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Abstract Let (X;);>o be a symmetric strong Markov process generated by
non-local regular Dirichlet form (D, Z(D)) as follows:

Do) = [ [ (@)= F)ale) o) T )dady.  f.g € 2(D),

where J(x,y) is a strictly positive and symmetric measurable function on
R? x R, We study the intrinsic hypercontractivity, intrinsic supercontractivity,
and intrinsic ultracontractivity for the Feynman-Kac semigroup

TV (f)(2) = Ex(exp ( _ /OtV(Xs)ds>f(Xt)>, 2 €RY f e L2(R% dx).

In particular, we prove that for J(x,y) < |x—y|_d_o‘]lﬂm,yKl}—{—e_'x_y']l{|m,y|>1}
with @ € (0,2) and V() = |z|* with A\ > 0, ()0 is intrinsically
ultracontractive if and only if A > 1; and that for symmetric a-stable
process (X;);>0 with a € (0,2) and V(z) = log*(1 + |z|) with some A > 0,
(T} )¢>0 is intrinsically ultracontractive (or intrinsically supercontractive) if and
only if A > 1, and (T} );>0 is intrinsically hypercontractive if and only if A > 1.
Besides, we also investigate intrinsic contractivity properties of (Ttv)t20 for the
case that liminf|,_, o V(2) < +oo0.
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1 Introduction and main results

1.1 Setting and assumptions

Let ((Xt)i>0,P%) be a symmetric strong Markov process on R? generated by
the following non-local symmetric regular Dirichlet form:

Dif.g) = [ [ (F@) = 1w))ata) = ), dady,

2(D) = C}(RY)™"

Here, J(x,y) is a strictly positive and symmetric measurable function on RY x R?
satisfying that there exist constants aq,as € (0,2) with ay < ae and positive
constants k, c1, cy such that

clr —y| T < J(z,y) < clr —y| 72, 0< |z —y| <k, (1.1)
J(x,y) >0, |z—y|>k, (1.2)
and
sup / J(z,y)dy < 400; (1.3)
z€R J{|z—y|>kK}

CH(R?) denotes the space of C' functions on R? with compact support, and

Cl (]Rd)D1 denotes the closure of C}(R?) under the norm

1fllp, == \/D(f,f)+/f2(x)dx_

According to [1, Theorems 1.1,1.2], (X¢)>0 has a symmetric, bounded, and
positive transition density function p(¢,z,y) defined on [0, 4+0c0) x R? x R,
whence the associated strongly continuous Markov semigroup (7}):>0 is given

by
Tf(a) =B((X0) = [ p(t.a)f)dy. v e Rt >0, 1 € BRY,

where [E” denotes the expectation under the probability measure P*.
Throughout this paper, we further assume that for every ¢ > 0, the function
(z,y) +— p(t,z,y) is continuous on R% x R?, see [1,5-8] and references therein
for sufficient conditions ensuring this property. For symmetric Lévy process
(X1)1>0, the continuity of density function is equivalent to e *¥0() ¢ L1(R?; dx)
for any ¢t > 0, where Wq is the characteristic exponent or the symbol of Lévy
process (X¢)i>0,

E”(e/6X72)) = 710 ¢ e RY ¢ > 0.
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Let V be a non-negative and locally bounded measurable (potential)
function on RY. Define the Feynman-Kac semigroup (7} );>o:

TV (f)(z) = Ew(exp ( — /Ot V(Xs)ds>f(Xt)>, zeRY fe LA(RYdx).

It is easy to check that (Ttv)t>0 is a bounded symmetric semigroup on
L%*(R%;dz). By assumptions of (X;);>0, for each ¢t > 0, T}V is also bounded
from L'(R% dz) to L®(R% dz), and there exists a symmetric, bounded, and
positive transition density function pV(t,x,y) such that for every t > 0, the
function (z,y) — p" (t,z,y) is continuous, and for every 1 < p < +o0,

T @) = [ V(e fo)dy, @ € R f e DR da),

see, e.g., [10, Section 3.2]. Suppose that for every r > 0,
{z e RY: V() < r}| < 400, (1.4)

where |A| denotes the Lebesgue measure of Borel set A. According to
[4, Proposition 1.1] (which is essentially based on [21, Corollary 1.3]), the
semigroup (Ttv)t>0 is compact. By general theory of semigroups for compact
operators, there exists an orthonormal basis in L2(]Rd; dz) of eigenfunctions

{én},29 associated with corresponding eigenvalues {\,}12] satisfying
D<A <A< A3, lim A\, = +o0.
n—-—+00
That is,

Ly ¢, = =M\, TtV¢n = eiAntQSm

where (Ly,Z(Ly)) is the infinitesimal generator of the semigroup (7)Y ):>o.
The first eigenfunction ¢; is called ground state in the literature. Indeed, in
our setting, there exists a version of ¢; which is bounded, continuous, and
strictly positive, see, e.g., [4, Proposition 1.2].

In the following, we always assume that (1.1)—(1.4) hold, and that the
ground state ¢ is bounded, continuous, and strictly positive.

1.2 Previous work and motivation

We are concerned with intrinsic contractivity properties for the semigroup
(T} )1=0. We first recall the definitions of these properties introduced in [11].
The semigroup (TtV)t>O is intrinsically ultracontractive if and only if for any
t > 0, there exists a constant C; > 0 such that for all z,y € R?,

pv(t,$,y) < Ct¢1(x)¢l(y)
Define
TV f(z) = TV (61/) (), t>0, (1.5)
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which is a Markov semigroup on L?(R%; ¢2(z)dx). Then, (T} );>0 is intrinsically
ultracontractive if and only if (ftv)go ultracontractive, i.e., for every ¢t > 0, iv
is a bounded operator from L?(RY%; ¢?(x)dx) to L>®(R?; ¢?(x)dz). If for every
p € (2,+00), there exists a constant to(p) > 0 such that for all ¢ > ¢y(p),
TY is a bounded operator from L2(R%; ¢2(z)dz) to LP(R%; ¢2(x)dz), then we
say that (iv)t>o is hypercontractive, and equivalently, (T} );>¢ is intrinsically
hypercontractive. If one can take to(p) = 0, then we say that (iV)t>0 is
supercontractive, and equivalently, (Ttv)@o is intrinsically supercontractive. In
particular, the intrinsic ultracontractivity is stronger than the intrinsic super-
contractivity, which is in turn stronger than the intrinsic hypercontractivity.

The intrinsic ultracontractivity of (7))i>o associated with pure jump
symmetric Lévy process (X;);>0 has been investigated in [12-14]. The
approach of all these cited papers is based on two-sided estimates for ground
state ¢y corresponding to the semigroup (7} );>0, for which some restrictions on
the density function of Lévy measure and the potential function V' are needed,
see [13, Assumptions 2.1,2.5] or assumptions (H1)-(H3) below. Recently, the
authors make use of super Poincaré inequalities with respect to infinite measure
developed in [16,17] and functional inequalities for non-local Dirichlet forms
recently studied in [3,20,23] to investigate the intrinsic ultracontractivity of
Feynman-Kac semigroups for symmetric jump processes in [4]. The main result
[4, Theorem 1.3] applies to symmetric jump process such that associated jump
kernel is given by

J(@,y) =< o =y " Laeyicay + 7 Ly sy

with a € (0,2) and v € (1,+o0], for which the approach of [12-14] does not
work. In particular, when v = +o0,

J($ay) = |$ - y|7d7a]]-{|:c—y|<1}a

which is associated with the truncated symmetric a-stable-like process.

As already mentioned in [4], in the model above, finite range jumps play an
essential role in the behavior of the associated process. In the present setting,
the argument of [4] may lead to obtain some sufficient conditions for intrinsic
ultracontractivity of (T} );=o. However, as we will see from examples below, the
conclusions yielded by the approach of [4] are far from optimality because of
the large range jumps. This explains the motivation of our present paper.

The main purpose of this paper is to derive explicit and sharp criterion for
intrinsic contractivity properties of Feynman-Kac semigroups for symmetric
jump processes with infinite range jumps. We will use the intrinsic super
Poincaré inequalities introduced in [16,17] which have been applied in [15,19] to
investigate the intrinsic ultracontactivity for diffusion processes on Riemannian
manifolds. Our method to establish the intrinsic super Poincaré inequality is
efficient for a large class of jump processes. Indeed, our main results not only
work for jump processes of infinite range jumps without technical restrictions
used in [12-14], but also apply to space-inhomogeneous jump processes and
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the corresponding Feynman-Kac semigroup with potential V' (z) not necessarily
going to infinity as |z| — +oo.
1.3 Main results

We assume that (1.1)—(1.4) hold in all results of this paper. To state our main
result, we need some necessary assumptions and notations. For z € R?, define

inf J(y,2), || =3,
J*(a;) _ {y—zEB(a:,3/2) ( ) | |

1, |z| < 3,
and 7*(2)
T
Vi(x)= sup V(z2), x) = )
(x) oup (2), pl@)= V()
For any s, > 0, set
2 2sup0<|mfy|<t J($a y)_l
a(r,s):inf{ ) ct <, = \s}
[B(0,t)|inf e p0,r4t) 7 (x) 1B(0,1)]
In particular, by (1.1),
SUPo<|z—y|<t J(l’, y)_l -0

10 1B(0,1)]

which implies that the set of infimum in the definition of a(r,s) is not empty
for all r,s > 0.

1.3.1 Regular potential function: lim;_, 4. V(x) = 00
Without loss of generality, we assume that in the result below

inf V(z) =0,
z€RL

otherwise, one can take

V(z):=V(z)— zienlgd V(z)

instead of V.
Theorem 1.1 Suppose that

lim V(x)= +oc.

|z|—+o0
For any s,61,02 > 0, define
®(s) = inf V(x)

|| >s

and

B(s) = B(s; 01, 02) _5104((1)_1(3/?52)’8/;52)’ (1.6)
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where ®~1 is the generalized inverse of ®, i.e.,
O (r) =inf{s > 0: ®(s) > r}.

(The set {s > 0: ®(s) > r} is not empty for everyr > 0 since lim |, o V(z) =
+00 and infycga V(x) = 0.) Let 371(s) be the generalized inverse of 3(s). Then
we have the following three statements.

(1) If for any constants 6, and o9 > 0,

400 -1
/ B0 4y < oo, t>mf B,
t

S

then the semigroup (T, )1>o is intrinsically ultracontractive.
(2) If for any constants §1 and 53 > 0,

liH(l) slog f(s) =0,

then the semigroup (Ttv)t>0 1s intrinsically supercontractive.
(3) If for any constants 6, and o9 > 0,

lim sup slog B(s) < +o0,

s—0

then the semigroup (Ttv)t>0 1s intrinsically hypercontractive.

For symmetric Lévy process, due to the space-homogeneous property, it
holds that

where p is the density function of the associated Lévy measure. Obviously,
in this case, Theorem 1.1 excludes the following assumptions used in [13] (see
Assumptions 2.1, 2.3, and 2.5 therein):

(B1) there are constants c3 and ¢4 > 1 such that

;' sup p(z) <pla) <es inf p(z), |z >2, (H1)
B(z,1) z€B(x,1)

and
/ p(x —2)p(z —y)dz <cap(z —y), |z —y|>1; (H2)
{|z—a|>1,|z—y|>1}

(B2) forall0<r; <rog<r<1,

sup sup GB(O,T’) (.’L‘,y) < o0,
z€B(0,r1) yeBc(0,r2)

where B(0,7) denotes the ball with center 0 and radius r, and Gg(q ) (z,y) is
the Green function for the killed process of (X;);>0 on domain B(0,r);
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(B3) there exists a constant ¢5 > 1 such that

sup V(z) < sV (). (H3)
z€B(x,1)

In particular, assumption (B2) is less explicit as it is given by the Green function
rather than the jump rate.

To illustrate the optimality of Theorem 1.1, we consider the following two
examples.

Example 1.2 Let

J(@,y) =< |z =y Leyicry He T L sy,

where o € (0,2) and v € (0,1]. Let V(z) = |z|* for some X\ > 0. Then, there is
a constant Cy > 0 such that for all x € R?,

C

D@ Z g el

and the associated semigroup (Ttv)t>0 is intrinsically ultracontractive if and
only if X > ~. Furthermore, if X >~ and for every x € R%,

/ || |J(z,x 4+ 2) — J(x,x — z)|dz < 400, (1.7)
{lzI<1}

then there is a constant Cy > 0 such that for all x € RY,

Co

D@ S (g 4 g)releh

Remark 1.3 (1) For symmetric Lévy process, (1.7) is automatically satisfied.

(2) When V(x) = |2|* with A > 1, one can also use the argument in [4] to
prove the intrinsic ultracontractivity of (Ttv)tgo. However, the condition A > 1
is much stronger than A > v € (0, 1] required by the first assertion in Example
1.2.

Example 1.4 Let (X)i>0 be a symmetric a-stable process with some o €
(0,2), i.e.,
J(x,y) = ple —y) = c(d, a)|z —y|7 7,

where ¢(d, a) is a constant only depending on d and «. Let
V(z) = log*(1 + |x|)

for some X\ > 0. Then,

(1) the semigroup (T} )i>o is intrinsically ultracontractive if and only if
A>1;
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(2) the semigroup (T )i>o is intrinsically supercontractive if and only if
A>1;

(3) the semigroup (T} )i>o is intrinsically hypercontractive if and only if
A>1.
1.3.2 Irregular potential function: liminf|,_, . V(z) < +o0
We make the following assumption as in [4].

(A) There exists a constant K > 0 such that

lim ®x(R) = o0,
R——+o00

where

Ox(R)= inf  V(z), R>0.
|z| >R,V (z)>K

Let
Ok (R) = [{z €eR%: |z| > R, V(z) < K}|, R>0,
where K is the constant given in (A). Then, by (1.4),

li = 0.

Similar to Theorem 1.1, in Theorem 1.5 below, we can assume that

inf V(z) =0,
z€RL V(z)>K

otherwise, V is replaced by

V(z) :=V(x)— inf V(z))1 .

(z) () (zeRd,lg(z)>K (Z)) (zeR4, V(2)> K} (T)

In particular, under such assumption and (A), for any r» > 0, the Borel set
{s 2 0: ®g(s) = r} is not empty.

Theorem 1.5 Suppose that assumption (A) holds, and that d > oy, where
aq € (0,2) is given in (1.1). For any s,0; > 0 with 1 < i < 4, define

S/\(SQ)

A A _ 8
/B(S)Zﬁ(s;51752753754):6101(\1’1(1(8/\62)/\53, 8

(1.8)
where

-1
+ 54®K(R)a1/d} B (r) = inf{s > 0: B(s) >},
P (R)
and <I>[_<1 denotes the generalized inverse of ® . Then all assertions in Theorem

1.1 hold with B(s) replaced by ((s).

Note that, when
lim V(x)= 400,

|| =00
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for any constant K > 0, there exists Ry > 0 such that
Or(R)=0, Yg(R)=®x(R), R = Rp.

Therefore, by (1.8) and (1.6), in this case, Theorem 1.5 reduces to Theorem 1.1.
To show that Theorem 1.5 is sharp, we reconsider symmetric a-stable process
both with irregular potential function.

Example 1.6 Let (X¢)i>0 be a symmetric a-stable process on R? with d > «,
and let V' be a nonnegative measurable function defined by

OA x T
Vi(z) = {11g (L +lel) xii’ (1.9)

where A > 1 and A is a unbounded set on RY such that inf g,V (z) = 0.
(1) Suppose that

C1

AN B(0,R)| < ,
AnBORIS

R>1,

holds with some constants c1,0 > 0. Then, the associated semigroup (T )i>o is
intrinsically ultracontractive (and also intrinsically supercontractive) if 0 > d /o
(T)Y )i=0 is intrinsically hypercontractive if 0 > d/cv.

(2) For anye >0, let

+o00
A= U B(xm,Tm),
m=1

0

k 1
where T, € R with |zm,| = €™, and rp =m™ o ta for some kg > 2/e. Then

C2

\AﬁB(O,R)‘3|<1 . R>1, (1.10)
oge

holds for some constant cg > 0; however, the semigroup (Ttv)t20 is not
intrinsically ultracontractive.

The reminder of this paper is arranged as follows. In the next section,
we will present some preliminary results, including lower bound estimate for
the ground state and intrinsic local super Poincaré inequalities for non-local
Dirichlet forms with infinite range jumps. Section 3 is devoted to the proofs of
all the theorems and examples.

2 Some technical estimates

2.1 Lower bound for ground state

In this subsection, we consider lower bound estimate for the ground state ¢;.



762 Xin CHEN, Jian WANG

Recall that for = € R?,

inf  J(y,2), |z| =3,
J*(x)_{yzeB(m,?;ﬂ) (y ) | ‘

1, |z| < 3,
and
J*(x)
V¥z)= sup V(z), o¢(z)= i
( ) z€B(z,1) ( ) ( ) 1+V*($)

Proposition 2.1 Let ¢ be the function defined above. Then there exists a
constant Coy > 0 such that for all x € R?,

Copr(r) = ¢(x). (2.1)

The proof of Proposition 2.1 is mainly based on the argument of
[14, Theorem 1.6] (in particular, see [14, pp.5054,5055]). For the sake of
completeness, we present the details here.

First, for any Borel set D C R?, let 7p := inf{t > 0: X; ¢ D} be the first
exit time from D of the process (X;):>0. The following result is a consequence
of [2, Theorem 2.1], and the reader can refer to [4, Lemma 3.1] for the proof of
it.

Lemma 2.2 There exist constants co := co(k) > 0 and ro := r9(k) € (0,1]
such that for every r € (0,79] and x € R4,

P* (T = cor a) =

In the following, we will fix g, ¢y in Lemma 2.2 and set

a2+(a2;;¥1)d
t() = CoTy

Lemma 2.3 Let 0 <ty < ty < tg, 2 € R? with |z| > 3, D = B(0,7g), and
B = B(z,19). Then we have

PI(XTB € D/2, t1 <1 < tg) > Cl(tg — tl)J*($) (22)

for some constant ¢; > 0.

Proof Denote by pp(t, z,y) the density of the process (X;):>0 killed on exiting
the set B, i.e.,

pB(t,l’,y) = p(t,x,y) - Ew(TB < t7 p(t - TB,X(TB),ZJ))-

According to the Ikeda-Watanabe formula for (X;);>o (see, e.g., [14, Proposition
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2.5]), we have

P*(X () € D/2,t1 < 7 < t2)

to
- / / pi(s,z,y)ds / J(y, 2)d=dy
BJty D/2

to
|D/2| inf J(y,Z)/ /pB(S,x,y)dyds
) t1 /B
to

WV

y—z€B(x,3r9/2

WV

2 inf J(y, z)/ P*(1p > s)ds

y—2€B(z,3r0/2) 4

> o ‘i‘ngg]P)Z(TB(z,ro) > 19))(t2 — 1) inEBi&f,Bmm J(y, z)

2 622 (t2 B tl) y—zeiél(fx,?)/Q) J(y’ Z)

> 7 (ta—1) (@),
where, in the forth inequality, we have used Lemma 2.2 and the fact that rq < 1.
This completes the proof. Il

Now, we are in a position to present the proof of Proposition 2.1.
Proof of Proposition 2.1 We only need to consider z € R? with |z| > 3. Still
let B = B(x,rg) and D = B(0,7¢). First, we have
¢1(x) = MOTY (¢1)()
MOTY (1pgr)(x)
M inf 61 ()T (1p) (2)

> Ty (1p)(x),

VoWV

where, in the last inequality, we have used the fact that ¢ is strictly positive
and continuous.

Second, by the strong Markov property, it holds that
Ty (1p)(x)
_ B (X,, € D; e Vi)
T ,
E”(X,, € D/2, 75 < to, Xy € D, Vs € [rp, to]; ¢ Jo V(Xe)dsmfp VX)dsy
e—tosup.ep V(2) gz (XTB € D/2, 1 < ty, Xs € D, Vs € [rp, to];e” Jo® V(Xs)ds)
e fosUPzcp V(Z)Ez (XTB S D/Q, B < to; € JoP V(Xa)ds PX5 (TD > to))

—tosup,cp V(2) inf P? >t
e o (TB(2,r0/2) > t0))

VoV oWV WV

TR

. E:C(XTB € D/2, B < t07 e_./() V(Xs)ds)
> CgEz (XTB € D/27 B < to; € fOTB V(Xs)ds)a
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where, in the last inequality, we have used Lemma 2.2.
Third, according to (2.2),

E*(Xpy € D/2, 7 < tg; e Jo7 VX)ds)

+00
> § E* (X €D/2 b o, < to, - J5® V(Xs>ds)
= ™ ) ] X 7B ] ; €

= +1
+o00
> Zef? SPzes(aro) V()R (XT ep/2, 0 << to)
J_l B ) j+ 1 ]
+
> ClJ* (.I) f . _tO e t;-) SUPzeB(z,rq) V(z)
iU+
< caJ*(x)
14 UD€ B(z,r0) V(z)
ey J* ()

1+ SUD.cB (1) V(z)’

where the forth inequality follows from [14, Lemma 5.2], i.e.,

I e_r/j e_l
> > . =0
— j(j+1)  r+1
7j=1
Combining all the conclusions above, we prove the desired assertion. Il

2.2 Intrinsic local super Poincaré inequality

In this subsection, we are concerned with the local intrinsic super Poincaré
inequality for DV (f, f).

Proposition 2.4 Let ¢ be a strictly positive measurable function on R:. Then
for any s, >0 and any f € C2(RY),

Lé&”FWMx<ﬂWUJV+Mn@</UMMﬂ@¢Oi 2.3

where

2 i< 2sup0<|mfy|<t J($ay)_1 S}
|B(0,t)]inf e pope) p2(x) |B(0,1)| h

Proof Since V > 0,

a(r,s) = inf{

D0 = [ [ (F@) = 1) ety < DV(£5), € CERO,

it suffices to prove (2.3) with DV (f, f) replaced by D(f, f).
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We can follow step (1) of the proof of [6, Theorem 3.1] or [23, Lemma 2.1]
to verify that for any 0 < s < r and f € C2(R%),

2sup <|lz—y|<s J(x7 y)il
/ o, P (s ) / /{ RCOR (0,
2
J(x,y)dzdy + |B(§, 9| (/B(QHS) |f(a;)|dx> . (2.4)

Note that, if (2.4) holds, then for any 0 < s < r and f € C2(R%),

) 28UPg < |5—y|<s (2, )7
/Bm,r) e < ( |B(0,5) Jou)

2 / 2
+ . f(x)|e(z da;) .
B0, ) infye 0,1 ¢2<x>< sy | DIEE)

This immediately yields (2.3) by the definition of a(s,r).
Next, we turn to the proof of (2.4). For any 0 < s < r and f € C?(R%),
define

1
fs(x) = B0, 5)| /;(:(:75) f(z)dz, =z € B(0,r).

‘We have

1
sup [ fs(z)] <
z€B(0,r) |B(0, )| B(0,r+s5)

£ (2)ldz,

and
1
fs(x dwé/ / f(z)|dzdx
/B(O,r)| @)l B(o) |B(0, )] B(m,s)| )1
1 / )
< dz ||f(z)|d=
/B(O,T+S) <|B(Oa S)| B(z,s) | ( )|

< / 1£(2)ld.
B(0,r+s)

Thus,

/ P < ( sup |fol)) / ful)|da
B(0,r) B(0,r)

z€B(0,r)

< 150,9) (/Bm,m) i/ (Z>'dz>2‘
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Therefore, for any f € C2(R%) and 0 < s < r

/ 2 (z)dz
B(0,r)

— T 2 T 2 T X

<2 /B NCORIOISERE /B o o
1 2

<2 [ ) o, @) Sy

B(z,s)

*130.9) </B<Or+s 7= )'dz>2

28up(]<|m y|<s

(z,y)~
< s / /{ @) = Ty

*13(0.9) </B<Or+s 7= )'dz>

2 Sup0<|:c y|<s

< I / / £(2) = F()2] (2, y)dady
h 1B(0, 5) {lo— y\<s} ’

* 13(0.9) (/Bm,m)‘ (= )‘dz> |

This proves the desired assertion (2.4). O

3 Proofs of theorems and examples

We begin with proofs of Theorems 1.1 and 1.5.
Proof of Theorem 1.1 (1) For all > 0 and f € CZ(R%),

?(¢)da ! 2(2)V (x)dx 1 4
/B(Om)“f (w)dw < ®(r) /B(O,r)cf (@)V(z)de < <I>(r)D (f, f)-

This, along with (2.3) and (2.1), gives us that for any r,s > 0,

[ 2@ < (g, +5)0" 1.0+ ot [ 1@ )dx)Z.

For any s > 0, taking r = ®~!(2/s) and 5 = s/2 in the inequality above, we
arrive at

/fQ(x)dx<sDV(f7f)+Cga<<I)_1(i)7;)(/|f|(x)¢1(x)dx>2. (3.1)

(2) Let (ﬁv)t20 be the strongly continuous Markov semigroup defined
by (1.5). Due to the fact that Ly¢; = —A1¢1, the (regular) Dirichlet form
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(D¢, Z(Dgy,)) associated with (iV)t>0 enjoys the properties that, C2(R?) is a
core for (Dy,,Z(Dy,)), and for any f € C2(R?),

Dor(1.£) = DV (fon. fon) = As [ | Pla)dhie)da. (32)
Let
py (dz) = ¢(x)da
Combining (3.2) with (3.1) gives us the following intrinsic super Poincaré

inequality:

s (1) < 5(Du (1, 1) + Ao (7)) + G (@7 (%), 2) 2, (1410

In particular, for any s € (0,1/(2)\1)),

s (%) < 2D, (1, )+ 2030(@7 (2), 3 )mar (117, 1 € C2RY,
which implies that
/M)l(fZ) < 3D¢>1 (f7 f) + 5(S)M¢>1(|f|)27 IS Cg(Rd)7 s> 0,

where ((s) is the rate function defined by (1.6) with some proper constants
61,02 > 0.

Therefore, the desired assertions for the ultracontractivity, super-
contractivity, and hypercontractivity of the semigroup (7));>0 (or,
equivalently, the intrinsic ultracontractivity, intrinsic supercontractivity,
and intrinsic hypercontractivity of the semigroup (7} )io) follow from
[18, Theorem 3.3.13] and [16, Theorem 3.1]. O

Proof of Theorem 1.5 By (1.1) and d > a1, there is a constant ¢1 := ¢1(k) > 0
such that the following Sobolev inequality holds:

||f||i2d/(dfa1>(Rd;dx) <ea(D(f, f)+ HfH%z(Rd;dx))» f e CPRY, (3.3)

see [4, Proposition 3.7].
For the constant K in (A), let

= {zeR: V(z) > K}, Ay:=RI\ A
Then, for any R > 0 and f € C®(R%),
[ Pe= [ Pyds+ [ £(e)da
B(0,R)e B(0,R)°NA; B(0,R)°N A,
< f(x)V(x)dz
P (R) JB(0,r)enA, @V (=)

+ |B(O, R)c N A2|al/d HinM/(d*aﬁ(Rd-dm)

1 4 or/d
< gy D)+ Ok oo gy



768 Xin CHEN, Jian WANG

This, along with (2.1), (2.3), and (3.3), gives us that for any R,3 > 0,
/f2(x)dx < <<I>K1(R) +E4 c1®K(R)‘“/d)DV(f, f)
44%Mma</uwmwwmﬁz+q@4mmm/}%mm
<mm0w4+@Dwﬁﬁ+f%uma</uwmwwmﬁz
F () [ e,

where VU is defined in the theorem with 4 = ¢;.
For any s > 0, taking

4

R:¢;<S

) Av@)

and s = s/4 in the inequality above, we arrive at

/fz(x)dx <sDV(f, f)+ 2002@(@;(1 (‘3‘) AT (2), Z)

-(;/qux>¢1@odx)2- (3.4)

According to the intrinsic super Poincaré inequality (3.4) and the argument
of Theorem 1.1 (2), we can obtain the desired conclusions. O]

Finally, we present the proofs of Examples 1.2, 1.4, and 1.6.

Proof of Example 1.2 Let V(z) = (1 + |z|)* for some A > 0. Then, according
to Theorem 1.1, the rate function 3 given by (1.6) satisfies that

B(s) = e1exp(ea(l + s/,

Therefore, by Theorem 1.1 (1), the semigroup (7} );>o is intrinsically
ultracontractive for any A > ~. To verify that the semigroup (Ttv)t20 is not
intrinsically ultracontractive for A € (0, ], we can follow the proof of Example
1.4 (1) below, by using [8, (1.18)] instead. We omit the details here.

The lower bound estimate for ¢; follows from Proposition 2.1. Now, we
turn to the upper bound estimate. It is easy to check that for any r» > 0 large
enough,

T ]lB<O’2T)c/ J(z,z 4 2)dz € L*(R% dz), (3.5)
{lz+z|<r}

According to [22, Theorem 1.1], (1.7), and (3.5), C2(R%) ¢ 2(L") and for any
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f e CZRY),
LV fa) = [ (fat2)= @) = (V@) g + )
+ ; /{Z<1}<Vf(x), 2 (J(z,x+2) — J(x,z — z))dz — V(z) f(x)

=: Lf(z) = V(z)f(2).

Let
o~ (1+]z[?)7/2
€Tr) =
Y Gt (e
where Cy > 1 is a constant to be determined later. By the approximation
argument, it is easy to verify that ¢ € 2(L"Y). Next, we set

p(2) = |27 Ly e L5y

Then, for any = € R? with |z| > 3,
Ly(x) = / (W(x + 2) — () — (V(a), 2))J (@, + 2)dz
{lzI<1}

+ / (W@ +2) — (@) T (&, + 2)dz
{lz|>1}

1
+ 9 /{|Z|<1}<V¢(x),z>(J(x,$ + z) — J(x,x _ Z))dz,

C4e_(1+|x+z‘2)’w2
< + d
csi(a) /{ o G Vi PO

< c3y(x) + “ / p(2)dz + “ / p(2)p(z + 2)dz
Co J{jat2I<1} Co J{jz1>1, [a+2[>1}

Cs Ce
< c3v(x) + su z)+ x
31(x) C ZeB(gvl)p( ) o p(x)

<@w@+gmm

where the constants ¢; (i = 3,4,...,7) are independent of the choice of Cj.
Here, in the first inequality, we have used (1.7) and the fact that there exists a
constant ¢y > 0 such that for all z € R? with |z| > 3,

sup (|Vep(a)] + [V*(2)]) < covo(@),

z€B(z,1)
and the third and the forth inequalities follow from (H1) and (H2) (they have
been verified in [13, Example 4.1]). Thus, for any « € R? with |z| large enough,
cr V($)e_(1+‘z‘2)'y/2

y
LY 4p(z) < esp(z) + y plz) = Co+ (1 + [z]2)M?
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In particular, taking Cy > 1 + 2¢7 large enough in the inequality above, by the
fact that
V(z) = |z[* = +o0, |z — +oo,

we get
LV4(z) <0

for |z| large enough. On the other hand, since ¢ € CZ(R?), it is easy to check
that the function z — L"1)(z) is locally bounded. Therefore, there exists A > 0
such that for any = € RY,

LY¢(x) < M(x),
which implies that

TV y(z) < Mp(x), xR E>0.

Furthermore, according to [11, Theorem 3.2], the intrinsic ultracontractivity
of (Ttv)t>0 implies that for every t > 0, there is a constant ¢; > 0 such that

pY (t,x,y) = cdi(x)d1(y), x,y € R™

Therefore,
P(x) > e MY ()
= [ Ly
> e [ D))y (2)
= co¢1(),
which yields the required upper bound for the ground state ¢;. Il

Proof of Example 1.4 (1) Let V(z) = log*(1 + |z|) for some A > 0. Then,
according to Theorem 1.1, the rate function § given by (1.6) satisfies

B(s) = c1 explea(l + s~YM). (3.6)

Therefore, by Theorem 1.1 (1), the semigroup (7} );>o is intrinsically
ultracontractive for any A > 1.

To prove that for any A € (0,1], the semigroup (7}Y);>0 is not
intrinsically ultracontractive, we mainly follow the proof of [14, Theorem 1.6]
(see [14, pp.5055,5056]). Let p(t,z,y) be the heat kernel for the symmetric
a-stable process (X );>o. It is well known that for any fixed ¢ € (0,1] and |z — y|

large enough,
(t ) < Cgt
€T S .
p(t,z,y o — y|dta

Set D = B(0,1). For |z| large enough,

cyt
T/ (1)) < [ plt.rpay< | 1hL (3.7)
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On the other hand, since A € (0, 1], for |z| large enough and ¢ € (0, 1],

t
E”* <7'B(x,1) > t; exp < —/ V(Xs)ds>>
0

csP(TB(w,1) > t)eﬂelogA &
csPH(TB(,1) > 1)et1og’ Ie]
CG]P):B(TB(m,l) > 1)eft10gm

WV

Ty (1p(e,1))(T)

A\ARRR VAR VARRA\VA

x|

Combining both conclusions above, we get that for any fixed ¢ € (0,d + «),
there is not a constant Cy > 0 such that for |z| large enough,

TtV(le)(g;) > CtTtV(]lB(:c,l))(x)a

which contradicts with [14, Condition 1.3]. Hence, according to the remark
below [14, Condition 1.3], the semigroup (7}Y);>0 is not intrinsically
ultracontractive.

(2) According to (3.6) and Theorem 1.1 (2), we know that if A > 1, then
the semigroup (Ttv)t20 is intrinsically supercontractive. Now, suppose that
the semigroup (Ttv)@o is intrinsically supercontractive for some A € (0, 1],
which is equivalently saying that the semigroup (ftv)go defined by (1.5) is
supercontractive for some A € (0,1]. Then, by [18, Theorem 3.3.13 (2)], we
know that the super Poincaré inequality

[ reréiwas <rpa g0+ o) [ 1iweie)

r>0, f e C}RY, (3.8)
holds with some rate function (3 such that

lin(l)r log B(r) =

where the bilinear form Dy, is given by (3.2).
For a fixed strictly positive ¢ € C’g(Rd) and any € > 0, define

P ) — 1 ot c(d, o) 9, d
Lef@)= o | 0@ =g MO0 4y g ek

Then
LY (6f)() = e(d, ) p.v. / (6 () — (6F)())
= ¢() lim Lc f(x)

oy jira W= V@D E)

1

T ) [a(d,oop.v. (60) = 60) | oy = V)ola)

= o(@) lim L. f(2) + ()17 6(a),

|z
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where p.v. denotes the principal value integral. Therefore, for the probability
measure u(dx) = ¢?(r)dx, we get

DY (of,0f) = — (bf, LY (6£)) 12(me-ae)
1
= {1 (bLV(¢f)>L2(RdW)

- /
= — ilg(l](f, Laf>L2(]Rd;M) o <f’ o LV¢>L2(R‘1;#)

= — lim c(d,a)(f(y) — f(z))f(x) e
= //{|m y|>ed |z — y|dte P(y)o(z)dzdy

e—0

<f’ ! V¢>L2(Rd )

_ d@ // ‘x_ W 2¢<y>¢<x>dwdy—<f’f;LV¢>L2(RdW>’

where, in the third equality, we have used the dominated convergence theorem,
and the last equality follows from the symmetry of kernel ¢(d, a)/|z — y|®+.
Whence, if ¢1 € CZ(R?), then we have

Datrp) =G [[VE y|d+a2¢1(x)¢1(y)da:dy
<f L1600 e+ N [ P@RG

qu L2 (R

d «
// y|d+a ¢ (z)é1(y)dady. (3.9)

Since C2(R?) is a core for (LY, 2(L"Y)) and ¢1 € 2(L"), by the standard
approximation argument, we get that (3.9) is still true for ground state ¢;
without the assumption that ¢; € CZ(RY).

Second, according to [13, Corollary 2.2] (in this case, [13, Assumption 2.3]
holds true and so [13, Corollary 2.2] applies), there exists a constant ¢; > 1
such that

-1
Cq ¢1 (QJ) < C1

< < (310
(1 + Jal) log (1 + [z A+laholog A +la) )

Third, we consider the following reference function g, € Cl? (RY) for n > 1
such that

=0, |a;\ <n
gn(z) ¢ €10,1], < |z| < 2n,
=1, |$| 2n,

and |Vg,(z)| < 2/n for all z € R% It is easy to see that

[ onlaP etz > i )
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and

2
C3
(Jisd@etaas) < oS,

hold for some constants co, c3 > 0. On the other hand,

(9n(z) = gn(y))?
Dy, (gn, gn) = c(d, ) //{Kn - |x_ y|i+a $1(z)1(y)dady

(gn(2) — gn(y))?
+e(d.a) [f 61(2)61 (y)dady
{e|>n} |~”0— |d+e 1(e)¢1(9)
=11 + I5.
Then, by (3.10),

I < [ I/ == G (o)
n‘”alog 1+ n) {lo—yl<ny [& — Y|

' //{|my|>n} | — y|d+o dyor(x )dx}

)
< 3\ -
nd+2a]ogt (1 + n)

Similarly,

I < [ // [ - yd|2 dzoi(y)dy
nito log (1+n) {la—yl<n} [T —y[¢Fe

+// dzoy (y dy]
{lo—yl>n} [T = y\d“‘ 1)

€y
< 3\ .
nd+2a log (1 + n)
Combining all the conclusions above, we obtain
0 esB(r)
A Sa 3\
log*(1 4+ n) ndt2a]og®M(1 4+ n)

for some constant ¢4 > 0. Taking

2
r=1r, = ,
" 2¢4log? (14 n)
we get
c
B(ry) = 2 pdt2e log?*(1 + n).
263

In particular, due to A € (0, 1],

lim supr log B(r) = limsupr'/* log B(r) > liminf i log B(ryn) > 0,

r—0 r—0
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which contradicts with

liH(l)T log 5(r) = 0.

r—

This proves the second desired assertion.

(3) By (3.6) and Theorem 1.1 (3), the semigroup (7} )¢>o is intrinsically
hypercontractive for A > 1. Assume that the semigroup (Ttv)t>0 is intrinsically
hypercontractive for some A € (0,1). Then, by [18, Theorem 3.3.13 (1)], the
super Poincaré inequality (3.8) holds with

B(r) <explc(l+r71), r>0. (3.11)

Now, we can follow the proof of part (2) above, and obtain
lim inf r'/* log 3(r,) > 0,
n—-400

where r,, is the same sequence as that in (2). In particular, r, — 0 as n — 400,
and

B(rn) > exp(crry, 1A

for n large enough and some constant ¢; > 0. This is a contradiction with
(3.11), also thanks to the fact that A\ € (0,1). Hence, we complete the proof. O

Proof of Example 1.6 (1) Take K =1 in assumption (A). Then
Dre(r) =log*(1+7), Or(r)=cilog (1 +r)

for r > 1 large enough. Thus, according to Theorem 1.5, the rate function ﬁ
given by (1.8) satisfies

B(s) < cgexp (e3(1 + S_max(ivoti))).

This, along with Theorem 1.5 again, yields the first desired assertion.

(2) For any R > 0 with em™o <R e(Mm+D™ o1 some m > 1, we have
+oo
|ANB(0,R)°| < Y |B(zp, )|
k=m

—+00

Z _dko
= CO k [e1 +1

k=m

dkg

N

cym

d, 2
62(m+1)k0( a+k0)
C2

logi_aR.

NN

This proves (1.10).
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Let D = B(0,1) and ¢t = 1. According to (3.7), for all m large enough,

C3

e~ 3 exp(—(d + a)m™). (3.12)

Tlv(]lD)(xm) <

On the other hand, by the definition of V' and the space-homogeneous property
and scaling property of symmetric a-stable process, for m large enough,

TV (LB ) (@m) 2 TV (1B ) (@m)

1
> E*m <7'B($m7,,m) > 1; exp < —/ V(Xs)ds>>
0

= e_l]P’xm (TB(CCmﬂ“m) > 1)
= e P (T(0,0,) > 1)

= eilpo(TB(oJ) > T‘;La).

Let pp(t,z,y) be the Dirichlet heat kernel of symmetric a-stable process killed
on exiting B. We find that the right-hand side of the inequality above is just

- Arm® —amfo=d
/ PO (Tm"0,2)dz = cue™ ™ = cqe”
B(0,1)

for some positive constants ¢4 and A, where the inequality above follows from
[9, Theorem 1.1 (ii)]. Hence, we have

ko — O
Tlv(]lB(:Bm,l))($m) = C4ei>\m o (3.13)

According to (3.12) and (3.13), we know that for any constant C' > 0, the
inequality
TV (L)) (z) < CTY (1p)(2).

does not hold for x = x,, with m large enough. In particular, [14, Condition
1.3] is not satisfied, and so the semigroup (7} );>0 is not intrinsically
ultracontractive. O
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