d; ! given in
Section 3. To do so, we use @, (h;), and (z;) defined at the beginning of this

subsection. Let @y be the matrix obtained from

Q := Diag(h;)~'QDiag(h;)

by modifying the last diagonal element gy n so that the sum of its last row

becomes zero (i.e., removing the killing cy). Next, let p = (uo, pi1, .-, un)
with pg = 1 be the solution to the equation

1Qo = 0.
Since there are only N variables p1, pa, - .., n, one may get the solution p from

the equation

@* \the last rowM* —=0.

Here, we remark that for a large class of Q-matrix (), there is an explicit
representation of p in terms of the non-diagonal elements of @, refer to
[3, Chapter 7]. Now, our new initial zy is defined to be 5;1:

\/a:nz,uk\/a:k—i— \/ . Z ij?/2:|. (11)

n+1<GEN

1

5y — {
1—x 0<n<N

In contrast to the above examples which use only the automatic zy = vjAuvg
(or zp = v5(—Q)vo), here we use (11). Remember that this initial z is for —Q),

when we go back to the original A, its initial becomes max;cp ZjeE ai; — 2o.
The outputs of Examples 18-20 using 6] L are listed in Table 11.
Table 11  Outputs of Examples 18-20 using d; !
Example 20 21 22 z3 = Ao
18 5.90016 5.22268 5.23611 5.23607
19 57.2719 36.236 36.2097 36.2094
20 30.3886 23.7436 24.0347 24.0293

Finally, we have an improved algorithm (for Q) as stated in Section 3 (below
Example 10) based on the use of L?(x) and the convex combination:

20 = 55;1 + (1 - 5)(,0(% _QUO)/M 5 € [0> 1]

The outputs of Examples 1820 using the new zy with & = 1/3 are listed in
Table 12.

Table 12 Outputs of Examples 18-20 using new zo with £ =1/3

Example 20 21 22 23 = Ao
18 5.04169 5.24358 5.23608 5.23607
19 35.4952 36.2657 36.2095 36.2094

20 24.0583 24.0213 24.0293
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This combination becomes more serious when N is large since in that case
(vo, =Quo) is often an upper bound of Ao, which may be much closer to other
Aj # Ao and so the algorithm would converge to A; but not Ag. Certainly,
the convex combination idea is also meaningful for the first two choices of zg
introduced in the first subsection.

5 Additional remarks and proofs

In this section, we first prove a new result related to our earlier study. Then
we present some proofs of the results given in the last two sections. Finally, we
will make some remarks on the results studied so far in the previous sections.

The next result solves an open question kept in our mind for many years.
For a given birth—death matrix Q on E with ¢g = ¢; = --- = ¢y—-1 = 0 and
by := cn > 0, and a positive function f on E, define

1N 1
H(f)(i):fizpb-zﬂkfk’ i€ k.
=i

779 k=0

Proposition 23  For Q and II given above, let fi (> 0 on E) be arbitrarily
given function and define successively fni1 = foll(fn). Then this algorithm
coincides with the inverse iteration given in Lemma 6 with z = 0, even for
infinite N. Furthermore, we have

Ao = Amin(—Q) = lim II(fn)(i)il

n—oo

for each i € E. In particular, we have

lim min 77(f,)(i) = Al — Jim max IT(f£,)(3).

n—oo i€k 0 n—oo i€k

Proof Consider the Poisson equation: —Q f = ¢ for a given g. The solution is
given by f = gIl(g) ([5, (2.7)-(2.9)]). It can be also written as f = (—Q) " !g.
By setting g = f1 and f = fs, it follows that

fo=(=Q)" fi = AII(f1).
Now, by iteration, we get
fo1=(=Q) " fi = full(fn), n=1
We have thus proved the first assertion. Therefore,

e (FQ)TM(f1) 1
() =" = Coymitn) ™ a0’
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by the last assertion of Lemma 6 with z = 0. The last assertion of the
proposition then follows since on a finite set, the pointwise convergence
implies the uniform one. O

We remark that the last proposition is meaningful once the Poisson
equation —@Q f = g is solvable. In parallel, Lemma 6 improves the approxi-
mating procedures studied in [5] and related publications.

Now, we turn to prove Proposition 9 and Corollary 12.

Proof of Proposition 9 (a) First, we follow the setup and notation in [9] (where
a more general situation is studied) for a moment. Define

N-1 ()
F.h;
My_1(h ]\];Z 7
k=0 ]OQJ]-H
nk 7=0)
Fh;
No(h) =Y 3"k 0<n<N

Then the solution given in [9, Proposition 2.6] can be rewritten as

N+ Myoa(f)

= 1—N,_1(c N, — N_1:=0, 0<n<N.
n CN+MN71(C-)[ n 1(6)]+ n 1(f)> 1 ) n

By an exchange of the order of the summations, we can rewrite M,, and N,, as
follows:

Here, for finite N, the element gy n41 is replaced by ¢y by our convention.
Thus, by [9, (1.1)], we get

By [6, Proposition 4.1], we have ﬁz(_?m = G%m It follows that

Mn_i(h —CNE NJN],
= OQ]]Jrl

Ny(h) = Z ZGM, 0<n<N.

= oq““k 0
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Applying this solution to the birth—-death context and setting f = —v, g = w,
replacing the original ¢. used in [9] by z — ¢., we obtain

—UN — MN_l('U)

n = z—cn+ My_1(z—c) (1= Nz —e)] = Nna(v), 0Sn<N
Equivalently,

= ey —Q}Ziﬂj\jjj\fvll((:)_ 2) [1+ No—i(e. =2)] = Np—a(v), 0<n<N.
This gives us the required conclusion. 0

Proof of Corollary 12 The proof is quite straightforward. Choose m large
enough such that
A=mlI+Q

is a nonnegative matrix. Then —@Q) = mI — A. Hence,

Mo(Q) = m — p(A).

The proof now is a direct application of the Collatz—Wielandt formula:

Azx); — O
m— IO(A) = m — inf max ( .%')Z = Supmin ( Qx)z’
w>0 i T z>0 ¢ X;
Azx); _ O
m — p(A) =m — sup min (Az)i — inf max ( Ql’)z‘ 0
>0 1 T >0 i T

It is now ready to make some additional remarks on the results in the
previous sections. The two algorithms as well as their convergence and the
Collatz—Wielandt formula can be found easily from Wikipedia. From which, one
knows that the Power Iteration was first appeared in 1929 [14] and the Inverse
Iteration appeared in 1944 [15]. These algorithms are taught for undergraduate
students on the course of computations and are included in many books, see
for instance [10,13,16]. In particular, Appendix of Section 3 is modified from
[10, pp. 584, 585].

We now say a few words about the unusual word “complete” used at the
end of the first section for the results obtained in Section 3. Actually, this is one
of the 16 situations with N < oo we have worked out so far to have a unified
estimation of the principal eigenvalue:

(40) 7P <57 < Ao < T <ot (12)

for some constants 4,01, and 7, where d; is the one we have used in Section
3 for the initial zy. Besides, we often have in practice that 1 < §1/0] < 2.
Thus, the efficiency of the initial (vg, zp) introduced in Section 3 comes with
no surprising. More precisely, the initial (vg, zg) is taken from the first step of
our approximating procedure: [5, Theorem 3.3 (1), (3.4)]. Example 1 here is a
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truncated one from [5, Example 3.6] where N = oo, \g = 1/4, and é; = 4 which
is sharp. Certainly, this is still not enough to claim that we can arrive at such
a precise approximation in the second iteration. The story on the estimation
of the principal eigenvalue, or more general on the estimation of the stability
speed is too long to talk here and so the author is planning to publish a survey
article [7]. For earlier progress, refer to [4] which includes a lot of information
up to 2004, or a more recent paper [5].

Next, we discuss the sequence (hg,hi,...,hyn) used in Sections 3 and 4.
The role of the sequence is to keep the same spectrum of the original ) and its
H-transform Q:

Q = Diag(h;) ' QDiag(hy). (13)

Certainly, () and Qv have the same diagonals. Next, define
P = (pij: i,j € E) := Diag(q; ") Q+1, (14)

which is the matrix used in Section 4. Note that even though the sequence (¢;)
in the original @) can be non-zero, the resulting ¢, = 0 for every k < N but
¢y > 0 for the matrix Q. For a given measure j, set 1 = h%u (i.e., fi; = h?u;
for each i € E), the transform f: f/h gives us an isometry between L?(u) and
L2(fi) and then an isospectrum of Q on L2(x) and Q on L%(fi). This technique is
due to [8]. See also [6]. Now, if g is an approximating eigenvector corresponding
to XO of @, then, g := hg is an approximating eigenvector corresponding to Ag
of @, due to the isospectral property of @ and (. Because

1912y = lgll2gs (95 @ﬁ)ﬁ = (9,Q9)

by [8], we have

(9.-Q9)5 _ (9.-Q9)u _ 5°(-Q)g 15)
191l 22 ) gl 22 () VIt

Here, we assume that u, = 1 for simplicity. This means that we can estimate the
maximal eigenpair (Mg, g) of @ in terms of the one (Xo, ﬁ) of @ More precisely,
the maximal eigenvalue g of @ is approximated by ¢ in the context of Section
3 (or by # = (2;) in Section 4). Now, in Section 3 for instance, v = hy/¢p
is an approximation of the maximal eigenvector g of Q. With vy = vg/ \/ U500,
equation (15) leads to our first approximation of Ag:

o (—Q)vo = 20.

Now, our task is to show that the sequence (x;) defined in Section 4 is an
extension of (¢;) given in Section 3. To this end, recall that the matrix @
defined by (13) is again a Q-matrix. Hence, the matrix P = (p;;: i,j € E)
defined by (14) is just the embedding chain of Q. Note that here p; = 0 for
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each i € E. By the construction of (h;), we have ZjeEpZ] = 1foreachi < N—1
but > . ppy; <1, refer to [8]. The equation for (z;) in (9) can be rewritten as

xn:Zpijxj, 1<n<N, z9=1. (16)

JjeEE
In probabilistic language, the solution (z;) (or the minimal solution (x}) when
N = ) to equation (16) is the probability of first hitting 0 of the Q-process
with @-matrix @ or its embedding sub-Markov chain with transition matrix

P = (p;j), starting from i. Refer to [3, Lemma 4.46].
We are now going to prove the following result.

Lemma 24 For birth-death matriz, the solution (x;) to equation (16)
coincides with (p;) (up to a constant) used in Section 3.

Before prove Lemma 24, let us discuss the relation of these sequence with
the recurrence of the Markov chain in the case of N = co. First, it is known by
[3, Theorem 4.55 (1) and the second line of p.161] that a birth—death process
is recurrent if and only if

o0

aiag - 1
b() = bQ = Q.
> b =
For simplicity, set
F(O) a1az - - - an n>1

n biby---b,

The sequence {FT(LO)}n>1 is a very special case of {E(L] )}n>1 used in the proof
of Proposition 9. Refer to [9] and [3, §4.5] for more details. Note that () is

just the tail series of > > ( ) provided N = oco. On the other hand, by [3,
Lemma 4.46|, the process 1S recurrent if and only if the minimal solutlon (xF)
to the equation (16),

an

€T ==
" an + by,

Tn+1 + Tn-1, nz 17 Zo = 17

n
an + by,
is equal to one identically. Rewrite the equation as

Qn

(Tp—1 —xn), n=1
br,

Tn — Tnt1 =
By induction, it follows that
Ty — Tptl = F}LO) (xo —x1), n=1.

Hence,

WV
—_

N
ﬂfn—ﬂfNH:(io—xl)ZF;go), v - = (w0 —21) Y F, n
k=n k=1
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Equivalently,

N
Ty — TN41 :(aﬁo—xl)ZFlgO), xo — Tp = (ko — 21) Féo), n >0,
k=n k=0

since FO(O) = 1 by convention. If > 77 Féo) = 00, then from the second equation,
we must have 27 = 1 (since zp = 1) and then have the unique solution z; =

1. Therefore, the minimal solution x7 = 1 and so the process is recurrent.

Conversely, if Y 77 Féo) < 00, then from the first equation above, we obtain

Lo — Too
'IO - xl = 0 )
S F
and then .
_ 20~ Too (0)
Ty — Too = OZFk , n=0.
Z;io F]( ) k=n
Equivalently,

P/ D o §
= e o) TTo e L 0)
> o0 F; > 20 F;

Clearly, for each given z, € [0, 1], using this formula, we obtain a solution (z,,)
to the equation. Thus, the minimal solution should be as follows:

n > 0.

n

) (0)

o p(0)’
> =0 L

*
n

)

which is clearly less than one for n > 1 since E;’io Fj(o < 00.

Proof of Lemma 24  For finite state {0, 1, ..., N}, since there is a killing by > 0,
the minimal solution is as follows:

S, B
Z;V:O Fj(O)

In other words, up to a constant, we have

n=20,1,...,N.

N

_ o_ 1 .

@n—;Fk _1—3;“{%” n=20,1,...,N.
=n

That is what we required. O

Finally, we remark that the story for one-dimensional diffusions should be in
parallel to Section 3. The algorithm presented in Section 4 may not be complete
since the lack of an analog of (12).
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Summary

This paper deals with the efficient initials for the Rayleigh quotient iteration.
Here are suggestions for the use of the results in the previous sections of the
paper on computing the maximal eigenpair.

(i) If the iterations are easy (small size of A, for instance), one simply
adopts the simplest algorithm: Section 4.1 with Choice I, or more effectively,
with the convex combination of Choice I and Choice II:

20 = {meaExAi + (1 = &YvyAvy, £ €]0,1].

More especially, £ = 7/8 for instance. Certainly, one may use Choice III for z.

(ii) If the given matrix is nearly tridiagonal (after a suitable relabeling if
necessary) or the Lanczos tridiagonalization procedure is suitable, one use the
method introduced in Section 3. The computation there is rather explicit and
it works even for N = co.

(iii) In general, one uses the algorithm given in Section 4.2. Note that at
each step of the Rayleigh quotient iteration, one has to solve a linear equation.
Here, for the initials, we have to solve two more linear equations.

6 Next to maximal eigenpair

After an earlier version of the paper containing the first five sections was
submitted, the author found a natural way to study the next to the maximal
eigenpair. In this section, we restrict ourselves to the easier case that A; :=
>_jer @ij is a constant. Then the maximal eigenpair is simply (Ao, 1) (where 1
is the constant function having value 1 everywhere), as mentioned before. By
a shift if necessary, we return to the problem for a QQ-matrix which is especially
valuable since its next eigenvalue describes the ergodic rate of the corresponding
Markov chain. In this setup, the minimal eigenpair (Ao = 0, go = 1) of —Q is
known and we are looking for the next eigenpair (A1, ¢g1). Clearly, g; should be
orthogonal to go in L?(7)-sense for the stationary distribution 7 of the process
corresponding to the given matrix ). This is the reason why we often use v — v
in what follows for constructing a mimic of the eigenvector g;. Besides, we need
the assumption that A\; > |\;| for every j > 1 to guarantee the convergence of
our algorithms.

Once again, let us begin our study with a tridiagonal conservative Q-matrix

—bg bo 0 0
ai —(a1 + bl) b1 0
Q= 0 as —(ag + bg) by ,

where a;,b; > 0. Define (ur: k € E) as in Section 3. Then we have the
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probability distribution © = (mg, 71,...,7TN): Tk = pg/ ZjeE j. Again, denote
by (+,-), and || - ||, the inner product and norm in L?(u), respectively. Next,
set

To define our initial vg, let

170:(\/@07 \/@17 R \/QON)*, 'U():f'l}/()—ﬂ'f'l}/().

We can now introduce our algorithm in the present situation as follows. Choose
initials ( 0%)
Vo Vo, — Vo
vy = s 20 = k 9 K . (17)
l[voll l[vollZ

At the kth step (k > 1), let wy be the solution to the equation

(—Q — zp—1)wy, = V1

and set wy
vp = oz = (U, —Qui) -
llwg |,

We remark that here in defining vy, (k > 1), we do not need to use wy — 7wy
The reason is as follows. If mv = 0 and w solves the equation

(—Q - 2w =0
for some constant z # 0, then
0=mv=m(—Q — 2)w = —zmw,

and so mw = 0. Therefore, we have ww, = 0 for each k£ > 1 since so does the
initial vg: vy = 0.
Instead of zp given in (17), there is another choice. Define

= ma. v
Uil Ogigj\)f(fl MZb [Uo(’b + 1 — 'U(] ]Zz;rl & 0

Then one may choose
20 =" (18)

as an initial.

Here, the initials vy and 2y are taken from [2, Theorem 2.2(1)] or
[4, Theorem 1.5 (2)]. Certainly, we can adopt the convex combination of those
given in (17) and (18):

20 = &ny (1= €)(vo, —QTo)ullvol 2, € €[0,1]. (19)
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We now consider an example modified from Example 1.
Example 25 Let £ ={0,1,...,7} and

-11 0 0 0O 0 0 0
1 =5 22 0 0 0 0 O
0 22 -13 33 0 0 0 0
0 0o 3 -25 42 0 0 0
Q= 0 0 0 42 —41 5> 0 0
0 0 0 0 5 —61 62 0
o 0 0 0 0 62 -8 T2
o o 0o O 0 o0 7T =7

Then we have i = 1, A1(Q) ~ 0.820539 with eigenvector

~ (—3.95053, —0.708966, 0.246859, 0.649164, 0.842169, 0.93805, 0.983254, 1)*.
Starting from wvg:

(—4.79299, —0.0815238, 0.474589, 0.70372, 0.828504, 0.906932, 0.960767, 1)*,
for different initial zg, the outputs are given in Table 13.

Table 13 Outputs for different initial zy (Example 25)

choice 20 21 z2 = A1
(17) 0.902633 0.820614 0.820539
(18) 0.456343 0.8216 0.820539
(19) 0.724117 0.820629 0.820539

We remark that for this and the next example, the parameter £ in (19) is
specified to be 2/5.

The next example has non-trivial (py).
Example 26 Let

-5 5 0 0 0

3 —7 4 0 0

o=10 2 =3 1 o0

0O 0 10 —16 6

O 0 0 11 -11

Then

IR 10 1 2
Mo = 1, :U’1_3a M2_3a :U’3_3a :U’4—11

The eigenvalues of —Q are as follows:
22.348, 10.6857, 5.92951, 3.03673, O.
With

g =

1
o (0,2,V7,v/13,v23)

for different initial zg, the outputs are given in Table 14.
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Table 14 Outputs for different initial zy (Example 26)

choice 20 21 22 =M\
(17) 3.84977 3.05196 3.03673
(18) 1.72924 3.05715 3.03673
(19) 3.00156 3.03675 3.03673
Next, consider the general conservative Q-matrices Q@ = (g;5: 4,5 € E).

Here, the conservativity means that > jepdij =0 for every i € E. Next, define
an auxiliary @-matrix ()1 which coincides with @ except replacing the element
qNN by cgnn, where ¢ > 1 is an arbitrary constant and is fixed to be 1000 in
what follows for simplicity.

Following Section 4 (replacing @ by @Q1), let (xg,x1,...,xN) (with zo = 1)
be the solution to the equation

x\O’s Tow _ P\O’s row z, (20)
where
P =Diag(qy ", "y dy 1 v_ (cavn) Q1+ T

To go further, we need pu = (ug, i1, - .., un) with pg = 1, which is the same as
defined in Section 4: the solution to the equation

Q* \the last rowM* —0.

Having x and p at hand, we are ready to define our initials. For each r € [0, 1],
to be specified later, define

_ . - 00
’U(]:(T,\/l—1'1,\/1—1'2,...,\/1—1'1\]), Vo = Vo — ]Il\j; 5
Zk:() M
_ (21)
g ~ (vo, —Quo)u
Vo = ) 20 = 2
[voll [voll%

Because vy depends on r, so do vg, vo, and zg =: 2zo(r). Choose ¢ € [0, 1] so
that

2o(ro) =~ Tér[gl} 2o(r).
Corresponding to this specified rg, we obtain our initials vy and zg. This
minimizing procedure in r is necessary for avoiding collapse since we are in
a more sensitive situation than before. Then the iteration procedure is exactly
the same as we used several times before.

The reason we adopt a large ¢ = 1000 here is that for a larger c¢, its
minimal eigenvalue A\g(Q1) is closer to, but less than, the eigenvalue A\;(Q)
we are interested. Refer to [1, Proposition 3.2] for more details. Thus, one may
regard the former as an approximation of the latter. In other words, we can
use an alternative initial

20 = Ao(Q1) or its estimates studied in previous sections. (22)
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Certainly, one can define a convex combination of those given in (21) and (22)
in an obvious way, but it is omitted here. The use of \o(Q)1) seems necessary
(especially for large N) to avoid some pitfall, as mentioned before.

The next example is interesting for which some of its eigenvalues are complex
but the one we are interested is real.

Example 27 Let

-30 30 0 0

o1y -17 84/5 0
@= 11/28  275/42  —20 1097/84
55/3291 330/1097 588/1097 —2809/3291
Then

-30 30 0 0
o1y —17 84/5 0

@ = 11/28  275/42 —20 1097/84

55/3291 330/1097 588/1097 —2809000/3291

The eigenvalues of —Q and —Q) are
29.8411 + 2.452141, 29.8411 — 2.452141i, 8.17131, O,
and
853.548, 29.8249 1 2.46241i, 29.8249 — 2.46241i, 7.34195,

respectively. Using (21) with rg &~ 0.951, the output is

20 A~ TT3667, 21~ 8.15021, 2o~ 8.17120, 23 A 8.17131.
While using (22), the output is

20~ T.34195, 2 ~ 8.13216, 2o ~ 817124, 23 ~ 8.17131.

Here is one more example.

Example 28 Let

—57 118/27 91/9 1148/27
| 135/59  —52  637/59 2296/59
@= 243791 590/91 —47 492/13
351/287 118/41 195/41 —62/7

Then
—57 118/27 91/9  1148/27

O, — | 135/59 =52 637/59 2296/59
= | 243/91 590/91 —47  492/13
351/287 118/41 195/41 —62000/7
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The eigenvalues of —@Q and —Q are
59.3118, 58, 47.5454, O,

and
8857.18, 59.2467, 58, 38.7143,

respectively. Using (21) with 7o ~ 0.953, the output is
2o A= 47.5318, 21 &=~ 47.5453, 29 & 47.5454.
While using (22), the output is

20 /= 38.7143, 21 = 47.5343, 29 = 47.5453, 23~ 47.5454.
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