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Abstract This paper is concerned with the smoothness (in the sense of Meyer-
Watanabe) of the local times of Gaussian random fields. Sufficient and
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1 Introduction

In recent years, Malliavin calculus has been shown to be very useful in stochastic
analysis of Gaussian processes (cf. [21]). In particular, many authors have
studied the chaos expansion and smoothness in the sense of Meyer-Watanabe of
local times and intersection local times of Brownian motion, fractional
Brownian motion and related self-similar Gaussian processes. See [4,9,11-14,
16-18,22,24,25,34,35]. However, there have been only a few results on
smoothness of local times of Gaussian random fields due to their more
complicated dependence structures. We refer to [15,17] for the case of Brownian
sheet and to [7,8] for results on fractional Brownian sheets.
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The main purpose of this paper is to study the smoothness in the sense of
Meyer-Watanabe of the local times of a large class of Gaussian random fields,
including fractional Brownian sheets and solutions of stochastic heat equations
driven by space-time Gaussian noise. More specifically, let X = {X(¢), t € RV}
be a Gaussian random field with values in R? defined on a probability space
(Q, 7,P) by

X(t) = (X1(t), Xa(t),...,Xq(t)), VteRN. (1.1)

We will call X an (NV,d)-Gaussian random field. We assume that the
coordinate fields X7, Xs,..., Xy are independent copies of a real-valued,
centered Gaussian random field Xo = {Xo(t),t € RN} with continuous
covariance function

R(s,t) = E[Xo(s)Xo (1))

Hy, Hy,...,Hy) € (0,1)" be a fixed vector. For a,b € R with
,2,...,N), let

Let H =

(
a; <bj (=1

be the compact interval (or a rectangle). For simplicity, we will take I = [0, 1]V
throughout this paper. We further assume that Xo = {Xo(t), t € RV} satisfies
the following conditions:

(C1) there exists a positive and finite constant ¢; such that
N
E[(Xo(s) = Xo(t))’] <1 |s; —t;[*5, Vs,tel; (1.2)
(C2) there exists a constant co > 0 such that for all s,t € I,

N
Var(Xo(t) | Xo(s)) = ez Y min{|s; — ;" [t; 25}, (1.3)
j=1

where Var(X(t) | Xo(s)) denotes the conditional variance of Xo(t) given Xo(s).

The class of Gaussian random fields that satisfy conditions (C1) and (C2)
is large. When N = 1, it includes fractional Brownian motion, bi-fractional
Brownian motion and related Gaussian processes. For N > 2, this class contains
fractional Brownian sheets (cf. [2,29] for verification), solutions to stochastic
heat equation driven by space-time Gaussian noises [6,20,26,28] and many more
(cf. [32]).

The purpose of this paper is to study the existence and smoothness (in
the sense of Meyer-Watanabe) of the local times and the self-intersection local
times of Gaussian random fields that satisfy conditions (C1), (C2), and/or (C3)
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below. Our main results in Sections 2 and 3 unify and extend the previous
results in the references mentioned at the beginning of this section. We should
also mention that Holder regularities of local times and their applications to
sample path properties of Gaussian random fields have been studied by several
authors, including [1,2,3,5,10,23,29-33].

The rest of this paper is organized as follows. In Section 2, we provide a
sufficient and necessary condition for the existence, and a sufficient condition
for the smoothness (in the sense of Meyer-Watanabe) of the local time at any
level z € R? for a large class of Gaussian random fields. We also prove that
this condition for the smoothness is also necessary for the local times at z = 0.
We then apply the conditions to prove the existence and smoothness results for
the collision local times and the intersection local times for two independent
anisotropic Gaussian random fields.

Section 3 is concerned with self-intersection local times. We establish a
sufficient and necessary condition for the existence and smoothness of self-
intersection local times on two disjoint intervals. More interestingly, we also
consider the analogous problems on two intersecting intervals. We will see that
the results in the intersecting cases are different from and more difficult than
those in the disjoint case.

Throughout this paper, we will use ¢ to denote unspecified positive finite
constants which may be different in each appearance. More specific constants
are numbered as c1,co, . ...

2 Existence and smoothness of local times

This section is concerned with the existence and smoothness of the local times
of a Gaussian random field X in the sense of Meyer-Watanabe. We start
by recalling the definition of chaos expansion, which is an orthogonal
decomposition of L?(£2,P). We refer to [11,19,21,22] and references therein for
more information.

Let  be the space of continuous R?%valued functions w on I. Then € is a
Banach space with respect to the sup norm. Let .# be the Borel o-algebra on
Q. Let P be a probability measure on (£2,.%), and let E denote the expectation
on this probability space. Denote by L%(£2,P) the space of all real (or complex)
valued functional on Q such that

E(F?) = /Q |F (@)?P(dw) < +oo.
Let

Y = {(Yi(t),Yé(t), cee aYd(t))’ te I}

be an (N, d)-Gaussian random field, where Y7,Y5,...,Y; are d independent
copies of some centered, real-valued Gaussian random field Y; on I. Let py, (y1, y2,
.., Yx) be a polynomial of degree n of k variables y1,yo,...,yr. Then, for any
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tht? .tk e Tand iy, g, .. i € {1,2,...,d}, pu(Yi, (1Y), Vi, (£2), .., Y5, (t5))
is called a polynomial functional of Y. Let &2,, be the completion with respect
to the L?(2,P) norm of the set of all polynomials of degree less than or equal
to n. Then &, is a subspace of L?(Q,P). Let %, be the orthogonal complement
of 2, 1 in &,. Then L?(Q,P) is the direct sum of 4, i.e.,

400
L(,P) = P %
n=0
Namely, for any functional F' € L?(Q,P), there exists a sequence {F,}1> with

F,, € 6,, such that
400
F=>) F,.
n=0

This decomposition is called the chaos expansion of F, and F,, is called the n-th
chaos of F. Clearly,

+o00
Fy=E(F), E(F[*)=)_E(F.*.
n=0

In Malliavin Calculus, the space of ‘smooth’ functions in the sense of Meyer-

Watanabe (cf. [21,27]) is defined by

+oo +0o0
Dyi= {F e QB F = 3 o, 3 nB(R) <400},

n=0 n=0

For F' € L%*(Q,P) with a chaos expansion F' = > F},, define the operator I,
with u € [0, 1] by

—+o00
T,Fi=> u'F, (2.1)
n=0
and set
Op(u) =T ,F.

Clearly, ©p(1) = F. Define

Po,(u) = 1 B(Op()P).

Then we have

+oo
Do, (u) = > nu" 'E(|Fu[?).
n=1

In the following, we provide several technical lemmas which will be useful
for proving the existence and smoothness of local times. Lemma 2.1 is similar
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to [3, Lemma 8.6] whose proof is elementary. Lemmas 2.2 and 2.3 are from Wu
and Xiao [30].

Lemma 2.1 Let o and 8 be positive constants. Then, for all A € (0,1),

L A==, af > 1,
dt < log(1 Ail/a aﬂ =1 (22)

0 (A+ta)ﬂ g( + )7 )

1, af < 1.

In the above, f(A) =< g(A) means that the ratio f(A)/g(A) is bounded from
below and above by positive constants that do not depend on A € (0,1).
Lemma 2.2 Let « and 3 be positive constants such that af > 1.

(i) If aB > 1, then there exists a constant cs > 0 whose value depends on
a and (8 only such that for all A € (0,1), r > 0, u* € R, all integers n > 1, and

all distinct uy,ug, ..., u, € O(u*, 1), we have
du 1
) <c nA=B=a), 2.3
lMWﬂA+me@W_WPW ’ (23)

where O(u*,r) denotes a ball centered at w* with radius .

(ii) If af =1, then for any k € (0,1), there exists a constant cy > 0 whose
value depends on «, 3, and K only such that for all A € (0,1), r > 0, u* € R,

all integers n > 1, and all distinct uy,us, ..., u, € O(u*,r), we have
du r K

- S

/O(u*,r) (A+ mini<i<n lu — uj|a)ﬁ 41 108 n (2.4)

Lemma 2.3 Let 3 € (0,1) be a constant. Then there exists a positive constant
cs such that the following statements hold.

(i) Forallr >0, u* € R, all integers n > 1, and all distinct uy, us, ..., u, €
O(u*,r), we have

du

/ ) < esnPr= (61, (2.5)
O(u*,r) MM <n |’LL - uj|'8

(ii) For all constants r, M > 0, all u* € R, integers n > 1, and all distinct
U, U2, ..., Uy € O(u*, 1), we have

1<j<n

_ -8
log [e+ M ( min |u—u) " Jdu <esrlog e+ M (") 7] (26
/O(uw) og [e ( min |u—u;])"]du < csrlog [e (n) ] (2.6)

2.1 General results

We will apply the following proposition and the method of its proof to study
the existence and smoothness of the local times of X.



782 Zhenlong CHEN et al.

Proposition 2.4 Let X = {X(t),t € I} be an (N,d)-Gaussian field defined
by (1.1), and assume that Xy satisfies conditions (C1) and (C2) with index
H < (0,1)N. Then, for any v >0, A >0,

I[E(Xo(s)Xo(1))] 1
/12 [det Cov(Xo(s), Xo(t))]/2 dsdt < 400 (2.7)

if and only if N
1
. 2.
> > (2.8)

=t
Proof First, we prove the sufficiency. By (C2), we have

N

Var(Xo(s)) > Var (Xo(S) | Xo(i)) > 9272 Zs?Hj, Vsel. (2.9)
j=1
This and the fact that
det Cov(Xo(s), Xo(t)) = Var(Xo(s))Var(Xo(t) | Xo(s)) (2.10)

imply
N N
det Cov(Xo(s), Xo(t)) > c( Z S?Hj> (Z min{|s; — tj\QHf,tiHj }) (2.11)
j=1 j=1
On the other hand, it follows from the Cauchy-Schwarz inequality and the
continuity of the covariance function R(s,t) that
IE(Xo(s)Xo(t)]]* < e, Vs,tel. (2.12)

Hence, for proving the sufficiency, it suffices to verify that if (2.8) is satisfied,
then

/ dsdt <+ (2.13)
00. .
(S sy ) A Ly min sy — 4, 5 )2
To estimate the integral in (2.13), we will assume that

O<H  <Hy<---<Hy<1 (214)

and integrate in the order of dt;, dts,...,dty, dsy,dse,...,dsy. When (2.8) is
satisfied, there exists k € {1,2,..., N} such that

k

1

1Hj‘

1
<

H ST

1 J

1 k
(2.15)

J
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Note that
/ dt1dty---d
. . 2H;
1 (350, minf|s; — ¢, 777 })1/2

g/ . _dtldt2 (jHN — (2.16)
1 (25— min{|s; — ¢, ¢ T/
We distinguish two cases:

. k—1

(1) E] 1[}<7<Z] 1H’

.. k-1 1 o

(i) > 5o H =< ijl H,

and show that the last integral in (2.16) is bounded by a constant that is
independent of s € I.

Case (i). If k = 1, then Hyy < 1. We apply Lemma 2.3 (i) to derive
dtidty---d dtidty - - - diy
1 (37— min{|s; — tj|2Hj,tj /2 1 (min{|sy — ¢ [2H #1771 })7/2

as desired.
If £ > 1, then Hyy > 1. We first apply Lemma 2.2 (i) with

N

Y . 2H. 2H

a2, B=]. A=Y minlls ")
J:

to deduce that

1 dt
/ 1
0 (min{lsy — #1267} + 28, min{[s; — tjle%t?Hj})V/z

< C7 , (2.17)
(g mindls; — ¢ 20,6513 207 )

where c¢7 is a constant which only depends on H; and . By repeatedly using

Lemma 2.2 (i) as in (2.17), after k — 1 steps, we obtain that

dtydty -~ diy
k . . ,2H;
1 (325 min{]s; _tj|2H’>tj T}/
1
dt
gc/ ¥ PR (2.18)
O (minf|sp — tg[2Hs, 111 }) 250

Noting that
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by applying Lemma 2.3 (i) to the last integral in (2.18), we see from (2.16) that
in Case (i),

/ o dtydis dH . < cs. (2.19)
I (Zj:lmln{|‘9j — t;]? It J})Wz

Case (ii). Notice that £ > 1 in (2.16). We integrate in order of dtq,dts, ...,
dtn and repeatedly apply Lemma 2.2 (i) for k — 2 steps to get

/ dt1dty - - - dtn
I Z] ymin{|s; — ¢;]?1, tQH’})’Y/2

dt oy dty
// 2H;\s(—52% 1) (2:20)
S mingls, — g0, 2 07

J
(-3 ) -
k=17 — =
— M

Note that

B

By applying Lemma 2.2 (ii) with A = min{|s; — tk\sz,tiH’“} and Lemma 2.3
(ii), we derive

// dtp_1dt
2HJ})( =t ;)

S ming]s; — ;]2 ¢

1 RN
< / log [e + (2(min{|sk - tk|2Hk,tsz}) 2H’€*1) }dtk
0
< clog(e 4 2k~ Hr-1), (2.21)

where k € (0,1) is a constant and we have used the fact that Hy > Hy_1. It
follows from (2.20) and (2.21) that (2.19) also holds in Case (ii).
Hence, by (2.13) and (2.19), we have

/ dsdt <. / ds
I2 (ZN 2H )7/2(2‘;\;1 mln{|8] _ tj‘QHj7t§Hj})7/2 = I (ZN sHj)'y.

j=15j Jj=17j

It is elementary to verify, by using Lemma 2.1, that the last integral is finite
provided Z;Vzl I}j > «v. This proves (2.13), and thus the sufficiency.

To prove the necessity, we prove that if Z;V: 1 hl, < 7, then
J

[E(Xo(s)Xo())]* -
/[2 [det Cov(Xo(s), Xo(t))]/2 dsdt = +o0. (2.22)

For gy € (0,1/2), let I., := [0, 1]"V. (2.9) and the uniform continuity of
R(s,t) on Ifo imply that there exists a constant dyp > 0 such that for all s,¢ €
[£0, €0 + d0],

E(Xo(s) Xo(t)) > ;E(on(t)) > o> 0. (2.23)
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On the other hand, it follows from (2.10) and condition (C1) that for all s,¢ € I,
det Cov(Xo(s) CZ |s; — t|2H. (2.24)

By (2.23) and (2.24), we derive
E(Xo(s)Xo(t))[* dsdt
12 [det COV(XQ(S), Xo(t))]V/ [e0,c0-+80] 2N (ijl |3j — tj|Hj)7
By using Lemma 2.1 again, it is elementary to verify that the last integral is
infinite when Z =1 I; < 7. This proves the necessity of the proposition. U
J

In the following, we consider the existence of the local time of a Gaussian
random field satisfying (C1) and (C2). Instead of using a Fourier analytic
argument as in [32] (see [10] for a systematic account), we approximate the
Dirac delta function by the heat kernel

_ 1 [Ed5 d
pe(x) = (2me)/2 exp ( ~ o ), z € RY, (2.25)
and let
Le(z,I,X) = /pg(X(s) —x)ds
I

= (271r)d /I/Rd exp (i({, X(s) —x) — 6HgHQ)dgds. (2.26)

The following is a general result on existence of local times.

Lemma 2.5 LetY = {(Y1(t),Ya(t),...,Yq(t)), t € I} be an (N,d)-Gaussian
random field, where Y1,Yo,...,Yy are d independent copies of a centered, real-
valued Gaussian random field Yy on I. Then, for any y € R% as e — 0,
L.(y,1,Y) converges to a limit L(y,1,Y) in L*(,P) if and only if

[ oo (- B~ Xa0) )y dsdt
2 det Cov(Yp(t), Yo(s)) / [det Cov(Yp(t), Yo(s))]4/2

Proof Let Is4 be the identity matrix of order 2d, and let
Iea(s,t) =elag + Cov(Y(s), Y (t)).
For any y € R? and ¢ > 0, Fubini’s theorem and (2.26) imply
E(|Le( y, LY)]?)

—e (€l +nl1?)/2
27T 2d /12 dsdi /]R2d
X Eexr) —y) —i{n.Y () - >)d§d77

QW 2d /12 det/de e eXp< (5777)Fs,d(87t)(§,n)T>d§dn

(%)Qd /I2eXP< 2(y,y)Fad(s t)(y,y)T) \/detdlfi(s,t)' (2.28)

< 4o0. (2.27)
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Since the coordinate processes of Y are independent copies of Yy, we have

det T. g(s,t) = [det T 1 (s, 1)]% (2.29)
and
s) — 2
; (y’ y)ra d(s t)(y y)T ||yH (26 ;i[l(_‘?l((s), t) }/O(t)) ])’ (230)
where

1—‘871(8’ t) =ely + COV(YE)(S)a }/O(t))
It follows from (2.29), (2.30), and the dominated convergence theorem that
lim B(| Le(y, 1, Y)[)
E—>

_ 1 Iy IPE[(Yo(s) — Yo(t))?] dsdi
-~ (2m)™M /12 P ( B detTo (s, 1) ) [det T (s, )]%/2 (2.31)

Next, we show that {L.(y,I,Y), e > 0} is a Cauchy sequence in L*(Q,P) if
and only if (2.27) holds. For all integers m,n > 1, we assume, without loss of
generality, that m = n + p for some integer p. Let

Toip(s,) = (0 + p) " Ioa + Cov(Y(s), Y (1)),
Tp(s,t) =n~ g+ Cov(Y(s), Y (1)),
and

n —1
Lrgpn(s,t) = (( +}S) la n?Id> + Cov(Y(s),Y (t)).

Then, it follows from Fubini’s theorem and (2.26) that
E[(Ll/(n-i-p) (y) I, Y) - Ll/n(y> I, Y))2]
1 : 1
— _1<£_777y> — T
oyt [0t [T fexp (= (€D (s 6"
1 T
+exp ( =, (&mTa(s,1)(En) )
1 )T

—2eXp(— o (&M nspn(s, )(E,n) )}dﬁdn
1
2

(27:)2d /12 {\/detri+p(s £) Xp( (y, )Fn—}—p( ,t)(y’y)T)

" \/detll“ (s,0) 7 (- ; (5 9)Ts (5, ) (0,9)")

2

1
- ’ Fil 5,1 ) T dsdt.
Vet Ty n(s,t) UR I CRIICND) )}

exp<—2
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Similar to (2.31), we can verify that

lim E[(Ll/(nJr;D) (yala Y) - Ll/n(yala Y))2] =0

n—+o0o
if and only if (2.27) holds. Then {L.(y,I,Y), e > 0} is a Cauchy sequence in
L?(Q,P) if and only if that (2.27) holds. This finishes the proof. O

Now, we provide a sufficient and necessary condition for the existence of the
local time of X, which complements [32, Theorem 8.1] and [18, Theorem 3.1].

Theorem 2.6 Let X = {X(t),t € I} be an (N,d)-Gaussian random field
defined by (1.1) and assume that Xy has mean zero, continuous covariance
function, and satisfies conditions (C1) and (C2) with index H € (0,1)N. Then,
for every x € RY L(x,1,X) converges in L?>(2,P) sense, to a limit L(x, I, X)
as € — 0 if and only if Z;Vzl 1/H; > d.

Proof By Lemma 2.5, we only need to verify that for any z € R,

2 IPE[(Xo(s) — Xo(t))?] dsdt

M = eXp( det Cov(Xo(t), Xo(s)) ) [det Cov(Xo(t), Xo(s))]%/?

12
. . . . N 1
is finite if and only if 3 7,7, " > d.
The sufficiency follows immediately from Proposition 2.4. To prove the

necessity, we derive from (2.9), (C1), and (C2) that, for any g € (0,1), there
exist constants ¢1; > 1 and ¢19 > 0 such that

c1p < Var(Xo(s)) < en
and

N
Var(Xo(t) | Xo(s)) = ci12 Z |55 =t
j=1

for all s,t € [g9, 1]V . These inequalities and (2.10) imply

E[(Xo(s) — Xo(t))?]

=1, Vst 1. 2.32
detF071(s,t) ) s, t € [€0a ] ( )

It follows from (2.32) that

dsdt

> .
M= C/[8071}2N [det Cov(Xo(s), Xo(t))]4/2

From the proof of Proposition 2.4 with v = d and A = 0, we see that the last

integral is infinite if Z;V:1 f}j < d. This proves the necessity and hence the

theorem. O

In order to study the smoothness of the local times, we will make use of the

following lemmas. Lemma 2.7 is from Hu [11], and Lemma 2.8 is from Chen
and Yan [4].
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Lemma 2.7 Let F € L?(Q,P). Then F € Dy if and only if Po(1) < +oo.
Lemma 2.8 For any d € N, we have, for x € [-1,1),

Z Z H k _1 "annxw(l—w)f(gﬂ).

n=1 0<ky,ko,. <n ] 1
k1+ko+-- +kd n

Recall that the Hermite polynomial of degree n is defined by

(=)™ 2, d" 2
H,(z)= nl e’ /de”e 12 el
It is known that (cf. [21]) for any centered Gaussian random vector (§,7) with

E(£2) = E(n?) = 1, we have

0, m # n,
E[Hn(§)Hn(m)] =4 1 n (2.33)
and for all z € C and z € R,
Z2 +o<)
e = 2" Hy (). (2.34)
n=0

We will make use of the following lemma.

Lemma 2.9 LetY = {(Yi(t),Ya2(t),...,Yy(t)), t € I} be an (N,d)-Gaussian
random field, where Y1,Ys,...,Yy are d independent copies of a centered, real-
valued Gaussian random field Yy on I. Suppose that its local time L(y,1,Y) €
L2(Q2,P). Then,
(i) L(0,1,Y) € Dy if and only if
E(Yo(s)Yo(1)))?
/ [E(Yo(s)Yo(t)] 4 - dsdt < 4o0; (2.35)
12 [det Cov(Yy(t), Yo(s))]2 !

(ii) if (2.35) holds, then L(y,I,Y) € Dy for every y € R%\{0}.

Proof The proof is similar to that of [4, Lemma 3.2], see also [11]. Let
L.(y,I,Y) be as in (2.26) (by replacing X by Y'). Thanks to (2.26) and (2.34),

we can write

Le(y,1,Y) = 271r //Rdei<£’y>exp i(g,Y(s»—ng”Q)dgds
~ ot | /R v exp (— BEF(s)) + <) e]?)

n/2 <§7Y(S)> s
" Z DIER) <¢ <Y02<s>>\§|12>d5d
- ioFgf. (2.36)



Smoothness of (self-intersection) local times of Gaussian random fields 789

Denote
o, (u) =E(L/,Le(y. LY)]?), e, (u) =E(T ,L(y,L,Y)P).
Also, for simplicity of notation, let
—E(VR(s) +5, B = E(EW) +e.

It follows from (2.36) and (2.33) that

®6,.(1 an F2P)

:m i [ LB ) BO )Pl
xexp( S @€l + 21]P))

i zomer )™ (sogoe) 4445
:2( it 1 L EOEO) dsde

1
<[ e (= PR + Pl dedn.  (237)

If y = 0, then the integrals in (2.37) become 0 for all odd numbers n. Hence,

+oo 1

P00l = 2 (oryas(an — 1 B o) dsar
< e e (= I + ) dedn. (238)

By using the fact that for k € Z,, v > 0,

2
/v%exp<— Y )dv = V2 (2k — 1)!!7*(’”%)
R 2

and the same argument as [4, p.1010], we obtain

2n
: /R (@’77> exp (= a2l + 2]lP] )decn

(2m)d 2n —1)!
¢ (2k; — 1 I o
_ . (2.39)
0<ky, imz,:mmdm ]1_[1 [(E(YZ(5)) + &) (E(YF(t)) 4+ ¢)]" "2

ky+ko+-thg=n



790 Zhenlong CHEN et al.

(This can be verified by using induction.) Combining (2.38) and (2.39), and
applying Lemma 2.8 and the monotone convergence theorem, we obtain

+o00

1 n n
3 o [ OO asat [ €

xexp (= [a?€]2 + b n]?] ) dédn
_ / [E(Yo(s)Yo(t))2 et
12 {a2h? — [E(Yo( > < ))]2}3“

12 {E(YF(s))E (YOQ( )) [E(Yo( JYo(t))]2y 2+

_ / EQOEF (2.40)
12 [det Cov (Yo(s), Yo(t))] 2

dsdt

which proves part (i) of the lemma, thanks to Lemma 2.7.

Now, we prove part (ii) of the lemma. Notice that for y € R?\{0}, it does
not seem easy to compute the integrals in the last equality of (2.37) explicitly.
So we turn to the following upper bound:

“+oo

B, (1)€Y ysaagy 1y, EOBEGO)dsa

n=1
< [Nl exp (= 5 € + 2P )agdn. (241

The sum over even integers in (2.41) is the same as in (2.40). So we only need
to consider the terms over odd integers. For this purpose, let

Tonir = (2;! /, [B(¥o(s)¥o(0) 2"+ s

n 1
[ e e (= el + P )agan. (242

By using the Cauchy-Schwarz inequality and the elementary inequality

re 2 T < \/eﬁ’ V&, x>0,

we have | n
(€, m) e 2 [P +82IInI2)

eab’
Plugging this into (2.42) yields

Joni1 < [ (o) va(epndsds
I

2e(2n —1)!
2n n—1 9 12 52, 12
x /R lemPrexp (=" T la?llEl? + 6 nl?))dgdn.  (243)
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The same argument for (2.39) gives

2n _1
/Rw léﬁ;%! exp (=", " [P + B n]*) ) dédn

o (2n) 5 ﬁ (2k; — 1) 2n (.44
= .- .
(1— n—l)n+2 S P (2k;)!! (a2b2)"+2
ki+kot tkg=n

Combining (2.42)—(2.44) with (2.41), and using the same argument as in (2.40),
we derive ®g, (1) < 400 under (2.35). This finishes the proof of part (ii). [

The following is the main theorem of this section.

Theorem 2.10 Let X = {X(¢),t € I} be an (N,d)-Gaussian field defined
by (1.1), and assume that Xo satisfies (C1) and (C2) with index H € (0,1).
Then the following statements hold:

(i) L(0,1,X) € D1 if and only if Zjvzl hlfj >d+2;

(i) of Zjvzl hlfj > d+ 2, then L(x,1,X) € Dy for every x € Rd\{O}.

Proof By Theorem 2.6 and Lemma 2.9, it is sufficient for us to verify that

/ [E(Xo(s) Xo(t))]?
2 |

4. dsdt < +o0 (2.45)
det Cov(Xo(t), Xo(s))]2*

if and only if Z;V:1 I—}j > d+ 2. This follows from Proposition 2.4 with v = d+2
and A = 2 immediately. O

Remark 2.11 As we mentioned in Section 1, the class of Gaussian random
fields that satisfy (C1) and (C2) is large, including fractional Brownian sheets
and the solutions to stochastic heat equation driven by various space-time
Gaussian noises. In particular, Theorem 2.10 recovers [7, Theorem 11] and
[9, Theorem 2.1] with o = 1.

In the following, we apply Theorems 2.6 and 2.10 to study the collision
and intersection local times of independent Gaussian fields. Theorems 2.12 and
2.13 below generalize the results of [4,34,35] for fractional Brownian motion and
related Gaussian processes.

2.2 Smoothness of collision local time

Given
H = (Hy,Hy,...,Hy) € (0,1)Y, K=(K,Ks,...,Ky) e (0,1)V,

let
XH = (xH(s), s e RN}, XK ={XE@),teR"}

be two independent Gaussian random fields with values in R? as defined in
(1.1). We assume that the associate real-valued random fields X7 and XZ¢
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satisfy conditions (C1) and (C2) on interval I C RY, respectively, with indices
H and with indices K.
The collision local time of X and XX on I is formally defined by

Lo(XH XKy .= /5(XH(S) — XK (s))ds. (2.46)
1

Theorem 2.12 Let Lo(XH, XX) be the collision local time of X" and X
as above. Then
: H yK : N 1 .
(i) Lo(XH,XE) e L2(Q,P) if and only if > i1 HyAK, d;
(if) Lo(XH,X5) € Dy if and only if Y2701y h, > d+2.
Proof Consider the (N,d) Gaussian field Z = {Z(t), t € I} defined by
Z(t) = X"(t) - XE(), Vtel

Then the collision local time of X and X* on I is nothing but L(0,1, Z), the
local time of Z on I at x = 0. Hence, the theorem follows from Theorems 2.6
and 2.10 once we verify that the real-valued Gaussian field Zy(t) = Xo(t)—Yy(¢)
satisfies (C1) and (C2) in the interval I with indices

(Hl/\Kl,HQ/\Kg,...,HN/\KN) € (O,l)N.

Since it is easy to show that Zj satisfies (C1), we verify (C2) only. By the
definition of conditional variance and independence of X and X¥, we have

Var(Zy(t) | Zo(s))
= inf B (1) — aX§ ()2 + (X (1) — axf ()

> inf BT (1) — oXE (%) + inf EICXE (1) — bX0 (5))°

— Var(X () | X{(s)) + Var(XE (1) | XE(s))

N N
_ o _ 9K,
> c< E min{|s; — tj|2HJ,tj T+ g min{[s; — tj|2K]’tj J}>

j=1 j=1
al 2H,AK;)
. AK; AK;
> chln{|sj—tj|2(Hﬂ/\Kﬂ),tj IR Vst e,
j=1
for some constant ¢ > 0. This verifies that Z satisfies condition (C2). g

2.3 Smoothness of intersection local time
Let

H = (Hy,Hy,...,Hy,) € (0,1)™, K= (K{,Ko,...,Kp,) € (0,1)
be two constant vectors. Let

XH = (xH(s), s e RM},  XF = (XK(t), t € RV}
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be two independent Gaussian random fields with values in R? as defined in
(1.1). We assume that the associate real-valued random fields X7 and X{¢
satisfy conditions (C1) and (C2), respectively, on interval I; € RM with indices
H = (Hy,Hy,...,Hy,) and on Iy C R™? with indices K = (K1, Ka,...,Kp,).
Then the intersection local time of X and XX is formally defined by

Ly X7 XKy .= / S(XH (s) — XE(t))dsdt. (2.47)

INIXIN2

Theorem 2.13 Let Ly(X", X) be the intersection local time of X and
XX as above. Then

(i) Ly(XH, XEK) e L2(Q,P) if and only if
Ny No
1 1
dog Tl >4
j=1 Hj j=1 K;

(i) L;(XH,XE) e Dy if and only if

N1 1 N 1
S e b oase
j=1 HJ j=1 K]

Proof Let
U= {U(S,t), (S,t) € IN1 X IN2}

be the (N1 + Na,d)-Gaussian random field with mean 0 defined by
Uls,t) = XH(s) = XK(t), Vsecly, Vtely,.

Clearly, the intersection local time of X* and X* is nothing but L(0, Iy, x
In,,U), the local time of U on Iy, X Iy, at x = 0. One can verify that the
Gaussian random field

Un(s,t) = X¢' (s) — Xg' (¢)
satisfies conditions (C1) and (C2) on the interval Iy, x Iy, with indices
(Hi,Hs, ..., Hy, K1, Ko,..., Ky,) € (0,1)N11 2,

Therefore, the conclusions follow from Theorems 2.6 and 2.10. O

3 Self-intersection local times

In this section, we study the existence and smoothness of self-intersection
local times of an (N, d)-Gaussian random field X = {X(¢), t € R} asin (1.1).
These problems are more involved than the collision or intersection local times of
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independent Gaussian random fields, due to complexity of dependence
structures of X. For earlier results for the Brownian sheet, fractional Brownian
motion and related self-similar Gaussian processes, we refer to [11,16-18]. Their
methods rely on special properties of the Brownian sheet or fractional Brownian
motion. Our approach below is based on a weak form of local nondeterminism
and is more general.

For any two compact intervals I,J C RY, the self-intersection local times
of X = {X(t),t € RV} on I and J is formally defined by

Le(X,IxJ)= [ &§(X(s)— X(t))dsdt. (3.1)
IxJ

Define a (2N, d)-Gaussian random field
V={V(s1t), (s,t) e R*"}

by
V(s,t):= X(s) — X(t), s,teRN. (3.2)

Then the self-intersection local time of X is L(0,1 x J, V'), the local time of V/
onl x Jatx=0.

Under the condition that X, satisfies conditions (C1) and (C2) on both
intervals I and .J, the Gaussian field

Vo(s,t) = Xo(s) — Xo(?)

may not satisfy the corresponding (C2) on I x J. Therefore, we cannot apply
Theorems 2.6 and 2.10 directly. To overcome this difficulty, we will make use
of the following condition:

(C3) there exists a positive constant c1o such that for all u, ¢, ¢2,¢3 € [0, 1]V,

N
1 2 3 S . gk 2H;
Var(Xo(u) |X0(t ),Xo(t ),Xo(t )) Z C19 2 OI<11]€123|U,] t]‘ 7, (3.3)

where t? =0,7=12,...,N.

Clearly, condition (C2) is a special case of condition (C3). It is known that
multiparameter fractional Brownian motion and fractional Brownian sheets
satisfy conditions (C1) and (C3); see [23,29]. More examples can be found
in [32].

For two compact intervals I, J C [0, 1]N , we call them separated if

inf i —ti| >0 f i=1,2,...,N. 3.4

Selj{ltej\s] il > or some j 2, (3.4)

Let S C {1,2,...,N} be the collection of all j’s that satisfy (3.4) and let

S¢={1,2,...,N}\ S. Because I and J are compact, there exists g9 > 0 such
that

inf ] > e S. 3.5
sellr,lteJ|S] il =€, g€ (3.5)
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We further call I and J partially separated if both S and S¢ are nonempty,
well separated if S¢ = (), and not separated if S = (). Clearly, I and J are not
separated if and only if I N J # 0.

Similar to Imkeller and Weisz [17] for the Brownian sheet, we consider the
self-intersection local times of X on [ and J by distinguishing three cases:

Case 1 I,J C[0,1]V are well separated;
Case 2 1,J C[0,1]" are partially separated;
Case 3 1,J C[0,1]" are not separated.

In Case 1, we have the following theorem.
Theorem 3.1 Let X = {X(t),t € RN} be an (N,d)-Gaussian random field
defined by (1.1) with Xg satisfying conditions (C1) and (C3), and let Lg(X, I X
J) be the self-intersection local time of X on I and J. If I and J are well
separated, then the following statements hold:

(i) Ls(X,1xJ) € L*QP) if and only if 257, ;> d;

(i) Lg(X,Ix.J)€ Dy if and only if 233, g, >d+2.
Proof Since the Gaussian field Xy satisfies (C1) on I and J, we see that for
any (s,t),(s',t") € I x J,

N N
E[(Vo(s, t) — Vo(s', ¢))?] < c(Z lsj — 512+ ) [t — t}l”ﬁ)- (3.6)
j=1 j=1

Thus, the Gaussian field
Vo(s,t) = X¢'(s) = Xg' (1)

satisfies (C1) on I xJ with indices (Hy, Ho, ..., Hy, Hy, Ho,...,Hy) € (0,1)2V.
To verify that V} also satisfies (C2), we see that (C3) implies

Var(Vo(s,t) | Vo(s',t")) = Var(Xo(t) | Xo(s), Xo(s'), Xo(t))

N
>y min{lt; — 5P, [ty — 5P |ty - 621,51
j=1
N
>ci3 Z min{|tj — t;.|2Hj’t§Hj}
j=1

thanks to the facts that [t; — s;| > €9 and [t; — 7| > €o. Here, the constant c13
depends on ¢p. By the same token, we have

N
Var(Vo(s,1) | Vo(s',#) > e13 Y min{|s; — s5[24, 52},
7j=1
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Adding up these two inequalities shows
Var(Vo(s, 1) | Vo(s',1))
& al 2H al 2H
13 . , ; . . ;
Z <Zm1n{|sj — 33|2Hﬂ,sj 1+ Zmln{\tj — t;\QHJ,tj I )
j=1 j=1
This proves that Vp satisfies (C2) on I x J with
(Hi,Hy,...,Hy, Hy, Ha,...,Hy) € (0,1)".

Therefore, the conclusions follow from Theorems 2.6 and 2.10. O

Now, we consider Case 2, e.g., the two compact intervals I and J are
partially separated. In this case, both S and S¢ are nonempty sets. For
concreteness, we may assume that

I:[aaa+<h>]> J:[bab+<h>]a
where b; > a; + h for j € S and a; = b; for j € S°. Then (3.5) holds with
g0 = min{b; —a; — h, j € S}.

Note that, when X is the (N, d) Brownian sheet, the existence condition in (i)
in the following theorem coincides with that in Theorem 3 of [16,17].

Theorem 3.2 Let X = {X(t), t € RN} be an (N,d)-Gaussian random field
as in Theorem 3.1. Let I and J be partially separated as described above. Then
the following statements hold:

(i) Ls(X,IxJ)e€ L*Q,P) if

1 1
22 H, + Z H, > d;
jeSs jese

(i) Ls(X,I xJ) ¢ L?>(,P) if

(iii) Lg(X,IxJ)€ Dy if

1 1
2 .
jES J jJjeSse J

(iv) Lg(X,IxJ)¢ Dy if

Ny
2 <d+ 2.
> <
J=1
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Proof We prove part (i) at first. By Lemma 2.5, we only need to prove that if

1 1
2
Z gt Z g >
jeSs J jese J
then
dsdtds’dt’

= . 3.7
/ (IxJ)? [det COV(‘/O(S7t)7‘/O(S,7t,))]d/2 = ( )

By the definition of conditional variance and (C3), we see that for any (s,t),
(', ) e I xJ,

Var(Vo(s,t) | Vo(s',t))
> Var(Xo(t) | Xo(s), Xo(s"), Xo(t'))

N
‘ , . - 2H,
> iy minflt; —s5[P [ty — P |ty — 621, 67}

j=1
> 014(Zmin{\ta‘ 2, 2y
jeES
+ Z mln{|t] - sj‘QHj7 |t] - s_/j‘QHj7 |t] - t;|2Hjat§Hj >7 (38)
jJjeSse

thanks to the fact that if j € S, then [t; — s;| > €0 and [t; — s} > €. By the
same token, we have

Var(Vo(s,t) | Vo(s',t'))

> eu < S min{s; — 2, 527
jES

+ 3" min{ls; — ;2 |s; — P10, |s; — ¢, 520 ) (3.9)
jese

Combining (3.8) and (3.9), we have
Var(Vo(s, t) | Vo(s',1))

z o [Z(mm“t]’ — #5210} + min]s; — 25, 550 })

J
JjES
+ Y minfls; — 5%, |s; — 52|y — P, (3.10)
jese

Note that, in (3.10), only one sum over S¢ in (3.8) and (3.9) is kept. This is
due to the fact that, when integrating ds; for j € S, all the other variables,
89, tj, and tg, will disappear (see Lemma 2.2). This situation is different from
the case when we integrate ds; for j € S.
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Since I and J are partially separated (i.e., S # )), we have
Var(Vo(s', 1) = E[(Xo(s') — Xo(t))?}] <1, Vs el ¥t el (3.11)
It follows from (3.10) and (3.11) that the integral _# in (3.7) is at most

/ [Z(mm{lt — ¢4 1) 4 ming|s; — 5,50 )
i
+Zmin{|sj_tj|Hj,|sj_S;|Hj,|sj—t;|Hf,sjf}] dsdtds'dt’. (3.12)
JjeES®
Similar to the argument in the proofs of (2.13) and (2.22), we integrate
iteratively and apply Lemmas 2.1-2.3 to show that the integral in (3.12) is

finite if
2 Z Z
]ES JESC

This proves the sufficiency in part (i).
Next, we prove part (ii). For any (s,t), (s',t') € I xJ, condition (C1) implies
that

Var (Vo (s, )|Vo(s', 1)) < E[(Xo(s) = Xo(t) — Xo(s") + Xo(t))’]

N
< e (Isg = s + [t — t5*1). (3.13)
7j=1
It follows from (3.11) and (3.13) that
N
det Cov(Vo(s, 1), Vo(s', ) CZ (|sj — 39|2HJ’ +|tj — t;-|2Hj). (3.14)
7=1

This implies, by using Lemma 2.1 repeatedly, that the integral ¢ in (3.7) is

infinite 1f22] 11} < d.

In order to prove part (iii), by Lemma 2.9, it suffices to show that, if

Z Z >d+2

jES ]ESC
then

[E(Vo(s, t)Vo(s', ¢)))?

%:
(1x.7)2 [det Cov(Vo(s, 1), Vo(s', )] (d+2)/2

dsdtds'dt’ < +oo.  (3.15)

For any (s,t),(s',t') € I x J, we use the Cauchy-Schwarz inequality and
(C1) again to show that

[E(Vo(s, )Vo(s', )] <EVE (s, )E[VE (s, ¢)] < e (3.16)
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Similar to the argument in (3.11) and (3.12), we derive from (3.16) that the
integral # in (3.15) is, up to a constant, bounded from above by

/ 2 [Z(mln{\tj — 5|67} + min{|s; — 55|, 557 })
(IXJ) jES
—(d+2)
+ 3 min{ls; — 551, [s; — 5511, |s; — 1)) %Sj”}}
jese

dsdtds’dt’. (3.17)

Again, exactly like what we did in the proof of (2.13), we can show that the
integral in (3.17) is finite provided

1 1
2 .
ZH + Z g A2
jES J JjeSse J

This proves part (iii).
Since the function E(Vy(s, t)Vo(s', ")) is uniformly continuous for (s,t,s’,t’)
€ (I x J)? and (3.11) holds, there exist positive constants § and ¢ such that

E(Vo(s, t)Vo(s', 1)) =

for all (s,t,s',t') € (I x J)? stisfying |(s,t) — (s/,#')| < §. Hence, the proof of
part (iv) is quite similar to the proof of part (ii). We leave the details to the
interested reader. O

Parts (ii) and (iv) in Theorem 3.2 can be improved if we have more
information on the dependence structure of Vy(s,t) = Xo(s) — Xo(t), as shown
by the following theorem.

Theorem 3.3 If, in addition to the assumptions of Theorem 3.2, X satisfies
the following condition:

(C4) there exists a positive constant c15 such that for all (s,t), (s',t') € IxJ,
Var(Xo(s) — Xo(t) | Xo(s") — Xo(t'))
< cw(Z(ltj — 5P sy — SPH) 4+  ]sj - tj|2Hj>7 (3.18)

jeS JjES*®

then the following statements hold:
(i) Ls(XH, I x J) € L*(Q,P) if and only if

1 1
22Hj+ZHj>d;

jes jese

(ii) Ls(XH,I x J) € Dy if and only if

1 1

2 d—+ 2.

Z H * Z H. >at
jES J jJjeSse J
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Remark 3.4 Observe that condition (C4) is automatically satisfied if S = 0.
If Xo = {Xo(t), t € RV} is an ‘additive fractional Brownian motion’ defined by

Xo(t) = B (ty) + B®2(ty) +--- + BN (ty), VteRY,

where Bt BH2  BHN are independent fractional Brownian motions with
indices Hy, Ho, ..., Hy, respectively. Then it is easy to see that condition (C4)
is satisfied. If X is the Brownian sheet, then by using the independence of
increments over intervals, one can check that (C4) also holds.

Proof of Theorem 3.3 Sufficiencies of the conditions in (i) and (ii) have been
proved in Theorem 3.2. Note that (C4) and (3.11) imply

- / dsdtds’dt
T s [ jes(lsy = S5 [ty = 11) + X560 sy — 1]

By applying Lemma 2.1, it can be verified that the last integral diverges when

1 1
22Hj+ZHj<d.

jes jese

(3.19)

This proves the necessity in (i). The proof of necessity in (ii) is similar and is
omitted. O

Finally, we consider Case 3, e.g., the two compact intervals I and J are
not separated in any direction. So S = (. Compared with Case 2, we note
that, on one hand, (3.11) fails and, on the other hand, condition (C4) holds
automatically. For concreteness, we assume that I = J = [0,1]V.

Theorem 3.5 Let X = {X(t),t € RN} be an (N,d)-Gaussian random field
as in Theorem 3.1. Then the following statements hold:
(i) Ls(X,Ix1I)eL*Q,P) if and only if Y1 > d

(i) Ls(X,IxI)€Dyif Y5, 4 >d+2
(iii) Le(XH,I x1I)¢ Dy if

N
]Z_:lﬁlrj gmax{d;_z,z?)d}. (3.20)

Before proving this theorem, we compare its conditions with the results in
[16,17,11].
Remark 3.6 (a) If X is the (N,d) Brownian sheet, then our existence
condition in (i) coincides with that in Theorem 1 of [16,17]. When X is
a fractional Brownian motion BY = {BH(t),t € R}, our condition in (ii)
becomes H(d + 2) < 1, which is stronger than that in [11, Theorem 3.2].

(b) Little has been known about optimal necessary condition for Lg(X,
I x I) € D for a Gaussian random field X. Our condition (3.20) is the first
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general result of this kind. When X is a fractional Brownian motion B, (3.20)

becomes 3 5
M 90 d 42

which is the complement of the sufficient condition of [11, Theorem 3.2]. Hence,
we have proven that, for fractional Brownian motion B = {BH(t), t € R} in
R? and I = [0,1], Ls(B",I x I) € Dy if and only if

H<min{23d’d—2m}'

Proof of Theorem 3.5 We prove part (i) at first. Notice that by Lemma 2.5,
we only need to prove that

dsdtds’dt’

S = 74 [det Cov(Vo(s, t), Vo(s',t'))]4/2 <+ (3.21)

if and only if Z;VZI I;j > d. For any (s,t),(s',t') € I x I, we use condition (C1)
to obtain that

det Cov(Vo(s,1), Vo (o' 1)) < E(VZ (s, )E(VE(s',1)
N N
c S — |2H; s/-— /12H; . )
< (g n )(2 G ). a2

This, together with (3.21), implies

dsdt ds’dt’
F >c N 2H\d/2 N 112H;\d/2
2 (X I8 = 4 [PR) Y2 T2 (052, |85 — £5[%79)

o i) .

By using Lemma 2.1, it is elementary to verify that the last integral in (3.23)
is infinite provided Z;VZI 1/H; < d. Hence, we prove the necessity of part (i).

To prove the sufficiency in parts (i), we apply condition (C3) to see that for
any (s,t),(s',t') eI x I,

Var(Vo(s,t) | Vo(s', 1)) = Var(Xo(t)| Xo(s), Xo(s"), Xo(t'))

N
‘ . _ - 2H,
> chmﬂtj — 5521, |t; — 39|2Hja It; — t;‘|2HJ’tj '}

j=1

Moreover, we also have

N
Var(Vo(s', ) > Var(Xo(t) | Xo(s)) > e min{|t; — 552, ¢},
j=1
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Combining the above two inequalities with (3.21) yields
N —d
S < C/ <Zmin{|tj — si[1, [ty — {110, [ty — 5[, 450 )
1\ i

N —d
X <Zmin{|t§- — s;\Hj,t/]Hj }) dsdtds'dt’. (3.24)
j=1
Similar to the proof of (2.13), we integrate dt,dto, ..., dty,dt}, dt),. .., dt)y to

show that the integral in (3.24) is finite provided Zévzl 1/Hy > d. This proves
the sufficiency of part (i).
In order to prove part (ii), by Lemma 2.9, it suffices to verify that if

N

1
>d+2
> >
J=1

then

[E(Vo(s, )Vo(s',1)]?

K =
74 [det Cov(Vo(s, t), Vo(s',t'))](d+2)/2

dsdtds’dt’ < +oo0. (3.25)

For any (s,t),(s',t') € I x I, the Cauchy-Schwarz inequality and (C1) imply
[E(Vo(s, )Vo(s's¢))]* < E[Vg' (s, B[V (s',1)] < e. (3.26)

Similar to the argument in part (i), we derive from (3.26) that

N o\ (@)
/ < C/ <Zmin{|tj - Sj|Hj¢ |tj - S;|Hja |tj - t;'|Hjatj J}>
j=1

14
N o\ @)
X < > min{|t) — |7, ¢ }> dsdtds'dt’. (3.27)
j=1

Again, we integrate in the order of d¢y,dts,...,dty,dt],dts, ..., dt"y to show
that the integral in (3.27) is finite provided Eé\il 1/Hy > d+ 2. This proves
(3.25) and hence part (ii).

Finally, we prove part (iii). By taking two disjoint sub-intervals and argue

as in the proof of Theorem 3.1, one can see easily that if 2 Z;VZI I;j <d+2,

then the integral .# in (3.25) diverges and, consequently, Ls(X I x I) ¢ D;.
It remains to show that the integral J# also diverges if 3 Z;Vzl P}j < 2d. To
this end, we write

pls,t) = VE(Vo(s,1)?)

It will be useful to note that p(s,¢) is a pseudo-metric on R?V. Since

E((Vo(s,t) - %(3/7t/))2) < 2(p(8,t)2 + p(slﬁt,)Q)’
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we see that, if
1 1
ps,8) < plsit), pt:t) < p(s,0),

then

E(Vo(s, t)Vo(s', 1) = [E(Vo(s, 1)*) + E(Vo(s',t')%) — E((Vo(s, t) — Vo(s', ))?)]

N RN =

> _E(Vo(s,t)?). (3.28)

Let
! 4/ 2 / 1 / 1
By(s.t) = {(s,¢) € I%: pls.s') < pls.t). plt.t) < pls,t) |-

It follows from (3.25), (3.22), and (3.28) that

dsdt ds’dt’ dsdt
4> Z : 3.29
c 12 p(s,t)d+2 /;p(svt) p(s/’t/)d72 /[2 p(s,t)2(d*Q) ( )

where
Mo
Q=2 H;
7j=1
In obtaining the last inequality, we have used the fact that
p(s' 1) < 2p(s,t), V(') € By(s,t),

and the Lebesgue measure of B,(s,t) is ¢ p(s,t)??. Under conditions (C1),
N
p(s,t) < ¢ Z |s; —t;|", Vs,te IV,
j=1

We can apply Lemma 2.1 to show that the last integral in (3.29) diverges if

and only if @ < 2(d — Q). This proves # = 400 when 3Q < 2d. The proof of

Theorem 3.5 is finished. O
The following are concluding remarks.

Remark 3.7 (a) It is known that conditions (C1) and (C3) are satisfied
by a large class of Gaussian random fields including N-parameter fractional
Brownian motion [23], fractional Brownian sheets [29,32], and stochastic heat
equation driver by space-time Gaussian noises [6,26]. Hence, Theorems 3.1
and 3.2 can be applied directly to these Gaussian random fields. However,
despite the conditions given by Theorems 3.3 and 3.5, the problem for finding
necessary and sufficient conditions for Lg(X,I x I) € Dy is still open for a
general Gaussian random field. It would be interesting to solve this problem.

(b) Another interesting question is to remove the i.i.d. assumption on
the coordinate random fields X, Xo,..., Xy in (1.1). While the results of
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this paper can be extended to Gaussian random fields with independent, but
non-identically distributed components, it seems more difficult to remove the
independence assumption. Some preliminary results have been proved by
Eddahbi et al. [7,8] for vector-valued fractional Brownian sheets, but their
conditions may not be optimal.
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