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Abstract

The present study explores the effect of rotational anisotropy on the bearing capacity responses of the square and
rectangular footings using the random finite difference method (RFDM) and Monte Carlo simulation (MCS) technique.
Three different aspect ratios (i.e., L/B = 1, 2, and 3) are considered in this study. The lognormal distribution is chosen for
the spatial distribution of the tangent of the friction angle. The probabilistic bearing capacity response (uV,) and the failure
probability (py) of the footings are obtained for different angles of rotation of the soil strata (ff) considering different
orientations of the footings. The probabilistic results are presented in the form of PDF and CDF for different  and L/
B ratios of the footing. The desired safety factors (FS,) corresponding to a specific target failure probability (say pp.
= 0.01%) are also evaluated for different f5. It is found that the orientation of the rectangular footings with respect to the

strike direction of the soil strata has significant effects on the u¥N, and py of the footings.

Keywords Desired safety factor - Monte Carlo realizations - Orientations of the rectangular footings - Rotational

anisotropy - Three-dimensional footings

1 Introduction

In usual practice, most geomechanics problems are ana-
lyzed using the deterministic approach, where the soil is
assumed to be either a single layer with homogeneous and
uniform properties or a multilayer with layer-wise homo-
geneous and uniform properties. The factor of safety con-
cept is incorporated to ensure the safety of the structure.
However, due to the complex geological processes (like the
formation of the soil matrix, deposition and decomposition
processes, different loading or stress histories, tectonic
movements, etc.), the soil properties tend to vary in space.
Over the last two decades, researchers have incorporated
the spatial variability concept in their study to achieve the
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realistic and economical design of geotechnical structures.
These studies include the ultimate bearing capacity of the
footings [2, 5, 11, 13, 16, 17, 19, 30, 32, 33, 35, 37, 43], the
ultimate bearing capacity of offshore strip footings
[36, 44, 45, 47, 48], settlement analysis of footings
[1, 12, 14, 20], footing on the slope [10, 25, 39, 49, 50],
slope stability analysis [9, 18, 21, 31, 34], laterally loaded
pile [24], braced excavation [38] and so forth. All these
studies above were analyzed considering either isotropic
random field (where the scales of fluctuation or autocor-
relation lengths in both horizontal and vertical directions
are the same) or transverse horizontal anisotropic random
field (where the scale of fluctuation or autocorrelation
length in the vertical direction is relatively less than that for
the horizontal direction). In the case of a transverse hori-
zontal anisotropy, due to the natural soil deposition pro-
cess, the rate of changes in the soil properties along the
horizontal direction is comparatively less than that along
the vertical direction. Hence, the horizontal scale of fluc-
tuation or autocorrelation length is higher than that for the
vertical direction for transverse horizontal anisotropy.
However, due to the tectonic movements and different
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geological mechanisms forming the complex soil structure,
the variability of the soil properties may differ from the
isotropic and transverse horizontal anisotropic fields
[28, 40]. Zhu and Zhang [52] classified heterogeneity into
three different types (along with isotropy and transverse
anisotropy), which are rotated anisotropy, general aniso-
tropy, general rotated anisotropy, and the combinations of
these different types of heterogeneity. Several studies
[4, 22, 26, 27, 53] are available on the two-dimensional
slope stability analyses considering the spatially variable
random field of rotated anisotropy. The rotated anisotropy
case is a special case of transverse anisotropy where the
two mutually perpendicular principal axes (major and
minor principal axes) of the scale of fluctuation or auto-
correlation length are rotated by an angle of f§ with respect
to the horizontal direction. The angle f is called the angle
of rotation of the soil strata.

In the study of Griffiths et al. [22], two types of failure
mechanisms were proposed, which are series and parallel
failure mechanisms. In the case of the series failure
mechanism, the orientation of the strata is parallel to the
slope (known as the dip slope). Consequently, a significant
portion of the failure surface is parallel to the strata ori-
entation (refer to Fig. la). However, in the case of the
parallel failure mechanism, the orientation of the strata is
perpendicular to the slope (known as the reverse-dip slope).
The failure surface passes through the alternate strong and
weak soil layers (refer to Fig. 1b). It was reported that the
series failure mechanism provides a higher failure proba-
bility than the parallel failure mechanism. Considering the
rotated anisotropy, Cheng et al. [7] used the RFDM to
evaluate the risk associated with slope failure. It was found
that depending upon the rotation angle of the strata, rotated
anisotropy provides both shallow and deep failure mecha-
nisms as compared to horizontal transverse anisotropy. Zhu
et al. [53] reported in their study that the minimum safety
factor is obtained for the strata rotation angle of 30°, which
is lower than the slope angle. Huang and Leung [28]
conducted a three-dimensional reliability-based slope
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Fig. 1 Failure mechanisms. a Series, b Parallel
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stability analysis using the random finite element method
(RFEM), considering the rotational anisotropy, where the
strata rotation has been considered around the three coor-
dinate axes. It was observed that the cross-dip and the
reverse-dip slope could be considered desirable slope sta-
bility conditions as compared to the dip slope.

All the above studies considering rotational anisotropy
were restricted to slope stability analyses. However, con-
sidering the rotational anisotropy of the soil strata, the
bearing capacity analyses of the footing are very limited.
Ghazavi et al. [15] carried out the probabilistic plane strain
analysis of a strip footing resting on the top of rotated
anisotropic cohesive-frictional soil underlain by bedrock
incorporating the RFDM. The effects of the angle of
rotation of the soil strata and the angle of bedrock incli-
nation were also explored in their study. Luo and Luo [40]
investigated the effect of rotational anisotropy of the
undrained shear strength on the ultimate bearing capacity
of an embedded strip footing, considering plane strain
conditions under the RFEM framework. It was observed
from their study that the mean ultimate bearing capacity
remains constant irrespective of the change in the rotation
angle of the strata, whereas the failure probability increases
as the rotation angle of the strata increases. Luo and Luo
[41] explored the effect of rotated anisotropy on the per-
formance of a two-dimensional strip footing located on the
edge of a slope utilizing the RFEM. It was reported that the
variability associated with the footing bearing capacity,
sliding mass, failure probability, and the associated risks
are at a peak when the strata orientation is parallel to the
slope inclination.

All the above literature shows that no probability-based
study exists for the bearing capacity analysis of the three-
dimensional footings (like square, rectangular, etc.) con-
sidering rotated soil anisotropy. Hence, the present study
aims to explore the effect of rotational anisotropy on the
bearing capacity and failure mechanisms of the three-di-
mensional square and rectangular footings resting on the
top of a spatially variable granular soil under the random
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finite difference framework. Although the probabilistic
analyses of three-dimensional footings are computationally
expensive, it is essential to study them as they are con-
structed to carry massive super-structural loads, and the
risk correlated with the failure of the system needs to be
properly assessed [11, 32]. The present study assumes the
tangent of friction angle (i.e., tan ¢) as the spatially vari-
able random field following the lognormal distribution.
Three different typical conditions are considered in the
present study: (1) square footing under rotational aniso-
tropy (refer to Fig. 2a), (2) rectangular footing under
rotational anisotropy where the length direction of the
footing is parallel to the strike direction of the soil strata
orientation (refer to Fig. 2b), and (3) rectangular footing
under rotational anisotropy where the length direction of
the footing is perpendicular to the strike direction of the
soil strata orientation (refer to Fig. 2c). The obtained
bearing capacity of the footings is represented using the
dimensionless bearing capacity factor (&), which can be
evaluated using the following equation:

— qult
" 0.5yB

(1)

where ¢, is the ultimate bearing capacity of the footing, B
is the width of the footing, and y is the unit weight of the
soil. The ultimate bearing capacity of the footing (q,,) is
evaluated using the following equation:

g @)

where Q. is the collapse load applied on the footing, and
A is the base area of the footing. Before executing the
probabilistic analyses, the deterministic analysis of the
footings is carried out, considering the soil parameters to
be uniform and homogeneous all over the soil domain. In
the case of probabilistic analyses, only a single value has
been considered for the coefficient of variation of tan ¢
(COViang), major and minor scales of fluctuation (8,,; and
0...), while the angle of rotation of the strata (f) is the
subject of the parametric study. The Monte Carlo simula-
tion technique is incorporated to find out the mean bearing
capacity factor (uNV,) and failure probability (py) of the
square and rectangular footings corresponding to different
angles of rotation of the strata (f). The CDF and PDF

Guit =

Fig. 2 Schematic diagram of a square footing under rotational anisotropy, b rectangular footing under rotational anisotropy where length
(L) direction is parallel to strike ¢ rectangular footing under rotational anisotropy where length (L) direction is perpendicular to strike
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curves are plotted for different f3, and the desired safety
factors (FS,) are obtained for different f§ corresponding to a
specific target failure probability (py).

2 Details of the finite-difference modeling

The explicit finite-difference software FLAC?P [29] was
used to execute both the deterministic and probabilistic
analyses of the problem. The square and rectangular foot-
ings (having B = 1 m) were considered to be rough and
rigid, resting on the surface of the granular soil deposit.
The soil domain of the model was considered as 6B in both
the horizontal directions (i.e., in the x and y directions) and
2.5 B in the vertical direction (i.e., in the z-direction). The
bottom of the soil model was restricted in all three direc-
tions, whereas the side boundaries were restricted in the
lateral direction to allow the model to displace only in the
vertical direction. The eight-node brick-shaped elements
were used to discretize the whole soil model, and the
uniform mesh was generated throughout the study. The
total number of elements was considered to be 46,080. The
domain and mesh sizes chosen for this problem were taken
after several trials to maintain the balance between effi-
ciency and accuracy. The domain and the mesh conver-
gence studies for the rectangular footing having L = 3B are
presented in Table la and b based on deterministic analy-
sis. The granular soil deposit was assumed to follow the
Mohr—Coulomb yield criterion. In this study, the elastic
modulus (E) and Poisson’s ratio (v) of the granular soil
were considered to be 20 MPa and 0.3, respectively (fol-
lowing Bowels [4]). The unit weight of the soil (y) was
assumed as 20 kN/m>. After discretizing the whole soil
domain, the soil properties were allocated to each finite-

Table 1 (a) Domain effect and (b) Mesh convergence study

difference mesh grid. Then, the gravity analysis was done
for the whole model. After the gravity analysis, the set-
tlement of the whole domain was set to zero. The footing
roughness was ensured by providing lateral resistance to
the nodes representing the footing area. An optimal
downward velocity of magnitude 1 x 107 m/step was
applied to the footing nodes to determine the bearing
capacity-settlement response. The discretized mesh with a
rectangular footing (L/B = 3) is illustrated in Fig. 3.

3 Deterministic analysis

Before executing the probabilistic analyses, the determin-
istic analyses were carried out for the square and rectan-
gular footings to find the benchmark value of N, (i.e.,
N, _geo) for the probabilistic analyses and evaluate the fail-
ure probability (py) of the system. In the deterministic
analyses, non-random uniform and homogeneous soil
properties were allocated to all the finite-difference grids.
The soil friction angle (¢) and the corresponding dilation
angle (1) were assumed to be 30° and 0°, respectively, for
the analyses. The bearing pressure-settlement response of
the square (L/B = 1) and rectangular footings (L/B = 2 and
L/B = 3) are obtained and illustrated in Fig. 4. The ¢,;, was
considered as the bearing pressure corresponding to the
settlement ratio (footing settlement normalized to the width
of the footing, s/B) of 6% as the change in bearing pressure
value with respect to the s/B is marginal beyond s/B = 6%.
Moreover, as per Eurocode 7 [3], the maximum allowable
settlement for the typical footings for sand is 50-75 mm,
and the settlement value of 6% of B was within the pre-
scribed range. Hence, the settlement-based criterion was
also taken into consideration to define the g,;. The N, ge

The aspect ratio of the footing The extent of the boundary Number of elements N, % Difference
(a) Domain effect study
L/IB=3 6x 6x 25m 46,080 20.04 -
6x6x3m 55,296 20.018 0.11
6x6x4m 73,728 19.966 0.37
7x7x3m 75,264 19.940 0.50
7x7x%x35m 87,808 19.899 0.70
7x7x4m 100,352 19.797 1.21
8§x8x4m 131,072 19.696 1.72
(b) Mesh convergence study
L/IB=3 6x6x25m 5760 23.65 18.46
19,440 21.40 7.21
46,080 20.04 0.26
90,000 19.96 -
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Fig. 3 Finite-difference discretization of the soil domain with a
rectangular surface footing (L/B = 3)
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Fig. 4 Bearing pressure-settlement response for footings with the
different aspect ratios

value was obtained based on the ultimate bearing capacity
(quy) value. The values of N, g¢ for the footings with
different aspect ratios are provided in Table 2. It was found
that the N, g value increased with the increase in footing
size. However, the difference between N, 4 values for L/
B =2 and L/B = 3 was very marginal.

4 Probabilistic analysis
4.1 Autocorrelation matrix formulation

Due to the different complex geological processes, the soil
properties tend to vary in space. In general cases, the
horizontal stratification of the soil profile is observed in
nature because of the soil deposition process. However,
geologic faults are created due to tectonic movements,
which may cause rotational anisotropy in the soil profile. In
horizontal transverse anisotropy for three-dimensional
analysis, the scales of fluctuation in both horizontal
directions are assumed to be the same, i.e., 0, = 0, [11, 32],
and the vertical scale of fluctuation (0,) is lower than the
0, = 0,. In contrast to the three-dimensional analysis, the
scale of fluctuation in the out-of-plane direction is infinite
for the two-dimensional plane strain analysis (i.e., 0,.
= oc). Hence, the results obtained for the two-dimensional
plane strain analysis (i.e., 0, > 0,; , = oc) are lower than
those for the three-dimensional analysis (i.e., 0, = 0, > 0,)
considering the identical statistical parameters (mean,
COV, scale of fluctuation). The reason behind this can be
attributed to the absence of the averaging effect in the out-
of-plane direction for the plane strain analysis [8, 50].
Therefore, the results corresponding to the two-dimen-
sional probabilistic analysis are underestimated, which may
be unrealistic during the design of the structure. In the case
of rotational anisotropy, the Cartesian coordinate system is
rotated by an angle f, and the major scale of fluctuation
(0,,)) corresponds to the horizontal scale of fluctuation
(0, = 0,) and the minor one (0,,,) to the vertical scale of
fluctuation (0.). Thus, the three-dimensional autocorrela-
tion structure for rotational anisotropy can be obtained
from the autocorrelation structure for horizontal transverse
anisotropy by transforming the coordinate system [28, 50].
The autocorrelation structure for the rotational anisotropy
considering the rotation of the soil strata can be expressed
using the following expression [28]:

Table 2 Deterministic N, 4¢¢ values for the footings with the different aspect ratios

The aspect ratio of the footing N, _get

Present study

Zhu and Michalowski [47]

Finite element method Closed-form expression

L/B=1
L/IB=2
L/IB=3

19.01
19.99
20.04

18.309 (3.69%)
19.687 (1.52%)
19.884 (0.78%)

18.703 (1.62%)
19.195 (3.98%)
19.358 (3.40%)
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2 - 2 . 2
x ,COS p + T, B -1, B+

p = exp _2\/(975_) +(T> cos /)’0 '7:& sin /) +( 7, sin /6 7,08 [3) 5
mj mj mn

In the above equation, 7, = (xx —x;), Ty = (Y — y1),
and 7, = (zx — z;) are the distances between the centroids
of kM and I elements, where k = 1,2,3, ..., E,,and [ =1,
2,3, ..., E, (E, is the total number of elements in the
generated mesh). 0,,; is the major scale of fluctuation, and
0,nn 1s the minor scale of fluctuation. f§ is the angle of
rotation of the soil strata. Using the autocorrelation struc-
tures evaluated in Eq. (3), the autocorrelation matrix (A)
can be formulated as follows:

where G denotes the column vector of the uncorrelated
standard normal variable with zero mean and unit standard
deviation. Hence, the spatially varied random fields for ¢
can be expressed as follows:

d) (é) = tan_l [exp (:uln tan ¢ + O1n tan QZ)G)] (7)

In the above equation, ¢ = &(x, y, z) denotes the spatial
location of a point where the friction field is required. The

1 p(Tx12, Ty12, T212) p(T13, Ty13, T213) P(Tx1E,, TylE s TIE,)
P(Tx21 ; Ty2l, T221 ) 1 p(fx23, Ty23, T123) P(szE,ﬂ Ty2E, TzZEn)
A= p(fx317fy3lafz31) P(Tx32, Ty32, Tzsz) 1 p(Tx3En7 Ty3E,» ‘Cz3En) (4)
P(TxEnl s TyEq 1y TzEnl) p(TxEn27 TyE,2, TzEnz) ,D(TxE,,37 TyE,35 TzEn3) ce 1 EyxE,

4.2 Random field generation for friction angle

()

The present study characterized the tangent of friction
angle (tan ¢) as a lognormally distributed random field.
The tangent of ¢ was considered as a random field instead
of ¢ as the generated ¢ values are always positive and fall
within the range of 0° and 90° [10, 23, 33]. The study
assumed the dilation angle (1) as a non-random parameter.
After evaluating the autocorrelation matrix (A), the Cho-
lesky decomposition method was used for the random field
generation, following the literature [15, 28, 52]. Since the
obtained autocorrelation matrix is positive definite, the
matrix can be decomposed into the lower triangular matrix
(L) and its transpose (Lh given as follows:

A=LL" (5)

The correlated standard normal random field for tan ¢
(G) can be evaluated using the lower triangular matrix (L)
obtained from Eq. (6) as follows:

G=S"L,G; :i= 123, .. .E, (6)
=

@ Springer

normal distribution parameters i, y, ¢ and Oinan ¢y Were
evaluated using the following transformations:

2 Tan 2
Oln tan ¢ = Inf 1+ “2 =In (1 + COVlan ¢) (8)
tan ¢
1
Hin tan ¢ = In Hian ¢ — E O-lzn tan ¢ (9)

To extract the centroidal coordinates of all the elements
of the discretized soil domain as a text file, an in-house
FISH subroutine was written in FLAC?P. After extracting
those coordinates into the text files, the files were loaded
into MATLAB [46]. The spatially varied random field for
¢ was generated in MATLAB using the probabilistic
parameters provided in Table 3. Then the obtained random
fields were taken back to FLAC’" as the text file and
assigned to each element of the discretized mesh using the
FISH subroutine. The exemplary random fields of ¢ for
different f§ are illustrated in Fig. 5. It is to be noted that the
illustrated random fields corresponded to a particular
Monte Carlo realization.
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Table 3 Probabilistic parameters used in the present study

Parameters Values

Mean of tangent of friction angle, tun 4 tan (30°)

Coefficient of variation of the tangent of 15%
friction angle, COViyng

Major scale of fluctuation, 0,,/B 10

Minor scale of fluctuation, 0,,,/B 1

Angle of rotation of the soil strata, f§

0°, 15°, 30°, 45°, 60°,
75°, 90°

in degrees

3.4735E+01
3.4000E+01
3.3000E+01
3.2000E+01
3.1000E+01
3.0000E+01
2.9000E+01
2.8000E+01
2.7000E+01
2.6000E+01
2.5000E+01
2.4000E+01
2.3000E+01
2.2000E+01
2.1000E+01
2.0000E+01
1.9730E+01

in degrees

3.5085E+01
3.5000E+01
3.4000E+01
3.3000E+01
3.2000E+01
3.1000E+01

3.0000E+01
2.9000E+01
2.8000E+01
2.7000E+01
2.6000E+01
2.5000E+01
2.4000E+01
2.3000E+01
2.2000E+01
2.1000E+01
2.0263E+01

in degrees

3.5921E+01
3.5000E+01
3.4000E+01
3.3000E+01
3.2000E+01
3.1000E+01
3.0000E+01
2.9000E+01
2.8000E+01
2.7000E+01
2.6000E+01
2.5000E+01
2.4000E+01
2.3000E+01
2.2000E+01
2.1000E+01
2.0000E+01
1.9454E+01

(©

4.3 Monte Carlo simulation (MCS)

The pN, and COV_N, for the given sets of probabilistic
parameters were evaluated using the MCS technique. In
spite of having identical probabilistic statistics of soil
friction angle, different spatial distributions of ¢ are
expected for different Monte Carlo (MC) realizations.
Hence, the different probabilistic N, values are most likely
to be obtained for different MC realizations. It should be

in degrees

3.5603E+01
3.5000E+01
3.4000E+01
3.3000E+01
3.2000E+01
3.1000E+01
3.0000E+01
2.9000E+01
2.8000E+01
2.7000E+01
2.6000E+01
2.5000E+01
2.4000E+01
2.3000E+01
2.2000E+01
2.1000E+01
2.0633E+01

in degrees

3.5069E+01
3.5000E+01
3.4000E+01
3.3000E+01
3.2000E+01
3.1000E+01
3.0000E+01
2.9000E+01
2.8000E+01
2.7000E+01
2.6000E+01
2.5000E+01
2.4000E+01
2.3000E+01
2.2000E+01
2.1000E+01
2.0000E+01
1.9862E+01

(d)

in degrees

3.5024E+01
3.5000E+01
3.4000E+01
3.3000E+01
3.2000E+01
3.1000E+01
3.0000E+01
2.9000E+01
2.8000E+01
2.7000E+01
2.6000E+01
2.5000E+01
2.4000E+01
2.3000E+01
2.2000E+01
2.1000E+01
2.0000E+01
1.9270E+01

)

Fig. 5 Spatial distribution of friction angle for different angles of rotation of the soil strata. a = 15°% b f=30° ¢ f=45° d B = 60°,

e f=75%and f B =90°
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mentioned that the probabilistic N, values were evaluated
from the probabilistic g, (i.e., ¢ corresponding to the s/
B = 6%). The convergence studies of uN, and COV_N,, for
different MC realizations corresponding to L/B = 1, con-
sidering § = 15° and L/B = 3, considering f = 45° and the
L-direction of the footing parallel to the strike direction, are
presented in Fig. 6. It is evident that the probabilistic
analyses of the three-dimensional problem under the MCS
framework require substantial computational effort. All the
deterministic and probabilistic analyses in the study were
executed using a PC with 12 GB RAM and an Intel Core i5
processor with a clock speed of 3.00 GHz. Figure 6 shows
that 600 MCS were well enough to provide stable estimates
of uN, and COV_N,,. It is also to be mentioned that about
96 h of computational time were required to complete the
600 MC realizations for a particular set of probabilistic
input parameters. The bearing pressure-settlement response
of different footings for the homogeneous and spatially
random soils considering § = 75° are illustrated in Fig. 7
(corresponding to the 600 MC realizations). Figure 7a
clearly shows that there was a marginal difference between
the mean and deterministic bearing pressure-settlement
responses for L/B = 1. In the case of the L/B = 2, the dif-
ference between the mean and deterministic bearing pres-
sure-settlement responses slightly increased as compared to
L/B = 1. However, a significant difference in the bearing
pressure-settlement responses was observed for L/B = 3.
The mean bearing pressure was found to be more than the
deterministic bearing pressure, irrespective of the aspect
ratio of the footing. Although the difference between the
deterministic and mean bearing pressure-settlement
response for the L/B = 1 was minimal, the minimum g¢,;,
(i.e., 65.65 kPa) and the maximum g, (i.e., 407.69 kPa)
varied in an extensive range. It signifies the essentiality of
performing the probabilistic analysis considering spatial
variability.

25 60
0,/B=1050,,/B=1; COV,y,,; =15%

23 50
40
21 7 §
1 30 2
19 N
20 3

17 — uN, 10

LIB=1;=15 — COV_N,
15 = : : 2o
0 100 200 300 400 500 600

Number of Monte Carlo Simulations

Fig. 7 Bearing pressure-settlement plots of homogeneous and spa-p
tially random soils considering rotational anisotropy with § = 75.° for
alL/B=1,b L/B=2, and ¢ L/B =3 (L-direction of the footing
perpendicular to the strike direction of the soil strata)

4.4 Failure probability (p))

A footing is said to fail under the ultimate limit state of
collapse when the bearing capacity factor, N, is lower than
the maximum normalized load applied on the foundation
(say, N, ge0) [17, 24, 33]. Since tan ¢ was assumed to be
lognormally distributed, the distribution of the N, was most
likely to be lognormally distributed. However, the actual
distribution of N, was compared with the assumed hypo-
thetical cumulative lognormal distribution having the
parameters uN, and COV_N, (refer to Fig. 8a and b). The
plot is generated for the cases of L/B = 1, f = 15°, and L/
B =3, p =75° considering the L-direction of the footing
perpendicular to the strike direction of the soil strata. The
observed distributions of N, closely matched the theoretical
distributions. The distributions of N, were further con-
firmed by performing the Kolmogorov—Smirnov goodness-
of-fit test [42]. At the 5% significance level, the maximum
absolute difference between the actual and theoretical
distribution was well below the critical value. Thus, the
lognormal distribution was acceptable at the 5% signifi-
cance level. Along with these CDF plots, the actual dis-
tributions of N, are represented through the histogram
illustrated in Fig. 8c and d. It was observed that the his-
togram of N, closely resembled the lognormal fit. Hence,
the py of the system can be estimated as the probability for
which the evaluated N, is less than the N, 4o, given as
follows:

25 40
3,/B=10;6,,/B=1; COV,,, =15%
23 35
30
) 21 ;\;
Z 25 -
19 i él
20 S
17
_ 15
L/B=3; f=45° aN,
L-direction parallel to strike — COV_N,
15 10
0 100 200 300 400 500 600

Number of Monte Carlo Simulations

Fig. 6 a Variations of uN, and COV_N, w.r.t. different MCS for square footing considering f# = 15°; b variations of uN, and COV_N, w.r.t.
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In (N,
pr = P(N}'<Ny_det) =0 <
= (-p)

where @(.) is the cumulative normal distribution function.
tny, and ony, are the transformed normal distribution

_det) — Hin N>
Ol N,

(10)

parameters.

5 Comparison with the existing literature
(for both deterministic and probabilistic
analyses)

To the best of the authors’ knowledge, no reliability-based
study exists for the three-dimensional foundations consid-
ering the effect of rotational anisotropy. Hence, the present
study was compared with the deterministic study of Zhu
and Michalowski [51]. In the study of Zhu and Micha-
lowski [51], the finite element method was incorporated to

@ Springer

find the shape factors (s, s4, and s,) for square and rect-
angular footings, and the closed-form solutions were also
provided for the shape factors corresponding to the dif-
ferent friction angles (¢) and aspect ratios of the footing (L/
B). The N, values were evaluated from the s, values
obtained from Zhu and Michalowski [51] for ¢ = 30° and
L/B =1, 2, and 3 and compared with the present study
(refer to Table 2). It was found that the obtained N, values
are on the higher side than the literature [51]. The reason
can be attributed to the difference in the mesh generation
process and applied numerical scheme. However, the dif-
ference between N, values for the present study and the
literature was marginal. The present study was further
compared with the results obtained by Kawa and Pula [32].
Kawa and Pula [32] used the random finite difference
method to explore the spatial variability effect of the soil
shear strength parameters on the load-carrying capacity of
square and strip footings resting on the surface of a c-¢
soil. The cohesion was assumed to be lognormally
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Fig. 9 Comparison between the present study and Kawa and Pula [32]. a PDF of the probabilistic load-carrying capacity of a square footing.
b Mean and COV of the ultimate load-carrying capacity of strip footing

distributed with p. = 36 kPa and COV,. = 55.55%, and the
angle of internal friction (¢) was assumed to follow the
bounded distribution with p,, = 20° (minimum ¢ = 5° and
maximum ¢ = 35°) and COV, = 25.5%. Identical soil
models with the same footing size and deterministic and
spatially variable soil properties were generated in the
presented study. The probability density (PDF) curve of
the ultimate load-carrying capacity (Qp of the square
footing for a particular value of horizontal and vertical
scales of fluctuation (6, =0, =10m; 6,=0.5m) was
plotted in the present study and compared with Kawa and
Pula [32] (refer to Fig. 9a). The mean and COV of the Qyof
strip footing for three typical values of out-of-plane length
of the soil domain (i.e., L,, =0.17, 1, and 2 m) were
plotted considering 6, = 6, =2 m; J,=0.5m and com-
pared with the literature (refer to Fig. 9b). The obtained
results from the present study closely resembles the liter-
ature [32]. However, the results may be different due to the
different random field generation methods used in these
studies. The Cholesky decomposition method was used in
the present study, whereas Kawa and Pula [32] used the
Fourier series method to generate the random field. Fig-
ure 9b clearly shows that the COV of Qf significantly
reduces, and the mean of QO marginally increases with the
increase in L, of the soil model. With the increase in L,
the randomness in the direction of L,, increases, and the
averaging effect becomes prominent in this direction.
Because of that, the COV of Qyreduces remarkably, and the
mean of O increases monotonously as the L,, of the soil
model increases from 0.17 m (two-dimensional plane
strain case) to 2 m (three-dimensional case). Hence, the
results of the two-dimensional plane strain analysis may
underestimate the probabilistic results and may prove
unreliable.

6 Domain effect study for the probabilistic
analyses

In the present study, the probabilistic analyses were also
carried out with the higher domain sizes considering 300
MC realizations. The domain sizes were 7 X 7 x 3.5 m
(Element no.: 87808), 7.5 x 7.5 x 3 m (Element no.:
86400), and 8 x 8 x 3 m (Element no.: 98304) and the
obtained results were compared with the analysis carried
out for 6 x 6 x 2.5 m (Element no.: 46080). Table 4
describes the comparisons of N, _ge, tV,, and py (%) for the
given domain sizes. Moreover, the bearing pressure-set-
tlement responses of different soil domain sizes for the
homogeneous and spatially random soils (300 MC real-
izations) considering the horizontal transverse anisotropy
(B = 0°) are also illustrated in Fig. 10. Table 4 shows that
as the domain size increased, uNV, value decreased and the
failure probability value increased. However, the increase
in failure probability value was marginal. It is also evident
from Fig. 10 that the domain effect was there in every
domain size considered for the probabilistic analysis. As
the domain size increased, the noise in the obtained bearing
pressure-settlement response curve decreased. With the
increase in domain size, the number of elements also
increased, and the execution time for each domain size
increased significantly. Hence, with the slight compromise
with the accuracy, the smaller domain size (6 x 6 x 2.5 m)
was considered in the present study. As no study is avail-
able on the bearing capacity and failure mechanism of
three-dimensional footings considering the effect of rota-
tional anisotropy, the present study tries to provide a basic
insight into the problem.
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Table 4 Domain effect study for the probabilistic analysis

Domain effect study (Aspect ratio of the footing, L/B = 3)

The extent of the boundary Number of elements N, _get UN., Py (%)
6x6x25m 46,080 20.04 20.70 54.55
7x7x35m 87,308 19.86 20.027 55.5

75 %75 %x3m 86,400 19.906 19.937 56.41
8 x8x3m 98,304 19.897 19.699 57.52
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Mean Curve
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Fig. 10 Bearing pressure-settlement plots of rectangular footing with L/B = 3 for homogeneous and spatially random soils (Horizontal transverse
anisotropy, f# = 0°) considering the domain sizea 6 x 6 x 25m, b7 x 7 x 3.5m,¢7.5 x 7.5 x 3m,andd 8 x 8 x 3 m

7 Results obtained from the probabilistic
analyses

This section is devoted to the detailed discussion of the
variations of the uN, and py of the square and rectangular
footings for different angles of rotation of the soil strata
(), considering the different orientations of the footings
(especially for the rectangular footings). This is followed
by the illustration of the failure patterns of the square and
rectangular footings for a particular angle of rotation of the
soil strata (B = 45°). The variations of CDF and PDF of
probabilistic N, for different § were also discussed in the

section. Finally, the desired safety factors (F'S,)

@ Springer

corresponding to a specific target failure probability (p;)
were obtained for different f5, considering different orien-
tations of the footings.

7.1 Variations of uN, and p, of the square
and rectangular footings considering
rotational anisotropy

Figure 11a and b illustrates the effect of the angle of
rotation of the soil strata (f) on the uN, and pof the square
and rectangular footings. In the case of the square footing
(L/B = 1), the uN, value decreased as the f§ increased from
0° to 15°, though the dip was very marginal. Because of the
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Fig. 11 Variations of a uN, and b p; of the square and rectangular
footings considering rotational anisotropy

change in the strata orientation from horizontal transverse
anisotropy (i.e., # = 0°) to rotational anisotropy (f = 15°),
the weaker soil zones may present near the footing area for
most of the MC realization, which may reduce the uN, for
B = 15°. However, as the f value increased from 15° to
45° the uN, increased, and the maximum uN, value is
observed for # = 45°, and the mean N, value decreased as
the f§ value was increased beyond 45°. The reason can be
attributed to the failure paths passing through the strong
layer of soil at f = 45° for most of the MC realizations,
although the underlying soil was failing under the combi-
nation of series and parallel failure mechanisms in the
specific orientation of the footing. The increase in the
extent of the failure surface may also provide additional
resistance to the bearing capacity at f§ = 45°. An almost
identical trend was observed for the rectangular footings
(L/B =2 and 3) when the L-direction of the footing is
parallel to the strike direction of the soil strata. For f <
45°, the uN, for L/B = 3 was marginally less than that for
L/B = 2. However, for f§ > 45°, uN, for L/B = 3 showed a

higher value as compared to that for L/B = 2. The reason
may be because of the weaker zones present under the
extreme ends of the footing for L/B = 3 at that specific
orientation of the footing when the f varied from 0° to 45°
for most of the MC realizations. While the f value
increased beyond 45°, an extra volume of soil having a
higher friction angle was mobilized under the footing (L/
B = 3), which may increase the uN, value for L/B = 3.

In the case of failure probability (py), it marginally
increased as the f value increased from 0° to 15°. Then, it
decreased till = 45° and beyond f = 45°, the p; of the
system further increased. In the specific orientation of the
rectangular footing, the trend of p, with respect to the L/
B ratio of the footing is not clear as the f§ value varies from
0° to 45°. A negligible difference in pyis observed for the
given range of . While the f§ value exceeded 45°, L/B = 3
provided the minimum failure probability, whereas L/B = 1
provided the maximum failure probability.

When the L-direction of the rectangular footing is per-
pendicular to the strike direction of the soil strata, the uN,
increases up to # = 45° for both L/B = 2 and 3, unlike the
square footing and the rectangular footing with L-direction
of the footing parallel to the strike of soil strata (where a
slight dip in uN, can be seen at § = 15°). The uN, beyond
B = 45° decreased with the increase in f for L/B = 2.
However, the rate of the dip in uN, for L/B = 2 decreased
beyond f§ = 45° as compared to L/B =1. For L/B =2,
more soil with a higher friction angle was mobilized under
the footing as compared to L/B =1 for f > 45°. For L/
B =3, no dip in uN, value is observed for f > 45°. The
UN,, value increased till f# = 45° and it remained almost
invariable beyond 8 = 45°. The underlying soil seemed to
fail solely because of the parallel failure mechanism for the
rectangular footings.

In the case of L/B =2 and 3, the p; of the system
decreased with the increase in f. Among the three aspect
ratios of the footing, L/B = 1 showed the maximum failure
probability, and L/B = 3, with the L-direction perpendicu-
lar to the strike direction, showed the minimum failure
probability.

7.2 Failure patterns of the underlying soil
of the footings with different aspect ratios

The present paper described the failure mechanisms of the
underlying soil using the maximum shear strain rate con-
tour plots for both the deterministic and probabilistic
analyses considering the angle of rotation of the soil strata,
B = 45°. Figures 12, 13, and 14 illustrate the failure pat-
terns of the underlying soil for L/B = 1, 2, and 3, respec-
tively. The failure pattern of the square footing for the
deterministic analysis is shown in Fig. 12a. Since the
underlying soil friction angle was considered homogeneous
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Fig. 12 Maximum shear strain rate contour plots for the square footing. a Deterministic analysis, b Rotational anisotropy considering the angle

of rotation of soil strata, f§ = 45°

in the deterministic analysis, the failure pattern was sym-
metric. When rotational anisotropy was introduced to the
system, asymmetric failure patterns are observed for all the
cases because of the presence of different spatial friction
angle values under the footings. It should be noted that the
failure patterns illustrated in the figures for the probabilistic
analyses were for two specific MC realizations. The extent
of the failure zone for the second subfigure of Fig. 12b is
comparatively larger than that for the first subfigure. In the
case of first subfigure of Fig. 12b, the presence of weaker
zones under the footing may reduce the extent of the failure
path, which in turn, reduced the probabilistic NV, value for
the particular realization. However, for the second subfig-
ure, zones with moderate shear strength were present under
the footing (refer to Fig. 5c). Hence, the extent of the
failure path increased as compared to that for the first one.
Similarly, the corresponding probabilistic N, was expected
to be higher than the first one.

In the case of rotational anisotropy, the orientation of the
rectangular footings (i.e., L/B = 2 and 3) plays a crucial
role in defining the failure pattern of the underlying soil
and the ultimate bearing capacity of the footing. For L-
direction of the footing is parallel to the strike direction of
the soil strata, the extent of the failure surface was less, and
the failure surface was not fully developed on the one side
of the footing (refer to the first subfigure of Figs. 13b and
14b). The mobilization of the shear strength of the
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underlying soil may be less for this case. It may be because
of the presence of weaker zones under the footing for the
orientations of the footing and the strata. In the case of the
second subfigure of Figs. 13b and 14b, the failure surface
was found to be fully developed, and the extent of the
failure surface also increased. It indicated that more soil
under the footing was mobilized for the specific orientation
of the footing and soil strata. It was due to the presence of a
combination of strong and moderate shear strength zones
beneath the footing. The averaging effect caused an
increase in the probabilistic N, value.

For the L-direction of the footing is perpendicular to the
strike direction of the soil strata, the significant portion of
the footing underlying soil consisted of weaker zones, and
the moderate shear strength zones were present at the edges
of the footing. Because of that, the extent of the failure
surface was less than the case for the deterministic analysis
as the marginal amount of soil was mobilized around the
footing (refer to first subfigure of Figs. 13c and 14c).
Hence, the corresponding probabilistic N, value was most
likely to be less than the deterministic value, whereas, in
the case of the second subfigure of Figs. 13c and 14c, the
underlying soil consisted of a combination of strong zones
and moderate shear strength zones. Hence, more soil was
mobilized under the footing, and the extent of the failure
surface also increased. The failure surface was found to be
fully developed.
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Fig. 13 Maximum shear strain rate contour plots for the rectangular footings with L/B = 2. a Deterministic analysis; b Rotational anisotropy
considering the L—direction is parallel to the strike direction of the soil strata with § = 45°; ¢ L—direction is perpendicular to the strike direction

of the soil strata with f = 45°

7.3 Variations of CDF and PDF concerning
the different angles of rotation of the soil
strata (f)

Figure 15 illustrates the variations of CDF and PDF of
probabilistic N, of the footings with different L/B ratios for
different f§ considering different orientations of the footing.
Figure 15a and b illustrates the plots of CDF versus

probabilistic N, and PDF versus probabilistic N, (respec-
tively) of square footing for different f3. It is evident from
Fig. 15a that f = 0° and 15° showed the maximum value
of CDF, and f = 75° showed the minimum value of CDF
for the lower values of probabilistic N,. At the determin-
istic N, (i.e., N, ger), the maximum value of CDF was
obtained for f =90° whereas the minimum one was
observed for § = 45°. For the higher values of probabilistic
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Fig. 14 Maximum shear strain rate contour plots for the rectangular footings with L/B = 3. a Deterministic analysis; b Rotational anisotropy
considering the L—direction is parallel to the strike direction of the soil strata with § = 45°; ¢ L-direction is perpendicular to the strike direction

of the soil strata with f§ = 45°

N, the minimum value of CDF was observed for f=45°,
whereas the maximum one was obtained for both f§ = 75°
and 90°. Figure 15b clearly shows that the highest value of
the maximum probability density was obtained for
B =90°, whereas the minimum one was observed for
f =0° The N, values corresponding to the maximum
probability density were less than the N, g irrespective of
the f values.

@ Springer

Figure 15¢ and d shows the CDF and PDF plots of N,
(respectively) for the varying angle of rotation of the soil
strata (f) corresponding to the rectangular footing with L/
B =2, considering the L-direction of the footing parallel to
the strike direction. For the lower values of probabilistic
N,, the maximum value of CDF is observed for f§ = 0°,
15°, and the minimum one is observed for # = 75°. In the
case of the deterministic N, value, the maximum and the
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Fig. 15 Variations of CDF and PDF w.r.t. different f a L/B = 1 b L/B = 2, L-direction of footing parallel to strike of soil strata ¢ L/B = 3, L-
direction of footing perpendicular to strike of soil strata

minimum values of CDF are observed for f = 15° and
B = 45°, respectively. However, for the higher values of
probabilistic N,, the minimum value of CDF is observed
for f = 0°, whereas the maximum one is observed for both
p =75° and 90°. The PDF plot illustrates that f = 90°

shows the maximum probability density, whereas 8 = 0°
shows the minimum probability density. The correspond-
ing probabilistic N, values are less than the N, g, value
irrespective of the f§ values. However, the corresponding N,

@ Springer



6212

Acta Geotechnica (2024) 19:6195-6216

100
°
£
~ 10 =0°
s =15
z =300
= =450
S =60°
g ! =750
2 =90°
£
E
E 01
%
g 0,/B=1050,,/B=1
2 LIB =15 COVypy =15%

0.01

1 1.5 2 2.5 3 35 4 4.5
Required factor of safety (FS,)

(a)

100
L - direction parallel to the strike direction
X
=
=~ 10 . p=00
s - =15
i - =30°
= - =45
] 1 - =60°
§ . =750
3 = =90°
2
=
E 01
ES
= 9,,/B=10;0,,/B=1
[
001 L/B =2; COV s =15%
1 1.5 2 2.5 3 35 4 4.5
Required factor of safety (FS,)
(b)
100
L - direction parallel to the strike direction
iy
i 10 - =00
= - =15
g - =300
’g —— =45°
s 1 - =60°
2 e =TS0
= - =900
&
kol
& 0.1
&
9,,/B=10;0,,/B=1
oot LIB =3; COV,,,,=15%
1 1.5 2 2.5 3 35 4 4.5
Required factor of safety (FS,)
(d)

100
L - direction perpendicular to the strike direction
° LIB =25 COVypy =15%
=
§ 10
)
£ -0
= =15°
2 1 =30°
: L
@ = 0
E =750
& 01 =900
B3
]
= = . -
001 9,;/B=10;9,,/B=1
1 15 2 25 3 3.5 4 4.5
Required factor of safety (FS,)
©
100
L - direction perpendicular to the strike direction
B LIB =3; COV yy =15%
2 3,/B=10;9,,/B=1
5 10
£
= . =(°
2 B
s 1 - =300
= - =45°
2 — =60°
= . =750
< o1 - =
)
]
[
0.01 2
1 15 2 2.5 3 35 4 4.5
Required factor of safety (FS,)
(©

Fig. 16 Plots of pj versus FS, for different § for a L/B = 1, b L/B = 2, L-direction parallel to strike of soil strata and ¢ L/B = 2, L-direction
perpendicular to strike of soil strata; d L/B = 3, L-direction parallel to strike of soil strata and e L/B = 3, L-direction perpendicular to strike of soil

strata

values approach the N, 4, value as the angle of rotation (3)
increases.

Figure 15e and f illustrates the variations of CDF and
PDF plots of N, (respectively) for different S corre-
sponding to the rectangular footing with L/B = 3, consid-
ering the L-direction of the footing perpendicular to the
strike direction. For the lower values of probabilistic N,,
the maximum value of CDF is observed for § = 0°, and the

@ Springer

minimum one is observed for f = 75°, 90°. At N, g, the
minimum and the maximum values of CDF are obtained
for f=75° and f = 0°, respectively. However, for the
higher values of probabilistic N,, the minimum value of
CDF is observed for f§ = 0°, whereas the maximum one is
observed for f§ = 75°. From the PDF plot, # = 90° shows
the maximum probability density, whereas f§ = 0° shows
the minimum probability of occurrence. The probabilistic
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N, values corresponding to the maximum probability
density are less than the N, 4 irrespective of the f§ values.

7.4 Variation of desired safety factor (FS,)
for different target failure probabilities (py)

The conventional safety factor (F'S) concept has been used
in deterministic analysis over the years. However, the
concept fails to give a reliable design of the structure as the
spatial variability effect is not taken into consideration. It is
also true that considering higher F'S does not imply that the
designed structure is completely safe against failure.
Hence, the failure probability concept should be incorpo-
rated into the study to achieve a reliable design of the
structure. Thus, the failure probability of the footing
incorporating the FS concept can be evaluated by reform-
ing Eq. (10) expressed as follows:

In (N, _aet/FS) — Nj,)

Oln N,

pr =P (N, <N, _g4e/FS) = q><

(11)

Since the structure may have a non-zero failure proba-
bility even for higher FS, a design value of safety factor is
required to achieve a specific target failure probability (pg).
Thus the desired safety factor (FS,) can be obtained by
rearranging Eq. (11) given as follows:

qud
- (12)
exp [ru]n qu + O qu {(I) : (pfAtgt)}]

Figure 16 illustrates the plots of ps versus FS, for dif-
ferent § values for the footings with different L/B ratios
considering different orientations of the footing. Fig-
ure 16a clearly shows that for the square footing (i.e., L/
B =1), the FS, for p;=0.01% was the maximum for
B = 0° and 15°. The difference of FS, values between these
two angles was very marginal. However, the minimum FS,
was found for f# = 75° For the rectangular footing (L/
B = 2) considering the L-direction of the footing parallel to
the strike direction of the soil strata (refer to Fig. 16b), the
maximum FS, for p, = 0.01% was obtained for f = 0°.
The minimum value was obtained for § = 75°. In the case
of the L-direction of the footing perpendicular to the strike
direction of the soil strata with L/B = 2, the maximum FS,
for p; = 0.01% was obtained for f = 0°. The minimum
value was obtained for both f = 75° and f = 90° (refer to
Fig. 16c). However, the difference between the FS, values
for = 75° and 90° was very marginal. Figure 16d illus-
trates that the maximum FS, was obtained corresponding to
B = 0° for the rectangular footing with L/B = 3, consider-
ing the L-direction of the footing parallel to the strike
direction of the soil strata. However, the minimum FS, was
obtained for f = 75° Figure 16e shows that the maximum

FS, =

FS, corresponded to § = 0° and the minimum FS, corre-
sponded to f =90° for the rectangular footing with L/
B =3, considering the L-direction of the footing perpen-
dicular to the strike direction of the soil strata. Thus,
considering only the horizontal transverse anisotropy in the
study may overestimate or underestimate the response of
the structure. It was also observed that the FS, value
decreased with the increase in the L/B ratio, irrespective of
the change in f values.

8 Limitations

It is evident that the three-dimensional probabilistic anal-
yses of the footings require substantial computational effort
because of the huge number of elements. Based on this
issue, there are some noteworthy limitations of the study,
which can be used as scope for future studies, such as.

(a) Because of the availability of the limited computa-
tional facility, the number of elements for the
probabilistic analyses were kept limited, which
limited the domain size of the soil model for the
rectangular footings (i.e., L/B = 2 and 3). It was one
of the major limitations of the study. There is further
scope for increasing the domain size of the problem
for the rectangular footings.

(b) In the present study, the soil friction angle (¢) and
dilation angle () were assumed to be 30° and 0°.
However, all aspects of the rotational anisotropy for
different three-dimensional footings considering
higher friction and dilation angles as the random
fields can be the further scope of the study.

(c) The same values of major and minor scales of
fluctuation (9,,/B = 10 and 6,,,/B = 1) were consid-
ered throughout the study. The proportions of the
failure mechanisms of the three-dimensional footings
under various major and minor scales of fluctuation
considering rotational anisotropic random field can
be assessed quantitatively.

(d) There is further scope for increasing the number of
Monte Carlo realizations to properly assess the
failure probabilities of the footings.

9 Conclusions

The present paper investigates the effect of rotational
anisotropy on the statistics of the bearing capacity and
failure mechanisms of square and rectangular footings
resting on the surface of sandy soil under the three-di-
mensional framework, which has not been explored yet.
The tangent of the friction angle was assumed to follow the
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lognormal distribution. For the rectangular footings (i.e., L/
B = 2 and 3), the different orientations of the footing with
respect to the strike direction of the soil strata were also
considered to find the effect of rotational anisotropy on the
bearing capacity response of the footings. The mean value
of N, and failure probability of the system were evaluated
for different angles of rotation (f3) considering the different
orientations of the footings. The CDF and PDF plots for
different § were illustrated in the study. The desired safety
factors were also evaluated for a specific target failure
probability (i.e., ps =0.01%). The major conclusive
remarks perceived from the study are listed below:

(a) The angle of rotation of the soil strata considerably
affects the uNV, and py of the footings. In general, the
footing fails under the parallel failure mechanism for
the horizontal transverse anisotropy, whereas in the
case of rotational anisotropy, the footing may fail
under series, parallel, or a combination of both series
and parallel failure mechanisms. Hence, considering
only the horizontal transverse anisotropy in the study
may underestimate or overestimate the response of
the system.

(b) The orientation of the rectangular footings is an
important factor in finding the uN, and pyconsidering
the rotational anisotropy. The L-direction of the
footing parallel and perpendicular to the strike
direction were most likely to give different un,
and pj, because of the different spatial patterns of the
footing underlying soil. The obtained values consid-
ering rotational anisotropy seemed to differ from
those for transverse horizontal anisotropy. It signifies
the importance of considering rotational anisotropy
in the study along with the transverse horizontal
anisotropy under the three-dimensional framework.

(c) The failure probability of the system decreases with
the increases in the L/B ratio. For most of the cases,
B = 75° provide the minimum desired safety factor,
whereas f =0° provides the maximum desired
safety factor.
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