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Abstract Based on a new explicit representation of the solution to the Poisson
equation with respect to single birth processes, the unified treatment for various
criteria on classical problems (including uniqueness, recurrence, ergodicity,
exponential ergodicity, strong ergodicity, as well as extinction probability, etc.)
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1 Introduction

Consider a continuous-time homogeneous Markov chains {X(¢): ¢ > 0}, on a
probability space (2,.%,P), with transition probability matrix P(t) = (p;;(t))
on a countable state space Z; = {0,1,2,...}. We call {X(¢): t > 0} a single
birth process if its transition rate (density) matrix @ = (g;j:i,j € Zy) is
irreducible and satisfies that g; ;41 > 0, ¢;;+; = 0 for all i € Z; and j > 2. Such
a matrix @ = (g;;) with 3 _; ¢;; = 0 for every i (conservativity) is called a single
birth @-matrix. Refer to [15]. In the literature, the single birth process is also
called upwardly skip-free process, or birth and death process with catastrophes
(cf. [1-3] for instance).

The single birth process, as a natural extension of birth and death process
which is a simplest @-process (Markov chain), has its own origins in practice,
refer to the earlier papers [2,13,15], for instance. The exit boundary of the
process consists at most one single extremal point and so the single birth process
is nearly the largest class for which the explicit criteria on classical problems can
be expected. Actually, the study on the object is quite fruited and relatively
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completed (cf. [4-6,15-17]). Based on this advantage, the single birth process
becomes a fundamental comparison tool in studying more complex processes,
such as infinite-dimensional reaction-diffusion processes. Refer to [6; Chapters 3
and 4, Part 1] and [15]. Usually, the single birth process is non-symmetric and
hence it is regarded as a representative one of the non-symmetric processes. For
non-symmetric processes, comparing with the symmetric ones, our knowledge
is much limited, except for single birth processes to which much results are
known as just mentioned. Up to now, the known results are all presented in
some recursive forms. This paper introduces a single unified representation, as
well as a unified treatment, of various formulas for single birth processes.

Throughout the paper, we consider only the single birth Q-matrix @ = (g;5)-
Set q; = —q;; for each i € Z,. For a given function ¢ (to be fixed in this and
the next sections, and then to be specified case by case), define an operator €2
as follows:

Qg = Qg + cy,
where

(Qg)i = Z(h’j(gj - gi)-

Clearly, if ¢ < 0, then € is an operator corresponding to a single birth process
with killing rates (—c¢;).
The following sequences are used throughout this paper:

n—1

~ . 1 (1) =(i .
Foi mp= OSSR asize
dn.n+1 i
k
Gk = ¢®) _ ¢, = anj — Cns 0<k<n. (1.2)
j=0

Note that if ¢ < 0, then cjgk) > 0 and then ES’“) > 0 for every n > k > 0. In
what follows, we omit the superscript ‘7’ everywhere in F' and ¢ once ¢; = 0,
and often use the convention that ), = 0.

Here is the first of our main results.

Theorem 1.1 Given a single-birth Q-matriz Q = (g;;) and functions ¢ and
f, the solution g to the Poisson equation

Qg = f (13)

has the following representation:

FO g e
m=pt Yy fothmam

0<k<n—10<j<k Qj.j+1

WV
o

(1.4)

In particular, the harmonic function g of Q (i.e., g = 0) can be represented as

() ..
gn—go(l— Z ZFR]CJ) n = 0.

Ok<n—10< <k Wit
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Conversely, for each boundary/initial value gy € R, the function (gy,) defined
by (1.4) is a solution to (1.3).

For single birth processes, almost all problems we concerned with are
related to the solutions to some specific Poisson equation. Here, we unify these
equations as (1.3) with different functions ¢ and f which are listed as in Table
1.

Table 1
Problem ¢ €R fieR
Harmonic function c €R fi=0
Uniqueness G =-A<0 fi=0
Recurrence ¢ =0 fi = qio(1 — di0)
Extinction/return probability ¢ =0 fi = qio(1 — di0)(g0 — 1)
Ergodicity =0 fi = qio(1 — di0)go — 1
Strong ergodicity =0 fi = qio(1 — di0)go — 1
Polynomial moment =0 fi(z) = Giip (1 = 8iiy ) Gip — ZEiO'fJI
Exponential moment/ergodicity G =A>0 fi = qio(1 — di0)(g0 — 1)
Laplace transform of return time c=-2<0 fi = qio(1 — 8i0)(g0 — 1)

We remark that in the two cases for ergodicity and strong ergodicity, even
though the Poisson equation and the functions ¢ and f are the same, but their
solutions are required to be finite and bounded, respectively.

This paper is organized as follows. The proof of Theorem 1.1 is given in the
next section, using a lemma on the representation of solution to a class of linear
equations. Then, Sections 3-7 are devoted, respectively, to the criteria on the
problems listed in Table 1, and related problems to be specific subsequently.
Roughly speaking, the unified treatment presented in the paper consists of the
following three steps.

(a) Find out the Poisson equation corresponding to the problem we are
interested in.

(b) Apply Theorem 1.1 to get the solution to the Poisson equation.

(c) Work out a criterion for the problem using the solution obtained in (b).

Step (a) is more or less known from the previous study; step (b) is now
automatic; hence, our main work is spent on step (c).

For the reader’s convenience, several key formulas used often in the proofs
are collected into Appendix in a single page which consists the last page of the
paper (so that it can be printed out separately).

2 Poisson equation

In this section, we consider the solutions of the Poisson equation (1.3) for single
birth processes. Let us begin with a simple result for the solution to a class of
linear equations.
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Lemma 2.1 For given real numbers (otnk)n—13k>0 and (fn)n>0, the solution
(gn)n>o to the recursive inhomogeneous equations

gn = Z QnkJr + fna n = Oa (21)
0<k<n—1

can be represented as

gn= > Yukfe, n=0, (2.2)
0<k<n

where for fized k > 0, (Yo )n>k with v = 1 is the solution to the recursive
equations

Yok = Z i Vjks n > k. (2.3)

k<j<n—1
Proof Use induction. For n = 0, we have

90 = fo="00fo= > Yorfr

0<k<0

Assume that (2.2) holds for all n < m. When n = m + 1, from (2.1), we see
that

Gmi1 =D OmyikGk+ fmit

0<k<m

= > mirk Y e et fmnr
0<k<m 0<l<k

= ¥ (X o) st o
ol<m M <km

= D mrrefet fmn
0<t<m

= > et
0<b<m+1

Hence, (2.2) holds for n = m + 1. By induction, the representation (2.2) holds
for all n > 0. Il

Note that the coefficients () are often fixed and so are (v,x). Then
Lemma 2.1 says that once replacing (a,) by (nk), the solution to (2.1) has a
complete representation (2.2), mainly in terms of the inhomogeneous term (f,)
in (2.1).

Without condition g, = 1, equation (2.3) is clearly homogeneous. However,
it becomes inhomogeneous under condition i # 0 (then one may assume that
ke =1):

Tnk = Z njVik T CnkVkks nzk+1,
k+1<j<n—1
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provided aj41, # 0. Otherwise, once a1, = 0, by induction, we actually
have v, = 0 for all n > k 4+ 1. Thus, under condition 7, = 1, by Lemma 2.1
(for fixed k), we have the following alternative representation of (y,):

Tnk = Z Tnj ¥k, nz=k+1
k+1<j<n

In what follows, we will use the following variant of Lemma 2.1. Replacing
the initial 0 by ¢ and the coefficient (o) by (ankfk), respectively, for some
non-zero sequence (f3,,), and set h, = g,/B, (n > i), we obtain the following
result.

Corollary 2.2 The solution (hy)n>; to the recursive equations
1 .
hn = B < Z ankhk + fn>7 n =i, (24)
"N i<k<n—1
can be represented as
= > " h n>i (2.5)
i<k<n P
where for each fixed i, (Yni)n>i with v;; = 1 is the solution to the equations
1 .
Yni = ﬁ Z Ok Vkis n >1.
" igk<n—1
FEquivalently,
Ink .
Yii = 1, Yni = Z ﬂn i, nzi+ L (2.6)
it1<ks<n P
Specifying B, = @nn+1 and oy, = cjgk) in Corollary 2.2 and using the
successive formula of F\\") defined in (1.1), we obtain the following result.
Corollary 2.3 For given f, the sequence (h,) defined successively by
1
o = <fn . zgkmk), n>i,
dn,n+1 i<k<n—1
has a unified expression as follows:

i 9k, k+1

In particular, the sequence (E&k)) defined in (1.1) has the following expression:

. ~ L ERg®
FO—1,  FO= % "% asit (2.7)
dk.k+1

k=i+1
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Before moving further, let us mention a comparison result for different -,,;,
which may be useful elsewhere but not in this paper.

Proposition 2.4 For each triple n > i > j, the following assertion holds:

’Y k
TYnj = " Z Qeeg- (28)
i<k<n ]<E<z 1

Furthermore, if o = 0 and B, > 0 for all n > k, then vnivi; < vnj for all
n=1izj.

Proof The first assertion is simply a consequence of Corollary 2.2. In fact, for
fixed i > j, take

E Qg Vejs n = i.

J<e<i—1
Then
1 1 .
Inj = Ié; Z Qn0Yej+ Z Qne ey | = g Z e Vet fnl, nZi.
" Lige<n—1 F<U<Li—1 " Ligi<n—1
Hence, by Corollary 2.2, we get
Ynk ’Y k .
Yoj= Y o fe= Y awvy, i

Br

i<k<n igkgn ]<€<z 1

If ape = 0 and B, > 0 for all n and k, then from (2.8), it follows that for
alln > i > g,

Vnk
Ynj = VniYVij T Z Z Ly ’YZ] TniYig-
z+1<k<n J<ULi—1

In the cases of n =i or ¢ = j, the conclusion is trivial. O
Now, we turn to prove our first result.
Proof of Theorem 1.1 For each i > 0, we have

i—1
(29)i = ¢i,i+1(9i+1 — 9i) — Z Qi Z(ngrl — gk) + Cigi
01 k=j
k

= 4, z+1(gz+1 - gz Z Z qij gk-i—l gk) + ¢igi
0<k<i—1 j=0

k
= ii+1(9i+1 — Gi) — Z (qu > Jr+1 — 9k) + €igo
0<k<i—1

_(k
= qiiv1(gi1— ) — Y. i (gr1 — g8) + cigo. (2.9)
o0<h<i—1
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Denote gi+1 — gr by wy, for £ > 0. Then

~(k .
(Q9)i = qiipiwi — Y @ w+cigo, >0,
0<k<i—1

Now, we rewrite the Poisson equation (1.3) as

w; = q wk—i—f) 1> 0,
’ %H—l( Z ‘ ‘

0<k<i—1

where f; = f; — ¢igo for i > 0. By Corollary 2.3, we obtain
i

=) 7.
wi:ZF" fﬂ, i>0.

=0 D+t

So the solution of the Poisson equation (1.3) satisfies

gz—go+zwk—go+zz T

k=0 j— Oq]]+1

WV
—_

The first assertion is proven. The second assertion is simply a consequence of
the first one.
To prove the last assertion of the theorem, noting that by (1.4), we have

R
E(f; - g0
gt —gn =30 Ui em) s
=0 dj.5+1

Thus, from (2.9), it follows for each i > 0 that

‘ F(]) —c K F] j—c
(Qg) = q; z-l—lz f ]90 - Z k Z 390 ) +Cig()-

=0 dj,5+1 0<k<i—1 =0 q],j+1

Because (by exchanging the order of sums and using (1.1))

e z’“: EP (f5 = ci90) _ 5 fj = ¢i90 iziql(k)ﬁéj)
Jj=

0<k<i—1 q”“ o<<i-1 Lt =

()
F e
= Qiit1 Z i Ui JgO),

og<i-1 Lt

we obtain g = f as required. O
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Remark 2.5 (1) One may obtain (}(f), E(L’“)) from (qgk), F,gk)) easily replacing
the original Q = (g;5) by Q = (di):

{sz'o = gio — G,

Gij = Gij, J#0,1€F.

In other words, only the first column of @) = (g;;) is modified. Then the original
Poisson equation g = f can be rewritten as @g = f with f; = f; — cigo.

(2) Alternatively, one may enlarge the space E by adding a point, say —1 for
instance. Then introduce suitable ¢_1, i, —1, -1, and f_1, so that Q|p = Q,
Jglg = g, and f|p = f. In this way, one may rewrite Qg = f on E as Qg = f on
Eu{-1}.

(3) To solve the Poisson equation, in view of (2.9), even for the simplest
birth—death type, once ¢ appears, it is necessary to go out to the larger class of
single birth one, one cannot just stay within the class of birth—death processes.

Actually, this observation is crucial to solve the Open Problem 9.13 in [7]. Refer
to [8; Theorem 2.6].

For the remainder of this section, we consider only the processes on a finite
state space {0,1,...,N}. Note that here the rate gy ny41 is not defined (or
setting to be zero), but we allow ¢y # 0. Hence, EE’“) is defined upton =N —1
only. The next result is a localized version of Theorem 1.1.

Proposition 2.6 Given a single-birth Q-matriz (g;;) and a function ¢ on the
finite state space {0,1,...,N} (N > 1), the following assertions hold.

(i) The solution of the Poisson equation Qg = f has the following form:

()
F S s
gn = 9o + § § K (f] _]90)’ 0

A <n <N, (2.10)
0<k<n—10<j<k 95,5+1
with boundary condition
N1 ko 709)
~(k F(f5 = ¢j90)
=SS Do) g,
k=0 =0 dj,j+1

(i) Let ¢ < 0. Then the harmonic equation g = 0 has only the trivial
solution g; = 0 if and only if there exists some ¢; < 0.

(iii) The unique solution g to the equation Qglro1,.. . n—1} = 0 (locally
harmonic) with go = 1 is as follows:

Fj)c-
0<k<n—10<j<k 4j.5+1

which is increasing once ¢ < 0.
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Proof (a) The proof is nearly the same as the one of Theorem 1.1, except we
have to take care for the boundary at N. By (2.9), for 0 < ¢ < N — 1, we have

(k
(Q9)i = tigs1(givr —g) — > i (g1 — gr) + cigo.
o<k<i—1

Denote gi+1 — gr by wy, for all 0 < k < N. Then

~(k .
(9)i = Gi,i+1wi — Z q§ Jwy, + cigo, 0<i<N;

0<k<i—1
N
(Qg)n = — Z ng)wk + ¢cNgo-
k=0

Rewrite the Poisson equation as

1 _
w; = <fi + > q§k>wk>, 0<i<N, (2.12)
i i+1 0<k<i—1
where f; = f; — ¢igo for all 0 < i < N. By Corollary 2.3, we get
im0
EYfs
wizz i ff, 0<i<N. (2.13)
im0 i+l

So the solution of the Poisson equation satisfies

gz—go+2wk—go+zz 1<i<N.

=0 j— 0‘]]]+1

Combining this with the boundary condition (2g)y = fn and (2.13), we obtain
the first assertion.

(b) We have just seen that the harmonic solution g satisfies

gn—90<1—zz kjc]) 1<n

k=0 j=0 q]7]+1

N

N, (2.14)

and

(o B )

=0 qj,5+1
When ¢ < 0, by irreducibility, we have not only q(N Y'> 0 but also F° ](\;11 >0
for every j: 0 < j < N — 1. Hence, if there exists some ¢; < 0, then we must
have go = 0 by the last equation. Furthermore, by (2.14), we indeed have g = 0.
Conversely, if ¢; = 0, then every constant function g # 0 is a solution to the
equation 2g = 0. Hence, the harmonic function g can be non-trivial.
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(c) To prove the third assertion, based on the second one, we have to use
a smaller space {0,1,..., N — 1} instead of the original {0,1,..., N} to avoid
the trivial solution. The assertion now follows from (2.14). g

The next result is exceptional of the paper. Instead of single birth, we
consider single death processes on a finite state space. The result may be
regarded as a dual of Proposition 2.6. It indicates that a large parts of the
study in the paper is meaningful for the single death processes, but we will not
go to the details here.

A matrix @ = (g;5) is called of single death if ¢; ;—; > 0 if and only if j =1
fori>1.

Proposition 2.7  Given a single death Q-matriz Q = (¢;;) and a function (c;)

on the finite state space {0,1,..., N}, define (jﬁk) = Z;V:k Gnj — Cn for k> n

and
i

S @R, 1<n<i
k=n+1

; ~ 1
F9 =1, FO=
dn,n—1
Then

(i) the solution g to the Poisson equation Qg = f has the following
representation:

FOf _ e
gn = gN + Z Z k (f] ]QN)’ 0<n<N,
n+1<k<N k<G <N 95,51

with boundary condition

N N 7=0)
- F7(f — cign
COQNZE qék’§ k(] g )~I—f0;
k=1 =k 4j,5—1

(ii) the unique solution with gy = 1 to equation Qgl(1 2, Ny = 0 is as
follows:

F0),.
I Sl Sl L NPT
ntl<k<N k<N 1=t

which is decreasing in n once ¢ < 0.

Proof For 1 <i < N, we have

J
Q)i = gii1lgir—g)+ D aij Y (9 — gk-1) +cigi
iGN k=itl

N
=qi-1(gi1—g)+ Y > ailgr — ge1) + cigi
i+T<h<N j=h

~(k
= i,i—1(9i-1 — gi) — Z q§ )(gkfl — gk) + Cign-
i+1<k<N
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Denote gr_1 — g by wg for all 1 < k < N. Then

N
N
=

(k
(Q9)i = gigawi — Y o + gy, 1
i+1<G<N

N
~(k
(Qg)o = — > 4" wi + cogn.-
k=1
Now, we rewrite the Poisson equation as

1 ; (k) > ,
w; = i + S | 1 <7 <N,
= s <fz S P

+1<G<N

where f; = f; — cign for all 0 < i < N. As an analogue of Corollary 2.3, by
induction, we can verify that

)
j=i q],]—l

From the argument above, it follows immediately that

N
gi:gN+Zwk:9N+ Z Z

k=i+1 1N k<GEN

A7,

S 0<isN-L
]7]_1

Combining this with the boundary condition (2g)o = fo, we finish the proof
of the first assertion. The second assertion is derived from the first one
immediately. O

3 Uniqueness

Starting from this section, we handle with the problems for single birth
processes, listed at the beginning of the paper. First, we study the uniqueness
problem. To do so, we need a sequence (my,) (to be used often subsequently):

1 N 1 N
P B <1+§:q~;f>mk>, n>1. (1)
qo1 dn,n+1 =0

By Corollary 2.3, we have

n_ k)
My = " n > 0. (3.2)
oo Lk k1
Again, we omit the superscript ‘~’ everywhere in m, F , and ¢ once ¢; = 0. The

following criterion is taken from [6,15,16].
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Proposition 3.1 Corresponding to a given single birth Q-matriz Q = (gi;)
(conservative), the process is unique (non-explosive) if and only if

oo
E m, = 00.
n=0

Proof By [6; Theorems 2.47 and 2.40], the single birth process is unique if and
only if the solution (u;) to the equation

(A +gi)ui = Zqz'juj, i 2 0; ug = 1, (3.3)
J#i

is unbounded for some (equivalently for all) A > 0. Rewrite (3.3) as
Qu =Qu — Au = 0; ug = 1.
Applying Theorem 1.1 to ¢; = — A and f; = 0, we obtain the unique solution:

k
Up =1+ A Z Z =1+ Z M, n = 0.

O<han—1 j—0 L+l o<k<n—1

70

Clearly, uy, is increasing in n and then is unbounded if and only if >, m, =
0o. Thus, it remains to show that )  m, = oo if and only if > m, = oc.
Combining m,, with m,,, it is clear that

no () n. k)
My, = " "o=m, as A ] 0,
JZ_:O 45.5+1 l kz_% dk,k+1

since

1B = g® x| ¢® asalo.

This already shows that the condition ), m, = oo is sufficient. It is nearly
necessary since the conclusion does not depend on A > 0, except there is a jump
from A > 0 to A = 0. Hopefully, we have thus seen some advantage of Theorem
1.1, even though there is still a distance to prove the necessity.

Actually, there are several ways to prove the equivalence

Zmn:ooforaﬁxed)\>0 — Zmn:oo.

From now on, for simplicity, assume that A = 1.

(a) Observing that corresponding to the sequence (m,,), the operator is
Q) = @ — I, which may be regarded as a bounded perturbation of the original
operator @). Since these two operators are zero-exit or not simultaneously, the
equivalence above holds.
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(b) In the original proof (cf. [6; Proof of Theorem 3.16)), it was proved that
uy, is unbounded if and only if )" m,, = co. Combining this with what proved
above, we obtain the required equivalence.

(c) Here is a more direct proof. The idea comes from [20].
Assume that Y7 my = oo. If "7 my, < oo, then there exists Ny large
enough such that for all n > Ng,

n o
Mn::Zﬁlk>1 and K :=2 Z mp < 1.
k=0 k=No+1
We now prove that for each n > Ny,

e < 2mpM,_1,  0<k<n. (3.4)

Since g = mo and M,_; > 1 (due to the fact that n —1 > Np), (3.4) holds in
the case of kK = 0. Assume that (3.4) holds up to k = ¢ — 1 < n. Then,

-1 -1
- 1 ~ ~ .
my = <1 + Z qék)mk + ka> (since A = 1)
qe.e+1 =0 =0
. 1 . .
< <1 + Z qék)2man_1 + Mgl> (by assumption)
qee+1 =0
1 -1 -
< (1 +3 qé’“)mk> 2My-1
qe.04+-1 pr
= 2mgﬁn,1.

So (3.4) holds when k = ¢. By induction, we know that (3.4) holds for every
k: 0 < k < n. Now, for each n > Ny, we have

n n
Mn:MNO—i- Z ﬁ%kgMNo—i- Z 2man_1<MNO+KMn_1.
k=Np+1 k=No+1

Furthermore, we have

M, < My,(1+ K + -+ K" No=1y 4 gn=Nopp,
MNo(l - KniNO) ~Nonr
= K" oM.
1-K =+ No
Thus, as n — oo, we would have co < M, No/(1 — K) which is a contradiction.
Hence, once Y 2, my, = 0o, we should also have Y 72 my = oo.
We have therefore completed the proof of the equivalence mentioned above.

O
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To conclude this section, we mention that the uniqueness problem for the
single birth @-matrix with absorbing set H = {0,1,...,N} (N < oo) can be
dealt with by the same approach. Refer to [6; Theorem 3.16] and [14].

4 Recurrence and extinction/return probability

For the recurrence, the following criterion is taken from [6; Theorem 4.52 (1)]
and [15].

Proposition 4.1 Assume that the single birth Q-matriz Q@ = (qi;) is non-
explosive and irreducible. Then the process is recurrent if and only if Y, FT(LO)
= 00, where (Fél)) was defined in (1.1) by setting ¢; = 0.

Proof By [6; Lemma 4.51], we know that the single birth process is recurrent
if and only if the equation

vi=» Mgap, 0<z <1, >0, (4.1)
k0

has only zero solution, where IT;;, = (1—0;x)qix/q;- It is easily seen that equation
(4.1) has a non-trivial solution if and only if the equation

= My, i20;  wp=1,
k40

has a nonnegative bounded solution. The following fact will be used several
times below:

qik '
x; = Z Wox+ RLNPEIR (Qx)i + Azi = iy (1 — biig) iy — Vi, (4.2)
o qi— A

where \ € R satisfying some suitable condition. Certainly, here we preassume
that x; € R for every i € E. By using this fact with A = 0 and ig = 0, we can
rewrite the previous equation as

(Qz)o = 0, (Qx)i = qio, 1> 1; zg = L.

Applying Theorem 1.1 to ¢; = 0 and f; = ¢jo(1 — d;0), we obtain the unique
solution as follows:

n—1 k q0 n—1 k P%) (0)
T > ST TS 3) DR AT
1 =1 i+l 1 j=1 13+t

By (2.7), it follows that

n—1 n—1
=1+ F"=Y"F"  a>1
k=1 k=0
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Clearly, (xy,) is bounded if and only if Y 72 | F, ,50) < 00. In other words, equation

(4.1) has only a trivial solution if and only if 7 F; ,50) = 00. The assertion is
NOW proven. O

Extinction/return probability

For the remainder of this section, we study the extinction probability. Here,
the extinction time 7y is the first hitting time of the state 0. Thus, this topic
is actually a refinement of what studied in the last proposition, in which we
pay attention only on the result either P,[rp < oo] = 1 or < 1 rather than its
distribution. We will come back this point after the proof of the next proposi-
tion. For the extinction problem, the rates qo; (j # 0) play no rule, so one may
assume the state 0 to be an absorbing state. In other words, we may reduce
the state space from E to Ej := {1,2,...}, and regard the rate g;o (i # 0)
as a killing from . Then we need to redefine the sequences ((jﬁk)) and (EE’“))
starting from 1 but not 0. However, for our convenience, we prefer to keep the
notation F, ((jﬁlk)), (E(lk)), and so on. For this, it is better to use the return
time o instead of the hitting time 7g. In the case that the state 0 is really an
absorbing one, we can add a positive rate gg; and assume that the enlarged
process becomes irreducible. Then, the solution of P,[0y < oo] restricted on
E; gives us the answer of P,,[1p < oo] on E; (as a trivial application of the
localization theorem [9; Theorem 3.4.1] or [6; Theorem 2.13]), so we can return
to our original problem.

We remark that in the context of denumerable Markov processes, the topic
of this section and much more problems were well studied in [9; Chapter IX]. In
the present special case, for the single birth processes, the problem was studied
in [1; Chapter 9] or [2], using a different technique.

Proposition 4.2 Let the single birth Q-matriz Q = (gi;) be non-explosive
and irreducible. Then the return/extinction probability is as follows:

© FY e FY
PO(UO < OO) = Zk_l 120)7 PH(UO < OO) = Zk—n lzo) )
2 h=o By 2 ko B
Furthermore, P,(0g < 00) = 1 for all n > 0 if and only if Py(og < o0) = 1,
equivalently, if and only if Y7 Fy(LO) = 00.
Proof By [6; Lemma 4.46] with H = {0}, (P;(09 < 00): i € E) is the minimal
nonnegative solution to the equation

€T; = Z ik T + a0 (1—5i0), 1€ FE.
k£0.i qi 4i

The study on recurrence usually starts from here, the lemma [6; Lemma 4.51]
used in the last proof simplifies our study on the recurrence problem, as we
have just seen above. By (4.2), the last equation is equivalent to

(Qx); = qio(1 — di0)(zo — 1), i>0.
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Applying Theorem 1.1 to ¢; = 0 and f; = ¢o(1 — d;0)(zo — 1), we obtain the
solution to the last equation:

Tn =30+ Y Z qg01—5yo)(330—1)

0<k<n—10<j<k q] j+1

S R YD DA B D DA

1<k<n—11<<k qﬂ J+1 I<han1 1<k D+l

:x0<1+ 3 F,§°)>— S RY, nz0 (by(27).

1<k<n—1 1<k<n—1

Because x,, > 0, it follows that

iy S F(O 1

Ty = su = sup =1-
w1 T éF Ve F“” SR B

From here, we obtain the minimal nonnegative solution:

—1 0
N7 oo g0 T T e o) '
Ek:o k Ek:O k
We have thus proved the first assertion. The second one is obvious. U
Rewrite the solution just obtained as follows:
—1 (0)
* 1 . YL R
11—z = o m(0) 1—2x, = s (0)’ n =1
Ek:o Fk Ek:O Fk

Renormalize them so that the initial value becomes 1:
n—1
=1 w,=3 F), n>1,
k=0

which is what we obtained in the last proof. We have thus seen the relation
between the last two propositions.

The study on the Laplace transform of extinction/return time is delayed to
Section 7 (Proposition 7.3 which is based on Lemma 7.1).

5 Ergodicity, strong ergodicity, and the first moment of return time

Let E =7, and H C E, H # (,E. Define oy = inf{t > n: X(t) € H},
where 71 is the first jump of the process. When H is a singleton, H = {0}, for
instance, denote ogy by o for simplicity. We now consider the first moment of
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the return time 0. To do so, we introduce the following lemma (cf. [9; Lemma
9.4.1]).

Lemma 5.1 Let (g;;) be irreducible and assume that its Q-process is recurrent.
Then (xz} := E;jon: i € E) is the minimal nonnegative solution (may be infinite)

to the equation
1

1 .
xzzq Z qikTk + ) ZEE,

! k¢ HOL) i
where 1-00 =00 and 0-occ =0 by convention.

Proof Let (yf: i € E) be the minimal nonnegative solution to the equation

1 1 .
vi= > awyr+ ., i€E.
i k¢ HU{i} i

By assumption and [6; Lemma 4.46], the quantity f;z defined there is equal
to 1 for every i € E. Then, (y/: i € E) coincides with (e;jy(0): i € E) used in
[6; Lemma 4.48]. Note that

eiH(O) = / ]P’Z‘(O'H > t) dt = E;op.
0

The assertion now follows immediately. 0

In what follows, we use often another sequence (cin) similar to (ﬁLn) having
different initial value:

n—1

~ ~ 1 -

dy=0, d,= (r+2ﬁ@@> n>1, (5.1)
dn.n+1 s

where (jﬁk) is defined in (1.2). By Corollary 2.3, we have

i F0)
dp = n >0, (5.2)

which is very much the same as (3.2). Again, we omit the superscript ‘ ~’
everywhere in (d,) once ¢; = 0. Note that if we rewrite

- 1 -
dn = <1+ > ~£f>dk>, n>1,

dn,n+1

1<k<n—1

~ 1 ~

R (AR SR L) BN
Innt1 1<k<n—1

then it is clear that the sequences (cin)n>1 and (ﬁT(LO))n% are also quite close
each other.
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The main result in this section is as follows. Refer to [6; Theorem 4.52 (2)],
[1; Proposition 2.4], and [15,17,18].

Proposition 5.2 Assume that the single birth Q-matrizv Q = (qi;) is
irreducible and corresponding process is recurrent. Then

n—1

1
Egog = + d, E,o0 = Z(F]go)d — dk), n=l1,
qo1 =0
where N
d,, dn . .. .
d= lim Z]:C":O 0 = lim ©) if the limit exists.
k—o0 En:O Fn n—oo Fn

Furthermore, the process is ergodic (i.e., positive recurrent) if and only if d < co;
and it is strongly ergodic if and only if

Actually, for the last conclusion, the recurrence assumption can be replaced by
the uniqueness one.

Proof Let H = {0}. By Lemma 5.1, (E;o¢: ¢ € E) is the minimal nonnegative
solution (z) to the equation

1 1
zi= > qwmet , Q€E (5.3)
" w0y o
Suppose for a moment that 7 < oo first for some 7 € E and then for all i by
irreducibility. Next, let (z;) be a (finite) solution to (5.3). Then, by (4.2), we
have
(Qz); = giozo — 1, i >1; (Qr)o = —1.

Applying Theorem 1.1 to ¢ = 0 and f; = gio(1 — di0)zo — 1 (i > 0), we obtain
the solution to the last equation:

n—1 k F(])f n—1 k F(j)(]‘(] n—1 k F(j)
LRE 30 9 SRR F (D 9 SR ED 9 DRCARENE TS}
0 =0 G+l 1 j=1 i+l k0 j=0 i+1

By (2.7) and (5.2), we obtain
n—1 n—1 (0) n—1
F 1
m=a X = (g ) = 2[R (v )= nz1
k=0 k=0 = 01 k=0 don

Since x,, > 0, it follows that

n—1 n—1 F]gO)

k=0 k=0
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This gives us

n—1,F” -1
Tg = sup t=0Caoy i) _ ! 2 k=0 i .
n21 Yool F]go) Qo1 nz1 3] F]go)

Now, the minimal property implies that

and then ) :
* - 0 Zn;() d]
xn—kz_(:)(F,g)sup J )—dk>, n>1,

gives us the solution (E;o0: ¢ € E). We claim that the supremum in the last
line has to achieved at infinity. Otherwise, if it is achieved at some finite ng:

% ds Z? 0 d

Z;‘Liol F}(O) o n>1 E'n IF(O

then
N 1 Z;LO 0 ! d;
xo:q(nJrzno 1 (0)
J=0 ~J
and furthermore, z;, = 0, which is a contradiction with z; = E;o0 > 0.
Therefore,
Yicedi o Yjod;

= lim

1 N
n>1Z?OF() nOOZJOJ
as required. The next limit in the expression of d is an application of Stolz’s
Theorem. Now, d < oo since z; < oo by assumption. To remove the finite-
ness assumption of (z7), we claim that the expressions in the first assertion
for Eno0(= ;) still hold even z} = oo, since then we must have d = oco. If
otherwise, d < oo, then by the last assertion of Theorem 1.1 and (4.2), we
would obtain a finite solution to (5.3), which deduces a contradiction to the
assumption x] = oo by the comparison theorem for the nonnegative solutions

(cf. [6; Theorem 2.6]). We have thus proved the first assertion.

Let us remark that the trick used above replacing sup,,>; by lim, . was
missed in the previous publications. This trick and the one assuming the finite-
ness of (z}), will be used several times below but we may not mention it time
by time.

Finally, by [6; Theorem 4.44], the single process is ergodic if and only if
Egog < oo which is now equivalent to d < oo. By the same cited theorem, the
process is strongly ergodic if and only if sup,c E;00 < 00, equivalently,

=:d,
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which follows from the first assertion. As mentioned in the proof of the cited
book, for ergodicity, the uniqueness assumption is enough instead of the
recurrence one. The proof is now finished. U

6 Polynomial moments of hitting time and life time

6.1 Polynomial moments of hitting time

We have just studied the first moment of the time of first hitting/return 0 in
the last section. Now, we study the higher-order moments of the first hitting
time.

Fix i9 > 0. Recall that oy, is the time of first return to 7y after the first
jump. For its higher-moments, we have the following result (cf. [19,21]).

Proposition 6.1 Assume that the single birth Q-matriv Q = (qi;) is
irreducible and the corresponding process is ({—1)-ergodic (¢ > 1), i.e., E; aé <
oo for every i > 0. When £ =1, assume additionally that the process is umque
Then we have

¢ Z l(c)+ [1_ Z ]Ezoazm 0 < n < ip;

n<k<iop—1 n<k<ig—1
Ena'fo _ v X
Y4 .
4 g ()—I- [1+ E :|EZOO'ZO, n > i,
ig<k<n—1 io<k<n—1
where

Z Qg+l k qﬂo(l - 5ji0)’ k = o,

Jj=to—1
uioflzl, ’LLk:O, O<k<i0—2,

ko @)

F,
v,(f)zz R fo_l, k>0,
=0 4j,5+1
-1
C_ g (0)
Eiyoj, EHIL%( Z Ch )[14— Z uk}

io<k<n
@)

v
=/¢ lim " if the limit exists.
n—00 Uy

io<k<n

Proof By [9; Theorem 9.3.3] (cf. [6; Proposition 4.56], or [10; Theorem 3.1]),
(yr == Eiafoz i € E) is the the minimal nonnegative solution to the following
equation:

1 14 _ .
vi= Y. aqwyr+ Eol ', i€E.
kg 1t qi
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As remarked in the last section, we may assume that y; < oo for every i € E.
Then, by (4.2), we obtain the Poisson equation:

(Qy)i = uio (1 — Biig)yio — (Eioly ", i€ k.

Applying Theorem 1.1 to ¢ = 0 and f; = @i, (1 — iy )Yip — EEiafo_l, it follows
that the solution to the last equation is as follows:
k

Yn = Yo + Z Z —yo+yio Z up — £ Z vk, n = 0.

O<kan—1 j—0 133+1 o<k<n—1 0<k<n—1

F(J

Here, in the summation of uj, we have used the character of single birth:
Qjio(1 = 0jiy) > 0 only if either j = ig — 1 or j > ip + 1. In particular, by
setting n = ig, it follows that

l
=t Y <>+y,0(1 3 uk>
0<k<io—1 0<k<io—1
Return to the original y,,, we get

yn:z[ YO0y U;@]ﬂio[l_ Y owmt Y uk}

0<k<io—1 0<k<n—1 0<k<io—1 0<k<n—1

-y u,<f’+yio[1+ > uk] n>ig+ 1,

_ ip<k<n—1 io<hk<n—1 (6 1)
¢ . '
ey ()+ym[1— > Uk:| n < .
n<k<io—1 n<k<io—1

When n < i, since Zkgiofl u, < 1 by definition of (uy), it is clear that y,, > 0.
When n > ig + 1, for y, > 0, one requires the condition

)

" ¢ Zio <k<n—1 Yk
10 9

143 0 <kan—1 Uk

and then ©
¢ Ziogkgnfl Uk
Yip = Sup 1 .
n>io+1 1+ D50 <hn—1 Uk

By a reason explained in the last section, this leads to

O
y _ E hm ZZO<I€<TL k
0 n—oo 1437 pen Uk

which gives us E;,0f i,- Combining it with (6.1), we obtain the required assertion.
The limit in E,OJZ is again an application of Stolz’s Theorem since ), uj = 0o
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by the recurrence of the process. To see the last assertion, define a single birth
process on {ig,ig+1,...} (regarding the set {0,1,...,49} as a single state) with
rates

i if j >io+1,
%ii = > i ifj =0, i >0
k<io

Then (g;;) is irreducible and recurrent because so is (¢;;). Next, as in (1.1), we
can define a sequence (F,(g)) on {ig,i0+1,...}. By induction, it is easy to check
that F,(j) = ﬁé] ) for every k > 7 > ig. Hence, we have

k k

by Proposition 4.1. It should be now easy to see that ), u; = co as claimed.
O

6.2 Polynomial moments of life time

Recall that 7, is the time of first hitting the state n. If we start from ¢ <n—1,
then 7,, coincides with the time of fist hitting the set {n,n + 1,...}. For the
remainder of this section, we are going to study the time 7, := lim, o0 Ts-
Next, because 7 is actually equal to the life time n := lim, . 7, almost
everywhere, where {n,,} are the successive jumping times:

=0,  np=nf{t Zn1: X() #X(-1)}, n=1,

therefore, 7 = oo a.e. if the single birth @-matrix is non-explosive. Thus,
the study on the moments of 7, is meaningful only for explosive single birth
@-matrix. The next result is taken from [21].

Proposition 6.2 Let the single birth Q-matriz Q@ = (g;5) be irreducible and
explosive (i.e., > my < oo by Proposition 3.1). Assume that the minimal
process has finite ({—1)-th moments of T, for some integer £ > 1 (i.e., E;7/S! <
oo for all i > 0). Then

Eano = Eng), n =0,
k>n

1 n F(])E /—1

mg) = [Eanol + Z qﬁlk)m,(f)] = Z BT , n = 0.
Qnn+1 0<h<n—1 qj,5+1

Proof The last equality of mg ) comes from Corollary 2.3. By [6; Proposition

4.56] or [11], we know that (E;7%: i € E) is the minimal nonnegative solution

(yf: 1 € E) to the following equation:

Jj=0

1 14 _ .
vi=>» aqwyr+ BErl',  i€E.
i 1 i
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That is,
(Qy)i = —(E; 751, icE.

Applying Theorem 1.1 to ¢ = 0 and f; = —¢E;751 (i > 0), it follows that the
solution to the last equation can be expressed as

n—1 k F(JE751

yn=yo—Ly > F n> 1

=0 j=0 qj,5+1
Hence,

n—1
yn:yo—Engf), n =1

By the nonnegative and minimal properties, it follows that

yo—sup<€Zm >:€iml(f), yflzﬁiml(f), n>l1
k=0 k=n

n>1

Hence, we obtain

WV
o

Eano =/ Z m,(f), n

k>n

which is the required assertion. U

7 Exponential ergodicity and Laplace transform of return time

7.1 Exponential moments of return time and exponential ergodicity
In this section, we consider the exponential moments of return time. At first,
we introduce the following lemma for general -matrices.

Lemma 7.1  Let (g;;) be irreducible and assume that its Q-process is recurrent.
Next, let X € R, X\ < ¢; for every i € E. Then for fited H C E, H # 0, E,
(E;exp(Aop): i € E) is the minimal solution to the equation

Z GikTr + )\ > qn i€E. (7.1)

T ngHU{z} G2 iy

Proof Let (yf: i € E) be the minimal nonnegative solution to the equation

1 .
N wn  GEE
qz ngHU{z i
By the recurrent assumption and [6; Lemma 4.46], the quantity f;y defined
there is equal to 1 for every i € E. Then, (y;: ¢ € E) coincides with (e;g(\): @ €
E) used in [6; Lemma 4.48]. Moreover, by the proof given on [6; p.148], we
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have E; exp(Aoy) = 1+ Ay for every i € E. Besides, it can be checked that (1+
Ayf: i € E) is a nonnegative solution to equation (7.1). Hence, E; exp(Aopy) =
1+ Ay > af for every ¢ € E, where (z}: i € E) is the minimal nonnegative
solution to equation (7.1). We are now going to prove that E;exp(Aoy) = x}
for all i € E. The proof is split into two parts: either A > 0 or A < 0.

First, let A > 0. It is easily seen that (z7 — 1:4 € E) is a nonnegative
solution to the equation

A
N oy GEE

qz ngHU{z i

Hence, 27 — 1 > Ay} since (Ay}) is the minimal nonnegative solution to the
equation above, by the linear combination theorem [6; Theorem 2.12 (1)]. That
is, ;7 > 1 4 Ay;. Combining what we have proved in the last paragraph, it
follows that z} = E; exp(Aop) for all i € E.

Next, let A < 0. Denote by (y;: i € E) the minimal nonnegative solution to
the equation

1 .
> Ginvk + [1 - A > Qik} i€E. (7.2)

i qi — A , .
kg HU{i} kgHU{i}

Clearly, we have y; < 1 since y; = 1 is a solution to the equation. We claim
that y; = 1. To see this, note that (1 — g;: ¢ € E) is the maximal solution to
the equation

VDL vk O0<mi<l ek (7.3)

q, k¢HU{z

By a comparison lemma [6; Lemma 3.14], it suffices to show that the equation

Z qikYk, 0<yz<17 Z6-517
k¢HU{Z}

has only trivial (i.e., zero-) solution. Then this follows by the recurrence
assumption and [6; Lemma 4.46]. We remark that there is an alternative way
to prove that y; = 1, using the uniqueness rather than the recurrence assump-
tion. Actually, equation (7.3) is an exit equation for a modified @-matrix (any
local modification of a @-matrix does not interfere the uniqueness). The exit
solution to (7.3) should be zero by uniqueness assumption.

We now return to our main proof. By the linear combination theorem
[6; Theorem 2.12 (1)], (zf — Ay} : i € E) is the minimal nonnegative solution to
equation (7.2). Hence, 7 — Ay’ = y; = 1 as we have just proved in the last
paragraph. Therefore, we conclude that =} = 1 + \yf = E;exp(Aoy) for all
1 € E. We have thus completed the proof of the lemma. O

Now, we present our results about the exponential moments of the return
time g, which can be referred in [18].
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Proposition 7.2 Let the single birth Q-matriz (g;;) be irreducible. Assume
that its process is ergodic. Define (ﬁéz)) and (dy,) by setting ¢; = A > 0. Then
for small X,

1+ A\d
Eoe)“’O—qoz( +i)<oo, Ee)“’(’—l—i-)\z 04— dy) < oo, n>1,
01 — k=0

if and only if

7 . ZZ—O ‘Zk
d:= lim Ly, =0 Ty <00
n—00 {Ek:() F, >0} ZZ:(] F]§O)
and
~ n—1 _ n—1 ~ n—1 _
d Z Flgo) > Z di,  whenever Z Flgo) <0  forn=>2. (7.4)
= k=0

Furthermore, once E(LO) > 0 for large enough n and ), E(LO) = 00, we have

d = lim if the limit exists.

Finally, the process is exponentially ergodic if and only if both d < oo and (7.4)
holds.

Proof Let A € (0,q;) for every i € E and set H = {0}. Then by Lemma 7.1,
(E;e*0: i € E) is the minimal solution (x}) of the following equation:

1 1-9;
T; = Z qikTk + qu( ZO), z; 21, 1€ E.
q; — k - A
#{0,i}
Assume that = < oo for every i € E for a moment, and let (x;) be a finite
nonnegative solution to the last equation. Then, by (4.2), we have
(Qz)i + Awi = qio(zo — 1), 12> 1 (Qz)o + Azo = 0. (7.5)

Applying Theorem 1.1 to ¢; = X and f; = ¢o(1 — d;0)(xo — 1) for all ¢ > 0, we
obtain

n—1 k () F(]q
a;na:o(l—)\zz > (xo — 1) ZZ k430

k=0 j= Oqj’j+1 k=1j=1 dj.5+1

n—-1 k  7=(j) n—-1 k () ()
—xo(l—)\zz > 330—1 ZZF ( +)\), n > 1.

k=0 j= Oq]7.7+1 k=1 j=1 q]7.7+1

Due to the explicit representation of ﬁ(Lk), M, and d,, given in (2.7), (3.2), and
(5.2), respectively, we have not only

_ ED 1~ s
My = "= T FO4q.. nxo, (7.6)
0 <n qj,5+1 qo1



786 Mu-Fa CHEN, Yuhui ZHANG

but also that

n—1 n—1
$n:x0<1—)\zmk>+ xg—1) Z +>\dk

k=0

n—1 n—
—x()( )ZF,ﬁO Z FO 4 xdy) + n> 1. (7.7)

k=0

Since x,, > 1, we get

(1= )

—1 n—1
EY >S5S ED +ady), w1
0 k=0

That is,
[wo(i qm) } ZF(O > de, n > 1. (7.8)

Note that on one hand, if x§ = a:o()\o) < 00, then z = z{(\) < oo for every
A € (0,Xp), by the comparison theorem (cf. [6; Theorem 2.6]). On the other
hand, when A = 0, we have

iﬁéo):iﬂgo)>0 and En:a?k:f:dk>0, n>1.
k=0 k=0 k=0 k=0

For each fixed n, ), ﬁ,ﬁo) and y ;g dj, are analytic in A, and so should be
positive for sufficient small A, say A < )\1 for some A; < Ag. Then by (7.8), wi
should have

1 1 1
xO()\_q01>_)\>Oa )‘e(oa)\l)a

independent of n. Therefore, by the minimal property, we have

(3 ) =3 = by oy [ [ A -

qo1

i.e., )

oE = qu(l =+ )\d) ‘
qo1 — A
Since z{; satisfies (7.8), we obtain condition (7.4). Then

Eoe)\cro —

o

Ene)“’o—1+)\z 04— dy), n>1.

Conversely, if d < co and (7.4) holds, then starting from zp = x{ given in
(7.9) and defining x,, by (7.7), we obtain a solution (x; > 1: 14 € E) to (7.5).
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By (4.2), we obtain a finite nonnegative solution to the original equation for
(E;e*0: i € E), and hence the minimal solution (z} = E;e*0: i € F) should
be finite.

Finally, by [6; Theorem 4.44], the process is exponentially ergodic if and
only if Ege0 < 0o, equivalently, d < oo and (7.4) holds. The last assertion of
the proposition then follows. Il

In contract to the ergodic case, one may study the exponential decay (in
the transient case) for which the Poisson equation becomes

Qg+ g =0, g > 0.
With ¢; = A, by Theorem 1.1, the solution is

70
gn—go[l—A >y F‘?] }—go[l—)\ > mk] n > 0.

Ok<n—10< <k Wi+l o<k<n—1

This is somehow simpler than the previous one. However, these two exponential
cases are actually much harder than the others, for instance, we do not know
at the moment how to remove condition (7.4). That is showing for some A > 0,
small enough, >~ F F\ > 0 for all n (or equivalently, lim,, , > ( F, ( ) > 0).
This seems necessary for the exponential ergodicity since ).~ ,50) = oo when
A = 0 by the recurrence (which is much weaker than exponential ergodicity)
and A is allowed to be very small. Actually, to figure out a criterion, one needs
much more work using different approaches, refer to [6; Chapter 9] and [7] for
some details.

7.2 Laplace transform of return/extinction time

Note that for negative X, E;e* is the Laplace transform of og. The proof of
Proposition 7.2 is still available. So we get the following result.

Proposition 7.3 Define (ﬁél)) and (dy) by (1.1) and (5.1), respectively, with
¢ = —A < 0. Let the single birth process be recurrent. Then the Laplace
transform of oq is given by

it n—1
E o—oo _ Qo1(1=Ad) “hoo ~0) 5 s
pe N0 = oy E,e =1-A) (B d—dy), n=>1,
do1 o

where .
n—
d
d= lim 2 10 (Ig) lim (0)
Proof Following the proof of Proposmon 7.2, replacing A by —\, we arrive at

xn:x()( )ZF ;;)F(O) Ay) + 1

=1 To0n—-1 — ﬁnfly n =1

if the limit exists.
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By the minimal nonnegative property, z§ = sup,,»1 3,/ay, and then we indeed

have
xry = lim ﬁn

n—00 Uy,

We now show that we can replace lim,, ., by lim, .., . Noting that on one
hand, since z,, € (0,1], we have

O N

Qn Qn

WV
—_

On the other hand, following the proof for
Zﬁlk =00 <— Z my = 00
k k

given in Section 3, we can prove that ), ﬁ,go) = oo since ), F,go) = 00 by the

recurrent assumption (i.e., 7; = 1). Hence, we can rewrite lim, . 3, /a;, as
lim,, o0 By /. Therefore, we have

n—1 n—1 —1
75 = lim [Z(ﬁ,ﬁm - AJk)} { 1+ A } Zﬁ,ﬁ‘”}

k=0 k=0
n—17
d
- \ Jim [1 —A Zikjl% (’3)}
Go1 -+ A o0 > k=0 Iy
do1 5
= 1— Md].
qo1 + A [ ]
Furthermore,
~ n—1 _ n—1 _ ~ n—1 _ ~ ~
gh=(1-M) S EY - STFEY M) +1=1-AY (FEVd—dy), n>1
k=0 k=0 k=0
The last limit in d is an application of Stolz’s Theorem. U

7.3 Exponential moments and Laplace transform of life time
Now we return to 7.
Proposition 7.4 Assume that the single birth Q-matriz Q = (qi;) is

explosive and irreducible. Define (my) by (3.1) with ¢ = X. For the
corresponding minimal process,

(i) if there exists a X > 0 such that X EZ;& my < 1 for every n > 1, then

n—1 n—1
k k=0

=0

WV

0,
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where

Furthermore, the process decays exponentially fast provided ¢ < oo.

(ii) For X\ > 0, the Laplace transform of 1o is given by

14+ A Mg
E,e >~ = 20<k<n ! , n > 0.

1+ A Ek>o my,
Proof Define
Cino(\) = /0 h MNPy (T > t)dt
with A < ¢; for all 7« > 0. Note that the process is explosive and
EeM™ =1+ Aejoo (N).

Because Py, (7, < 1) = 1 for every pair m < n, we have P, (7, < co) = 1 and
furthermore P, (7o, < 00) = 1 for every m, as n goes to oo. Then by [6; Lemma
4.48], (ejo0(N)) is the minimal solution to the equation

qi 1
€T; = 1Lz +
S

. iz
g — A

By (4.2), we can rewrite the equation as
(Qx)i + Ay = —1, i>0.
Applying Theorem 1.1 to ¢; = A and f; = —1, the solution of the equation has

the form: e =0 e =0
n J n— J
xn_m(l_Azz K ED 3 Db

k=0 j=0 Wit1/ =y i=0 Liat
n—1 n—1

:x0<1—)\zmk>—2ﬁzk, n>1.
k=0 k=0

Note that A < gp = go1 and Amg < 1. If there exists a positive A small enough
so that )\ZZ;% my < 1 for every n > 1, then by the argument above and the
minimal property of the solution, one gets

n—1 ~ n ~
—om m
€000 (A) = sup k_0n71k~ lim k=0 T
”211_)\Ek:omk ”Hool—)\zk omk

and

n—1 n—1
enoo()\):5<l—>\zmk> —ZﬁLk, n = 1.
k=0 k=0
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Then the first assertion follows.

For the Laplace transform of 7., the argument above still works because
now we deal with the case of —\ < 0. By the explosive property, we know that
Y pe oMy < co. Hence, we have

22‘;0 my,
1+ A Ez‘;o T?Lk

Cc =

€000 (—>\)

and

n—

enoo(—)\) = 5<1 + A ﬁlk> — my = k:noo - n > 1.
k=0 k=0 L A2 k0 Tk

Finally, we have
E e*)\Too —1— )\ Zzozn mk _ 1 + >\ Zogkgn—l ﬁl’k
" 1+>\ZZO:0’I’7Lk 1+>‘Zk>0mk
The proof for the second assertion is now finished. O

A more careful study on part (i) of Proposition 7.4, refer to Proposition 7.2.

8 Examples

In the special case of birth—death processes, the problems studied here have
rather complete solutions, see, for instance, [6; Theorem 4.55]. As mentioned
in the introduction of the paper, much more models have been studied in the
past years. Here, we make a little addition. The following example is taken
from [3].
Example 8.1 (uniform catastrophes) Let

qi7i+1:bl’, 2207 qij = a, jZO,l,...,i—l;

and ¢;; = 0 for other j > i + 1, where a and b are positive constants. Then the

extinction of the process has an exponential distribution
a

E,e ™ = ,

" a+ A

It is surprising that the distribution is independent of b and the starting point
n. Redefine gqg; = 1. Then the irreducible process is indeed strongly ergodic.

A>0,n>1.

Proof We need to consider the case that go; > 0 only. With ¢; = —\ € R and
then (jﬁk) =(k+1)a+ A for k <n—1, by using (1.1), (5.1), and induction, one
may check that

~ a+ A k—+1a+ A

=" 1l (H( k:)b ) II=1

1<k<n—1 0
(k+1a+ A
kb )’

Sgnz
Il
S
—

(1+
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Since for each fixed A € R,

log(1+(n+i)ba+)\>—>log<l+2)>0 as n — 0o,

we have lim,,_, EEO) =ooand so ), EEO) = 00. As an application of this fact

with A = 0, it follows that the process is recurrent (Proposition 4.1) and then
should be non-explosive ((7.6) and Proposition 3.1).
Next, because

Zf’,&o) = o0, FO) = (a+ Ndp, n=>1,

n

it follows that _
~ 1
d= lim dn =

n—00 F7(LO) a4+ A\ ’

Hence, we have o
EFVd=d,  n>1,

From here, when A\ = 0 in particular, we obtain
k
sup Z(F}Lmd —dy)=d=a"" < 0.
k n=0

Hence, the process is strongly ergodic by Proposition 5.2.
By using Proposition 7.3, we obtain

_ aqoi
Ege A% = ,
0 (a4 A (qo1 + )
E,e 0 =1 —\d = =E,e "™, n>1

a+ A

Therefore, we have proved the first assertion.

Even though it is now automatic that the process is exponentially ergodic,
implied by the strongly ergodicity, we would like to check the effectiveness of
Proposition 7.2 for this model. To do so, reset ¢; = A > 0. Then

E(LO):a—)\ H <1+(k‘+1)a—)\)’

nb kb
1<k<n—1 n>1
~ 1 (k+1)a— A -
d, = 1 ,
w 1l ( T )
1<k<n—1

Clearly, E(LO) > 0 and so does d,, for every A € (0,a). As we have proved above

- - dy, 1
ZF,(LO) = 00, d= lim _ . = < 00,
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and hence the process is exponentially ergodic by Proposition 7.2. Actually, we

have
aqo1

(a—N)(qo1 = A)’

a—\
Example 8.2 Consider the single birth Q-matrix (¢;;) with

EoeAUO =

A€ (O,CL N qu).

E,e? = n =1, O

qi0, Gii+1 > 0, gij = 0 for all other j # i.

Let ¢; € R. Then

(1) we have
EY =1
F@) — n0 ~ Cn H 1+Qk0_0k}7 n>i>0 (8.1)

" q q
n,n+1 1<k <n—1 k,k+1

where [[, =: 1, and then (m,) and (d,) are given by (3.2) and (5.2),
respectively.
(2) In particular, if g,0 — ¢, = q10 — ¢1 for every n > 1, then

n
E(Z)zl, ﬁr(bi)ZQ10_Cl H 1+Q10—C1]’ n>i>0, H:;l,
0

gn,n+1 kit 9k, k+1
-1

_ 1 _ 15 —c
o=, = 1+ 7% nen,

qo1 dn,n+1 0 qk,k+1

~ ~ 1 —c
do=0, d,= T [+* 1], n>1.

dn.n+1 Gk,k+1

1<k<n—1

Furthermore, the process is explosive if

' . @ni1,042 — Guntl — q10)
K = lim
n—00 n.n+1 T q10

>1

(gn.n+1 = (n+1)7 for v > 1 for example). Otherwise, if &' < 1 (gpp4+1 = (n+1)7
for some v < 1 for instance), then the process is unique. If so, the process is
indeed strongly ergodic.

Proof (a) By assumption, we have q~§Lk) = qno — ¢y, for every k < n. Hence, by

(1.1), we obtain

_ Q(O) n—1 ~)
EO = EY. 8.2
dn,n+1 ; K ( )

Thus, to prove (8.1), it suffices to show that
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n—1 ~(0)

SE = II P+ ™ ] wsizo

k=i it 1<k<n—1 k.k+1
This clearly holds when n = ¢ + 1. Suppose that it holds when n = ¢. Then

1 _
SO SR
k=i k=i
1 (0) -1
=S"EP+ T ONTRD (by (8.2))
i qe,0+1 s
~(0) _ (-1 )
=1+ E
[ QZ,2+1] ;::Z F
g
= H 14+ ¢ ] (by inductive assumption).
i+ 1<k<l Qe ke+1

Therefore, the required assertion holds for n = £ and it then holds for all n > ¢
by induction. We have thus proved the first assertion.

(k)

(b) By assumption, we have (jnk
and (5.1), we obtain

= q10 — ¢1 for every k < n. Hence, by (3.1)

1 n—1 _ 1 n—1 _
i = <1+q§°)zﬁzk>, d, = <1+d§°’2dk>, n> 1
dn,n+1 =0 dn,n+1 =0

As in the last proof, by using induction, we obtain the explicit expressions of

() and (dy,).
To study the divergence of ) m,,, we adopt the following result.

Kummer Test Let (u,) and (v,) be two sequences of positive numbers.
Suppose that Y’ Uln = o0 and the limit k := lim,, .~ K, exists, where

Unp
Kp = Up — Unp+1-
Un+1

Then, the series Y u, converges or diverges according to k > 0 or K < 0,
respectively.

Set v, =n and u,, = m,,:

1
My, = H 1+ 7o ], n =0
An,n+1 0<k<n—1 gk, k+1
Then
Up (Gn+1,n42 — Tnn+1 — q10)
Un, — Upyl = — 1.

Up+1 An.n+1 1 q10
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Hence, ), u, < oo if &' > 1 (resp. Y, un = 0o once k' < 1). Clearly, >°, m,, =
oo implies ) F,SO) = oo. Hence,

d= lim dn = 1.
e 5O = gy

Furthermore,
k
sup > (FVd — dy) = Fyd = d < .
keE =5

This gives us the strong ergodicity by Proposition 5.2.
We mention that Proposition 7.2 (with 0 < ¢; = A < ¢10) is also available
for this model. O

Remark 8.3 For exponential ergodicity, the sufficient condition

M := sup [HZIF,EO)} [i ! (OJ < o0, (8.3)

nzl L =n qJ'J'Jrle

introduced in [12], is sufficient for Example 8.1 but is not for Example 8.2.

Proof 1t is obvious that M < oo if and only if

n—1 © o0 1

. 0

Tim [ZFk ] {Z i F(O)] <. (8.4
k=1 j=n 4G.j+11L;

For Example 8.1, because qj7j+1Fj(0) is growing exponentially fast and so it is

easy to check that M < oo. For Example 8.2, it suffices to consider ¢, 11 =

b(n + 1) for some b > 0. By Kummer test, one may show that

[e.e]

1
(0
J=n G+ L

for suitable b > 0 and then M = oc. O
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Appendix Key formulas used in proofs

(A) Solution to the Poisson equation Qg = Qg + cg:

=g+ Y ﬁlgj)(fj_cjgo)’

A n>=0
ock<n—10G<k DIt
(B) Three sequences.
(a) F-sequence:
. _ 1 n—1 .
Fon Ro- ' SR, asiso
qn,n+1 h—i
where
k
B = —eni= Yt —en O<k<n
j=0
(b) m-sequence:
1 1 n—1
o=,  ihp= <1+Zq§j€>mk>, n> 1.
qo1 dn,n+1 =0

n—1

- - 1 -

dy=0,  dn= (1+§jq~£ﬁ>dk>, n> 1.
k=0

dn.n+1

Representation of the three sequences:

n (k) ~(i
F0g

FP =1, F®= :
k—it1 Gk, k+1
~ Fk)
=2 "
1<k<n gk, k+1
n (k)
_ B
My, = Z " n=0
=0 Gk, k+1
Relation of the three sequences:
~ 1 = 5
= F94d, n>

qo1

>i+1,

795

(1.1)

(1.2)

(7.6)
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