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Abstract
The transport of water and gas is the most important process for the performance evaluation of landfill cover. However, the

transport behaviors of these two components have been calculated separately (i.e., ignoring their coupling effect) in

analytical solutions due to the complexity, although this coupling effect has been widely demonstrated in numerical

studies, laboratory tests, and field tests. This study presents an analytical solution for coupled water–gas transport in a

single-layer landfill cover, which can consider transient diffusive–advective transport of gas under steady-state water

transport. The proposed analytical solution is verified against the field data, laboratory data, and numerical simulations.

Parametric study is conducted to investigate the effects of four important parameters (i.e., infiltration rate, evaporation rate,

desaturation coefficient, and saturated coefficient of water permeability) on the coupled water–gas transport behaviors, and

the results indicate that these parameters all have a significant impact on the coupled water–gas transport (e.g., the gas

emission flux for the case with desaturation coefficient a = 0.9 m–1 is 11.9 times greater than that with a = 0.3 m–1). For

the simulations considered, ignoring the coupling effect would underestimate the steady-state gas emission flux by about

10.9– 54.2%, due to the changes of gas transport properties induced by water transport. The magnitude of this underes-

timation (i.e., error induced by ignoring the coupling effect) increases with decreasing infiltration rate, increasing evap-

oration rate, increasing desaturation coefficient, and decreasing saturated coefficient of water permeability.
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1 Introduction

The safe disposal of waste materials (e.g., municipal solid

waste (MSW) and industrial solid waste) is a global issue

due to their huge volume and continuous increase. At

present, landfilling is still the most common method for

solid waste disposal due to its relatively low cost

[2, 24, 26]. The final cover system is required for the

landfill closure to prevent the gas migration into and/or out

of the wastes and to reduce the leachate generation,

greenhouse gas emission, and landfill odor [15, 29].

Prediction of the transport processes of water and gas is

important for the design and performance evaluation of

cover system. Many researchers have presented analytical

solutions for predicting the transport of water and gas in

soils. However, the analytical solutions for water transport

neglect the effect of gas transport [10, 19, 21, 36, 39],

whereas those for gas transport neglect the effect of water

transport [7, 17, 31, 34]. In reality, however, it has been

well illustrated by field studies [41] and laboratory studies

[40, 42] that the water transport process and the gas

transport process mutually influence each other. For

example, Zhan et al. conducted a soil column test to study

the coupled water and gas transport in a loess cover, and

indicated that the increasing volumetric water content

(from 0.36 to 0.49) caused by rainfall infiltration reduced

the coefficient of gas permeability of the compacted loess

by 98% (from 3.67 9 10–12 to 5.73 9 10–14 m2). This
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coupling effect needs to be accounted for if one desires a

more accurate analysis of the water–gas transport through

the cover system. To the authors’ knowledge, all the ana-

lytical solutions in the literature have treated the transport

of water and that of gas separately, and no analytical

solution has been proposed to predict the coupled water–

gas transport, although this coupling effect has been

investigated by numerical simulations [6, 16, 18]. Com-

pared with numerical methods, the analytical solutions are

frequently preferred because they have clear mathematical

expression and thus provide more straightforward under-

standing of the mechanisms behind the gas/water transport

behaviors [33]. Furthermore, the analytical solutions have

better numerical stability and higher computational speed

than the numerical methods [5].

In this paper, analytical solution is proposed for pre-

dicting the coupled water–gas transport in a single-layer

unsaturated cover. The novelty of the proposed analytical

solution is that the transient diffusive-advective gas trans-

port can be considered by taking into account the effect of

water flow in the cover soil rather than simply assuming a

constant water content distribution as is the case in the

available analytical solutions. It’s worth mentioning that

the solution proposed in the present study only accounts for

the influence of water transport on gas transport and not the

other way around. In other words, the proposed solution is

a semi-coupled solution, rather than a fully-coupled solu-

tion. The gas transport analysis in this study is in the period

after the water flow has reached steady state after the

rainfall and/or evaporation. The proposed analytical solu-

tion is verified by comparing with the existing field test,

laboratory test from the literature and numerical simula-

tions. Parametric study is conducted to investigate the

effects of four important parameters (i.e., infiltration rate,

evaporation rate, desaturation coefficient and saturated

coefficient of water permeability) on the gas emission flux

and pore water pressure distribution in the cover. Impor-

tantly, the significance of considering the effect of water–

gas coupling is also studied.

2 Mathematical model

Figure 1 shows the schematic of an unsaturated soil cover

overlying a waste mound. Rainfall infiltration or evapora-

tion is specified at the top surface of the cover, and the

landfill gas generated by the waste moves upward. A

coordinate system is established with the vertical coordi-

nate z directed upward from the bottom of the cover, with

the thickness of the cover = L.

2.1 Water transport

The one-dimensional nonlinear differential equation

describing the water transport in unsaturated soils is

expressed as follows [27]:

qw
ohw
ot

¼ o

oz
qwkðhÞ

o

oz
ðhþ zÞ

� �
ð1Þ

where qw is the water density; h is the pressure head; hw is

the volumetric water content; k is the coefficient of water

permeability for unsaturated soils; t is the time; and z is the

elevation in the vertical direction.

According to Gardner [8], the coefficient of water per-

meability and volumetric water content are assumed to be

functions of pore water head h, and can be expressed as

follows:

kðhÞ ¼ kse
ah

hðhÞ ¼ hr þ ðhs � hrÞeah
�

ð2Þ

where hs is the saturated volumetric water content; hr is the
residual volumetric water content; ks is the saturated

coefficient of water permeability of the soil; and a is the

desaturation coefficient and is related to the soil’s pore size

distribution.

The analytical solution [10] for steady-state water

transport in an unsaturated single-layer soil cover with

infiltration or evaporation surface boundaries can be

expressed as:

h ¼ 1

a
lnðc1e�az þ c2Þ ð3Þ

where c1 and c2 are nonzero coefficients that depend on the

infiltration and evaporation boundary conditions and can be

expressed as:

z

LSoil cover

Waste

Landfill gas

Rainfall infiltration (Evaporation)

Fig. 1 Configuration of landfill cover with one-dimensional water

transport and gas transport
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c1 ¼ eah0 � q

ks
c2 ¼

q

ks

8><
>: ð4Þ

where q is the infiltration or evaporation rate at the surface

of the cover. Two different surface boundaries (i.e., infil-

tration boundary and evaporation boundary) are considered

for the water transport in the cover.

The surface boundary with prescribed flux condition is

expressed as:

kðhÞ oh
oz

þ kðhÞ
� �

z¼L

¼
q01 t� tp infiltration stageð Þ

q02 t[ tp evaporation stageð Þ

(

ð5Þ

where q01 is the infiltration rate (i.e., rainfall rate, positive

value); q02 is the evaporation rate (negative value); and tp is

the duration of rainfall. Although the water transport pro-

cess is assumed to be steady-state, two separate processes

of infiltration and evaporation are considered for the sur-

face boundary of the cover to better simulate the actual

situation, that is, the infiltration stage (before tp) and the

evaporation stage (after tp) correspond to two different

steady states of water distribution in the cover.

The surface boundary with constant pressure head con-

dition is expressed as:

hðz; tÞjz¼L¼ h1 ð6Þ

The bottom boundary condition is expressed as:

hðz; tÞjz¼0¼ h0 ð7Þ

Initial condition is expressed as:

hðz; tÞjt¼0¼ hiðzÞ ð8Þ

2.2 Gas transport

Several assumptions are adopted to simply the gas trans-

port: (i) the diffusion and advection of gas transport in the

cover system are considered transient (i.e., change with

time) and one-dimensional; (ii) temperature is assumed

constant; and (iii) gas flow will not affect the water

transport. The governing equation for landfill gas transport

through the unsaturated cover can be expressed as [14]:

o

ot
hgCg þ hwCw

� �
¼ oF

oz
�
o vwCw þ vgCg

� �
oz

� lhgCg ð9Þ

where Cg is the molar concentration of landfill gas; Cw

(= HgCg) [25] is the molar concentration of gas dissolved

in water, and Hg is the Henry’s coefficient; hg and hw are

the volumetric gas content and volumetric water content,

respectively; vw is the velocity of water flow; vg is the

advective velocity of gas; l is the degradation rate of gas

[34]; and F is the diffusive flux of gas in gaseous phase and

can be expressed as:

F ¼ hgDs
oCg

oz
ð10Þ

where Ds is the effective diffusion coefficient of gas

(= sDg), Dg is the molecular diffusion coefficient of gas,

and s is the correction factor which depends on the soil

porosity and the length of gas transport path, and is given

as follows [12]:

s ¼ ð1� SwÞ/½ �10=3

/2
ð11Þ

where Sw is the degree of water saturation of soil and / is

the soil porosity.

According to Darcy’s law, vw can be expressed as

(following Huang and Wu [10]):

vw ¼ �kðhÞ oh

oz
þ 1

� �
ð12Þ

According to Darcy’s law, vg can be expressed as (fol-

lowing Parker [22]):

vg ¼ �kg
oPg

oz
¼ �krg

ki
lg

oPg

oz
ð13Þ

where kg is the coefficient of gas permeability; Pg is the gas

pressure and is assumed to change linearly with depth in

the soil; ki is the intrinsic permeability of soil; lg is the

viscosity of gas; and krg is the relative coefficient of gas

permeability and is given as follows [22]:

krg ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� Se

p
1� S1=me

h i2m
ð14Þ

where Se is the effective degree of water saturation of soil

and, under isothermal condition, is given as

Se ¼
h� hr
hs � hr

ð15Þ

Two different bottom boundary conditions, i.e., flux

boundary and concentration boundary, are considered for

gas transport in the cover.

Bottom boundary condition is expressed as:

Fbjz¼0¼ F0 if mass flux boundary

Cgðz; tÞ



z¼0

¼ Cbe
�kt if concentration boundary

�
ð16Þ

where Ct is the gas concentration at the cover surface; F0 is

a constant; Cb is the peak gas concentration at the cover

bottom; and k is the first order decay rate. At the initial

stage after landfill closure, the gas production from the

degradation of waste mass increases with time [3, 30], and

this stage can be simplified using a flux boundary; later, as

the service life of the landfill increases and the degradation

of most wastes is close to completion, the gas
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concentration decreases with time and tends to stabilize

[1, 30] and, at this stage, this boundary condition can be

simplified using a concentration boundary.

Surface boundary condition is expressed as:

Cgðz; tÞ



z¼L

¼ Ct ð17Þ

The initial condition of Eq. (9) can be expressed as

follows:

Cgðz; tÞ



t¼0

¼ gðzÞ ð18Þ

3 Analytical solution

Assume that Cg(z, t) is determined by the following

equation:

Cgðz; tÞ ¼ ugðz; tÞ þ ð1� z=LÞBt þ Ctz=L ð19Þ

where

F0

hgDs






z¼0

for flux boundary

Cbe
�kt for concentration boundary

8><
>: ð20Þ

Substituting Eq. (19) into Eq. (9), the governing equa-

tion for ug(z, t) can be obtained as

oug
ot

¼ hgDs

hg þ hwHg

o2ug
oz2

þ
oðhgDsÞ=oz� vwHg þ vg

� �
hg þ hwHg

oug
oz

�
o vwHg þ vg
� �

=ozþ lhg
hg þ hwHg

ug þ G z; tð Þ

ð21Þ

where

Gðz; tÞ ¼
oðhgDsÞ=oz� vwHg þ vg

� �
hg þ hwHg

� �
L

Ct � Btð Þ � oBt

ot
1� z

L

� �

�
o vwHg þ vg
� �

=ozþ lhg
hg þ hwHg

1� z

L

� �
Bt þ Ct

z

L

h i

ð22Þ

The boundary conditions for Eq. (21) can be obtained by

substituting Eq. (19) into Eqs. (16) and (17):

ugðz; tÞ



z¼L

¼ 0 ð23Þ

ougðz; tÞ
oz






z¼0

¼ 0

ugðz; tÞ



z¼0

¼ 0

8><
>: ð24Þ

The initial condition can be expressed as:

ugðz; tÞ



t¼0

¼ gðzÞ � ð1� z=LÞBtjt¼0�Ctz=L ð25Þ

A generalized integral transform method is used to solve

the transport problem described by Eqs. (21) to (25). A pair

of transformation formulae are required for the integral

transform method, i.e., the integral and inverse transforms

(see details in Appendix 1).

Finally, the analytical solution to Eq. (9) (i.e., gas

transport) is obtained by substituting Eq. (43) into Eq. (19)

as follows:

Cgðz; tÞ ¼ YT exp �Htð ÞTð0Þ þ
Z t

0

exp �H t � sð Þð ÞGds

� �

þ ð1� z=LÞBt þ Ctz=L

ð26Þ

The gas emission flux at the surface of the cover can be

calculated as follows:

J ¼ Cg z; tð Þ � ðvg þ vwHgÞ � hgDs
oCg z; tð Þ

ot

� �




z¼L

ð27Þ

4 Model verification

To verify the proposed analytical solution, the transport

results computed using this solution are compared with the

commercial software COMSOL Multiphysics 5.5, the field

experimental data of Schuetz et al. [28], and the laboratory

test data of Ng et al. [18].

4.1 Comparison with numerical simulation
of commercial software

A commercial software COMSOL, which has been exten-

sively used in the literature, is used in this section. The

governing equations (Eqs. (1) and (9)) were user-defined

and then solved in COMSOL. The following parameter

values are adopted [4, 20]: cover thickness L = 1.4 m,

saturated volumetric water content hs = 0.57, residual

volumetric water content hr = 0.03, desaturation coeffi-

cient a = 0.01 m–1, saturated coefficient of water perme-

ability ks = 5.7 9 10–8 m/s, initial intrinsic permeability

ki = 1.03 9 10–16 m2, Van Genuchten’s parameter

m = 0.67, diffusion coefficient of gas Dg = 2.14 9 10–5

m2/s, viscosity of gas lg = 1.1 9 10–5 Pa�s, and Henry’s

constant Hg = 0.032. For the water transport boundary

conditions: the surface boundary is a rainfall infiltration

condition with a net infiltration rate of 3.65 mm/d and,

after the duration of rainfall (tp = 5 d), it changes to

evaporation boundary condition with an evaporation rate of

2.91 mm/d; the bottom boundary is a constant water

pressure head with an initial degree of water satura-

tion = 0.7. For the gas transport boundary conditions:

constant gas concentration (= 0) is applied at the cover

surface; two types of boundary condition at the cover

bottom are considered (i.e., constant gas concentration
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C0 = 4 mol/m3, and constant gas flux F0 = 500 mol/ha/d

(i.e., molarity/hectare/day)). Oxidation of methane is not

considered. As shown in Fig. 2, excellent agreement

between the proposed analytical solution and numerical

simulations are obtained for the coupled transport results,

including gas concentration profiles during the infiltration

stage and the evaporation stage for the two bottom

boundary conditions (Fig. 2a and b), pore water pressure

head profiles at the end of the infiltration stage and that of

the evaporation stage (Fig. 2c), and surface gas emission

flux versus elapsed time for the two different bottom

boundaries (Fig. 2d).

4.2 Comparison with field experimental data

Schuetz et al. [28] measured the surface emission of

methane and 37 non-methane organic compounds

(NMOCs) at Lapouyade landfill, located near Bordeaux,

France. Phase I cells have a final cover system that is

composed of 40 cm coarse sand and 80 cm fully-vegetated

loam. The parameters of the two soil layers are simplified

to a single homogeneous layer using the weighted average

method. According to the field test conducted by Zhan

et al. [37], the following parameter values are adopted:

hs = 0.496, hr = 0.119, a = 0.7 m–1, permeability ks-
= 5.0 9 10–7 m/s, ki = 4.85 9 10–13 m2, m = 0.346, lg-
= 0.7 9 10–5 Pa�s, Dg = 9.6 9 10–6 m2/s, Hg = 0.26, and

initial pore water pressure head h0 = – 0.7 m. For the water

transport boundary conditions: pore water pressure head is

constant at the bottom and is equal to the initial pore water

pressure head; the evaporation rate was set zero to simulate

the humid climate and the infiltration is not considered here

[34]. For the gas transport boundary conditions: gas con-

centrations at the surface and bottom of the cover are both

assumed constant. Fig. 3 shows the benzene and ethyl-

benzene concentration profiles at steady state, and indicates

good agreement between the proposed analytical solution

and the experimental data of Schuetz et al. [28]. Some
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differences occur at the lower portion of the soil profile

probably because the input parameter values (e.g., ks, hs, ki,
and Dg) are assumed constant with depth in the proposed

analytical solution, whereas the actual cover system con-

sists of two different soil layers and thus the parameter

values vary with depth.

4.3 Comparison with laboratory test data

One-dimensional column tests were conducted on unsatu-

rated compacted clay by Ng et al. [18] to investigate the

gas emission flux through landfill cover. For the purpose of

verification, the tests at serviceability limit state with low

gas pressure ranging from 0 to 20 kPa are chosen, con-

sidering the typically low gas pressure (\ 10 kPa) gener-

ated in landfill. Two different clay thicknesses (i.e., 0.4 m

and 0.6 m) and two different degrees of saturation (i.e.,

40% and 60%) are chosen. The following parameter values

are adopted [4, 18]: hs = 0.512, hr = 0.09, a = 1/12 m–1,

ks = 5.2 9 10–9 m/s, ki = 1.2 9 10–15 m2, m = 0.329, Dg-

= 2.08 9 10–5 m2/s, lg = 1.8 9 10–5 Pa�s, and Hg-

= 0.016. For the water transport boundary conditions:

constant water pressure head (calculated from the initial

degree of saturation) is specified at the bottom boundary,

while the evaporation rate is 2 mm/d at the surface

boundary. For the gas transport boundary conditions: the

surface boundary is connected to the atmosphere and the

gas concentration is constant at the bottom. Fig. 4 shows

the steady-state gas emission flux at the cover surface as a

function of gas pressure at the cover bottom for different

values of cover thickness and degree of saturation. Overall,

the proposed analytical solution is in good agreement with

the laboratory measurement of Ng et al. [18]. Nonetheless,

the agreement is not good for the case with Sw of 40% and

low gas pressure (i.e.,\ 10 kPa) in Fig. 4b, because

Eq. (2) is a simplification of the actual soil–water charac-

teristic curve, which will produce a larger deviation when

the gas pressure is relatively smaller.

5 Parametric study

To better understand the influencing factors of the water–

gas transport in landfill cover, several key parameters (i.e.,

infiltration rate, evaporation rate, desaturation coefficient

and saturated coefficient of water permeability) are inves-

tigated using the proposed analytical solution. The cover

system is composed of an unsaturated silty clay with a

thickness of 1.0 m. The following parameter values are

adopted [4, 21, 32]: the saturated volumetric water content

hs = 0.34, residual volumetric water content hr = 0.01,

desaturation coefficient a = 0.13 m–1, saturated coefficient

of water permeability ks = 5.0 9 10–7 m/s, initial intrinsic

permeability ki = 1.25 9 10–15 m2, Van Genuchten’s

parameter m = 0.115, viscosity of gas lg = 1.1 9 10–5

Pa�s, diffusion coefficient of gas Dg = 2.137 9 10-5 m2/s,

Henry’s constant Hg = 0.0316, and initial pore water

pressure head h0 = - 2.0 m. The cover bottom has a

constant gas pressure (= 5 kPa) while the cover surface is

connected to the atmosphere [18]. For water transport

boundary conditions: the infiltration rate = saturated coef-

ficient of water permeability ks (= 5.0 9 10–7 m/

s = 43.2 mm/d) with a rainfall duration of 5 d, after which

the evaporation rate = 2.91 mm/d. For each series of

parametric analysis, only the variable of interest was

changed, while the other variables remained constant and

were equal to the values listed in Table 1, unless otherwise

specified. To illustrate the importance of considering the

effect of water transport on gas transport, the uncoupled

simulation cases that ignored the effect of water transport

were also considered, and these cases were conducted

using the initial conditions of the cover (e.g., water content,

coefficient of permeability and effective gas diffusion

coefficient) held constant over the simulation period.

5.1 Effect of infiltration rate

The effect of infiltration rate (i.e., rainfall rate) q01 on the

transport of water and gas in the cover is investigated using

four different q01 values (= 0.5ks, 1.0ks, 1.5ks and 2.0ks,

i.e., = 21.6, 43.2, 64.8 and 86.4 mm/d), covering most

cases of rainfall rate typically encountered in practice

[9, 35]. Fig. 5a presents the steady-state pore water pres-

sure head after the end of rainfall stage for different q01.

The negative pore water pressure head decreases with the

increase of q01 value, because higher infiltration rate leads

to greater increases in water content and degree of
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between the proposed analytical solution and the experimental

measurement of Schuetz et al. [28]
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saturation, thus lowering the negative pore water pressure

head in soil (see Eq. (2)). For example, the negative pore

water pressure head at the cover surface decreases from –

2.34 m to –0.63 m for q01 increasing from 0.5ks to 2ks.

Fig. 5b presents the surface gas emission flux for different

q01 and indicates that smaller q01 value produces earlier gas

breakthrough. For example, the gas breakthrough time for

q01 = 2ks is about 12 d, which is 71.4% larger than that for

q01 = 0.5ks (about 7 d). This is because smaller q01 value

results in lower water content, higher coefficient of gas

permeability and higher effective gas diffusion coefficient

(i.e., more pore spaces for gas transport) and thus faster gas

transport (e.g., when q01 decreases from 2ks to 0.5ks, the

values of hw at the cover surface (calculated using Eq. (2))

after the infiltration stage decrease from 0.314 to 0.254

(19.1% reduction), the corresponding kg values (calculated

using Eq. (13)) increase from 2.74 to 5.72 9 10–11 m3�s/kg
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Table 1 Parameter values used in the parametric study

Parameter Value Source

Saturated coefficient of water permeability,

ks (m/s)

5.0 9 10–7 [32]

Initial intrinsic permeability, ki (m
2) 1.25 9 10–15 [32]

Saturated volumetric water content, hs 0.34 [32]

Residual volumetric water content, hr 0.01 [32]

Van Genuchten’s parameter, m n 0.115 [32]

Desaturation coefficient, a (m–1) 0.13 [32]

Henry’s constant, Hg 0.0316 [6]

Diffusion coefficient of gas, Dg (m
2/s) 2.137 9 10–5 [6]

Viscosity of gas, lg (Pa�s) 1.1 9 10–5 [6]

Evaporation rate, q02 (mm/d) 2.91 [21]
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(108.8% increase) and the corresponding Ds values (cal-

culated using Eq. (11)) increase from 9.77 to 5.28 9 10–8

m2/s (53 times increase)). In addition, the final, steady-state

surface gas emission fluxes for all q01 values are the same,

because the infiltrated water in the rainfall stage is released

in the subsequent evaporation stage and thus all q01 values

eventually give the same final water content and same

coefficient of gas permeability. Fig. 5b also indicates that

the maximum gas emission flux for the uncoupled case

(= 29.3 mol/ha/d) is only 74.7% (25.3% underestimation)

that for the coupled cases (all = 39.2 mol/ha/d), indicating

that considering the effect of water transport on gas

transport is important.

5.2 Effect of evaporation rate

To investigate the effect of evaporation rate q02 on the

transport of water and gas, four different q02 values (= 0,

2.91, 5 and 10 mm/d) are considered using the proposed

analytical solution. The q02 of zero represents the humid

season [11], whereas q02 of 5 mm/d and 10 mm/d represent

the dry season and extreme dry season. Fig. 6a indicates

that the negative pore pressure head increases with

increasing evaporation rate. For example, the negative pore

water pressure head at the cover surface increases from

- 3.00 to - 3.33 m (11.0% decrease) when q02 increases

from 0 to 10 mm/d. This is because higher evaporation rate

produces greater decrease of water content and thus greater

suction in soil. Fig. 6b indicates that the surface gas

emission flux increases with increasing evaporation rate.

For example, the maximum surface gas emission flux

increases from 38.4 to 41.1 mol/ha/d (7% increase) when

q02 increases from 0 to 10 mm/d. This is because higher

evaporation rate produces lower water content, higher

coefficient of gas permeability and higher effective gas

diffusion coefficient (e.g., when q02 increases from 0 to

10 mm/d, the values of hw at the cover surface after the

evaporation stage decrease from 0.233 to 0.224 (3.9%

decrease), the corresponding kg values increase from

6.41 9 10–11 to 6.70 9 10–11 m3�s/kg (4.5% increase) and

the corresponding Ds values increase from 1.06 9 10–7 to

1.40 9 10–7 m2/s (32.1% increase)), and thus leads to a

larger steady-state surface emission flux. Fig. 6b also

indicates that the maximum surface gas emission flux for

the uncoupled case (= 29.4 mol/ha/d) is much smaller than

that for the coupled cases, e.g., is only 71.5% (28.5%

underestimation) that for the coupled cases with q02 of

10 mm/d (= 41.1 mol/ha/d). This indicates that ignoring

the coupling effect would lead to unconservative gas

transport result and thus it’s important to consider the

effect of water transport on gas transport, especially when

the evaporation rate is high.

5.3 Effect of desaturation coefficient

The desaturation coefficient a depends on the soil particle

size (e.g., finer-grained soil exhibits smaller a) and repre-

sents the rate at which the soil water content decreases with

increasing matric suction. Previous studies found that the a
varies from 0.2 to 5 m–1 for most soils [23], and ranges

from 0.1 to 1 m–1 for most clayey soils that are typically

used for landfill cover. Here, four values of a (= 0.3, 0.5,

0.7 and 0.9 m–1) are selected to investigate the effect of

desaturation coefficient on the transport of water and gas.

Fig. 7a indicates that the negative pore pressure head

increases with increasing desaturation coefficient, but the

change is slight. For example, when a increases from 0.3 to

0.9 m–1, the pore water pressure head at the cover surface

changes from - 1.59 to - 1.69 m. This is because an

unsaturated soil with larger soil particle size (larger a) is
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less inclined to retain water and therefore has a higher

negative pore water pressure head at steady state. Fig. 7b

indicates that the surface gas emission flux increases sig-

nificantly with increasing desaturation coefficient. For

example, the steady-state gas emission flux increases from

18.1 to 215.7 mol/ha/d (10.9 times increase) when a
increases from 0.3 to 0.9 m–1. The time needed for gas

transport to reach steady state also changes significantly

(e.g., = approximately 16 d and 88 d for a = 0.9 m–1 and

0.3 m–1, respectively). This is because, the soil with larger

particle size (i.e., larger a) has larger gas-phase pore spaces
and thus has higher effective gas diffusion coefficient and

faster gas transport (e.g., when a increases from 0.3 to

0.9 m–1, the values of hw at the cover surface after the

evaporation stage decrease from 0.215 to 0.082 (61.9%

reduction), the corresponding kg values increase from

6.98 9 10–11 to 1.00 9 10–10 m3�s/kg (43.3% increase)

and the corresponding Ds values increase from 1.82 9 10–8

to 2.01 9 10–6 m2/s (109.4 times increase)). Fig. 7b also

indicates that the relative difference between the coupled

and uncoupled cases decreases with increasing a value. For

example, for a = 0.3 m–1, the maximum gas emission flux

for the uncoupled case (= 8.5 mol/ha/d) is only 47.0%

(53.0% underestimation) that for the corresponding cou-

pled case (= 18.1 mol/ha/d), while for a = 0.9 m–1, the

maximum gas emission flux for the uncoupled case

(= 192.2 mol/ha/d) is 89.1% (10.9% underestimation) that

for the corresponding coupled case (= 215.7 mol/ha/d).

This indicates that considering the effect of water transport

on gas transport is important, especially for soils with a

small a (i.e., fine-grained soil), because smaller a leads to

higher degree of water saturation of cover soil (see Eq. (2))

and, in this case, the soil is more inclined to lose water

under evaporation.

5.4 Effect of saturated coefficient of water
permeability

The saturated coefficient of water permeability ks has a

significant impact on the water transport process in

cover, which in turn changes the coefficient of gas per-

meability and thus the process of gas transport [38]. To

investigate the effect of ks on the coupled water–gas

transport, four different ks values (= 5 9 10–6, 5 9 10–7,

5 9 10–8 and 5 9 10–9 m/s) are considered using the

proposed analytical solution. Fig. 8a presents the effect

of different ks on the profiles of pore water pressure head

and indicates that smaller ks produces larger negative

pore water pressure head. For example, the negative pore

water pressure head at the surface decreases from

- 4.53 m to - 3.01 m (33.6% reduction) when ks
increases from 5 9 10–9 to 5 9 10–6 m/s. This is

because, for soil with smaller ks, water transport is

slower and less water infiltrates into the cover, and thus

the soil has lower water content and higher suction.

Fig. 8b shows the surface gas emission flux for different

ks values and indicates that the gas emission flux

increases with increasing ks. For example, when ks
increases from 5 9 10–9 to 5 9 10–6 m/s, the maximum

gas emission flux decreases from 44.1 to 38.8 mol/ha/d

(12.0% decrease), the time needed for gas transport to

reach steady state increases from approximately 60 to 90

d (50.0% increase), and the gas breakthrough time

increases from approximately 6 to 10 d (66.7% increase).

This is because, for a given rainfall rate and evapo-

transpiration rate, higher ks value gives a higher water

content of soil and correspondingly a lower gas

Fig. 7 Effect of desaturation coefficient a on coupled water–gas transport in cover: a steady-state pore water pressure head; b surface gas

emission flux
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permeability and lower effective gas diffusion coefficient

(e.g., when ks increases from 5 9 10–9 to 5 9 10–6 m/s,

the values of hw at the cover surface after the evapora-

tion stage increase from 0.193 to 0.233 (20.7% increase),

the corresponding kg values decrease from 7.57 9 10–11

to 6.42 9 10–11 m3�s/kg (15.2% reduction) and the cor-

responding Ds values decrease from 3.09 9 10–7 to

1.07 9 10–7 m2/s (65.4% reduction)). Fig. 8b also indi-

cates that the gas emission flux for the uncoupled case is

consistently lower than that for the coupled case and the

difference increases as the ks increases. For example,

when ks = 5 9 10–6 m/s, the maximum gas emission flux

for the uncoupled case (= 17.8 mol/ha/d) is only 45.8%

(54.2% underestimation) that for the coupled case

(= 38.9 mol/ha/d). This indicates again that ignoring the

coupling effect would lead to unconservative gas trans-

port result and thus it’s necessary to consider the effect

of water transport on gas transport.

6 Summary and conclusions

This paper presented an analytical solution for coupled

water–gas transport in a single-layer landfill cover. The

proposed analytical solution was verified by comparing

against the laboratory test of Ng et al. [18], the field test of

Schuetz et al. [28] and the COMSOL numerical simula-

tions. Using the proposed analytical solution, parametric

studies were carried out to investigate the effects of four

parameters (i.e., infiltration rate, evaporation rate, desatu-

ration coefficient and saturated coefficient of water per-

meability) on the surface gas emission flux and pore water

pressure head distribution in the cover. The main conclu-

sions are as follows:

(1) Depending on the conditions (e.g., rainfall rate,

evaporation rate, initial conditions, and boundary

conditions) and the material properties of soil, the

water transport process in the cover can have a

significant effect on the gas transport process through

the landfill cover. This is because the water transport

process changes the distribution of water content

inside the cover and thus changes the gas transport

properties (e.g., coefficient of gas permeability and

effective gas diffusion coefficient).

(2) To illustrate the effect of water transport on the gas

transport, two cases of simulations were performed,

i.e., coupled case and uncoupled case. The coupled

cases considered the effect of water transport on the

gas transport. The uncoupled cases ignored the effect

of water transport, and were conducted using the

initial conditions of the cover (e.g., water content,

coefficient of permeability and effective gas diffu-

sion coefficient) held constant over the simulation

period. For the simulations considered, the uncou-

pled cases consistently gave lower transport rate (i.e.,

unconservative results, e.g., longer gas breakthrough

time, and smaller maximum gas emission flux),

relative to the coupled cases. Ignoring the coupling

effect would underestimate the maximum gas emis-

sion flux by about 10.9–54.2%.

(3) The infiltration rate, evaporation rate, desaturation

coefficient and saturated coefficient of water perme-

ability all have significant impact on the coupled

water–gas transport through the cover. For the

simulations considered, the rate of gas transport

increases with decreasing infiltration rate, increasing

Fig. 8 Effect of saturated coefficient of water permeability ks on coupled water–gas transport in cover: a steady-state pore water pressure head;

b surface gas emission flux
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evaporation rate, increasing desaturation coefficient,

and decreasing saturated coefficient of water

permeability.

Appendix 1

For our problem, the following eigenvalue system is

selected:

d2wnðzÞ
dz2

þ b2nwnðzÞ ¼ 0 ð28Þ

where bn is the nth eigenvalue of the system in Eq. (28).

The boundary conditions of the eigensystem in Eq. (28)

are

ownðzÞ
oz






z¼0

¼ 0

wnðzÞjz¼0¼ 0

8><
>: ð29Þ

wnðzÞjz¼L¼ 0 ð30Þ

where wn(z) satisfies the following orthogonality

relationships:

Z L

0

wnðzÞwrðzÞdz ¼
0 r ¼ n

Nn r 6¼ n

(
ð31Þ

Nn ¼
Z L

0

w2
nðzÞdz ð32Þ

The general solution to the eigenvalue system described

by Eqs. (28) to (30) can be expressed as follows:

wnðzÞ ¼
cos

ð2k þ 1Þp
2L

z

� �

sin
kp
L
z

� �
8>>><
>>>:

ð33Þ

The pair integral transform can be constructed as:

TnðtÞ ¼
1

N
1=2
n

Z L

0

wnðzÞugðz; tÞdz ð34Þ

and the inverse transform is

ugðz; tÞ ¼
X1
n¼1

TnðtÞwnðzÞ
N

1=2
n

ð35Þ

Applying the operator 1

N
1=2
r

R L

0
ð�ÞwrðzÞdz to Eq. (35) can

obtain the inverse transform Eq. (34):

1

N
1=2
r

Z L

0

ugðz; tÞwrðzÞdz

¼ 1

N
1=2
r

Z L

0

X1
n¼1

TnðtÞwnðzÞ
N

1=2
n

wrðzÞdz

¼ TnðtÞ
N

1=2
r

X1
n¼1

Z L

0

wnðzÞwrðzÞ
N

1=2
n

dz ¼ TnðtÞ

ð36Þ

By performing the operator
R L

0
ð�ÞwrðzÞdz, Eq. (21) can

be rewritten as follows:Z L

0

oug
ot

wrðzÞdz

¼
Z L

0

hgDs

hg þ Hghw

o2ug
oz2

wrðzÞdz

þ
Z L

0

oðhgDsÞ=oz� vwHg þ vg
� �

hg þ Hghw

oug
oz

wrðzÞdz

�
Z L

0

o vwHg þ vg
� �

=ozþ lhg
hg þ Hghw

ugwrðzÞdz

þ
Z L

0

GwrðzÞdz

ð37Þ

Substituting Eq. (35) into Eq. (37) yields:

dTnðtÞ
dt

þ
X1
r¼1

HnrTrðtÞ ¼ Gn n ¼ 1; 2; :::;1 ð38Þ

where

Hnr ¼� 1

N
1=2
n N

1=2
r

Z L

0

hgDs

hg þ Hghw

o2wnðzÞ
oz2

wrðzÞdz

� 1

N
1=2
n N

1=2
r

Z L

0

oðhgDsÞ=oz� vwHg þ vg
� �

hg þ Hghw

ownðzÞ
oz

wrðzÞdz

þ 1

N
1=2
n N

1=2
r

Z L

0

o vwHg þ vg
� �

=ozþ lhg
hg þ Hghw

wnðzÞwrðzÞdz

ð39Þ

Gn ¼
1

N
1=2
n

Z L

0

Gðz; tÞwrðzÞdz ð40Þ

The initial condition of Eq. (38) can be obtained by

substituting Eq. (25) into Eq. (34) as follows:

TnðtÞjt¼0¼
1

N
1=2
n

Z Lc

0

wnðzÞ gðzÞ � ð1� z=LÞBtjt¼0�Ctz=L
 �

dz

ð41Þ

The analytical solution to Eqs. (38) to (41) can be

expressed in matrix form as follows:

TðtÞ ¼ exp �Htð ÞTð0Þ þ
Z t

0

exp �H t � sð Þð ÞGds ð42Þ
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where T is a vector consisting of Tn(t); G is a vector

consisting of Gn; and H is a n 9 n matrix consisting of

elements Hnr. The matrix exponential in Eq. (42) can be

accurately computed in several different ways, such as

Taylor series methods, ordinary differential equation

(ODE) methods and polynomial methods [13, 43, 44].

Substituting Eq. (42) into the inverse transform (35)

leads to the expression of ug(z, t) as follows:

ugðz; tÞ ¼ YT exp �Htð ÞTð0Þ þ
Z t

0

exp �H t � sð Þð ÞGds

� �

ð43Þ

where Y is a vector consisting of
wnðzÞ
N

1=2
n

.
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