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1 Introduction

In 1985, Filippov [9] introduced the concept of n-Lie algebras and classified the
(n + 1)-dimensional n-Lie algebras over an algebraically closed field of
characteristic zero. The structure of n-Lie algebras is very different from that
of Lie algebras due to the n-ary multilinear operations involved [16]. The n = 3
case, i.e., 3-ary multilinear operation, first appeared in Nambu’s work [22]
in the description of simultaneous classical dynamics of three particles. In
that work, Nambu extended the Poisson bracket and arrived at the generalized
Hamiltonian equation involving a 3-ary multilinear bracket {-,-,-}. Takhtajan
[27] investigated the geometrical and algebraic aspects of the generalized Nambu
mechanics, and established the connection between the Nambu mechanics and
Filippov’s theory of n-Lie algebras.

The development of n-Lie algebras has opened a new chapter in the study
of Lie theory, attracting much attention in different research areas due to their
close connections with dynamics, geometries, as well as string and membrane
theories. Bagger and Lambert [1] and Gustavsson [13] proposed a field theory
model for multiple M2-branes (BLG model) based on the real metric 3-Lie
algebras. Metric n-Lie algebras (for low values of n) had appeared earlier in [8],
but this was a different (yet not completely unrelated) context. The metric 3-Lie
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algebras in the BLG model were initially assumed to be positive-definite, but it
was soon realized in [10,23], rediscovering independently earlier work [21], that
there was a unique nonabelian indecomposable 3-Lie algebra. This prompted
the search for metric 3-Lie algebras of indefinite signature. The same examples
of Lorentzian (i.e., index 1) metric 3-Lie algebras were found independently in
[4,11,14]. These were shown in [18] to be all the indecomposable ones. The
classification for index 2 was given in [19] and for general index but subject
to the condition of having a maximally isotropic center in [20] and also albeit
incompletely in the earlier work [15]. Some of these results were extended from
3-Lie algebras to n-Lie algebras in separate mathematical developments not
necessarily related to the BLG proposal [6,7,24].

It is known that, up to isomorphisms, there is a unique finite-dimensional
simple n-Lie algebra for n > 2 over an algebraically closed field of characteristic
zero [17], which is (n + 1)-dimensional. Cantarini and Kac [5] gave a classifica-
tion of linearly compact simple n-Lie algebras in zero characteristic. Examples
of infinite-dimensional simple n-Lie algebras over fields of characteristic p > 0
are Jacobian algebras and their quotient algebras [25,26]. Bai et al. [2] showed
that there exist only [5]+1 classes of (n+ 1)-dimensional simple n-Lie algebras
over a complete field of characteristic 2. They also showed that there are no
simple (n + 2)-dimensional n-Lie algebras.

In [3], 6-dimensional 4-Lie algebras were classified and some basic properties
of (n + 2)-dimensional n-Lie algebras were studied. The purpose of this paper
is to classify the (n + 2)-dimensional n-Lie algebras over an algebraically closed
field of characteristic zero. Our results are expected to be useful in various
applications.

The organization for the rest of this paper is as follows. Section 2 introduces
some basic notion. Section 3 is devoted to the properties and classification of
the (n + 2)-dimensional n-Lie algebras.

Throughout this paper, all n-Lie algebras are of finite dimension and over
an algebraically closed field F' of characteristic zero. Any bracket which is not
listed in the multiplication table of an n-Lie algebra is assumed to be zero.

2 Fundamental notion

An n-Lie algebra is a vector space A over a field F' equipped with an
n-multilinear operation [z1,...,x,| satisfying

(21, 0] = 580(0) [To(1)s - - To(m)], (2.1)

and
n

[[xb s 7a7n]>y2a s 7yn] = Z[$1a RS [$i>y2a s 7yn]’ cee al/‘n] (22)
i=1
for any x1,...,%n, Y2,...,yn € A and any permutation o € S,,. Identity (2.2)
is usually called the generalized Jacobi identity, or simply the Jacobi identity.
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A derivation of an n-Lie algebra A is a linear map D of A into itself satisfying

n

D([z1,.. . xn]) = Y [w1,. -, D(@i), ..., w] (2.3)

i=1

for any x1,...,z, € A. Let Der(A) be the set of all derivations of A. Then
Der(A) is a Lie subalgebra of the general linear Lie algebra gl(A) and is called
the derivation algebra of A. The map ad(zq,...,z,-1): A — A, given by

ad(z1, ..., Tp—1)(xn) = [X1,..., 2], VYV ax, €A,

is called a left multiplication defined by elements z1, ..., x,—1 € A. It follows
from identity (2.2) that ad(zi,...,2,—1) is a derivation. The set of all finite
linear combinations of left multiplications is an ideal of Der(A), which is denoted
by ad(A). Every derivation in ad(A) is called an inner derivation.

If a subspace B of an n-Lie algebra A satisfying [z1,...,x,] € B for any
x1,...,Tn € B, then B is called a subalgebra of A. Let Ay, Ao, ..., A, be sub-
algebras of an n-Lie algebra A. Denote by [A1, Ag, ..., A,] the subspace of A
generated by all vectors [x1,...,z,], where x; € A; for i = 1,2,...,n. The
subalgebra A! = [A, A, ... A]is called the derived algebra of A. If A' = 0, then
A is called an abelian n-Lie algebra.

Let H be a proper abelian subalgebra of n-Lie algebra A. Then H is by
definition a toral subalgebra of A, if A is a complete H-module, that is,

A = @aemn-1)-Aa  (direct sum as vector spaces),

where

Ay ={x € A|ad(hy,...,hp—1)(x) = alhy,..., hp—1)(x),
V (hi,ha, ... hp_1) € H" 1},

A toral subalgebra H is called mazximal if there is no toral subalgebra of A
properly containing H. An ideal I of an n-Lie algebra A is a subspace of A such
that [I,A,...,A]CI.If[I,1,A,...,A] =0, then [ is called an abelian ideal. If
Al #£ 0 and A has no ideal except 0 and itself, then A is called a simple n-Lie
algebra. An n-Lie algebra A is said to be decomposable if there are nonzero
ideals Iy, Is such that A = I} & I. Otherwise, A is indecomposable. Clearly, if

A is a simple n-Lie algebra, then A is indecomposable.
The subset

Z(A)={z € Allz,y1,... . Yn—1] =0,V y1,... ,yn—1 € A}
is called the center of A. It is clear that Z(A) is an abelian ideal of A.

3 Classification of (n + 2)-dimensional n-Lie algebras

We need some symbols for reducing our description. Suppose that [,...,]; and
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[,...,]2 are two n-ary multiplications on a vector space A such that (A,[,...,]1)
and (A4,],...,]2) are n-Lie algebras. Let ey, es,...,e,12 be a basis of A. Set
n+2
62'7]‘ = [61, . ,éi, . ,éj, . ,€n+2]1 = Z bﬁjek (31)

forbf’jEF, 1<i<j<n+2 Then

(61727 61,37 s 761,n+27 62737 s 762,n+27 s ;€n+1,n+2) = (617 €2, .. 7€n+2)B7
1 1 1 1
big b1z - bi n+2 D2z bpggngo
2 2 2 2
B b1,2 b1,3 e bl 42 b2,3 KR
+2 +2 +2 +2 Jré
bio” Bia™ o Dinte byt o B
e . . (n+1)(n+2)
The multiplication of (A,[,...,]1) is determined by the (n + 2) x 9
matrix B, and B is called the structure matriz of (A,[,...,]1) with respect to
the basis ey, ea,...,en12.
Similarly, denote B as the structure matrix of (A, [,...,]s) with respect to
the basis ey, e, ..., e,49, that is, for 1 <7 < j < n+ 2,
n+2 i A
eij:[617---7éia---7éja---a€n+2]2:Zbi,jeka bi,j e F, (32)
(6172, 61’3, e ,61’n+2, 6273, e ,62’n+2, ey en+1,n+2) = (61, e ,6n+2)B.

We have the following isomorphic criterion theorem for (n + 2)-dimensional
n-Lie algebras.

Theorem 3.1 n-Lie algebras (A, [,...,]1) and (4, ],...,]2) with products (3.1)
and (3.2) on an (n + 2)-dimensional linear space A are isomorphic if and only
if there exists a nonsingular (n + 2) x (n+ 2) matriz T = (t; j) such that

B =T"'BT,, (3.3)

where T, = (Tg’{) is an (n+1)2("+2) X (n+1)2("+2) matriz, and T,i’{ € F is the

determinant defined by (3.5) below for 1 < i,j,k,l < n+ 2.

Proof Suppose that n-Lie algebra (A,[,...,]1) is isomorphic to (A4,[,...,]2)
under the isomorphism o. Let ey, ..., e,12 be a basis of A, and let (3.1) and
(3.2) be their structural matrices with respect to ey, ..., e, 12, respectively, i.e.,

n+2
- 5 5 — k — (pk .
€ij = [61, B~ TR =7 R ,6n+2]1 = Z bm-ek, B = (bi7j)(n+2)>< (n+2)>2<(n+2) )
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and
n+2
~ ~ k k
€ij = [61,...,ei,...,ej,...,€n+2]2 = Zbi,j€k7 B = (bi’j)(n+2)x(n+2)x(n+2).
2
Denote €], = o(e;), 1 < i < n+ 2, and the nonsingular (n + 2) x (n + 2)
matrix T = (t,]) is the transition matrix of ¢ in the basis ey, es,...,ent9, i€,
/
(0(e1)s- s 0(ens2) = (¢hy v shgn) = (er,e2,- s i) (34)
Then
r_ N N /
el [ TR BN PN A1
n+2 n+2 n+2 n+2
= |: Z tm,1€m, Z tm,Zema s Z tm,k—lema Z 7f'm,k—l—le"m,a
m=1 m=1 m=1 m=1
n—+2 n—+2 n—+2
> Z tm,l—lema Z tm,l—}—lema ceey Z tm,n+2em:|

1,2 13 Ln+2
=1pre12+ Tk,z er3t -+ T Ternt2

TnJrl n—+2

2,3
+ Tk‘,l 6273 + o 67L+1,TL+2’

where TZ:’{ is the following determinant:

i o tig—1 (30 S B A A | tii41 o tinge
tor - lak—1 tokr1 -0 oy toj41 0 longo
ti-1p o ticik—1 ticik+r o ticig—1 ticige1r o ticine2
tivi1 - bipik—1 titi k1 o btiprg—1 tigii+r o tiging2
) ) ) ) : ’
L2725 S B 7 W S L 75 1 N B 7 W A R A A B R
tit11 o bipik—1 Ligik+r o Gipii—1r g4 Lipims2
tpr11 o tagik—1 otk 0 tag1i—1 et 0 tagima
tni21 0 tpg2k—1 fagok+1l 0 Tng2i-1 tag2it1 o tpa2nd2
(3.5)
1<i<ji<n+2, 1 <k#I1<n+2 Denote
1,2 1,2 , 1,2 1,2
T Ty e T n+2 Ty e T e
1,3 1,3 1,3 1,3
T Ty e T1 42 Ty e Tn+1 n+2
T* = . . . : .
n n+2 n n+2 n n+2 n n+2 n,n+2
T T e Tl n+2 T e Tn+1,n+2
n+1 n+2 n+1 n+2 n+1,n+2 n+1,n+2 n+1,n+2
T, T4 R g Ty ER ST T
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Then T, is an (n+1)2("+2) X (n+1)2(n+2) matrix, and

(6/172a v 7e/l7n+2a e/2,37 s ,€%+17n+2) - (el,2a -5 €1 042,623, .. 7en+17n+2)T*7
(3.7)
(6/1,2’ 6/1,3¢ s 7e/l,n+2a 6/2,3¢ s aeiz+1,n+2) = (61, €2,. .. a€n+2)BT*' (38)
eﬁal = €l €y €l En ]2
= a(ekl)
= O’([el,...,ék,...,él,...,€n+2]1)
n+2

= Z bZlU(ei)
i=1
n+2 ,n+2 '
= 3 (St

s=1 i=1

we have

(€19:€1 35 €1 n42:€53 €11 nre) = (€1,€2,...,eny2)TB. (3.9)
It follows from (3.8) and (3.9) that
TB = BT,, ie, B=T !'BT.
On the other hand, let o be a linear transformation of A, and let

oer, ... ent2) = (€1,...,en42)T.

By the completely similar discussion to the above, ¢ is an n-Lie isomorphism
from (A, [,...,]1) to (A,[,...,]2). O

It is complex when we use Theorem 3.1 to judge the isomorphism of two
(n + 2)-dimensional n-Lie algebras due to the massive computations involved.
However, from (3.5) and (3.3), the computation is orderly, and thus, it is easy
to use the computer.

Before giving the classification theorem of (n + 2)-dimensional n-Lie
algebras, we need to refine the classification of (n + 1)-dimensional n-Lie
algebras given by Filippov [9].

Lemma 3.1 [9] Let A be an (n+ 1)-dimensional n-Lie algebra over F and ej,
€2, ..., ent1 be a basis of A (n = 3). Then one and only one of the following
possibilities holds up to isomorphisms:

(a) If dim A' = 0, then A is an abelian n-Lie algebra.
(b) Ifdim A =1, let A' = Fey. Then in the case that A' C Z(A),
(b1)
e, ...y ent1] = ex; (3.10)
if A' is not contained in Z(A), then
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(b)
[e1,...,en] =e1. (3.11)
(c) Ifdim A' =2, let A = Fey + Fey. Then
(ch)
[62, . ,€n+1] = €1, (3 12&)
[e1,€3, ... ent1] = €2; ’
(c?)
€2, ..., eny1] = aer + ea, (3.12D)
[61,63,...,€n+1] = €9, '
(c?)
[61, €3,... ,€n+1] = €1, (3 120)
[62,...,€n+1] = €9, ’

where o € F and o # 0.
(d) IfdimA' =7 3<r<n+1,let A = Fey + Fey +---+ Fe,. Then
(d")
[61,...,@2‘,...,6n+1]:6i, 1<i<7“, (313)
where symbol &; means that e; is omitted.

Proof By [9], we only need to study the case dim A! = 2. Let
Al = Fey + Fey, e = (=1)""" ey, ... ¢;,...,enp1], 3<i<n+1.

Then we have
0 el = (=1)" " Hlles, ... eni1] = aeq + ceo, a,b,c,d € F,
e? = (—=1)""1*2[ey,e3,. .., enq1] = bey +dea, ad — be # 0.

If a #0, let

B 1/y/a 0 [ a
P(—c/\/(ad—bc)a \/a/\/ad—bc>’ A(C

QS
N—

Then

(det P~Y)PAP' = ( Vad—be  b—c >

0 Vvad — be
By [9, Theorem 2], (1) is isomorphic to

) el = (=1)"[e2,...,ens1] = Vad — becey,
e? = (=1)"* ey, es,...,eny1) = (b — c)er + Vad — bees.
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By the properly linear transformations on ey, ..., e,41, in the case of b—c =
0, (1) is isomorphic to (c!); in the case of b — ¢ # 0, (1) is isomorphic to (c?),
and d—b

ad — bc
=— 0.
e

If @ = 0, then in the cases of d # 0 or b+ ¢ # 0, (1) is isomorphic to the case
(c!) or (c?); in the case of d = b+ ¢ = 0, (1) is isomorphic to (c?). O

Lemma 3.2 [3] Let A be a nonabelian (n+ 2)-dimensional n-Lie algebra over
F. If dim A! # 3, then there exists a nonabelian subalgebra of codimension 1
containing A'.

Lemma 3.3 [3] Let A be an (n + 2)-dimensional n-Lie algebra over F. Then
we have dim A' < n + 1.

Theorem 3.2 Let A be an (n + 2)-dimensional n-Lie algebra over F with a
basis e1,...,ent2. Then one and only one of the following possibilities holds up
to isomorphisms:

(a) If dim A' = 0, then A is an abelian n-Lie algebra.

(b) Ifdim A' =1, let A' = Fey. Then we have

(b) in the case that A1 C Z(A), lea,...,ens1] = e1;

(b%) in the case that A is not contained in Z(A), [e1,...,en] = e1.
(¢c) Ifdim A =2, let A' = Fey + Fey. Then we have

[62, e ,6n+1] = €1,
@ {

(€3, ..., Enia] = e€9;

[62, e ,6n+1] = €1,
(C2) [62, €4y... ,en+2] = €9,
[61764, ce ,en+2] = €1;
(C3 { [62,...,€n+1] = €1,
[61, €3,... ,€n+1] = €9,
[62, e ,6n+1] = €1,
(04) [61,63, PN ,6n+1] = €9,
[62,64, e ,6n+2] = €9,
[e1,€4, ..., €Enia] = e1;
(& { [€2,...,ent1] = el + e,
[61, €3,... ,€n+1] = €9,
[€2, ..., ent1] = aer + €2,
(06) [61, €3,... ,6n+1] = €9,
[62,64, e ,6n+2] = €9,
[61,64, 7en+2] = €1;
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(07) { [61,63, e ,€n+1] = €1,
[62,63, cee ,€n+1] = €2,
where o € F, and o # 0.
(d) If dim A! = 3, let
Al = Fey + Fey + Fes.

Then we have

[62, . ,en+1] = €1,
(dl) [62, €4y... ,en+2] = —€9,
[63, . ,en+2] = €3;
[62, . ,en+1] = €1,
(d2) [63, .. ,en+2] = e3 + aey,
[62, €4y... ,en+2] = €3,
[e1,€4, ..., Enia] = e1;
[62, e ,6n+1] = €1,
(dg) [63, €4,... ,en+2] = €3,
[62, €4y... ,en+2] = €9,
[ [e1, €45+, enpa] = 2e1;
[62, . ,en+1] = €1,
(d4) [617 €3, 7en+1] = €2,
L le1,€2,€4,. .. eny1] = €3
[617 €4y... 7en+2] = €1,
(d%) 4 [e2,eq,. .. enta] = es,
[637647-- ,€n+2]:ﬁ€2+(1+/3)€3, 5€F7 /37&0717
[617 €4y... 7en+2] = €1,
(d) ¢ [e2,€4,. .. enta] = e,
L e3, ed, sent2] = e3;
[617 €4, . 7en+2] = €2,
(d7) [62, €4y... ,en+2] = €3,
[es,€4,...,Enta] = se1 +tea +ues, s,t,u € F, s#0.

Andn-Lie algebras corresponding to case (A7) with coefficients s,t,u and ', t',u'
are isomorphic if and only if there exists a nonzero element r € F such that

s=r3s, t=r, uw=rd, s, tt uu eF.
(r) Ifdim Al =7, 4<r<n+1, let
A1:F€1—|—...+F€r.
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Then we have

[62,...,6n+1] = €1,
[63,...,6n+2] = €2,
1 ceey
r A
( ) [62,...,62'7...,67"7...7en+2]:ei7
e
le2, .. €r1,€r415 .-, Ent2) = €
( [62,...,€n+1] = €1,
e
(r?) (€1, €iyeenyCryenn,nyl] = €,
R
[e1, - s er 1,641, o5 Eny1] = €

Proof 1. Case (a) is trivial.

2. Case (b). Suppose A' = Fey. Then from Lemmas 3.1-3.3, the multi-
plication table of A has the following possibilities:

(1) { [62,...,€n+1] = €1,

[61,...,@,... ,6}',... ,6n+1,6n+2] = bijel;
@) { le1,...,en] = €1,
[61,---7éi,---,éj7---7en+1,€n+2] :bijel,

where bj; € F, 1 <i<j<n+1L

First, substituting the first identity of (1) into the other equations and using
the Jacobi identities, we get

bijer = [e1,€2,. .., €y €jynnn Entl, Eng2)
= [[62,...,6n+1],62,...,éi,...,éj,...,6n+1,6n+2]
= blj[el,eg,...,éi,...,6n+1]+b1i[61,62,...,6}',...,...6n+1]

—0, 2<i<j<n+l
Then (1) is in the form of

oy { ot

[eg,...,éj,...,en+1,en+g]:bljel, 2<73<n+1.
Replacing e, 12 by
n+1
1
€nt2 — Z(—l)n+ Tbije;
i=2

in (1), we get that (1) is isomorphic to (b!).

By the similar discussion to above, (2) is isomorphic to (b?). And (b') is
not isomorphic to (b?) since (b!) has a nonzero center.

3. If dim A' = 2, suppose A! = Fe; + Fey. Then the multiplication table
of A in the basis e1, ..., e,+2 has the following possibilities:
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(1) [62,...,€n+1] = €1,
[61,...,éi,...,éj,...,€n+1,€n+2] b 61—}—[7”627

(2) [617---,671]:61,
[61,...,éi,...,éj,...,€n+1,€n+2] b 61—}—[7”627
[62, 6n+1] = €1,

(3) [6 63,.. €n+1] = €2,
[61, . ,éj, ey entl, €n+2] = b}jel + b?jeg;

{ lea, .. en+1] = ey + eg,

(4) [e1,€3,...,€ent1] = €2,
[61, ,Eiy . ..,éj,...,€n+1,€n+2] —bl 61—|—sz62,
le1,€3,... ent1] =

(5) le2,€3,... ent1] =
[61, 3 €y ,éj,...,en+1,en+g] bl el+b2 €,

where b;; € F, 1 <i<j<n+1.
First, imposing the Jacobi identities on (1), we get

1 A A
b 61—|—b [61,62,63,...,ei,...,ej,...,6n+1,6n+2]

[[62,...,€n+1],62,63,...,éi,...,éj,...,€n+1,€n+2]
0, 3<i<j<n+1.

Ifi=2and 3<j<n+1, then

1 2 ~

byje1 +byjea = [e1,€3,. .., €5, Eny1, Eny2)
= [[62,...,€n+1],€3,---,éj,...,€n+1,€n+2]
_ 2
— bljel

Replacing e, 12 by

nt1
en+2—2( 1) 1=ipt i€
j=2
we get
le2, ..., ens1] = e,
R0 (€3, -, enta] = biaea,
[€2,€3,...,€j ..., enil,Enta] = b%jeg, 3<j<n+1,
[€1,€3,...,€j ..., entl,Enta] = b%jel, 3<j<n+1

If b2, # 0, b%j =0, 3 <j < n+1, substituting e, 12/b3, for e, 19 in (1), (1)
is isomorphic to (c!). If there exists j such that b% #0, 3<j<n+1, then
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we might as well suppose b?; # 0. Substituting
b b2
e3 + Z(—l)] 3b2] ej — bé2 e
j=4 13

for e3 and ey,12/b%5 for e, 19 in (1), we get (c?).
Second, substituting

n

En+2 — Z(—l)n_ibz‘lnﬂei
i=1

for e, 49 in (2), we get

le1,....en] =e€1,
(€1, 3oy €y ey ey, Enya) = bijer + 0360, 1 <i<j<n,
[€1,. .y €4y €n,Enial :b?nﬂeg, 1<ig<n.
By the Jacobi identities, we have b3, , = b}, ., =0and b}, =0, 3<i < n.
Then (2) is isomorphic to
le1,...,en] =e1,
€1, €ireey €y, Enil, Ental :b}jel—i—b?jeg, 1<i<j<n.

Ifi=1, 2<j<n, since
o 2n—312
[[61,63,...,@n,€n+2],€2,...,ej,...,en,€n+1] = (_1) " bljel :Oa

Wehaveb%j:(), 2<j<n. fi=2, 3<5<n, by

1 2 N

b2j€1 + b2j€2 = [61,63, ey €y ,en,€n+1,€n+2]

= [[617--'7en]7e37"'7éj7"'7€n7€n+176n+2]
1 2

- b2J€1 +b1]el

11
= b2j617

we obtain b3; =0, 3 < j <n. If3<i<j<n, by

1 2 5 5

bijer +bie2 = [e1,€2,. ., €1y, €5, Eny, Enya)
= [[617"'7671]7627"'7éi7"'7éj7"'7€n+17€n+2]
g1
- bijelv

we get sz =0, 3 <i<j<n. Then (2) is isomorphic to

2

[e1,...,en] = €1,

A A 1 . .
€1, ooy €ievns €y eny1, enpa] = bjje1, 1 <i<j<n.
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This contradicts dim A! = 2. Therefore, table (2) is not realized.
Third, we study case (3). For i =1, 3<j <n+ 1, since

b%jel + b%jeg =le2,...,€j,...,enia]
= [le1,€3,- -, €nt1)s- 1€y, Engal
= b%jeg+b%jel,
we have
by; =bi;, by =by;, 3<j<n+1l
For3<i<j<n+1, from

1 N N
b 61—|—b ey = [61,62,63,...,ei,...,ej,...,6n+1,6n+2]
= [[62,...,€n+1],62,63,...,éi,...,éj,...,€n+1,€n+2]
=0,
we have

Again, substituting

le2,. . ent1] = €1,

) [e1,€3,. .., ent1] = €2,
[e2, €3, ..., J...,en+1,en+2]:b%jeg, 3<ji<n+1,
[e1,€3,...,€5, ..., €nt1,Ent2l :b%jel, 3<j<n+1

If b%j =0, 3<j <n+1,then (3) is isomorphic to (c?).
If there exists b%j # 0 for 3 < j < n+1, then we might as well suppose
b2, # 0. Replacing e3 and e,,42 by

e3 + Z(_l)J_s sz €j
j=4 13

and e,2/b35 in (3), respectively, we get (c?).
Fourth, we study case (4). For i =1, 3<j<n+1, by

bijer +bije2 = lea,. .., &), .. enia)
= [le1, e, ent1], .1 €5, Enga]
= 52]62 + b3 jaer + bQJeg,
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we have
by; = by, bl =byi+b5;, 3<j<n+1l

For3<i<j<n+1,wehave

b =b;=0, 3<i<j<n+1,

since
b1€1+b :[61,62,...,éi,...,éj,...,enJrQ]
1 R .
= o [[62,...,en+1] —62,62,...,ei,...,ej,...,€n+2]
1 R .
=, le2, ..., [€i e, . iy €5, ey, Eng]
=0.
If substituting
n+1
Z( 1" 70355 + (=1)"biaer + enia
j=3
for e,49 in (4), we get
[627 en+1] = aeg + €2,
[e1,€3,. .. ens1] = e2,
(4') les, . . €n+2] = bizer,
[€2,€3,...,€5, ..., €nt1,Ent2l :béjeg, 3<j<n+1,
[61763,..., €5, ...,€n+1,€n+2]:b%j€1, 3<j<n+1.
If b%] =0 for 3<j<n+1,(4) is isomorphic to (c%). If there exists blj # 0 for
some 3 < j<n+ 1 we might as well suppose bl; # 0. Substituting
n+1 b bl
63+Z 1)7-3 2] ej— 12

and ey, 12/bls for eg and e, 42 in (4'), respectively, we get (c®).

Lastly, we study case (5). For 3 <i < j < n+1, we have b}j = b?j = 0 since
[61762,...,éi,...,éj,...,en+2] = [[61762,...,éi,...,éj,...,€n+2],€3,...,en+1].
Then if substituting

n+1

€nt2 t (—1)%%2@1 - Z( 1)n+1 Zbuez
i=1

for e, 49 in (5), we get
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[61,63, e ,en+1] = €1,

(5/) [62, PN ,6n+1] = €9, .
[€2,...,€j,..., €] :b%]el, 3<j<n+1,
le1,€3,...,€5,..., €42 fbgjel—i—bz]eg, 3<j<n+1.

We discuss (5') in two steps.
Step 1 If b =0 for 3 < j<n+1, then (5) is isomorphic to

[61763, ce ,€n+1] = €1,
(5”) [62, €3, ... ,€n+1] = eg,
A~ o 1 2 .
[e1,€3,. -y €jy ooy ntl, enpa] = byser +be0, 3<j<n+ 1

For every 7, 4 < j <n+ 1, since

1 . . R
b23[61,63,...,6j,...,€n+2] = [[61,64,...,6n+2],63,...,6j,...,6n+2]
_ g1
= b2j[61,64,...,6n+2],
132 _ 12l 5
we have byzb; = bjsby;. Then [e1,eq,...,enq2] and [er,e5,...,65, .., ental,

4 < j<n+1, are linearly dependent. If
le1,e3,...,€5,...,en42] =0, 3<j<n+1,

then (5) is isomorphic to (c”). If there exists
le1,e3,...,€5,...,enpa] #0, 3<j<n+1,

then A is isomorphic to (c*) when bl; # 0, and A is isomorphic to (c?) when
b3, # 0.

Step 2 If there exists b%j # 0 for some 3 < j < n+ 1. The we might as well
suppose bl # 0. Substituting

n+1 bl

e3— » (1)~ 4; €
= 13
and e,,2/bl; for e3 and e, in (5'), respectively, (5) is isomorphic to
le1, €3, .., ent1] = e1,
le2, €3, ..., ent1] = €2,
[€2, €4, .. €ni1,Enta] = €1,
[61763,..., ] ...,€n+1,€n+2] :b%j€1+b§j€2, 3§j<n—|—1.

The discussion is completely similar to Step 1. (5) is isomorphic to (c2),
(c*), or (%) for the cases that b2], bgj being to zero simultaneously, or not.

Now, we prove that (c?) is not isomorphic to (¢/) when i # j for 1 <4,5 < 7.
Case (c!) is not isomorphic to (c?), (c®), and (c7) since it is indecomposable. By
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Lemma 3.1, (c) is not isomorphic to (¢/) when i # j for i,j = 3,5,7. And (c¢/)
for j = 1,3,5,7 are not isomorphic to (c?), (c*), (c%) since they have nonzero
center.

For cases (c'), i = 2,4,6, we have Lie algebras 4; = A (as vector spaces)
for i = 2,4, 6, respectively, with product [-,-]; as follows:

[e2, e3]1 = e,

[627 n+2] = €2,
[e1, €l 401 = €13
[e2, e3]1 = e,

le1, e3]1 = ea,

[e2, €l 40]1 = €2,
le1, enyal1 = e1;
[
[
[
[

( [e2,e3]1 = ey + e,

€1,€3 ] = €2,

()
€2, n+2] = €2,
€1, n+2] = €1,
where
[z,y]1 = [,y,€4,...,€n41], x,y €A,

enya = (—1)"enta.
And A; has decomposition A; = Z(A;)+B; (the direct sum as ideals), where

Bi:F61+F€2+F€3+F€n+2> i:2a476a

are 4-dimensional solvable Lie algebras with multiplication table (c?)y,
respectively. The subalgebra

H=Fes+-+ Fepyo

is a Cartan subalgebra of (c?), (c*), and (c®), and the vectors ey, ..., e, 1 have
the symmetric status in the multiplication. Then (c) is isomorphic to (c/) if
and only if the Lie algebra (c'); is isomorphic to (c¢/)1. By the classification [12]
of 4-dimensional solvable Lie algebras, (c'); is not isomorphic to (c¢/); for i # j.
Then we get (c?) is not isomorphic to (c/) when i # j. And the n-Lie algebra of
case (%) with coefficient « is isomorphic to that with coefficient o' if and only
if a«=da.

Summarizing, we get that (c) is not isomorphic to (¢/) if 1 <i#j < 7.

4. Let dim A' = 3 and

A' = Fey + Fey + Fes.

Then the multiplication table of A has only the following possibilities:
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(1) [62,...,€n+1] = €1,
A 5 _ 1l 2 3 .
[61,. B TN TR ,6n+1,6n+2] = bijel + bijeg + bijeg,
(2) [617---,671] = €1,
5 5 _ 1l 2 3 .
[61,. ey iy ey By ,6n+1,6n+2] = bijel + bijeg + bijeg,
62,...,6n+1] = €1,
(3) 61,63,...,6n+1] = eq,
A A 11 2 3 .
€lyevvy€iyenny€jynnn ,en+1,€n+2] = bijel + bijeg + bijeg,

€,. .. ,€n+1] = el + eg,

[
[
[
[
(4) [e1,€3,...,€ent1] = €2,
€1, iy €y Enyt, Enga] = b}jel + b?jeg + b?jeg;
le1,€e3,...,ent1] = €1,
(5) [e2, €3, ..., €ent1] = €2,
€1, iy €5y, Enyt, Enga] = b}jel + b?jeg + b?jeg;
(e, ent1] = €1,
(©) [e1,€3,...,€ent1] = €2,
le1,€e2,€4,...,ent1] = €3,
€1, iy €5y, Enyt, Enga] = b}jel + b?jeg + b?jeg;
[e3, €4, ..., enia] = blser + b2yea + biges,
(7) [e2, €4, ..., enia] = biger + bgea + biges,
[e1,€4, ..., enia] = biser + b3gea + bises,

where bj; € F, 1 <i<j<n+1L
First, we study case (1). Substituting the first identity into the other
equations, we get

Mo

bier =0, 4<i<j<n+1;

B
Il

1

M

bgjek = b%jel, 4<j<n+1;
1

(e 7

blgjek = —bz{’jel, 4<j<n+1;

e
Il
—_

3

k 2
> bizer = bizer + biser.
k=1

Replace
n+1

€nt2 — Z(—l)nﬂ_jb%jeg‘
=2

for e,,12. Then (1) is isomorphic to
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[e2,...,ent1] = €1,
(€3, .-, enta] = b3yea + biyes,
[e2, €4, ..., enya] = b2zea + bises,
(1) [€2,€3,...,€j,...,€nt1,Enta] = b%j62 + b§j63, 4<j<n+1,
[e1, €4, €5, ..., enta) = biser = (b33 + b3y)eq,
[e1,€3,. ., €5, ..., eni1,Enqa] = béjel = b%jel, 4<j<n+1,
le1,€2,. -, j, s ent1, enpa] = byze1 = —bler, 4<j<n+1.
Fixing e,12 in the n-ary multiplication of A, we get an (n + 2)-dimensional
(n —1)-Lie algebra Ag = A (as vector space) with the product [,...,]o, and the
multiplication table of Ay in the basis eq,..., e, is as follows:
[e3, €45+ -+ Ent1]o = b3gea + biyes,
[e2, eq, .. en+1]0 = b1362 + b1363,
le2, €3,. .., €5, en+1]0fbljeg+bljeg, 4<j<n+1,
le1, €4, €5, - - €n+1]0 = b23€1 = (b13 + b12)€1>
le1,€3,...,€5,...,ent1o :b%jel :b%jel, 4<j<n+1,
L le1.e2,-.-, 65, enttlo :béjel = —b%-el, 4<j<n+1.

Set B = Feg + ---+ Fepyq1. Then B is a subalgebra of Ay, dim B! = 2 since
dim A} = dim A' = 3. The multiplication table of B in the basis ea, ..., e,1 is
as follows:

_ 12 3
[63, €4y, €n+1]0 = 51262 + b12e3>
_ 12 3
le2,€4,. .. eni1]o = bizea + bizes,
~ _ 2 3 -
le2,€3,€4,...,€5,... enii]o = bijea +byses, 4<j<n+l

By discussion completely similar to [9],

N

.
N
3

A |t b
b2, b3
13 13

Therefore, (1’) has the form

le2, ..., ent1] = €1,
(1//) [63, ,en+2] = 5%262 + 5?263,
[e2, €4, ..., enia] = bisea + biges,
le1, e, €5, . enta] = (b3 + by )er.
If b2, + b3, = 0 and b3, # 0, taking a linear transformation for basis
€1y Ent2 DY replacing
3
2;;? e, —|— b \/A es3, e+ e 1;22\/A €3, ..., \/1A en+2
for e, e9,€3,..., €519 in (1’ ), respectively, (1) is isomorphic to (d!). If b2, = 0,

(1) is also isomorphic to (d*).
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If b2, + b3, # 0, and b3, # 0, taking a linear transformation for basis
€1,...,€nt2 by replacing
2 (32 3y €1
b1, (bf5 + b7,) b1y
N !
€2 12 ) €3, .o, €n+t2
by biz + b, biz + b,

for e1,ea,e3,...,enyo in (1”), (1) is isomorphic to (d?), and

A

# 0.

(b + )
If b2, = 0, (1) is isomorphic to (d?) in the case of b3; # 0, or bj; = 0 and
b3, # b3y. In the case of bj; = 0 and b}; = b3,, it is evident that (1) is isomorphic
to (d?).

Second, substituting

o =

n

€nt2 — Z( )n szn—i—lei

i=1

for e, 12 in (2), and using the Jacobi identities for

{le1,---,en] €3, ensenial, {le1,...,enl €2,€4,... €n,€nt2},
{le1,...,en],€2,€3,€4,...,6iy... €n,€nt2}t, 4<i<n,
{ler,e2,€4,...,en,€n42],€2,...,€5,...,€nt1}, 2<j<n,
{lea, ... ensiliea, . €y €5, en, enq1,nga], 2<i<j<n,

we get b3 =0 for 1 <i < j <n.Hence, (2) is of the form

[ela , € ]_617
A A 1 . .
€1, €iyeny €5, En, e, Enqa] = b; el—l—bweg, 1<i<j<n.

This contradicts dim A' = 3. Therefore, case (2) is not realized.
Third, cases (3)-(5) are not realized by discussion similar to case (2).
Fourth, for 4 < i < j < n+ 1, from table (6),

§ : k ~ .
bijek = [61,62,63,64,. ey Ciyenn ,ej,... ,€n+1,€n+2] =0.
k=1

Then (6) has the form

[627-- €n+1] = €1,
[el,eg,.. en] = e,
(6/) [617627647 . en+1] = €3,
[617 NI véja'-- aen+lven+2] = Z b%ek,
k=1
1<i<3,i<j<n+L
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For 4 < 7 < n+ 1, imposing the Jacobi identities for

{ler,e3,. .., enti],e3,€4,...,€5, ..., €nt1,€nt2},
{ea,le1,€2,€4,.. . enqi1],€4,. .., €5, ... €np1,Enq2},
{lea, ..., ent1],€3,€4,...,€5,. .. €nt1,€ntat,
{e1,le1,€2,€4, ... €nt1],€4,..., €5, .. €nt1,Ent2},
{le2, ... ent1],e2,€4,...,€5, ..., €nt1,€nq2},
{e1,le1,€3,. .., enyi]s€a, .., €5, .., €nt1,Ent2},
{le1,e2,€4,. .. €nt1],€4,. . €nt2}t,

{le1 €3, ... ent1],€4,. .. enia},
{lea,---,ent+1],€4,-..,€nt2},

we get
b:{’j:0, b% —b2j, b1 —b2j;
b%j:O, bi{’j b3], b —bgj;

2 _ 1 _ 33 3 1.
b3j =0, b3j blj, b3j blgv
biy = —bis, b%z = b13’ b:{’z = b13 + bys;
bz = b33, bz = by +by3, by = bio;
bys = by + T3, b3z =blz, b33 = —biy,
respectively. Substituting
n+1 '
eny2 — Z(—l)nﬂﬂb%jej — (1) "bther
j=2

for e,42, we get (d).
Lastly, we discuss case (7). It follows the direct computation that there

does not exist any nonabelian proper subalgebra of A containing A'. Then
the multiplication of A is completely determined by the left multiplication

ad(es,...,ens2). And ad(ey,...,e,12)[41 is nonsingular since dim A! = 3.
Therefore, we can choose a basis e, es, e3 of A such that the multiplication
table of A in the basis e1, ..., e,+2 has the following possibilities:
[61, €4, .. e'rL+2] ﬁlelﬂ
(d) q lez,ea . ena] = Paea,  O0#J€F, i=1,2,3
le3, €4, - - -, eny2] = Bses,
[6 €4, 7en+2] = aey +eg,
(d%") [e2,€4,... 6nta] = s +e3, 0#a€F,;
[ ]
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[e1,€4,...,Enta] = Y161 + €2,
(A le2, €4, ..., enya] = 7162, 047, €F, j=1,2
[e3; €45 - .-y eny2] = 1263,
Fixing es, ..., e,12 in the n-ary multiplication of A, we get the solvable Lie

algebra A; = A (as vector spaces) with the Lie product:

[xay]l = [‘Tﬂy7€57"'aen+2]7 (If,yEAl.

Then the multiplication tables of A; with respect to (d°), (d%), (d”) are

le1, eqr = Pier,

(d>) 2, e4]1 = Baea, 0#£pB,€F, 1=1,2,3;
les, ea]1 = [Pes,
le1, eq1 = aer + e,

(a%) [e2, e4]1 = aeg + e3, 0+#a€F,
[63,64]1 = «es,
[e1, ea]1 = y1€1 + €2,

(d™) lea, es]1 = 71e2, 0#£v;€F, j=1,2.
[63,64]1 = 72€3,

This implies that (d”’) can be decomposed into the direct sum of ideals Z (A1)
and B, where the center

Z(A1)2F65+---+F6n+2,

and the ideal
B =Fe, 4+ Fey+ Feg+ Feq, i=25,6,7.

By the classification of 4-dimensional solvable Lie algebras [12], we get (d°), (d°)
and (d7), and (d?) is not isomorphic to (d’) when i # j for 5 < 4,5 < 7. The n-
Lie algebras corresponding to case (d%) with coefficients 3 and 3" are isomorphic
if and only if 3 = 3. We also have the n-Lie algebras corresponding to case (d”)
with coefficients s,t,u and s',t',u’ are isomorphic if and only if there exists a
nonzero element r € F' such that

s=r3, t=r%, u=rd, s tt,uueF

It is evident that (d%), (d%), and (d”) are not isomorphic to other cases
since (d®), (d®), and (d”) have no nonabelian proper subalgebras containing
A, Case (d*) is not isomorphic to any cases of (d!), (d?), and (d?), since (d*)
is decomposable. Because (d') has nontrivial center, (d!) is not isomorphic to
(d?) and (d?). By direct computation, we know that dimensions of the derivation
algebras of cases (d?) and (d®) are n? + 2 and n? + 3 respectively. Therefore,
(d?) and (d®) represent non-isomorphic classes.
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Now, fixing e4,...,e, 1 in the multiplication of A of case (d?), and
substituting (—1)" 2e, 12 for e,12, we get a solvable Lie algebra Ay (Ay = A
as vector spaces) with the operation

[33, y]2 = [33, Y,€4y ... 7en+1]a
and the multiplication table of A in the basis ey, ..., e,12 is as follows:
[e2,e3]2 = ey,
[e3, ental2 = €3 + e,
[627 en+2]2 = €2,
[617 €n+2]2 = €1.
Then Ay has a decomposition
Ay =Bo Z(AQ),
where the center
Z(AQ) =Fe  +---+ Fepy,

and
B = Fe; 4+ Fey + Fes + Fenqo

is an ideal. By the classification of solvable Lie algebras [12], we get that n-Lie

algebras of case (d?) with coefficients o and o’ are isomorphic if and only if
/

a=d.

5. By Lemma 3.3, we have dim A =r, 4 <r < n + 1. Suppose

Al = Fey + ... + Fe,.

From Lemmas 3.1 and 3.2, the multiplication table of A in the basis ey, ..., e, 9
has following possibilities:
[627 cee 7en+1] = €1,
(1) 5. 3. — - bk .
[617"' 7eZa"'76]7"'a€n+laen+2] — Z ijek;
k=1
le1,...,en] = €1,
2 ~ A r k
(2) [e15- s iyeres€hyennyenpty enya] = D7 bijex;
k=1
[627 cee 7en+1] = €1,
(3) [617 €3,... 7en+1] = €2,
T
A A _ k .
[617 ey €y 7ej7 s 7€n+17€n+2] - Z bijek,
\ k=1
[62, - ,en+1] = ae] + eg,
(4) [617637"'7en+1] = €2,
T
A A _ k .
[617 ey €y 7ej7 s 7€n+17€n+2] - Z bijek,
\ k=
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[61,63,...,€n+1] = €1,
(5) [62,63,...,6n+1] = €9,
[61,...,éi,...,éj,...,€n+1,6n+2] =
\
[617"'7éia"'7em7 y Ery '7en+1]
(6) 1<1<m, 3<m
[61,...,éi,...,éj,...,€n+1,€n+2] =
\
[617"'7éia"'7e'r’aer+17"'7en+1] =
7 R .
(7) (€1, €y €y Enyl, Enqa] =

where bj; € F, 1 <i<j<n+1L

First, we study case (1). For substituting [es, ..

equations and by the Jacobi identities on

{lea, .-, ent1ls€2, . €r €rq1, .0, 64yt €5,y

{[e2a"'aenJrl]veZv"'7éia"'7e'r’aer+17"'7éja"'aen+lven+2}a
2<i<r, r+1<53<n+1;
{[eg,...,en+1],62,...,é,~,...,éj,...,er,er+1,...,en+2},
we get
bE=0, 1<k<r r+1<i<j<n+1;
1 _ i—2 1% 2 — _ ; ; .
bij = (=1)"77by;, bj=...=0b;=0, 2<i<rr+1<j<n+l;

bl = (=1)"7 26}, + (—1)7 73], b2 =

respectively.
Replacing

01y T

n+1

LL=b=0, 2<i<j<m

ent2 — Z(—l)nﬂfjb%jej

=2

'7€n+17en+2}7
r+l<i<j<n+l;

2<i< i<

603

.,€n+1] = €1 into the other

for e;,+2, and fixing e,,1 2 in the multiplication of A, we get an (n+2)-dimensional

(n — 1)-Lie algebra A3 = A (as vector spaces) with the product

[$1, e ,.In,l]g = [$1, ..

. xnflv en+2]a

and the multiplication table in the basis ey, ..

V$1,...,$n,1 €A37

., ento is as follows:
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.
[627---7éj,---,€r7---,€n+1]3:Zblfjek, 2<j§7”,
k=2 ,
[62,...,er,€r+1,...,éj,...,€n+1]3:kz2blfj€k, r+1<j<n+1,
[61,...,éi,...,éj,...,er,...,en+1] b e1, 2<i1<j<r,
[61,...,@2‘,...,67«,...,éj,...,€n+1] ( )bljel,
L 2<i<r<j<n+1,

where o o
by = (<18 + (<177,
Set
B=Fey+---+ Feyq1.

Then B is a subalgebra of A3 with the multiplication table

.
[€2,...,€j, .. ep,.. €n+1]3—zb1]€k, 2<j<r,
k=2

(1p)

T
(€2, . €r,€rilyeey €y, Enil]3 = z 1J€k’ r+1<j<n+1.

By similar discussion leading to Theorem 3 in [3], taking a suitable trans-
formation of basis e, ea,...,e,41, (1) is isomorphic to (r!).

Second, replacing e,,12 by

n
En+2 — Z( ™ szln+1€i
i=1
in (2) and substituting [e,...,e,] = €1 into other equations, we get
b1 = = b = 0,004, =0, 2<i<ny
b22n+1: _b:n+1_ T+1<i<n;

1]':07 1=1,2<j<n
b;’j:O, 2<1<g<n,

respectively. Then dim A! = r— 1, which is a contradiction. Therefore, case (2)
is not realized. By similar arguments to above, cases (3)—(6) are not realized.

Lastly, we study case (7). For r +1 < i < j < n+ 1, imposing the Jacobi
identities on

{[62a"' ,6n+1],62,... > €ry Ertls - - aéia"' 7éja"' a€n+1>en+2}a

we get
;=0 1<k<r

For every i # p, 1 < ¢,p < r, substituting

[617---7eia"'7€7“767“+17"'7en+1]:ei
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into the other equations, we get

by =blj by =0, k#p, 1<pk<r<j<n+l.

By similar discussion, we have
ko_ 1 _ _ g1 _ g+l _ 12 ; .
bi; =0, blj_"'_bg'flj__bjjJrl_"'__;rv b{j—b12,2<k#]<r7
b =0, 1<k<r k#4,j, 2<i<j<r

Replacing e, 12 by

n+1
envz = (=) Ibe; — (1) bhe
=2
in (7), we get (r?). It is evident that (r!) is not isomorphic to (r?). O
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