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Abstract
The nonlinear variation of soil compressibility and permeability with void ratio (i.e., e-log r0 and e-log k) has been included
in the consolidation theory to accurately predict the behavior of soft soil stabilized by vertical drains. However, most

current nonlinear consolidation models incorporating the coupled radial-vertical flow are based on some simplified

assumptions, while including some features such as the complex implementation of multilayered computations, time-

dependent loading and stress distribution with depth. This study hence introduces a novel approach where the spectral

method is used to analyze the nonlinear consolidation behavior of multilayered soil associated with coupled vertical-radial

drainage. In addition, time- and depth-dependent stress and soil properties at each soil layer are incorporated into the

proposed model. Subsequently, the solution is verified against experimental and field data with comparison to previous

analytical solutions. The results show greater accuracy of the proposed method in predicting in-situ soil behavior. A

parametric study based on the proposed solution indicates that the ratio between the compression and permeability indices

(x = Cc/Ck) has a great impact on the consolidation rate, i.e., the greater the x, the smaller the consolidation rate.

Increasing the load increment ratio and the absolute difference between unity and x (i.e., |x - 1|) can exacerbate

prediction error if the conventional simplified methods are used.
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1 Introduction

The use of vertical drains (i.e., prefabricated vertical drains

PVDs) combined with preloading to accelerate the con-

solidation process of soft soils is one of the most common

soil improvement methods around the world [8, 11, 25, 77].

In this method, the drainage path is substantially shortened

through the radial drainage induced by the drains so that

the dissipation of excess pore water pressure (EPWP)

becomes much faster. The radial consolidation theories

were developed extensively in the past decades, resulting in

various models capturing different aspects of loading, drain

and soil behaviors over time and space. The following

sections provides a critical review into the novelty of

various theories while highlighting their limitations.

Figure 1 features most significant theoretical studies on

radial consolidation. The most original close-form solution

for ideal vertical drains was originally proposed by Barron

[3]. Richart [55] compared the two assumptions of free
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strain and equal strain proposed by Barron [3] and found

that the results obtained by the above two assumptions are

almost the same. Berry and Wilkinson [5] and Yoshikuni

and Nakanodo [81] incorporated the smear and well

resistance effects for the first time. Afterward, Hansbo [20]

proposed a solution that can combine both the effects of

smear zone and well resistance based on the assumption of

equal strain. Since then, numerous attempts were made to

improve the consolidation models especially addressing the

smear and well resistance effects [44, 53, 76, 82]. The

salient features of those models can be highlighted as

follows:

(i) Characterization of smear zone [4, 23, 24, 43, 50,

57, 68–70];

(ii) Time- and depth-dependent discharge capacity

[13–15, 22, 34, 49, 78];

(iii) Time-dependent preloading [12, 36, 39, 45, 46,

48, 62, 71, 72, 78, 79, 85];

(iv) Non-Darcian flow [18, 19, 31, 58, 73];

(v) Vacuum preloading [8, 9, 21, 27, 29, 31, 41,

56, 65, 71, 75, 80, 83, 84]; and

(vi) Multilayered condition [1, 42, 51, 54, 57, 61, 63,

71, 72, 74, 78, 83].

Note that the above features can be combined to provide

improved predictions. However, most of them were based

on simplified assumptions of constant soil compressibility

and permeability during consolidation.

It is well understood that when the stress range (differ-

ence between initial and final effective stress) becomes

large, both soil compressibility and permeability vary with

the void ratio during the consolidation process [59, 64],

especially in soft clays. Some radial consolidation models

considering these nonlinear variations were proposed. For

example, Lekha et al. [37] and Indraratna et al. [28]

obtained an analytical solution for the nonlinear radial

consolidation by simplifying the differential equation.

Walker et al. [73] proposed an analytical solution that can

combine the non-Darcian flow with both nonlinear com-

pressibility and permeability. Using the similar approach,

Lu et al. [46] and Kim et al. [32] derived the solutions

under time-dependent loading. Tian et al. [66] obtained an

analytical solution based on elliptical cylindrical equivalent

model. It is noteworthy that these nonlinear models can

only consider radial drainage while ignoring the vertical

flow when the length of vertical drains is relatively large

compared to drain spacing. In shallow soft soil under

railways where short vertical drains are used (e.g., PVDs

with 8 m length and 2.5 m spacing were used in Sandgate

railway, NSW reported by Indraratna et al. [26]), the

coupled vertical-horizontal drainage analysis is pertinent as

the vertical drainage can contribute significantly to the

overall consolidation. While the method proposed by

Carrillo [7] (i.e., Approach 1 in Fig. 2) can be adopted, this

approach is only applicable when soil compressibility and

permeability are constant. Although recent efforts over-

came this limitation [2, 16, 17, 30, 41, 47, 75], some

Consolidation model with vertical drains 
(Barron 1948 [3])

Radial consolidation model with smear effect 
(Berry and Wilkinson 1969 [5])

Consolidation model with well resistance effect 
(Yoshikuni and Nakanodo 1974 [81])

Consolidation models with smear effect and well resistance
(Hansbo 1981[20]; Xie 1987 [76]; Onoue 1988 [53]; Zeng and Xie 1989 [82]; Lo 1991 [44] )

Non-Darcian flow

(Hansbo 1997 [18]; 2001
[19]; Sathananthan and
Indraratna 2006 [58];
Walker 2012 [73]; Kianfar
et al. 2013 [31] )

Vacuum preloading
(Indraratna et al. 2005 [27,

29]; 2016 [21]; Chai et al.
2006 [8]; 2020 [9];
Rujikiatkamjorn and
Indraratna 2007 [56];
Walker and Indraratna
2009 [71]; Kianfar et al.
2013 [31]; Zhou et al.
2017 [83]; Liu et al. 2019
[41]; Tian et al. 2019
[65];Wang et al. 2020 [75];
Zhou et al. 2021 [84]); Xu
et al. 2022 [80]

Time dependent
Loading

(Tang and Onitsuka
2000 [62]; Leo 2004 [39];
Zhu and Yin 2004 [85];
Conte and Troncone
2009 [12]; Walker et al.
2009 [74]; Walker and
Indraratna 2009 [71]; 2015
[72]; Lu et al. 2011 [48];
2015 [46]; 2016 [45]; Lei et
al. 2015 [36]; Xu et al.
2021 [78, 79])

Different distribution models of smear zone
(Indraratna and Redana 1997 [23]; 2000 [24]; Basu et al. 2006 [4]; Walker and Indraratna 2006 [69]; 2007 [70];
Rujikiatkamjorn and Indraratna 2010 [57]; Walker 2011 [68]; Nguyen and Kim 2019 [50]; Liu et al. 2021 [43])

Non-linear soil 
Properties

(Lekha et al. 1998 [37];
Indraratna et al. 2005 [28];
Geng 2008 [16];
Indraratna et al. 2010 [30];
Geng et al. 2012 [17];
Walker et al. 2012 [73];
Lu et al. 2015 [46, 47];Ai et
al. 2015 [2]; Liu et al.
2019 [41]; Wang et al.
2020 [75]; Kim et al. 2020
[32]; Tian et al. 2021 [66]) ;
Xu et al. 2021 [79])

Varying discharge 
capacity 

(Deng et al. 2013 [14, 15];
2014 [13]; Indraratna et al.
2016 [22]; Kim et al. 2018
[34]; Nguyen 2021 [49]; Xu
et al. 2021 [78])

Multilayered soil

(Onoue 1988 [54]; Tang
and Onitsuka 2001 [63];
Nogami and Li 2003 [51];
Walker et al. 2009 [74];
Walker and Indraratna
2009 [71]; 2015 [72]

Rujikiatkamjorn and
Indraratna 2010 [57]; Ai et
al. 2011 [1]; Tang et al.
2013 [61]; Liu et al. 2014
[42]; Zhou et al. 2017 [83];
Xu et al. 2021 [78, 79])

Fig. 1 Development of consolidation models with vertical drain
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approximations or simplifications were required (e.g., sin-

gle soil layer, Cc = Ck as shown in Approach 2 in Fig. 2).

As the sedimentary history and stress conditions of soil

can vary significantly in the field, most soft soils are rarely

homogeneous and usually consist of several layers[2].

However, previous nonlinear consolidation models show

limited capacity in capturing the influence of adjacent soil

layers because they strictly rely on specific loading and

stress distribution patterns. This study, therefore, aims to

overcome the above limitations in previous studies

[71, 72, 74, 78] by considering the nonlinear compress-

ibility and permeability based on the spectral method

framework, so that a more realistic and rigorous solution

for the PVD-assisted soil consolidation can be achieved. In

this paper, the spectral method is adopted to solve the

governing equations, and subsequently, the model is veri-

fied against the experimental and field data in comparison

with previous simplified solutions. Finally, the applicabil-

ity and threshold limits of the past and the current solutions

are discussed and evaluated.

2 Limitations of existing models

This section firstly details the limitations of existing

mathematical solutions, followed by the objectives and

innovations of the current study. The logarithmic models

(e’-log r and e-log k) are commonly used to represent the

variations of soil compressibility and permeability with

void ratio, which can be represented by [64]:

e ¼
e0 � Cr log

r0

r00

� �
for r0 � r0p

e0 � Cr log
r0p
r00

� �
� Cc log

r0

r0p

 !
for r0p\r0

8>>><
>>>:

ð1Þ

e ¼ e0 þ Ckh log
kh
kh0

� �
ð2Þ

e ¼ e0 þ Ckv log
kv
kv0

� �
ð3Þ

where e is the void ratio while the subscript 0 denotes the

initial state; Cc, Cr, Ckh, Ckv are the compression index, the

recompression index, the radial permeability index and the

vertical permeability index, respectively; r00, r
0
p and r0 are

the initial effective stress, the yield stress (effective pre-

consolidation pressure) and the average effective stress,

respectively; kh and kv are the radial and vertical perme-

ability coefficients of the undisturbed soil, respectively.

From Eqs. (1)–(3), the following relationships between

effective stress and permeability and compressibility are

obtained:

kh
kh0

¼

r0

r00

� �� Cr
Ckh

for r0 � r0p

r0p
r00

� �Cc�Cr
Ckh r0

r0

� �� Cc
Ckh

for r0p\r0

8>>>><
>>>>:

ð4Þ

Proposed model
(Spectral method)

Previous approaches Current approach

Approach 2
(Simplified method)

Approach 1
(Approximation method)

Non-linear radial 

consolidation models

(Varying 

permeability and 

compressibility)

Terzaghi’s vertical 

consolidation model

(Constant

permeability and 

compressibility)

Carrillo’ s method

1-U=(1-Ur)(1-Uv)

Overall consolidation degree
(Indraratna et al. 2005 [28];  Walker et al. 2012 [73]; Lu 
et al. 2015 [46]; Kim et al. 2020 [32]; Tian et al. 2021 [66])

Consolidation models with coupled radial-vertical flow 

(Varying permeability and compressibility)

Simplified assumptions:

(1) Simplified Method A:

(2) Simplified Method B:

(3) Single layer;

(4) Cc = Ckv = Ckh.

0 0 0 00.5 1 1 constantmaxq t u = q

0
1

0 0

1
10.5 1 constanth v h v

B or  B B or  B
maxq t u q

Overall consolidation degree
(Geng 2008 [16]; Indraratna et al. 2010 [30]; Geng et al. 2012 [17]; Lu 
et al. 2015 [47]; Liu et al. 2019 [41]; Wang et al. 2020 [75])

Model features:

(1) Coupled vertical-radial drainage;

(2) Time updated permeability and  

compressibility; 

(3) Multilayered condition; 

(4) Over-consolidated and normally 

consolidated;

(5) Time-dependent loading.

Overall consolidation degree

Fig. 2 Key differences in the past and current approaches for the nonlinear consolidation analysis with vertical drains
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kv
kv0

¼

r0

r00

� �� Cr
Ckv

for r0 � r0p

r0p
r00

� �Cc�Cr
Ckv r0

r00

� �� Cc
Ckv

for r0p\r0

8>>>><
>>>>:

ð5Þ

mv ¼ � 1

1þ e0ð Þ
oe

or0
¼

Cr

r00 1þ e0ð Þ ln 10
r00
r0

for r0 � r0p

Cc

r00 1þ e0ð Þ ln 10
r00
r0

for r0p\r0

8>>><
>>>:

ð6Þ

The following parameters are now introduced and

defined as:

Then the radial and vertical consolidation coefficients can

be expressed as:

Ch ¼
kh

cwmv
¼Ah

kh0
cwmv0

r0

r00

� �Bhþ1

ð7Þ

Cv ¼
kv

cwmv
¼Av

kv0
cwmv0

r0

r00

� �Bvþ1

ð8Þ

The above expressions (i.e., Eqs. (4)–(8)) show how the

compression and permeability of soil would change due to the

reduced void ratio during consolidation. Due to the com-

plexity in solving the consolidation governing equations,

some studies [16, 17, 30] assumed that B = B = - 1 based on

the field situation, where the compression Cc is very close to

the permeability indices (Ckv or Ckh), while the others (sum-

marized in Table 1) have obtained simplified analytical

solutions based on the following assumptions:

(1) Simplified Method A: use an average value to

represent the ratio of the effective stress to the initial

effective stress (i.e., r0
�
r00 in Eqs. (7) and (8)) during

the consolidation process, i.e., r0
�
r00 ¼ r00þ

�
q tð Þ � uÞ

�
r00 ¼ 0:5 1þ 1þ qmax

�
r00

� �� �
, where q(t),

qmax and u are the time-dependent loading, the final

level of loading and EPWP, respectively [46, 47, 75];

(2) Simplified Method B: use the average values to

represent the varying consolidation coefficients, which

are the nonlinear coefficient terms in the governing

equation, i.e., s r00 þ q tð Þ � u
� ��

r00
� �Bh or Bvð Þþ1¼

0:5 1þ 1þ qmax
�
r00

� �Bh or Bvð Þþ1
h i

[28, 32, 33, 35, 38,

41, 79].

Table 1 lists the capabilities and assumptions of

some significant nonlinear consolidation models. It can

be seen from Table 1 that the main limitations of

previous nonlinear consolidation models are as follows:

(a) Although Simplified Methods A and B based

on Assumptions (1) and (2) adopt the void-

ratio-stress relationship (Eq. (1)) for settle-

ment and EPWP calculations, these two

assumptions make the consolidation coeffi-

cients (i.e., the coefficient terms of the con-

solidation governing equation) constant. This

means the nonlinear behavior is not included

in the dissipation equation of EPWP properly

[28, 32, 33, 35, 38, 41, 46, 47, 75].

Table 1 Summary of previous nonlinear consolidation models

Models Factor included Assumptions

Drainage Loading Layer (1) (2)

Lekha et al.

[38]

Vertical Instantaneous Single No Yes

Kim et al.

[35]

Vertical Time-

dependent

Single No Yes

Kim et al.

[33]

Vertical Time-

dependent

Multiple No Yes

Indraratna

et al. [28]

Radial Instantaneous Multiple No Yes

Walker et al.

[73]

Radial Step-

instantaneous

Multiple No No

Lu et al. [46] Radial Time-

dependent

Multiple Yes No

Kim et al.

[32]

Radial Time-

dependent

Multiple No Yes

Lu et al. [47] Radial-

vertical

Time-

dependent

Single Yes No

Wang et al.

[75]

Radial-

vertical

Time-

dependent

Single Yes No

Liu et al.

[41]

Radial-

vertical

Time-

dependent

Single No Yes

Proposed

model

Radial-

vertical

Time-

dependent

Multiple No No

Ah ¼ 1;Bh ¼ � Cr

Ckh
; Av ¼ 1;Bv ¼ � Cr

Ckv
; mv0 ¼

Cr

r00 1þ e0ð Þ ln 10 for r0 � r0p

Ah ¼
r0p
r00

� �Cc�Cr
Ckh

; Bh ¼ � Cc

Ckh
; Av ¼

r0p
r00

� �Cc�Cr
Ckv

;Bv ¼ � Cc

Ckv
; mv0 ¼

Cc

r00 1þ e0ð Þ ln 10 for r0p\r0
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(b) Simplified Methods A and B directly adopt

these assumptions to linearize the nonlinear

coefficient terms of the governing equation.

The validity and associated threshold have not

been established. In other words, the accep-

tance range of error caused by the simplified

assumptions has not been evaluated. It is

necessary to evaluate the errors induced by

simplified assumptions that help understand

the validity of Simplified Methods A and B,

and thus determine the appropriate range of

soil parameters [28, 32, 33, 35, 38, 41,

46, 47, 75].

(c) Although some of the nonlinear consolidation

models can consider coupled radial-vertical

drainage, they can only consider a single layer

of soil while changes in soil parameters and

stress distribution along the depth are

neglected [41, 47, 75].

In view of the above, the objectives of this study are to

provide a more general nonlinear consolidation model

which can consider the following factors:

i. Coupled vertical-radial drainage;

ii. Nonlinear permeability and compressibility during

consolidation process;

iii. Multilayered condition;

iv. Time-dependent loading;

v. Over-consolidated and normally consolidated state.

The key advantages of the current approaches are shown

in Fig. 2 in comparison with conventional methods.

3 Theoretical Formulation

3.1 Basic assumptions

The following basic assumptions in this study were adopted

while developing the mathematic model.

(a) The soil particles and water are incompressible. The

nonlinear relationships between void ratio with

permeability and effective stress during consolida-

tion are shown in Eqs. (2) and (3).

(b) The compressibility and the vertical permeability

coefficients in the smear and undisturbed zones are

assumed to be the same. The horizontal permeability

coefficient in the smear zone is constant distribution

and the ratio of horizontal permeability coefficients

outside and in the smear zone is constant during

consolidation. The size of the smear zone is constant

throughout the depth.

(c) The initial effective stress, the pre-consolidation

pressure, the vertical stress, and associated parame-

ters for a given lth layer of soil with relatively small

Fig. 3 Soil properties and stress distribution of multilayered soil
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thickness are assumed to be constant, but they

change with depth as shown in Fig. 3.

(d) The soil is assumed to be fully saturated, and the

velocity of pore water flow is governed by Darcy’s

law. Although the EPWP varies in the radial

direction, the average EPWP along the radial direc-

tion is used at a given depth to combined with flow in

the vertical direction as shown in Eq. (9), following

the approach proposed by Tang and Onitsuka [62].

(e) Strains only occur in the vertical direction, which are

equal at a given depth along the radial direction

(equal strain condition).

3.2 Governing differential equations

The unit cell for a multilayered soil with a vertical drain is

shown in Fig. 3. The governing differential equation for soil

consolidation, while considering vertical and radial drai-

nage, can be given by (see ‘‘Appendix A1’’ for derivation):

2kh0Ah

cwr2el
r0

r00

� �Bh

u� kv0Av

cwH2

r0

r00

� �Bv o2u

oZ2
¼ mv0

r00
r0

or0

ot
ð9Þ

where u is the average EPWP at a particular depth; t is the

time; H is the total depth of soil; Z is the normalized depth,

i.e., Z¼z=H in which z is the depth; cw is the unit weight of

water;mv0 is the initial volume compressibility, and it can be

calculated by

mv0 ¼ Cc

�
r00 1þ e0ð Þ ln 10
� �

when r0p\r0 or

mv0¼Cr

�
r00 1þ e0ð Þ ln 10
� �

when r0 � r0p; l is the dimensionless parameter, which is

computed based on the permeability variation of soil within

the smear zone, the radial geometry of the drain. Detailed

calculation of l can be referred to the previous studies, e.g.,

Walker and Indraratna [71], Lu et al.[47] and Nguyen [49].

Given a time-dependent loading q tð Þ, the effective stress
can be determined by:

r0 ¼ r00 þ q tð Þ � u ð10Þ

By defining Ch0 ¼ kh0=cwmv0, Cv0 ¼ kv0=cwmv0,

dTh0 ¼ 2Ch0

�
r2el, dTv0 ¼ Cv0

�
H2, the governing equation

can be rewritten as:

dTh0Ah 1þ q tð Þ � u

r00

� �Bhþ1

u

¼ dTv0Av 1þ q tð Þ � u

r00

� �Bvþ1
o2u

oZ2
þ oq tð Þ

ot
� ou

ot

� �

ð11Þ

It can be seen from Eq. (11) that when vertical drainage is

not considered and q tð Þ becomes the instantaneous loading, the

above equation turns into the nonlinear radial consolidation

model of Walker et al. [73] without considering non-Darcian

flow. If the above nonlinear term is further replaced by the

average value (i.e., r00 þ q tð Þ � u
� ��

r00
� �Bhþ1¼ 0:5 1þ½

1þ qmax

�
r00

� �Bhþ1�), it becomes the nonlinear radial consoli-

dation model by Indraratna et al. [28]. Furthermore, when Bh-

= 1 (the slopes of e-log r0 and e-log k are the same, the above

governing equation becomes the same as that by Hansbo [20].

3.3 Advanced features of spectral method

Spectral method is one of the very advanced mathematical

techniques for facilitating numerical solution of even com-

plex partial differential equations (PDEs). It evolved after

the common numerical category of finite element method

(FEM) and finite difference method (FDM) whose the

accuracy depends on the size of the subdomain.[67]. The

spectral method is based on global basis functions (high-

order polynomial or trigonometric functions). Compared

with the numerical methods such as FDM and FEM, the

spectral method has the following advantages when the

geometry of the problem is fairly smooth and regular (e.g.,

consolidation) [6, 52]: (1) high calculation accuracy; (2)

memory-minimizing and computational efficiency; and (3)

high stability. Therefore, the method can capture the tran-

sition of variables over time and space such as stress, EPWP

and soil properties. It was adopted in the current study to

solve the complex governing equation incorporating the

variation of multiple soil properties during consolidation.

When the pore pressure profile changes sharply, oscillations

may occur near steep fronts, which is called the Gibbs phe-

nomenon. The Gibbs phenomenon can be reduced or elim-

inated by increasing the series of N term. Therefore, more

series terms are requiredwhenmodeling sharp changes in the

pore pressure profile.

3.4 Solutions based on the spectral method

For the spectral method, the EPWP u Z; tð Þ is expressed as a
truncated series of N terms, which can be expressed in

matrix form as follows [71, 72, 74, 78]:

u Z; tð Þ �
XN
j¼1

Uj Zð ÞAj tð Þ ¼ UA ð12Þ

where Uj are known basis functions and Aj are expansion

coefficients which can vary with time, and

U¼ U1 U2 ::: UN½ � ð13Þ

AT¼ A1 A2 ::: AN½ � ð14Þ

1846 Acta Geotechnica (2023) 18:1841–1861
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The choice of the basis functions needs to satisfy the

boundary conditions of governing equation [6]. The per-

vious top-pervious bottom (PTPB) and the pervious top-

impervious bottom (PTIB) boundary conditions are given,

respectively, by:

u 0; tð Þ = 0 and u H; tð Þ¼ 0 ð15Þ
u 0; tð Þ = 0 and ou H; tð Þ=oZ¼ 0 ð16Þ

With respect to these boundary conditions (Eqs. (15) and

(16)), the appropriate choice of basis function can be given

by:

Uj Zð Þ¼ sin MjZ
� �

ð17Þ

where Mj

Mj ¼
jp for PTPB

pð2j� 1Þ=2 for PTIB

	
ð18Þ

Note that in the current study, the material properties

such as permeability and compressibility vary with void

ratio and the effective stress, resulting in the complexity to

obtain an exact solution through the spectral method.

Therefore, the current study proposes a numerical approach

where the consolidation process is divided into a discrete

number of time steps (Fig. 4). During each time step, the

material parameters are assumed to be constant, but they

are then re-computed and updated in the next time step

based on Eqs. (6)–(8). By updating the material properties

at each time step and combining the weighted residual

method (WRM), A tð Þ can be obtained using Eq. (19),

thereby the EPWP at a given depth and time can be

obtained in a matrix form (see ‘‘Appendix A2’’ for

derivation):

A tð Þ¼e
�
R t

0
C�1Wds

Z t

0

e

R s

�1
C�1Wdt

C�1Ids

� �
ð19Þ

u Z; tð Þ¼Ue
�
R t

0
C�1Wds

Z t

0

e

R s

�1
C�1Wdt

C�1Ids ð20Þ

where the elements of matrices C, I and W incorporate the

loading patterns and material parameters of every soil

layer. The detailed expressions of these elements can be

found in ‘‘Appendix A2’’, Eqs. (40)–(43). Figure 4 is the

flowchart showing the detailed implementation of the

proposed model. Note that the interval of time step affects

the accuracy of the updated soil parameters for the next

time step.

Since the EPWP at a given depth is expressed as a

function of depth and time as shown in Eq. (20), the

average pore water pressure uavg Zl; Zlþ1; tð Þ and settlement

S Zl; Zlþ1; tð Þ in the lth layer (between depths Zl and Zl?1)

can be calculated, respectively, by:

uavg Zl; Zlþ1; tð Þ¼
R Zlþ1

Zl
UdZ

Zlþ1 � Zl
A tð Þ ð21Þ

Fig. 4 Flow chart of the computational procedure for the proposed

method

S Zl; Zlþ1; tð Þ

¼

Cl
rH

1þ el0

Z Zlþ1

Zl

log
r0l

r0l0

� �
dZ for r0l � r0lp

Cl
rH

1þ el0
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Zl

log
r0lp
r0l0

 !
dZ þ Cl

cH
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Zl

log
r0l
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 !
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8>>>><
>>>>:
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The overall average degrees of consolidation for the

multilayered soil defined by the excess pore pressure and

settlement can, respectively, be obtained by:

Up ¼

Pm
l¼1

q tð ÞKl
s � uavg Zl; Zlþ1; tð Þ

� �
Pm
l¼1

qmaxKl
s

� � ð23Þ

Us ¼

Pm
l¼1

S Zl; Zlþ1; tð Þ

Pm
l¼1

S Zl; Zlþ1;1ð Þ
ð24Þ

where Zl and Zl?1 denote the normalized depth at the bottom

and top of the lth layer, respectively; Kl
s is the stress influence

factor in the lth layer; S Zl; Zlþ1;1ð Þ is the final settlement in

the lth layer. The superscript l represents the value of the

corresponding parameter or variable at the lth layer.

3.5 Continuity conditions at the soil interface

In the solution of the spectral method, the average EPWP

u Z; tð Þ is expressed as a truncated series of N terms, and the

sine functions were selected as the basis functions.

Therefore, the value of the average EPWP and its deriva-

tive in the soil at any position are continuous.

First, the continuous condition of EPWP at the interface

between two adjacent layers (lth and l ? 1th layer) can be

satisfied:

u lð ÞjZl
¼ u lþ 1ð ÞjZl

ð25Þ

In addition, since the soil property of a certain soil layer

is assumed to be constant in this study, an interface (i.e.,

dummy) layer with a thickness of zero is set between two

adjacent layers, as shown in Fig. 3. The soil parameters are

assumed to be linearly distributed in the interface layer, so

the continuous condition of flow rate can also be satisfied

between two adjacent layers (lth and l ? 1th layer), i.e.,

klv
ou lð Þ
oZ






Z¼Zl

¼ klþ1
v

ou lþ 1ð Þ
oZ






Z¼Zl

ð26Þ

It is noteworthy that the distribution made by the

dummy layer to Cij and Ii is zero, and the distribution made

by the interface layer between two adjacent layers (lth and

l ? 1th layer) to Wij can be found in Eq. 43.

4 Model verification

To verify this proposed model, the mathematical formu-

lation presented above is applied to the following labora-

tory and field studies:

1. Radial consolidation of single soil layer by single-

instantaneous loading [28, 73];

2. Vertical and radial consolidation of multilayered soil

by multi-ramp loading [10, 60];

The calculation of the dimensionless drain parameter l
is based on the assumption of a smear zone with constant

reduced permeability [20].

4.1 Laboratory tests

Two laboratory studies [28, 73] were used to verify the

proposed model. The physical size of the consolidation

apparatus was 450 mm in diameter by 950 mm high, and

the reconstituted alluvial clay from Moruya (New South

Wales) was used. For these tests (normal consolidation

range), the initial pre-consolidation pressures r
0

0 of the soil

were 20 kPa and 50 kPa with the loading increments in

these two studies were 30 kPa and 50 kPa, respectively

(i.e., Dp = 30, 50 kPa). The detailed testing procedure can

be found in Walker et al. [73]. The soil parameters and

drain properties are shown in Table 2. Note that as the

drain was relatively short, the well resistance effect was

neglected in the calculation of l.
The degree of consolidation based on the settlement is

obtained using Eq. (24). The accuracy of the calculation is

determined by the selection of the truncated series N, as

shown in Eq. (12). An investigation on the convergence

was carried out especially addressing the effects of the

numbers of the truncated series N through these two

Table 2 Soil parameters and drain properties of the model test (after

Walker et al. [73])

Parameters Test 1 Test 2

Cc 0.29 0.29

Ckh 0.45 0.45

Diameter of influence zone, De/(m) 0.45 0.45

Diameter of equivalent drain, Dw/(m) 0.066 0.066

Diameter of smear zone, Ds/(m) 0.2 0.2

Initial horizontal permeability kh0/(10
–10 m/s) 4.4 4.0

kh/ks 1.5 1.5

Initial void ratio, e0 1.000 0.950

Initial height, H/m 0.925 0.870

Pre-consolidation pressure, r00 (r0p)/kPa 20 50

Load, p/kPa 30 50
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laboratory tests, the results are shown in Fig. 5. It shows

that N = 50 are sufficient for a single soil layer with an

error\ 0.5% for calculating EPWP. In addition, Fig. 5b

shows the ‘‘exponential’’ convergence of spectral method

with N. The relationship between N and error d can be

expressed as log(N) = a ? b log(d), where a and b are the

coefficients. In practical applications, the selection of N

depends on the complexity of the problem (e.g., the num-

ber of soil layers and the differences in parameters between

soil layers) and the required accuracy of computation.

When the number of soil layers is large or the soil

parameters differ greatly, the value of N should be larger to

improve the calculation accuracy and eliminate the influ-

ence of the Gibbs phenomenon [6, 52]. The appropriate

truncation series N can be selected according to the cal-

culation accuracy requirements. For example, if the num-

ber of digit accuracy (p) is required, the truncated series N

can be selected based on the relationship of N ¼
10aþb logð10�pÞ in this case. In these two tests, only radial

drainage was allowed, so dTv0 was set as 0. The results

were compared with the laboratory data and the analytical

solutions presented by Indraratna et al. [28], Walker et al.

[73] and Lu et al. [46], as shown in Fig. 6a. Note that the

model of Walker et al. [73] is a closed-form analytical

solution, while the models of Lu et al. [46] and Indraratna

et al. [28] are simplified analytical solutions based on

Simplified Methods A and B, respectively. Figure 6 shows

that the results calculated by the proposed method are very

close to the experimental results and analytical solution of

Walker et al. [73]. Indeed, Fig. 6b and c shows that the

largest deviations between the proposed solution and

measured data and analytical solutions [73] in Test 1 and

Test 2 are less than 4.6% and 0.6%, respectively. The

difference between the calculation results of the proposed

method and the analytical solution of Walker et al. [73] is

caused by the insufficient value of truncation series

N. When the value of N increases, the result predicted by

the proposed method becomes more accurate and closer to

the analytical solution. However, the results from the

models of Lu et al. [46] and Indraratna et al. [28] deviate

from accuracy, especially in the early stage of consolida-

tion. This is because the average consolidation coefficients

have been in these two models, which overestimate the

actual consolidation coefficient during the early stage, as

shown in Fig. 6d and e.

4.2 Hangzhou–Ningbo (HN) Expressway, China

The test embankment using PVDs at Hangzhou–Ningbo

(HN) Expressway was reported by Chai et al. [10] and

Shen et al. [60]. The HN Expressway was located at the

southern coast of Hangzhou Bay, China. The thickness of

the soft layers was about 23 m. The top crust was con-

sidered to be in lightly over-consolidated state with an

over-consolidation ratio (OCR) of about 5, and the deeper

layers were in the normally consolidated state. The soil

profile and soil parameters used in this study provided by

Chai et al. [10] are shown in Table 3. The stage loading

process is shown in Fig. 7a. The final fill height for the

surcharge preloading was 5.88 m and the unit weight of the

fill material was 20 kN/m3. As suggested by Tavenas et al.

[64], the permeability indices in this study were calculated

by Ckh = Chv = 0.5e0. Parameters related to the vertical

drain are as follows: (a) the geometrical parameters de-
= 1.580 m, ds = 0.355 m, dw = 0.053 m, n = re/rw = 29.8,

s = rs/rw = 6.7, and l = 19.0 m; (b) the permeability ratio

(kh/ks) = 13.8; and (c) the discharge capacity (qw) 100 m3/

year.

The surface settlement and EPWPs were calculated

using Eqs. (19)–(22) with 100 series terms (N) and the

results are shown in Figs. 7b and 8 in comparison with the

measured data and the predictions using previous models

[32, 46, 74]. Note that the model of Walker et al. [74] is the

conventional linear consolidation model for multilayered

(a) Results with the variation of N

(b) Error with the variation of N
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Fig. 5 Investigation on the solution convergence over the truncated

series N
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Fig. 6 Comparison between the proposed model and those by Indraratna et al. [28], Walker et al. [73] and Lu et al. [46]: a consolidation degree;

b deviation in Test 1; c deviation in Test 2; d horizontal consolidation coefficient variation in Test 1; e horizontal consolidation coefficient

variation in Test 2
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soil with coupled vertical-radial drainage, the initial per-

meability coefficients (kh0 and kv0) and compressibility

coefficient (mv) were adopted in the linear consolidation

model, as shown in Table 3. The settlements predicted by

the model of Walker et al. [74] overestimate the field data

due to the inability to consider the nonlinear behavior of

the soil. The models of Lu et al. [46] and Kim et al. [32] are

analytical solutions of radial consolidation (i.e., only radial

drainage) based on the Simplified Methods A and B,

respectively, which can be considered as the piecewise

solutions in which the soil parameters and stress conditions

are the corresponding values at the mid-point of each layer.

Since the ratios between the compression and permeability

indices of the main compression soil layer (e.g., 4.8–19 m)

are close to 1 in this case (see Table 3), the settlements

predicted by the models of Lu et al. [46] and Kim et al. [32]

are very similar. However, since the nonlinear vertical

permeability are not included in these two models, their

predicted settlements underestimate the field data. The

proposed method which incorporates both nonlinear verti-

cal and radial permeability provides better prediction. For

example, the difference between the predicted and mea-

sured settlement at 400 days significantly decreases to

about 10 mm (0.58%) using the proposed model, where the

errors in the analyses of Walker et al. [74], Lu et al. [46]

and Kim et al. [32] are 71 mm (4.11%), 82 mm (4.73%)

and 87 mm (5.02%), respectively.

Figure 8 compares the predicted EPWPs by the current

proposed solution with the measured data and the results

obtained by the methods of Walker et al. [74], Lu et al. [46]

and Kim et al. [32] at three different depths (i.e.,

z = - 2.0 m, z = - 10.0 m and z = - 14.05 m). The

EPWPs predicted by the model of Walker et al. [74]

overestimate the dissipation rate of EPWPs at all depths, as

this model cannot consider the nonlinear behaviors of the

soil. Generally, the results by the proposed method are

closer to the field data compared to other models, espe-

cially in shallow soil, i.e., at depth of 2 m. For example, at

200 days, the error of 30 kPa in previous models is reduced

to be less than 3 kPa by the proposed model. At greater

depths (i.e., z = - 10.0 m and z = - 14.05 m), the ratios

between the compression and permeability indices (Cc/Ckh

and Cc/Ckv) are close to 1, and the soil consolidation is

predominantly governed by the radial drainage. Therefore,

the EPWPs predicted by models of Lu et al. [46] and Kim

et al. [32] approach closer to the field data and the current

Table 3 Soil parameters for subsoil in the test embankment at Hangzhou–Ningbo Expressway, China (modified after Chai et al. [10])

Depth (m) c (kN/m3) mv (10
–3 kPa-1) e0 Cc Cr kv0 (10

–3 m/d) kh0 (10
–3 m/d) r00 at middle of layer (kPa) OCR

0.0–1.0 19.3 0.68 0.81 0.184 0.018 3.03 3.03 4.65 5.0

1.0–3.0 18.5 0.68 1.07 0.370 0.037 1.00 2.00 17.80 1.1

3.0–4.8 18.5 1.28 1.07 0.370 0.037 0.22 0.56 33.95 1.1

4.8–6.8 17.3 0.93 1.36 0.690 0.069 0.30 0.80 48.90 1

6.8–8.3 17.3 1.32 1.36 0.690 0.069 0.30 0.80 61.68 1

8.3–10.3 17.3 1.15 1.36 0.650 0.065 0.30 0.80 74.45 1

10.3–12.3 17.3 0.96 1.36 0.650 0.065 0.28 0.52 89.05 1

12.3–14.3 17.3 0.86 1.36 0.650 0.065 0.28 0.52 103.65 1

14.3–16.3 17.9 0.77 1.10 0.458 0.046 0.16 0.35 118.85 1

16.3–18.3 17.9 0.55 1.10 0.458 0.046 0.16 0.35 134.65 1

18.3–19.0 19.3 0.51 0.81 0.230 0.023 0.04 0.06 145.81 1

Fig. 7 Comparison of settlement curves: a loading process; b surface

settlement comparison
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model, as shown in Fig. 8b and c. Note that all the pre-

dicted EPWPs dissipate completely after 800 days while

the measured EPWPs gradually change after 600 days. For

example, the measured EPWP at 2 m depth remains almost

unchanged at about 10 kPa until the end of observation.

This residual EPWP could be attributed to the effect of

rising groundwater level after 600 days.

Figure 9 shows the distribution of EPWP along the

depth at 100, 200 and 400 days. In general, the isochrones

of EPWP are in good agreement with the measured data. In

fact, the predicted curves present very well the smooth

transition in EPWP over different soil layers, provided

appropriate value of N. This shows that the proposed model

based on the spectral method can be well applied to the

nonlinear consolidation calculation of multilayered

foundations.

Fig. 8 Comparison of predicted EPWPs of test embankment with the

field data: a at depth z = - 2.0 m; b at depth z = - 10.0 m; c at

depth z = - 14.05 m
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Fig. 9 The isochrones of excess pore water pressure at t = 100, 200

and 400 days obtained by the proposed method
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The above verifications prove that the current consoli-

dation model based on spectral method can improve the

prediction significantly especially at shallow layers where

the vertical drainage can contribute considerably to the

overall soil consolidation. The proposed solution is suit-

able for analyzing vertical and radial consolidation to

capture more realistic conditions such as multilayered soils

and time-dependent loading associated with nonlinear

behaviors of compressibility and permeability.

5 Assessment of past and current nonlinear
consolidation solutions

As discussed earlier, the simplified analytical solutions for

nonlinear consolidation can be obtained based on certain

assumptions for simplicity. While for previous models

based on Assumption (1) (i.e., assuming that

r0
�
r00

� �Bh or Bvð Þþ1¼ 0:5 1þ 1þ qmax

�
r00

� �� �� �Bh or Bvð Þþ1
)

and Assumption (2) (i.e., assuming that r0
�
r00

� �Bh or Bvð Þþ1¼
0:5 1þ 1þ qmax

�
r00

� �Bh or Bvð Þþ1
h i

), the limitation of these

two assumptions has not been investigated. Indeed, the

values of the nonlinear coefficient terms r0
�
r00

� �Bh or Bvð Þþ1

are mainly determined by the ratios Bh (or Bv) (i.e., -Cc/Ckh

or -Cc/Ckv) and r0
�
r00. It can be seen from Fig. 10a that

when the compression index (Cc) is not equal to the per-

meability indexes (Ckv or Ckh), the nonlinear coefficient

term changes significantly during the consolidation process

(i.e., r0
�
r00 changes from 1 to r00 þ qmax

� ��
r00). Moreover,

Fig. 10b indicates that the nonlinear coefficient term

changes more apparently with the increase in the effective

stress ratio when Cc/Ckh(or kv) is less than 1. For example,

the coefficient term increases sharply toward 5 when Cc/

Ckh(or kv) = 0.5 and r00 þ qmax

� ��
r00 ¼ 25:

Therefore, in this section, the consolidation responses

based on the Simplified Methods A and B have been

obtained using the average value of . r0=r00
� �Bhðor BvÞþ1

appeared in Eq. (37), and compared with those using the

proposed solution. Since the main influencing factors of the

nonlinear coefficient terms are Cc/Ckh(or kv) and qmax

�
r00,

the effects of these two ratios are investigated through the

(a) (b)

(c) (d)

Fig. 11 Comparison between the proposed solution and simplified solutions for different x: a average degree of consolidation (Us) based on

settlement; b average degree of consolidation (Up) based on EPWP; c comparison of consolidation coefficient variation (x = 1.5); d comparison

of consolidation coefficient variation (x = 0.5)
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parametric study. The well resistance is neglected, and the

imposed drainage condition is the PTIB (impervious bot-

tom) with an instantaneous loading. The single layer nor-

mally consolidated soil (r00 ¼ r0p) is considered isotropic

(Cv0 = Ch0, Ck = Ckh = Ckv). The soil properties based on

the Moruya clay (New South Wales) were assumed as

follows: (i) the soil properties: Cv0 = Ch0 = 1.2 9 10–3

m2/day, r00 = 20 kPa, Cc = 0.3, Ck = Ckh = Ckv = 0.45,

e0 = 1; (ii) the permeability ratio (kh/ks) = 1.5; and (iii) the

geometrical parameters of drains: re = 0.5 m, rs-
= 0.222 m, rw = 0.074 m, n = re/rw = 6.79, s = rs/rw-
= 3.02, H = 5 m, l = 1.718. Note that series terms in

relation to N = 50 were used in the analysis.

5.1 Effect of the ratio between the compression
and permeability indices (Cc/Ck)

To study the impact of the ratio of Cc/Ck (x), in the range

of 0.5–2 was adopted in the analysis according to Berry and

Wilkinson [5], the load increment ratio qmax

.
r0p was set as

5. Figure 11 (where Th = Ch0t/de
2) shows the comparison

between the proposed and simplified solutions for different

x. Apparently, x has a great impact on the consolidation

rate. It shows that given the same soil parameters and load

conditions, the greater the value of x, the smaller the

consolidation rate. This is because the consolidation coef-

ficient decreases as x increases, as shown in Eqs. (7) and

(8). It can also be seen that when x is greater than 1 (black

and red lines), the results of the two simplified solutions are

quite different from the results by the proposed method.

This is because the consolidation coefficients of Simplified

Methods are greater than the varying consolidation coef-

ficient adopted in the proposed solution in the early stage,

and smaller in the later stage, as shown in Fig. 11c (take

x = 1.5 as an example). This results in the consolidation

rate being lower in the early stage and larger in the later

stage for both Simplified Methods. When x is less than 1

(green lines), an opposite trend is observed. When x is

equal to 1 (blue line), i.e., the nonlinear terms (i.e.,

r0
�
r00

� �1�x
) of all approaches are constant, all results

obtained by all methods are the same, i.e., the solid, dotted

and dashed blue lines coincide. In general, Simplified

Method A has a larger deviation in early stage, while

Simplified Method B has a larger deviation in later stage

for both Us and Up with different values of x. This is

(a) (b)

(c) (d)

Fig. 12 Comparison between the proposed solution and simplified solutions under different load increment ratio R for x = 1.5: a R = 1; b R = 4;
c R = 7; d R = 10
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caused by the magnitude of the difference between the

average consolidation coefficients adopted by Simplified

Methods and the variable consolidation coefficient used in

the proposed method, which can be seen from Fig. 11c and

d.

5.2 Effect of load increment ratio qmax
�
- r00

The load increment ratio qmax=r00 (R) is related to the

applied preloading and the in-situ initial stress. The greater

the load (qmax) or the smaller of in-situ initial stress (r00),
the greater the load increment ratio R. To study the impact

of load increment ratio (R) in the range of 1–10, four dif-

ferent values of R were selected under the two cases of

x = 1.5 and x = 0.5: (i) R = 1; (ii) R = 4; (iii) R = 7; and

(iv) R = 10 (Figs. 12 and 13).

For x = 1.5, the increase in load increment ratio reduces

the consolidation rate based on EPWP (i.e., Up), as shown

in Fig. 12. In contrast, the consolidation rate increases as

R increases when x = 0.5 (see Fig. 13). This is because the

consolidation coefficient decreases as R increases when

x[ 1, and increases with the increase of R when x\ 1, as

shown in Fig. 10. It can also be seen that the results from

the two simplified solutions are quite different from those

by the proposed solution. When R is small (i.e., R = 1), the

differences in the computational results between the sim-

plified and the proposed solutions are relatively small (the

largest difference given by both simplified solutions is less

than 3.5%), as shown in Figs. 12 and 13. As the load

increment ratio R increases, the deviation of the simplified

solutions gradually becomes significant. When x = 1.5,

Simplified Method A has a relatively small deviation in the

later stage of consolidation (Th[ 0.5), and the Simplified

Method B has a relatively small deviation in the early stage

of consolidation (Th\ 0.1). When x = 0.5, the results of

Simplified Methods A and B are relatively close, but

overall, Simplified Method B has a smaller deviation. For

x = 1.5 and x = 0.5, the biggest difference between the

simplified solutions and proposed solution reaches 12.5%

and 11.0%, respectively, when R = 10.

5.3 Applicability of the simplified solutions

The above analysis indicates that the simplified solutions

can cause noticeable deviations in the predicted results

depending on the magnitude of x and R. The simplified

solutions must be applied in an appropriate range to

maintain their prediction’s accuracy. For this purpose, the

(a) (b)

(c) (d)

Fig. 13 Comparison between the proposed solution and simplified solutions under different load increment ratio R for x = 0.5: a R = 1; b R = 4;
c R = 7; d R = 10
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typical values of Cc/Ck for soil in the range of 0.5–2 were

used and the range of load increment ratio qmax

�
r00 was

selected within 0.1–10.

Figure 14 shows the maximum deviations in the degrees

of consolidation between the proposed solution and the

Simplified Methods A and B for different values of x and

R. Obviously, the deviation of both Simplified Methods A

and B increases with the increase of R and |x - 1|. In this

study, the deviations originated by Simplified Methods A

and B both reach the maximum values, i.e., 20.1% and

28.9%, respectively, when x = 2 and R = 10. If 5% error is

taken as the acceptable threshold considering the deviation

in predicted results, when considering the degree of con-

solidation based on settlement (i.e., Us), Simplified Meth-

ods A and B can only satisfy this requirement if the

following conditions are met:

(i) 0.50\x\ 1.50 when R\ 2; or 0.75\x\ 1.10

when 2\R\ 10 (Simplified Method A).

(ii) 0.50\x\ 1.60 when R\ 3; or 0.70\x\ 1.30

when 3\R\ 10 (Simplified Method B).

When considering the degree of consolidation based on

EPWP (i.e., Up), Simplified Methods A and B can only

satisfy the requirement if the following conditions are met:

(i) 0.50\x\ 1.60 when R\ 2; or 0.75\x\ 1.25

when 2\R\ 10 (Simplified Method A).

(ii) 0.50\x\ 1.35 when R\ 4; or 0.65\x\ 1.25

when 4\R\ 10 (Simplified Method B).

When the degree of consolidation based on settlement

and EPWP both needs to be considered, Simplified Meth-

ods A and B can only satisfy the requirement if the com-

bined conditions are met:

(i) 0.50\x\ 1.50 when R\ 2; or 0.75\x\ 1.10

when 2\R\ 10 (Simplified Method A).

(ii) 0.50\x\ 1.35 when R\ 3; or 0.70\x\ 1.25

when 3\R\ 10 (Simplified Method B).

Combining the above conditions for a general case, it

can be concluded that both Simplified Methods A and B

can provide acceptable predictions below 5% error when

either the load increment ratio is relatively low (R\ 2) or

the compression index is close to the permeability index

Fig. 14 Maximum deviation in the predicted consolidation degree between the proposed solution and Simplified Methods: a Us for Simplified

Method A; b Up for Simplified Method A; c Us for Simplified Method B; d Up for Simplified Method B
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(0.75\x\ 1.10). It is noteworthily that the assumption

for the smear zone would affect the value of the dimen-

sionless parameter l. However, since the difference

between the simplified solutions and the proposed solution

is essentially the determination of nonlinear term

1þ q tð Þ�u

r00

 �Bh or Bvð Þþ1

, the value of l has a slight influence

on the deviation from accuracy when adopting simplified

solutions by additional computational verification. In this

regard, the assumption for the smear zone would not

change the related conclusions to any significant extent.

6 Model limitations

Although the proposed model can predict the nonlinear

consolidation of stratified soil induced by vertical drains, it

still has some limitations due to some assumptions made

for facilitating the mathematical formulations and solu-

tions. Some of these limitations are listed below:

(a) The spectral-Galerkin method solution can lead to

oscillations when the problem is represented by a

discontinuous function; these oscillations are known

as Gibbs phenomenon [67]. Therefore, more series

terms are required when modeling sharp changes in

the pore pressure profile.

(b) The constitutive relationship associated with

preloading removal has not been considered in this

study.

7 Conclusions

In this paper, a novel approach was proposed where the

spectral method was used to analyze the nonlinear con-

solidation of multilayered soil with coupled vertical-radial

drainage. The logarithmic compressibility and permeability

model (e-log r’ and e-log k) was adopted to describe the

nonlinear relationships. Conclusions can be drawn as

follows:

(1) The proposed method can capture well the nonlinear

characteristics in consolidation behavior of different

soil layers with time and depth. The application of

this method to existing laboratory and field data in

comparison with other analytical solutions verified

the feasibility and accuracy of the proposed model.

For the case study, the difference between the

predicted and measured settlement at 400 days

significantly decreased from 5.02% (i.e., 87 mm)

by the previous models to 0.58% (10 mm) by the

proposed model.

(2) The value of x (Cc/Ck) had a great impact on the

consolidation rate, i.e., the greater the value of x, the
smaller the consolidation rate. Increasing the load

increment ratio (R = qmax

�
r00) and the deviation of

the ratio x from unity (i.e., |x - 1|) can lead to a

larger deviation of both Simplified Methods A and B.

(3) Simplified Methods A and B provided accurate

prediction within 5% error if the following condi-

tions were met: (a) 0.50\x\ 1.50 when R\ 2; or

0.75\x\ 1.10 when 2\R\ 10 for Simplified

Method A; and (b) 0.50\x\ 1.35 when R\ 3; or

0.70\x\ 1.25 when 3\R\ 10 for Simplified

Method B.

Appendix A: Derivation of governing
equation and solutions by using the spectral
method

A.1: Derivation of governing equation

The rate of strain can be expressed as:

oev
ot

¼ � 1

1þ e0ð Þ
oe

ot
¼ mv0

r00
r0

or0

ot

¼

Cr

r00 1þ e0ð Þ ln 10
r00
r0

or0

ot
for r0 � r0p

Cc

r00 1þ e0ð Þ ln 10
r00
r0

or0

ot
for r0p\r0

8>>><
>>>:

ð27Þ

It is assumed that the flow rate in the unit cell is equal to

the rate of change in the volume of the soil mass, then the

continuity equation can be expressed by:

p r2e � r2
� � oev

ot
¼ p r2e � r2

� � 1

cwH2

o

oZ
�kv

ou

oZ

� �

þ 2pr
k

cw

ou

or
ð28Þ

where k is the radial permeability coefficient, k = ks and kh
inside and outside the smear zone, respectively.

The average EPWP in the soil cylinder at depth Z is

calculated from the following algebraic expression:

p r2e � r2w
� �

u ¼
Z re

rw

2prudr ð29Þ

By substituting Eq. (27) into (28), the following equa-

tion expressed by the average EPWP can be obtained:

u ¼ cwr
2
el

2kh

1

cwH2

o

oZ
kv

ou

oZ

� �
þ oev

ot

� �
ð30Þ
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where l is the dimensionless parameter, which is computed

based on the variation of soil permeability within the smear

zone and the radial geometry of the drain.

Based on Eqs. (2)–(5), (27) and assumptions (a)–(e), the

governing equation can be expressed as:

2kh0Ah

cwr2el
r0

r00

� �Bh

u� kv0Av

cwH2

r0

r00

� �Bv o2u

oZ2
¼ mv0

r00
r0

or0

ot
ð31Þ

A.2: Solutions by using the spectral method

By substituting Eq. (12) into Eq. (9) and using the spectral-

Galerkin method, the governing differential equations can

be rewritten as:

C
oA

ot
þWA ¼ I ð32Þ

By using the method of variation of parameters, the

solution to the non-homogeneous Eq. (30) can be found by:

A tð Þ ¼ e
�
R t

0
C�1Wds

Z t

0

e

R s

�1
C�1Wdt

C�1Ids

� �
ð33Þ

To present the explicit matrix element expressions for C,

W and I in a concise manner, some shorthand notations are

adopted as shown below:

SN b½ �¼ sin bZlþ1ð Þ � sin bZlð Þ½ �=b ð34Þ
CS b½ � ¼ cos bZlþ1ð Þ � cos bZlð Þ½ �=b ð35Þ

Mi ¼
ip for PTPB

pð2i� 1Þ=2 for PTIB

	
ð36Þ

Mj ¼
jp for PTPB

pð2j� 1Þ=2 for PTIB

	
ð37Þ

M�¼Mj �Mi ð38Þ

K�
ij¼

SN M�½ � � SN Mþ½ � i 6¼ j

Zlþ1 � Zl½ � � SN Mþ½ � i ¼ j

(
ð39Þ

The contribution made by the lth layer of soil to Cij;Wij

and Ii is given by:

Cij lð Þ ¼ ml
v0

r0l0
r0l

K�
ij ð40Þ

Wij lð Þ ¼
2klh0A

l
h

cwr2el
1þ ql tð Þ � ul

r0l0

� �Bl
h

K�
ij

þ klv0A
l
v

cwH2
1þ ql tð Þ � ul

r0l0

� �Bl
v

MiMjK
þ
ij ð41Þ

Ii lð Þ ¼ �2ml
v0

r0l0
r0l

oql tð Þ
ot

CS Mi½ � ð42Þ

Since the thickness of the interface layer is zero, the

distribution made by the interface layer made by the

interface layer between two adjacent layers (lth and l ? 1th

layer) to Wij is given by:

Wij lð Þ ¼ � 1

cwH2
Mj

klþ1
v0 Alþ1

v 1þ qlþ1 tð Þ � ulþ1

r0lþ1
0

 !Blþ1
v

�klv0A
l
v 1þ ql tð Þ � ul

r0l0

� �Bl
v

2
666664

3
777775

cos MjZl
� �

sin MiZlð Þ
ð43Þ

If the number of layers is m, the final values for Cij, Wij

and Ii are given by adding the contribution of each layer of

soil:

Cij ¼
Xm
l¼1

Cij lð Þ ð44Þ

Wij ¼
Xm
l¼1

Wij lð Þ ð45Þ

Ii ¼
Xm
l¼1

Ii lð Þ ð46Þ
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