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Abstract For a cubic algebraic extension K of @, the behavior of the ideal
counting function is considered in this paper. More precisely, let ax(n) be the
number of integral ideals of the field K with norm n, we prove an asymptotic
formula for the sum zn%+n%<$ ax(n? +n3).
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1 Introduction

Many deep arithmetic properties of a number field are embedded into the
associated Dedekind zeta function. Let K be an algebraic extension of Q with
degree d. Its associated Dedekind zeta function is defined by

Cr(s) = Z‘ﬂ(a)*s, Res > 1,

where the sum runs over all integral ideals in Ok, and 9(a) is the norm of the
integral ideal a. Since the norm of an integral ideal is a positive rational integer,
the Dedekind zeta function can be rewritten as an ordinary Dirichlet series

(k(s) = ax(n)n™*, Res> 1, (1)
n=1

where ag (n) is the so-called ideal counting function, which counts the number
of integral ideals a with norm n in K.

It is known that the ideal counting function ax(n) is a multiplicative
function, and it has the upper bound

arx(n) < Td(’I’L),
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where 7(n) is the divisor function, see [1]. However, in many applications, the
upper bound is not enough and it is more interesting to study the asymptotic
behavior of the ideal counting function in various sequences. Landau [12] proved
the following asymptotic formula:

Z ag(n) = cx + O(a:ilhs)
n<r

for arbitrary algebraic number field of degree d > 2. Many authors have studied
this problem and for general algebraic number field of degree d > 3, the best
result hitherto is due to Nowak [16]. Recently, for the Galois extension over
Q, by using the decomposition of prime p in Ok and the analytic properties of
L-functions, Lii and Wang [14] considered the average behavior of moments of
the ideal counting function

ZalK(n), 1=1,2,...,
n<e

and gave a sharper estimate for [ = 1 in the Galois extension over QQ, while
later Lii and Yang [15] gave an asymptotic formula for the sum

ZalK(n2), 1=1,2,...,
n<r

in the Galois extension over Q.

It is more difficult to study the ideal counting function for a non-normal
extension K of Q. However, by applying the so-called strong Artin conjecture,
Fomenko [4] studied the sum

ZalK(n), l=2,3,
n<e

when K is a non-normal cubic field extension. Later, Lii [13] improved the
error term.
In this paper, we will be interested in the estimation of the following sum:

Y. ax(ni+nj), (2)
n%+n%<:p

where K is the cubic algebraic extension of Q.
Let r(n) be the number of representation of an integer n as sums of two
square integers. i.e.,

r(n) =#{n € Z|n=n?+n3}.

Then, we can rewrite formula (2) as

Y ak(i+n3) =D axn) D> 1= ag(n)r(n). (3)

n?+n<z n<e n=n?+n2 n<x
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It is known that r(n) is the ideal counting function of the Gaussian number

field Q(v/—1) and we have

r(n) =4y X'(d).
dln

where X’ is the real primitive Dirichlet character modulo 4.
In general, for a quadratic number field L with discriminant D', the ideal
counting function of the field L is

ar(n) =Y _X'(d),
din

where X’ is a real primitive Dirichlet character modulo |D’|. It is an interesting
question to consider the sum

ZaK(n)aL(n).

n<r

Fomenko [3] considered this convolution sum when both K and L are quadratic
fields. In this paper, we shall discuss a more general case. Assume that ¢ > 1
is an integer and x is a primitive character modulo ¢. Define the function

Feln) =Y x(k).

k|n

Then we have the following results.

Theorem 1 Let K be a cubic normal extension of Q, let ¢ = 1 be an integer,
and let x be a primitive Dirichlet character modulo q. Then we have

3" ak(n)fy(n) = zPi(log ) + Oz 2*%), (4)

n<r

where Py(t) is a polynomial in t with degree 3, and € > 0 is an arbitrarily small
constant.

Theorem 2 Let K be a cubic non-normal extension of Q, let ¢ > 1 be an
integer, and let x be a primitive Dirichlet character modulo q. Then we have

Z arg(n)fy(n) = zPs(logx) + O(ngrg), (5)

n<e

where P5(t) is a polynomial in t with degree 2, and € > 0 is an arbitrarily small
constant.

According to the theorems above, we obtain the following corollaries.
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Corollary 1 Let K be a cubic normal extension of Q, and let r(n) be the
number of representation of an integer n as sums of two square integers. Then
we have

Z ax(n)r(n) = 2Py(log ) + O(x127%),

n<x

where Py(t) is a polynomial in t with degree 3, and € > 0 is an arbitrarily small
constant.

Corollary 2 Let K be a cubic non-normal extension of Q, and let r(n) be the
number of representation of an integer n as sums of two square integers. Then
we have

Z CLK(TL)T(’I’L) = I'P3(10g l’) + O($g+e)’

n<r

where P3(t) is a polynomial in t with degree 2, and € > 0 is an arbitrarily small
constant.

2 Preliminaries

Let K be a cubic algebraic extension of Q, and let D = df? (d squarefree) its
discriminant. The Dedekind zeta function of K is given in (1). It has the Euler

product
H a ar (p?

We will give some results about Dedekind zeta function of cubic field K in the

following.

Lemma 1 K is a normal extension if and only if D = f2. In this case,

Ck(s) = C(s)L(s, p) L(s, ¢),

where ((s) is the Riemann zeta function and L(s,y) is an ordinary Dirichlet
series (over Q) corresponding to a primitive character ¢ modulo f.

Proof See the lemma in [17]. O

By using Lemma 1, the Euler product of Riemann zeta function ((s), and
the Dirichlet L-functions, we have the following result.

Lemma 2 Assume that ax(n) is the ideal counting function of the cubic
normal extension K over Q. Then we get

a(n) =Y p(@)e(y),

zyln

where x and y are integers. In particular, when n = p is a prime, we get

ax(p) =1+ ¢(@) + @), (7)
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where ¢ is a primitive character modulo f.

Assume that K is a non-normal cubic extension over QQ, which is given by
an irreducible polynomial

f(z)=2® 4+ az® + bz +c.

Let E denote the normal closure of K that is normal over Q with degree 6,
and denoted the Galois group Gal(E/Q) = Ss. First, we will introduce some
properties about Ss (see [5, pp. 226, 227] for detailed arguments).

The elements of S5 fall into three conjugacy classes:

Cy: (1);

C2: (1,2,3), (3,2,1);

Cs: (1,2), (2,3), (1,3),
with the following three simple characters: the one dimensional characters
11 (the principal character) and v, (the other character determined by the
subgroup Cy U C3), and the two dimensional character 3.

Let D be the discriminant of f(z) = 23 + a2 + br + ¢ and Ky = Q(v/D).
The fields K5 and K are the intermediate extensions fixed under the subgroups
As and {(1), (1,2)}, respectively. The extensions K2/Q, E/Ks, and E/K are
abelian. The Dedekind zeta function satisfy the relations

Ce(s) = L¢1L¢2Li3’ (Ko (8) = Loy, Ly, (K (s) = Loy, Ly, C(s) = Loy,

where
L¢2 :L(va%E/Q)a ng :L(va?nE/Q)a

which are Artin L-functions.

Kim [11] proved that the strong Artin conjecture holds true for the group Ss.
By using the strong Artin conjecture, the function L, also can be interpreted
in another way [2]. Let p: S3 — GL2(C) be the irreducible two-dimensional

representation. Then p gives rise to a cuspidal representation 7 of GL2(Ag).
Let

L(s,m) = Z M(n)n=%.
n=1

Below, we assume that p is odd, i.e. D < 0. Then L(s,7) = L(s, f), where f
is a holomorphic cusp form of weight 1 with respect to the congruence group
Lo(|D]):

J(2) = 3" M(n)emine.
n=1

Here, as usual, L(s,7) denotes the L-function of the representation m, and
L(s, f) denotes the Hecke L-function of cusp form f. Thus Ly, = L(s, f) and

Ck(s) = C(s)L(s, f)- (8)
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Formula (8) implies the following result.
Lemma 3 The symbols are defined as above. We have
ag(n) = ZM(d)
din

In particular,
where p is a prime integer.

To prove the theorems, we also need some well-known estimates of the
relative L-functions. For subconvexity bounds, we have the following well-
known estimates.

Lemma 4 For any € > 0, we have
Clo +it) < (14 Jt])s 1=t (9)

uniformly for 1/2 < o <1 and |t| > 1.
Proof See [18, Theorem II 3.6]. O
For the Dirichlet L-series, by using the Phragmen-Lindel6f principle for a

strip [9] and the estimates given by Heath-Brown [7], we have the similar results:

L(o +it,x) <= (1 + [t])s 1-o)te (10)

uniformly for 1/2 < o < 1 and [t| > 1, where x is a Dirichlet character modulo
q, and ¢ is an integer.

For the mean values of the relative L-functions on the critical line, we have
the following result.

Lemma 5 For any € > 0, let L(s) be the Riemann zeta function ((s), or the
Dirichlet L-function L(s;x,q) with respect to the Dirichlet character x modulo
a fixred g > 1. Then we have

/IT‘LG +it)‘A <. T (11)

uniformly for T > 1, where A = 2, 4.
For Hecke L-functions defined in (8), we have the following result.

Lemma 6 For any € > 0, we have

/lT ‘L(; +it, f)‘zdtrv CTlogT, (12)

T 1 6
/ ‘L(2 +it,f)‘ dt < T2+, (13)
1
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uniformly for T > 1, and the subconvexity bound
Lo +it, f) <t o (1+ |t|)max{§ (1-0), 0}+¢

uniformly for 1/2 < o < 2 and |t| > 1.

Proof The first and third results due to Good [6], and the second was proved
by Jutila [10]. O

By using Lemma 6 and Hoélder’s inequality, we have
T 1 ) 4
/1 ‘L<2 +1t,f>‘ dt
T 1/2 T 1/2
1 . 2 1 6
< </1 ‘L<2+1t,f)‘ dt> </1 ‘L<2—|—1t,f>‘ dt)

< T3P (14)

For the mean values of the Riemann zeta function in the critical strip 1/2 <
o < 1, define m(o) (> 4) as the supremum of all numbers m (> 4) such that

T
/ IC(o +it)|™dt < TV, Ve >0. (15)
1
Ivi¢ [8] proved that for 1/2 < o < 5/8,
4
mo)Z gy,
Let 0 = 7/12. Then we can get
T 7 6 L
/ ‘C(lz—i—it)‘ dt < T, Ve >0, (16)
1

Similarly, as the proof of the mean values of Riemann zeta function, for
Dirichlet L-function L(s; X, q) with respect to the Dirichlet character x modulo
a fixed ¢ > 1, we have

T 7 6 L
/ ‘L(lz—l—it;x,q)‘ dt < T, (17)
1

3 Proofs of theorems

Assume that K is a cubic extension of Q. The Dedekind zeta function of K is
given in (1). Its Euler product is (6) with Res > 1.
Let ¢ be an integer, and let y be a primitive Dirichlet character modulo q.

Define the function
Fien) =" x(k). (18)
k|n
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It is easy to check that
fx(mn) = fy(m)fy(n),  (m,n) =1

Since ax(n) < nf, so does ax(n)fy(n). We can define an L-function
associated to the function ax (n)fy(n) in the half-plane Res > 1,

Ly (s) = Z ag(n)fy(n)n™%, (19)
n=1

which is absolutely convergent in this region. Both ax(n) and f,(n) are
multiplicative, so for Res > 1, the function L f (s) can be expressed by the
Euler product

Ly (s)=]] (1 + aK(p;;fX(p) + ar (%) 1 (P?) +- )

2s
» p

where the product runs over all primes.

Proof of Theorem 1 When K is a cubic normal extension, according to (7)
and (18), we get the formula

ax(p)fx(P) =1+ ¢(p) + o) + x(») + ©@)x(@) + ¢(p)x(p) =: A(p), (20)

where p is a prime.
For Res > 1, we can write

M 1, (s) == C(s)L(s,0)L(s,0)L(s,X)L(s, 0 x x)L(s, ¢ x X)

as an Euler product of the form

H<1+A(p)+A(p2)+...),

S 2s
p p p

where the functions L(s,¢ X x) and L(s,¢ x x) are the Rankin-Selberg
convolution L-function of the Dirichlet L-functions L(s,¢) and L(s,¢) with
the Dirichlet L-functions L(s, x), respectively.

By comparing it with the Euler product of Lk y (s), and using (20), we
obtain

LK,fX(S) = MK,fX(S) . Ul(s), (21)

where Uj (s) denotes a Dirichlet series, which is absolutely convergent for Re s >
1/2, and uniformly convergent for Re s > ; +¢. Therefore, the function Ly f, (s)
admits an analytic continuation into the half-plane o > 1/2, having as its only
singularity a pole of order 4 at s = 1.

By using the well-known inversion formula for Dirichlet series, we obtain

1+e

1 b-+iT 75 T
ZCLK(n)fX(n) = 27Ti/b . LK,fX(s) . ds—i—O( T ),
n<x !
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where b=14¢ and 1 <T < z is a parameter to be Chosen later.
Shifting the path of 1ntegrat10n to the line o = 2 + &. By using Cauchy’s
residue theorem, we have

1 AT b+HT fp+e=iT x®
arx(n)fy(n) = {/ ~|—/ +/ }LK, (s) ds
Z (n)fx(n) 2mi L J 7 qemi LeHT  Jo—iT P

n<e 1 1
s xl—}—a
+Res Lic(s) +O( T )
.’L‘1+€
=: Il—i—Ig—i-Ig—i—xP4(logx)+O< T ), (22)

where Py(t) is a polynomial in ¢ with degree 3.

Using the lemmas in Section 2 about the bound for the Dirichlet series, we
will estimate I;, i = 1,2, 3, in the following.

For I, we have

T
7
Il < x172+8—|—$172+5/ ‘MvaX<12 —|—€+it)’t_ldt, (23)
1
where we have used that Uy (s) is absolutely convergent in the region Re s > ;—1—6

and behaves as O(1) there.
By Holder’s inequality, (16), and (17), we have

T
7
/ [Mic (Jy +e+ i)t <logT sup 77 (TP < Te (24)
1 1<y <T
Now, we can deduce that
I} < g127e 4 giateTe, (25)

For I and I3, we have

I+ I3 < sup $0T71|MK7fX(J+iT)|

172 +eLo<l+e
< sup 2T I GHstata+sty)(1-o)+e
hte<o<l+e
1+e
< xT FpterTete, (26)
From (22), (25), and (26), we have
xl—}—a
ZCLK n) = xzPy(log x) +O(x12+5T5) —i—O( T ) (27)
n<x
Taking T' = giot in (27), we have

ZaK n) = zPy(log x) +O(a;12+5)

n<r
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We complete the proof of Theorem 1. O

Proof of Theorem 2 Now, assume that K is a cubic non-normal extension over
Q. According to Lemma 3 and (18), we have

ax(p)fx(p) =1+ x(p) + M(p) + x(p) M (p), (28)

where p is a prime.
By virtue of (28), we have the relation

Ly (s) = ((s)L(s,x)L(s, f)L(s, f x x) - Ua(s),

where L(s, f x x) is the Rankin-Selberg convolution L-function of L(s, f) and
L(s, x), and Us(s) denotes a Dirichlet series, which is absolutely convergent for
o > 1/2. Therefore, the function L  (s) admits an analytic continuation into
the half-plane o > 1/2, having as its only singularity a pole of order 3 at s = 1,
because L(s, f x x) has no poles at s = 1.

Similarly, as the proof of Theorem 1, by using Perron’s formula, we have

1+e

S ax(n) fy(n) = 1,/bb+iTLK,fx(S)zs ds+0(". ).

2mi .
n<z —iT

where b=1+¢ and 1 < T < z is a parameter to be chosen later.
Then we move the integration to the segment parallel with Res = % +e.
By Cauchy’s residue theorem, we have

1 5 +eHT b+iT 5 +e—iT e
> ag(n)fy(n) = %{/ +/ +/b }LK,fX(s) L ds
2

n<z Lpe—iT yFeHT —iT

$s xl—}—a
+Res Lic s, (), +0(" )

lere
— J1+J2+J3+3:P3(logx)+0< ’ ) (29)

where P;(t) is a polynomial in ¢ with degree 2.
Let

1 .
31/2: 2+€+1t

Then we have

T
1 1
Jp < x2 e 4 x2+8/1 C(s12) L(s12, X)L (812, f) L5179, f x X)[t~dt

< Jfé-i_g + .’L‘é+8 logT . Tl_lHl(T1)1/4H2(Tl)1/4H3(T1)1/4H4(T1)1/4, (30)
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where
2T, 1 4
Hl(Tl)—/ g( +5+it)‘ dt,

Ty 2
2T, 1 4

Hy(T?) :/ L( ~|—s~|—it,x)‘ dt,

Ty 2

2Ty 1 4

Hy(Th) :/ L( +5+it,f)‘ d,

T 2
2Ty 1 4
H4(T1)—/ L( +5+it,f><x)‘ dt.
T 2
By using (14), it is easily to get

3 3

Hy(Ty) < T2 5, Hy(Ty) < T .

So that we have ) ) )
Jy L x2€ g2 teTatE, (31)
For J; and J3, let s, = o0 +iT. Then we have

Jo+ J3 K sup
yte<o<l+e

27T YC(56) L(Sgs X)L (S, f)L(Sqs f X X))

< sup 2T A5 +5+3+3)(1—0)+e

;+s<o<1+e
xlte 1
< +z27CTE. (32)
T
From (29), (31), and (32), we have
1 rlte
Y ak(n)fy(n) = wPs(logx) + O(x>T=Ta7) +0( T )- (33)
n<e
Taking T' = 237 in (33), we have
ZCLK(n)fX(n) = zP;(log x) +O(x§+5). O
n<e
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