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Abstract
This study adopts three-dimensional discrete element method to examine how particle shape affects the cyclic liquefaction

resistance of granular materials. A family of superquadric particles is employed to model different particle shapes by

varying two shape parameters: aspect ratio (AR) and blockiness (B). Five smooth and convex particle shapes are con-

sidered in this study, with AR ranging from 0.5 to 1.5, and B varying from 2 to 8. These particles are used to create

isotropically compressed samples at an initial confinement of 100 kPa and two relative densities (Dr) of 20% and 50%,

resulting in ten samples. These samples are then subjected to constant-volume cyclic simple shearing with various levels of

cyclic stress ratios until initial liquefaction occurs in 41 simulations. The results of these simulations reveal that at

Dr ¼ 20%, the spherical particles exhibit the highest liquefaction resistance compared to the non-spherical particles.

However, this trend is reversed for the samples with Dr ¼ 50%. By employing the overall regularity (OR) as a synthetic

descriptor of particle shape, it is observed that liquefaction strength generally increases with higher OR at Dr ¼ 20%, while

it demonstrates an approximately decreasing trend at Dr ¼ 50%. Furthermore, the initial coordination number and two

critical state parameters based on the void ratio and the coordination number at the pre-shearing state of the samples,

demonstrate a strong correlation with the cyclic liquefaction resistance within the ranges of particle shape and Dr con-

sidered in this study.
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1 Introduction

Cyclic liquefaction of cohesionless soils can lead to a

considerable accumulation of shear strains and, therefore

deformations, posing risks to the supported infrastructure.

Many factors, including soil type, consolidation state, and

drainage condition, can influence soil cyclic behavior and

accelerate or slow down the process of approaching liq-

uefaction [e.g., 12, 48, 13, 23, 49, 54]. Understanding the

impact of these factors is valuable for assessing and

potentially enhancing the effectiveness of current consti-

tutive models when simulating the cyclic liquefaction of

granular materials [e.g., 38, 59, 15, 51, 32]. Soil type

encompasses particle or granular-level characteristics such

as particle mineralogy, particle size distribution (PSD), and

particle shape. An ideal investigation of the effect of these

factors on the cyclic liquefaction resistance of granular

materials would require the isolation of their impact—

something that is very challenging, if at all possible, in the

laboratory testing of soils. In particular, a systematic

investigation of the particle shape effects on the cyclic

liquefaction requires consideration of the particle shape

characteristics in different samples while adequately

excluding the influence of other factors such as particle

mineralogy and PSD. As a result, the experimental studies

assessing only the particle shape effects on sand liquefac-

tion are very limited.

Vaid et al. [48] conducted multiple constant-volume

cyclic simple shear tests on rounded Ottawa sand and an

angular Tailings sand with similar PSD, to assess their

liquefaction resistance. The results revealed that the
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angular sand exhibits significantly higher liquefaction

resistance than the rounded one for samples consolidated at

a low confining pressure of 200 kPa and with relative

densities above 40%. At higher confining pressure, the

liquefaction resistance of angular sand was higher or

smaller than the rounded one, depending on the relative

density. Hubler et al. [22] investigated the cyclic lique-

faction resistance of rounded Pea Gravel and angular cru-

shed limestone using constant-volume cyclic simple shear

tests. They observed that under cyclic stress ratio (CSR)

less than 0.10, increasing particle angularity enhanced

liquefaction resistance; this enhancement was not clear for

the tests under higher levels of CSR. Wei et al. [52]

examined the liquefaction resistance of clean sands with

the same particle size distribution but different particle

shapes and found that cyclic resistance decreases with

increasing the overall regularity of particles for the samples

at the same void ratio. Rui et al. [44] compared the liq-

uefaction resistance of calcareous sand, quartz sand, and

steel balls through undrained triaxial tests at a high relative

density of 70%. Their study demonstrated that samples

composed of non-spherical particles accumulate excess

pore pressure at a slower rate and require more cycles to

liquefy than samples of spherical particles.

The aforementioned laboratory experimental studies

provide a fundamental understanding of the impact of

particle shape on cyclic liquefaction resistance. However,

there are inconsistencies in the findings, which could be

attributed to variations in soil types, test protocols, adopted

liquefaction criteria, and, notably, the challenge of isolat-

ing the effect of particle shape from other important factors

like surface roughness and particle size distribution, which

are expected to influence the results significantly. To

address these concerns, the utilization of idealized particles

can be advantageous. While laboratory experiments can be

conducted using particles with similar shapes, an alterna-

tive approach is the discrete element method (DEM), which

is a valuable numerical method for investigating the sole

effect of particle shape on the cyclic liquefaction resistance

of granular materials. DEM also enables the extraction and

analysis of particle-level information and insights, which

reinforces the observations derived from the macroscopic

response.

In the particle dynamics DEM, there are generally two

approaches to consider the effect of particle shape. The first

approach involves incorporating a rolling resistance

model [e.g., 2, 53] into spherical particles. This allows for

accounting for the additional resistance due to particle

shape without explicitly simulating the particle morphol-

ogy. An alternative approach is to use non-spherical

particles, which approximate the particle shape geometry

to some extent. For a comprehensive overview of modeling

methodologies for non-spherical particles in DEM, one can

refer to [18]. Some examples of explicitly modeling par-

ticle shape include superquadrics [55], polyhedrons [21],

agglomerates [19], nonuniform rational B-Splines based

particles [31], clumping of multiple spheres [29], and

particle shape mapping via level-set imaging [27].

The effect of particle shape on the mechanical response

of granular materials under monotonic shearing has been

widely explored. For instance, previous studies have shown

that critical state friction angle increases with an increase

in the rolling friction coefficient of spherical particles [17]

and particle elongation [4], or a decrease in the aspect

ratio [56] and sphericity [37]. For the critical state line in

the space of void ratio and mean effective stress, Nguyen

et al. [37] reported similar locations for spheres and

ellipsoids but higher locations for clusters. Jerves

et al. [25] conducted a comprehensive investigation using

LS-DEM to analyze the dependence of critical state

parameters on sphericity, roundness, and regularity. The

DEM studies related to particle shape and cyclic lique-

faction are rather limited, including those on clumped

circular elements [3], clumped spheres [29, 35], and

imaging Hostun sand via LS-DEM [26]. None of these

studies have specifically explored the effect of particle

shape on the cyclic liquefaction resistance of granular

materials.

To start addressing this research gap, the current study

aims to investigate the effect of particle shape on cyclic

liquefaction resistance using simple superquadrics. The

superquadric particles are controlled by two shape

descriptors, namely blockiness and aspect ratio. Isotropi-

cally consolidated samples composed of particles with

distinct shapes are prepared at similar relative densities.

These samples then undergo constant-volume cyclic simple

shearing until initial liquefaction, enabling the determina-

tion of the cyclic liquefaction resistance. It is important to

note that the cyclic simple shearing performed on

isotropically compressed samples in this study simulates

the cyclic torsional hollow-cylinder shear tests typically

conducted in laboratory testing of soils on similarly pre-

pared samples. The simplification of dealing with isotrop-

ically compressed samples reduces the complexity

associated with the inherent anisotropy that would other-

wise be present. Furthermore, micromechanical descriptors

quantifying the inherent fabric prior to cyclic shearing are

calculated and correlated with the liquefaction resistance.

This approach aims to reveal universal relationships that

hold irrespective of the particle shape and relative density.
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2 DEM setup

An open-source DEM code for simulation of particle

dynamics LIGGGHTS [28] is used in this paper. Super-

quadric particles are adopted to construct the granular

assembly [39]. These particles interact with each other

based on a soft-particle law, allowing for slight overlap at

the contact point. The contact law between particles con-

sists of a Hertzian normal model and a history-dependent

tangential model with a Coulomb cut-off; details of the

contact models can be found in [39]. These contact models

involve parameters including the particle Young’s modulus

(E), Poisson’s ratio (m), coefficient of restitution (�), and

coefficient of tangential friction (l). It should be noted that

due to explicit consideration of particle shape, no rolling

resistance model is considered in this study.

2.1 Description of particle shape

This study selects superquadrics over other options, such as

polyhedrons and level-set imaging of real particle shapes,

because of their simplicity and computational efficiency.

Based on the continuous functional representation of

superquadrics [8]:

Fðx; y; zÞ � x
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�
�

n1
�1 ¼ 0; ð1Þ

by setting n1 ¼ n2 ¼ 2, one can end up with the general

functional form of a triaxial ellipsoid, defined only

parameters a, b, and c, as illustrated in Fig. 1a. In this

study, a and b are set equal, and the ratio between c and a

(or b) is referred to as the aspect ratio (AR). The AR can

vary between 0 and 1, and increasing AR indicates an

increase in particle elongation. The parameters n1 and n2
control the curvature of a superquadric particle. Here n1 is

set equal to n2 for simplicity, also denoted as B, repre-

senting ‘‘blockiness‘‘ (B). This study only considers parti-

cles with B larger than 2, and increasing B makes the

particle more cuboid-like. Figure 1b presents the geometry

variations of superquadric particles by varying AR and

B. The five particles in the shaded area represent the ones

considered in this study.

Figure 2 depicts variations of two general shape

descriptors, including roundness (R) and sphericity (S) for

the two groups of superquadric particles considered in this

study, namely varying AR by fixing B ¼ 2 and varying B

by fixing AR ¼ 1. Here particle roundness is determined as

the ratio of the average radius of curvature of the corners to

the radius of curvature of the maximum inscribed

sphere [50], and sphericity is determined as the radius ratio

of the maximum inscribed and minimum circumscribed

spheres. More details on determining these shape descrip-

tors for superquadric particles can be found in [6]. Fig-

ure 2a indicates non-monotonous variations of R and

S with increasing AR from 0.5 to 1.5, while Fig. 2b sug-

gests that R and S increase with increasing B from 2. By

examining the variation magnitudes of R and S with

increasing AR or B, one can notice that R demonstrates

higher sensitivity to the changes in B, whereas varying AR

induces higher changes in S. Loosely speaking, AR is more

related to S, and B is more related to R in a relative sense.

Fig. 1 a An ellipsoid generated from a superquadric particle by

setting n1 ¼ n2 ¼ 2 with semi-axes a, b, and c; b shape variations of

superquadric particles by changing aspect ratio (AR) and blockiness

(B). Particles in shaded areas are the ones considered in this study
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2.2 Sample preparation

DEM samples consisting of distinct superquadric particles

are constructed following the same sample preparation

protocol. The particle size distribution (PSD) exhibits a

linear relation when plotted as the cumulative particle

volume fraction against a logarithmic scale for particle size

(¼ 2a). The PSD is characterized by a median particle size

of 5 mm and the coefficient of uniformity of 2. Ten distinct

classes of particles are constructed to approximate the

continuous PSD. Each class comprises particles of the

same size, and its number of particles is determined by the

class volume and the particle size. One can refer to [36, 45]

for the details of generating particles approximating a

specified PSD. The study constructs isotropically

consolidated DEM samples using the granular assembly

consisting of 12, 400 particles. The DEM simulation

parameters are given in Table 1.

To achieve isotropic compression of the particle

assembly and reach a target mean stress p0, a large cubic

simulation box is created in LIGGGHTS. The box consists

of rigid walls at the top and bottom sides, while the four

lateral sides employ periodic boundaries, forming a bi-

periodic cell. To prevent segregation during compression

and subsequent shearing, gravity is disabled during both

sample preparation and cyclic shearing stages. The parti-

cles are randomly inserted into the bi-periodic cell,

ensuring there is no overlap between them due to the suf-

ficiently large dimensions of the cell. Once the insertion

process is complete, a servo-control algorithm [e.g., 47] is

employed to isotropically compress the sample to 10% of

the target value p0. During this initial compression stage,

the tangential friction coefficient lprep is set to different

values from the l ¼ 0:5 listed in Table 1. Subsequently, l
is set to 0.5, as specified in Table 1, and the sample is

further isotropically compressed to reach the target value of

p0 (set at 100 kPa for this study) using servo-control. The

value of l is retained as 0.5 during the subsequent cyclic

shearing stage. This two-step isotropic compression pro-

cedure, adapted from [47], is a numerical technique

employed to obtain samples with different densities, and

has also been utilized in other recent studies [7, 60–63]. By

setting lprep to 0 and 0.5 in the first step of isotropic

compression, samples with extreme void ratios are

obtained, typically representing the loosest and densest

achievable states, respectively. These extreme void ratios

are regarded as the minimum void ratio emin and maximum

void ratio emax for the sole purpose of calculating the rel-

ative densities of the samples.

Figure 3 presents the simulated values of emax and emin

obtained in this study. No comparison is made here since

the authors are not aware of other relevant studies reporting

these extreme void ratios under similar settings. One can

see how the extreme void ratios change as AR or B varies,

demonstrating the importance of considering relative den-

sity Dr rather than void ratio e when analyzing the effect of

Fig. 2 Variations of roundness (R) and sphericity (S) for superquadric
particles considered in this study and with varying a AR at B ¼ 2 and

b B at AR ¼ 1

Table 1 DEM parameters

Description Value

Particle density, q 2500 kg/m3

Particle Young’s modulus, E 70 GPa

Particle Poisson’s ratio, m 0.25

Tangential friction coefficient, l 0.5

Restitution coefficient, � 0.2
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particle shape. On that basis, for each type of superquadric

particle, samples with two target relative densities of Dr ¼
20% and 50% are constructed to high accuracy by

exploiting the value of lprep iteratively in the range of 0 and

0.5. Therefore, in total, ten samples are prepared covering

five distinct particle shapes and two levels of Dr, all

isotropically compressed to p0 ¼ 100 kPa. It must be noted

that using these reduced friction coefficients tends to con-

struct DEM samples with relatively high contact density,

compared with samples prepared at similar Dr using typical

laboratory sample preparation techniques [1]. This effect

becomes more pronounced with increasing the sample

density. Thus the dense DEM samples following the cur-

rent sample preparation protocol will manifest consider-

ably higher liquefaction resistance than one would expect

from physical tests in the laboratory. Therefore, in this

study, DEM samples with Dr larger than 50% are not

considered. As such, the DEM samples with Dr ¼ 50% in

this study are not comparable to the laboratory ones at the

same relative density, given the difference in sample

preparation methods; rather, they may be compared with

very dense samples prepared in the laboratory. The DEM

samples with Dr ¼ 20% correspond to medium-dense

samples prepared in the laboratory. To reduce the high

contact density in the dense DEM samples, one can refer

to [58] for alternative numerical schemes. Table 2 provides

the constructed sample properties, including the tangential

friction coefficient lprep for preparing the sample, the void

ratio at the end of isotropic compression, and some other

descriptors to be explained later in the paper. Figure 4

shows snapshots of the samples with different superquadric

particles and Dr ¼ 50%. Figure 5a displays a sample with

spheres isotropically compressed to Dr ¼ 50% and

p0 ¼ 100 kPa.

2.3 Shearing process

In the cyclic shearing stage, the sample volume is kept

constant by fixing the four lateral periodic boundaries and

the bottom wall, and keeping the sample height h constant.

Cyclic simple shearing is imposed by moving the top wall

horizontally along the x axis at a constant velocity denoted

as vx in forward and backward directions, as shown in

Fig. 5b. To eliminate slippage between the walls and the

sample, a layer of particles is glued to the top and bottom

walls, as shown in this figure. The resulting imposed shear

strain c = cxz has a sawtooth pattern with the direction of

shearing reversed each time the shear stress s = sxz reaches
the target amplitude samp as shown in Fig. 5c. The cyclicFig. 3 Calculated maximum and minimum void ratios of the samples

with different values of a AR at B =2, and b B at AR =1

Table 2 Properties of samples isotropically compressed at

p0 ¼ 100 kPa

AR B lprep e0 Dr(%) z0 ecs zcs

0.5 2 0.275 0.450 20 4.66 0.669 4.48

0.5 2 0.178 0.498 50 6.45 0.668 4.42

1.0 2 0.281 0.513 20 4.73 0.623 4.52

1.0 2 0.181 0.563 50 5.23 0.622 4.52

1.5 2 0.268 0.433 20 4.38 0.614 4.59

1.5 2 0.162 0.483 50 6.74 0.613 4.61

1.0 4 0.264 0.439 20 4.67 0.581 4.68

1.0 4 0.143 0.495 50 5.97 0.580 4.69

1.0 8 0.261 0.383 20 4.64 0.468 4.78

1.0 8 0.134 0.454 50 6.01 0.469 4.76
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shearing intensity is quantified by the dimensionless

quantity cyclic stress ratio (CSR), defined as

CSR ¼ samp

p0
: ð2Þ

The rate of shearing is chosen with special attention to the

inertial number I ¼ _cd
ffiffiffiffiffiffiffiffi

q=p
p

, where _c ¼ jvxj=h represents

the shear strain rate, q is the particle density, d is the mean

particle size, and vx denotes the shear velocity. The

shearing is regarded as nearly quasistatic if I � 1, and the

threshold is typically chosen as 10�3 [34]. This study does

not maintain a constant I throughout the shearing process;

instead, shearing is induced by moving the top wall at a

constant velocity of 0.01 m/s. This approach ensures that I

consistently remains below 10�3 prior to the occurrence of

sample liquefaction. It is, however, important to note that

I may exceed this threshold during the sample liquefaction

due to unstable deformation and a significant decrease in p,

as observed in previous DEM studies [33, 62, 63]. Such

behavior is an intrinsic feature of cyclic liquefaction only

(a) (b) (c)

(d) (e)

9.5

8.0

6.5

5.0

3.5

Fig. 4 Snapshots of samples with different superquadric particles corresponding to a AR = 1, B = 2, b AR = 0.5, B = 2, c AR = 1.5, B = 2, d AR =

1, B ¼ 4, and e AR = 1, B ¼ 8, isotropically compressed to p0 = 100 kPa and Dr = 50%

(a) (b) (c)

Fig. 5 Schematic representation of particle arrangements and boundary condition for one of the tests: a at the end of sample preparation under

isotropic compression, and b during the constant volume cyclic shearing, with the gray particles glued to the top and bottom walls of the

simulation box; c loading protocol for the cyclic simple shear with uniform CSR
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and is not influenced by variations in the shear rate. It must

be noted that in these studies, p never reaches zero, and in

turn, I remains less than 0.1 even within the liquefaction

regime.

The momentum transmission from the top wall particles

to the mobile particles of the sheared sample was visual-

ized by dividing the sample into ten layers along the z

direction. As demonstrated in [7], the average shear

velocity hvxi of particles in each layer was observed to

follow a nearly linear distribution along the z axis before

soil liquefaction occurred. However, this linear relation

might deteriorate after soil liquefaction, as the collapse of

the well-connected contact network leads to certain non-

homogeneities. An alternative shearing protocol, not

explored in the present study, would involve employing

Lees-Edwards boundary conditions [10, 30] to enforce a

desired linear relation between hvxi and z.

The simulated constant-volume cyclic simple shear tests

are summarized in Table 3. For each sample, at least four

CSR values are considered, each leading to a cyclic simple

shear simulation. These CSR values are carefully selected

to induce initial liquefaction within approximately 100

loading cycles. These numerical experiments enable a

systematic analysis of the influence of particle shape on the

cyclic liquefaction resistance of granular materials. The

simulations were performed using the DesignSafe cyber-

infrastructure [43], a web-based research and computation

platform for the natural hazard engineering community.

3 Macroscopic response

The homogenized stress tensor at the sample scale is used

to characterize the overall mechanical response of a par-

ticle assembly under constant volume cyclic shearing. Over

a given volume V, the stress tensor r is calculated as a

function of the micro-scale interactions between particles

as:

r ¼ 1

V

X

i2Nc

li � f i; ð3Þ

where the branch vector li connects the centers of two

particles, f i is the contact force, � refers to the tensor

dyadic product, and the summation includes all the con-

tacts Nc in the selected volume V. In the simple shear test,

the shear stress s and the mean effective stress p are given

by s ¼ rxz and p = ðrxx þ ryy þ rzzÞ=3, respectively.
Pore water is not explicitly simulated in this study

because previous laboratory experiments [16] and numer-

ical simulations [11, 64, 65] have consistently shown the

equivalence between the ‘‘truly undrained test’’ (a liquid-

saturated sample subjected to constant total stress condi-

tions) and the ‘‘constant-volume test‘‘ (a dry sample under

constant volume condition). This study adopts the constant-

volume approach due to its simplicity and low computa-

tional cost. In the constant-volume approach, the homog-

enized stress via Eq. (3) corresponds to the effective stress

in the truly undrained test. The initial confinement p0 is the

unchanged total mean stress in the truly undrained test.

Thus, the deduced excess pore pressure in the equivalent

truly undrained system with an incompressible pore fluid

can be computed as the variation of the simulated reduction

in mean effective stress:

Du ¼ p0 � p; ð4Þ

and subsequently, the dimensionless excess pore pressure

ratio would be:

ru ¼
Du
p0

¼ 1� p

p0
: ð5Þ

It is worth noting that the equivalence between the truly

undrained and constant volume tests may require reevalu-

ation when the sample undergoes liquefaction. In such

instances, the hydrodynamic forces arising from solid–fluid

interactions might become more pronounced compared to

the low-contact forces, potentially impacting the motion of

particles. This influence could extend to the point where

the sample exits the liquefaction regime. Addressing this

concern goes beyond the scope of the current study and

will be explored in future research.

The shear strain c is measured as:

c ¼ xw
h

; ð6Þ

where xw refers to the cumulative horizontal displacement

of the top wall along x direction.

For the adopted loading protocol with constant _c
between the shear reversals at �samp, the time interval T/2

between two successive shear reversals varies in different

shearing cycles, as shown in Fig. 5c. Considering T(N) as

the duration of cycle N and tN its initial time, to present the

Table 3 Simulated constant volume cyclic simple shear tests on

samples with different AR, B, Dr, and CSR

AR B Dr ð%Þ CSR

0.5 2 20 0.10, 0.15, 0.20, 0.25

50 0.25, 0.35, 0.45, 0.55

1.0 2 20 0.10, 0.15, 0.20, 0.25

50 0.25, 0.35, 0.45, 0.55

1.5 2 20 0.10, 0.15, 0.20, 0.25

50 0.25, 0.35, 0.45, 0.55

1.0 4 20 0.10, 0.15, 0.20, 0.25

50 0.25, 0.35, 0.45, 0.55

1.0 8 20 0.05, 0.10, 0.15, 0.20, 0.25

50 0.25, 0.35, 0.45, 0.55
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evolution of a quantity such as ru, a ‘‘fractional cycle

number’’ N 0 is used to replace the current running time t by

interpolation between two successive cycles:

N 0 ¼ N þ t � tN
TðNÞ ð7Þ

where N is the cycle number, tN is the starting time for the

Nth cycle, and T(N) is the duration of cycle N. The value of

N 0 coincides with N at t ¼ tN , and increases by one unit at

t ¼ tN þ T . To avoid confusion, hereafter, the symbol N is

used to represent fractional cycle number as defined by N 0.

3.1 Stress and strain response

Figure 6 illustrates the typical macroscopic behavior of a

constant-volume cyclic simple shear test conducted on a

sample composed of ellipsoidal particles with AR ¼ 1:5

and B ¼ 2 at Dr ¼ 20% and under CSR ¼ 0:20. This fig-

ure showcases the stress path, stress–strain curve, and the

evolutions of excess pore pressure ratio and shear strain

with the number of loading cycles. The stress path begins

at p ¼ 100 kPa and s ¼ 0 kPa, while the stress–strain

curves start from the origin. The stress path moves up and

down periodically around s ¼ 0 and between �samp, and

exhibits a general decreasing trend of p (or increasing of

ru), as shown in Fig. 6a, c, indicating an overall contraction

tendency of the granular system. As the loading cycles

progress, one can also one can observe local fluctuations of

p at each loading cycle, where increasing corresponds to

dilation tendency and decreasing corresponds to contrac-

tion tendency. Shear strain c oscillates around c ¼ 0, with

increasing cyclic amplitude as the shearing progresses, as

shown in Fig. 6b, d. Eventually, in the ninth loading cycle,

p momentarily drops to very small values close to 0, or ru
gets close to 1.0, i.e., the sample liquefies, and cyclic shear

strains accumulate. This is the semifliuidized state descri-

bed by [9]. While some of the DEM simulations may not

reach ru of 1.0, at ru � 0:95, all simulations exhibit fluid-

Fig. 6 Macroscopic response of constant volume cyclic simple shear test on a sample with AR = 1.5 and B ¼ 2 and at Dr = 30%, subjected to

CSR ¼ 0:20: a stress path, b stress–strain curve, c derived excess pore pressure evolution, and d shear strain development. NIL is the number of

cycles to reach initial liquefaction at ru � 0:95, dividing the response into pre- and post-liquefaction
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like behavior characterized by substantial shear strain

development. Consequently, the first occurrence of ru
exceeding 0.95 is denoted as initial liquefaction (IL) in this

study, and the corresponding number of cycles to reach this

state is denoted as NIL, as shown in Fig. 6c. Shearing

periods before and after initial liquefaction are commonly

referred to as pre- and post-liquefaction, respectively. The

liquefaction or semifluidized state is characterized by a loss

of stability or load-bearing capacity, leading to significant

shear strain accumulation near s ’ 0, as depicted in

Fig. 6b. During this stage, the granular system undergoes

substantial shear strains while gradually rebuilding the

contact network, as described by [63]. Eventually, the

contact network becomes strong enough to shift the stress

path away from the liquefied state. The stress path then

evolves along the failure envelope, exhibiting noticeable

dilation before s reaches the prescribed amplitude. The

subsequent stress path due to reverse loading contributes to

the formation of the typical butterfly shape. In contrast to

the increasing magnitude of shear strain observed in the

semifluidized state in subsequent loading cycles, the shear

strain developed during the dilation periods does not

exhibit significant changes in different post-liquefaction

cycles. These observations are consistent with other labo-

ratory experiments and DEM studies.

3.2 Cyclic liquefaction resistance

The cyclic resistance of granular materials under uniform

amplitude of shearing (constant CSR) can be quantified by

the number of loading cycles to initial liquefaction, or NIL.

More broadly, the liquefaction strength curve, which rep-

resents the relation between CSR and NIL, is commonly

used to represent the resistance of a granular system to

cyclic liquefaction failure, and it bears significant practical

implications. Figures 7 and 8 display the liquefaction

strength curves of the ten samples prepared in this study.

Each data point on these curves corresponds to a constant

volume cyclic simple shear simulation conducted on a

sample with a specific particle shape (AR and B) and Dr, as

specified in Table 3. The discrete data points associated

with the same sample are fitted using a power-law function:

CSR / N�b
IL ð8Þ

with the exponent b being a fitting parameter. The fitted

curves to the data points in Figs. 7 and 8 depict the liq-

uefaction strength curves for each sample. Notably, the

liquefaction strength curves for samples with Dr ¼ 50% are

positioned in the upper right side of the plots, while those

for samples with Dr ¼ 20% are located at the lower left

side. This spatial distribution indicates that denser samples

exhibit greater liquefaction resistance, in line with the

expected behavior that increasing the relative density of

granular assemblies typically enhances their liquefaction

resistance.

The influence of AR on the position of the liquefaction

strength curve in Fig. 7 exhibits a complex relation that

depends on the relative density of the samples. For samples

with Dr ¼ 20%, the liquefaction strength curves appear to

nearly overlap. However, upon closer examination, it

becomes evident that the sphere exhibits the highest liq-

uefaction resistance, followed by ellipsoidal particles with

AR ¼ 1:5 and then AR ¼ 0:5. In contrast, for samples with

Dr ¼ 50%, the effect of AR is entirely reversed, and the

difference is much more pronounced. In this case, the

ellipsoidal particle with AR ¼ 0:5 demonstrates the highest

Fig. 7 Cyclic liquefaction strength curves for samples with different

AR and Dr when B ¼ 2. The solid curves are power-law fits to the

data points. Solid lines at NIL ¼ 15 and CSR ¼ 0:25 inform the plots

of cyclic liquefaction resistance in Fig. 9

Fig. 8 Cyclic liquefaction strength curves for samples with different

B and Dr when AR ¼ 1. The solid curves are power-law fits to the

data points. Solid lines at NIL ¼ 15 and CSR ¼ 0:25 inform the plots

of cyclic liquefaction resistance in Fig. 9
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liquefaction strength, followed by those with AR ¼ 1:5,

and finally, the spheres. Similar to AR, the effect of B on

the liquefaction resistance also depends on the relative

density of the samples. In Fig. 8, it can be observed that

samples with Dr ¼ 20% exhibit a decrease in liquefaction

strength as B increases. This trend is reversed for samples

with Dr ¼ 50%. In addition, interestingly, at lower Dr

values, the effect of B on the liquefaction resistance is more

pronounced than that of AR. Therefore, compared with

non-spherical particles, the results indicate that spherical

particles are more resistant to cyclic liquefaction at low

relative densities and less resistant at high relative densi-

ties. The latter observation for samples at higher Dr is

consistent with laboratory studies [e.g., 44, 48].

The cyclic liquefaction resistance of a sample is com-

monly defined in two ways based on the cyclic liquefaction

curves: (a) the cyclic resistance ratio (CRR), which cor-

responds to the CSR required to induce initial liquefaction

within a specific number of loading cycles (e.g., CRR15

represents the CSR necessary to initiate liquefaction in 15

loading cycles); and (b) the number of cycles (NIL)

required to reach initial liquefaction for a given CSR (e.g.,

NIL for CSR ¼ 0:25). The vertical and horizontal solid

lines in Figs. 7 and 8 represent these two measures. The

CRR15 is computed through the interpolation function of

Eq. (8). Figure 9a, b presents the effects of AR and B on

CRR15 for each of the two Dr levels. For samples with

Dr ¼ 20%, the change in AR does not affect CRR15

noticeably, while an increase of B from 2 results in reduced

CRR15. For samples with Dr ¼ 50%, an increase in AR

from 0.5 initially reduces CRR15 when AR ¼ 1 and then

increases CRR15, while CRR15 and B presents a mono-

tonically increasing relation. Similar observations can be

made in Fig. 9c, d depicting the relation between NIL for

CSR ¼ 0:25 and AR or B.

Recall from Fig. 2 showing the variations of roundness

(R) and sphericity (S) for the superquadrics considered in

this study. Instead of using AR and B, or R and S, a single

Fig. 9 Variations of cyclic liquefaction resistance in terms of a, b CRR15 and c, d NIL for CSR ¼ 0:25 against AR and B
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shape parameter called overall regularity (OR), defined as

OR ¼ ðRþ SÞ=2, can be adopted to describe particle

shape [14, 44]. Table 4 lists the OR values for the five

superquadrics considered in this study, based on the data in

Fig. 2. Clearly, the sphere presents the highest OR value.

Generally, OR decreases with AR shifting away from 1 or

increasing B.

Figure 10 presents the variations of cyclic liquefaction

strength quantified by CRR15 and NIL for CSR ¼ 0:25

against OR. For samples with Dr ¼ 20%, liquefaction

strength slightly increases with increasing OR. Conversely,

for samples with Dr ¼ 50%, liquefaction strength notice-

ably decreases with increasing OR. These plots indicate a

monotonic variation of cyclic liquefaction resistance with

respect to OR.

4 Linking with the initial state

In this section, selected macro- and micro-scale descriptors

have been used to evaluate the consistency of their trends

with the observations related to particle shape influences on

the cyclic liquefaction resistance, illustrated earlier in

Fig. 10. The impact of OR on CRR15 is primarily assumed

to be attributed to the inherent properties of the samples,

focusing on the examination of the packing properties of

the samples at the beginning of the constant-volume cyclic

shearing stage. It is important to note that the differences in

particle shape may lead to distinct patterns of evolution for

these descriptors until the initial liquefaction state is

reached. Consequently, this aspect warrants further

assessment and investigation.

4.1 Initial coordination number

Following the same approach as in Banerjee et al. [7], the

initial coordination number is adopted as a lowest-order

scalar descriptor quantifying the packing contact network.

Fig. 11 The relation between CRR15 and z0 for samples composed of

distinct superquadric particles at different Dr

Table 4 Roundness, sphericity, and overall regularity of the particles

considered in this study

AR B R S OR

0.5 2 0.67 0.50 0.59

1.0 2 1.00 1.00 1.00

1.5 2 0.92 0.67 0.79

1.0 4 0.50 0.79 0.64

1.0 8 0.25 0.63 0.44

Fig. 10 Variation of the cyclic liquefaction resistance with the overall

regularity (OR) with respect to a CRR15 and b NIL for CSR ¼ 0:25
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The average coordination number refers to the average

number of contacts per particle and provides an approxi-

mation of the level of static redundancy within the granular

system, i.e., the discrepancy between the number of con-

straints and the number of degrees of freedom [46]. To

ensure a meaningful representation of the stable state of

stress, particles with zero or only one contact are excluded

when defining the mechanical coordination number [47].

This exclusion is justified by the fact that such particles do

not contribute to the extension of the contact network and,

therefore, do not significantly influence the overall stress

equilibrium. The mechanical coordination number is

defined as

z ¼
2Nc � N1

p

Np � N0
p � N1

p

; ð9Þ

where Nc and Np are the numbers of contacts and particles,

respectively, and N0
p , N

1
p are the numbers of particles with

zero or only one contact, respectively. The sixth column of

Table 2 presents the initial mechanical coordination num-

ber z0 of the samples prepared in this study.

Figure 11 illustrates the variations of the deduced

CRR15 with respect to z0. The dashed curve represents the

exponential function fit to the ten data points, revealing a

somewhat monotonic relation between CRR15 and z0. This

relation suggests that isotropically compressed samples

with a higher initial mechanical coordination number tend

to exhibit greater cyclic liquefaction resistance. Conse-

quently, it can be inferred that the connection between

particle shape and liquefaction strength arises from the

particle shape effect on the distinct packing properties.

Notably, in these samples following a similar preparation

protocol, it is observed that the sample composed of

spheres exhibits the highest initial mechanical coordination

number (z0) for Dr ¼ 20% and the lowest z0 value for

Dr ¼ 50%, corresponding to the highest and lowest lique-

faction resistance, respectively. It should be noted that the

relation between CRR15 and z0 depicted in Fig. 11 is not

strictly rigorous as certain discrepancies can be identified.

For instance, at Dr ¼ 20%, the sample with AR ¼ 1 and

B ¼ 8 exhibits a higher z0 value compared to the sample

with AR ¼ 1:5 and B ¼ 2, but presents a lower CRR15

value. Counterexamples like this highlight the need for

further investigation of contact types [e.g., 5], as particle

shape may impact the role of the contacts in the stability of

the granular system. Alternatively, exploration of other

descriptors that may better correlate with the deduced

CRR15 within the ranges of particle shape and Dr consid-

ered in this study is warranted.

4.2 Initial state parameter

The state parameter, a widely used macroscopic measure

closely associated with the shear response of sands, com-

bines the influence of void ratio and stress level relative to

an ultimate (steady) state to describe the behavior. The

state parameter w, introduced by Been and Jefferies [24],

represents the difference between the current void ratio e

and the critical state void ratio ecs at the same mean stress

p, expressed as e� ecs. Let us refer to this void ratio-based

state parameter as we, and its initial value at the beginning

of the constant volume cyclic shearing stage as we;0. Sev-

eral recent studies have suggested a decrease in cyclic

liquefaction resistance with an increase in the initial state

parameter we;0, despite some scattering observed in labo-

ratory experimental data [e.g., 24, 57, 40]. Notably, a

Fig. 12 Evolutions of shear stress s, void ratio e, and mechanical

coordination number z with applied shear strain in drained constant-p

monotonic simple shear tests on the samples with AR = 1, B = 2 and

different Dr
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similar trend has also been observed in recent DEM stud-

ies [e.g., 20, 41, 7].

Following a similar approach to defining we, one can

introduce a micro state parameter, denoted as wz, which

represents the difference between the current mechanical

coordination number z and the critical state mechanical

coordination number zcs corresponding to the same mean

stress p. In other words, wz is defined as z� zcs. Let us refer

to the initial value of this mechanical coordination number-

based micro state parameter as wz;0. Some recent DEM

studies [7, 20, 58] suggest the potential advantages of using

such a micro state parameter, rather than the more con-

ventional macro state parameter, for correlating with the

cyclic liquefaction resistance. In this study, the applica-

bility and effectiveness of this micro state parameter will

be evaluated for the samples under consideration in this

study.

To determine the values of we;0 and wz;0 for each sample

in this study, the ecs and zcs values corresponding to the

initial confinement p0 are necessary. To readily achieve

these values, Banerjee et al. [7] proposed a special strain

control constant-p shearing protocol. In this protocol, while

using bi-periodic boundary conditions for the lateral sides

of the sample box, the normal stresses rxx, ryy, and rzz, are
kept constant using a servo-control algorithm, hence _p ¼ 0,

and the sample is sheared under a constant shear velocity

applied to the top wall along the x direction, hence a shear

strain rate _c within the sample. As a result, shear stress

varies until the sample reaches a state close to the critical

state, where the shear stress s and the void ratio e reach a

nearly steady state. The corresponding values of void ratio

and coordination number at this state are denoted as ecs and

zcs. Table 2 lists these values for all ten samples. Figure 12

shows the evolutions of the shear stress, void ratio, and

mechanical coordination number for samples composed of

spheres at two relative densities, leading to the values of ecs
and zcs. As anticipated, unique values of s, ecs, and zcs are

obtained at sufficiently large levels of shear strain c for

samples with different initial relative densities but the same

particle shape.

The resulting values of we;0 and wz;0 for samples with

different particle shapes and Dr are presented in Fig. 13,

revealing a unique relation between these two quantities. A

monotonic relation between CRR15 and we;0 is depicted in

Fig. 14a, where the data points are fitted using an expo-

nential function. This observation aligns with previous

studies [7, 20, 42, 57], which focused on factors other than

particle shape. Therefore, these results demonstrate the

feasibility of linking cyclic liquefaction resistance with the

initial state parameter, even when considering samples with

different particle shapes. Similarly, Fig. 14b illustrates the

relation between CRR15 and wz;0, also fitted with an

Fig. 14 Variations of cyclic liquefaction resistance CRR15 against a
initial value of macro state parameter we;0 and b initial value of micro

state parameter wz;0, for samples composed of distinct superquadric

particles at different Dr

Fig. 13 The relation between wz;0 and we;0 for samples composed of

distinct superquadric particles at different Dr
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exponential function. The CRR15 decreases nonlinearly as

we;0 increases or wz;0 decreases. In comparison with the

CRR15–z0 relation in Fig. 11, the data points in Fig. 14b

are positioned closer to the fitting curve and present fewer

counter-examples against the presumed monotonic rela-

tion. The improved performance of wz;0 compared to z0 in

correlating with CRR15 can be attributed to the incorpo-

ration of zcs, which serves as a reference and normalizes z0.

It is noteworthy that in Fig. 14, there is no clear superiority

of wz;0 over CRR15 in terms of their correlation with

CRR15.

5 Conclusions

In this study, a three-dimensional discrete element method

was adopted to investigate the effect of particle shape on

the cyclic liquefaction resistance of granular materials. To

account for particle shape, a family of superquadric parti-

cles was utilized, including ellipsoids with varying aspect

ratios (AR) and blocky particles with different blockiness

values (B). Five smooth and convex particle shapes were

employed, consisting of different combinations of AR and

B values, covering AR ¼ 0:5 and B ¼ 2, AR ¼ 1 and

B ¼ 2, AR ¼ 1:5 and B ¼ 2, AR ¼ 1 and B ¼ 4, and

AR ¼ 1 and B ¼ 8. These distinct particles were then used

to construct isotropically compressed samples under an

initial confinement of 100 kPa at relative densities of 20%

and 50%. Subsequently, the samples were subjected to

unidirectional cyclic simple shear with different levels of

uniform cyclic stress ratio (CSR) until reaching the initial

liquefaction state.

The findings indicate that at each level of relative den-

sity studied, the effects of AR and B on the cyclic lique-

faction resistance do not exhibit a monotonic trend. To

facilitate the assessment of the particle shape effect, the

cyclic resistance ratio CRR15 was adopted as a measure of

cyclic liquefaction resistance. At Dr ¼ 20%, CRR15

remains relatively constant as AR increases with B ¼ 2.

However, with AR ¼ 1 and increasing B, CRR15 decreases.

At Dr ¼ 50%, for B ¼ 2, the spherical particle displays the

lowest liquefaction resistance, followed by AR ¼ 1:5 and

AR ¼ 0:5. Conversely, with AR ¼ 1, CRR15 increases

with increasing B. When incorporating the overall regu-

larity (OR) to synchronize the shape descriptions, it is

observed that for samples with Dr, CRR15 demonstrates an

approximate increasing trend as OR increases. However,

this trend is reversed for samples with Dr ¼ 50%.

To establish a connection between the macroscopic

observations and the initial state, initial values of both

macro- and micro-scale descriptors were extracted from the

samples before undergoing cyclic shearing. The initial

mechanical coordination number exhibits a discernible

trend with the resulting CRR15, despite some scattered data

points. Additionally, two types of state parameters associ-

ated with the macro void ratio and micromechanical

coordination number, denoted as we;0 and wz;0, respec-

tively, demonstrate a consistent monotonic relation with

CRR15, regardless of relative density and particle shape.

This suggests that the influence of particle shape on cyclic

liquefaction resistance can be attributed to its direct impact

on the packing properties of the sample. Furthermore, it

raises the question of how particle shape affects the evo-

lution of microstructure as the sample approaches initial

liquefaction. Exploring this aspect would provide addi-

tional insights into the effect of particle shape on cyclic

liquefaction resistance. This area, which has not been fully

investigated, merits further evaluation in future studies.
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tests. Géotechnique 70(10):906–915. https://doi.org/10.1680/

jgeot.18.P.267

34. MiDi GDR (2004) On dense granular flows. Eur Phys J E

14(4):341–365. https://doi.org/10.1140/epje/i2003-10153-0

35. Morimoto T, Otsubo M, Koseki J (2021) Microscopic investi-

gation into liquefaction resistance of pre-sheared sand: effects of

particle shape and initial anisotropy. Soils Found

61(2):335–351. https://doi.org/10.1016/j.sandf.2020.12.008

36. Mutabaruka P, Taiebat M, Pellenq RJM, Radjai F (2019) Effects

of size polydispersity on random close-packed configurations of

spherical particles. Phys Rev E 100(4):042906. https://doi.org/10.

1103/PhysRevE.100.042906

37. Nguyen HBK, Rahman MM, Fourie AB (2021) How particle

shape affects the critical state, triggering of instability and dila-

tancy of granular materials-results from a DEM study. Géotech-
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