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Abstract

Localized deformation is the failure precursor of quasi-brittle rocks. The objective herein is to propose an enhanced
constitutive model incorporating the evolution of localized damage in quasi-brittle rocks. The plastic and damage
behaviors are assumed inside the localization zone, and elastic deformation is considered outside the zone. As a conse-
quence, the macroscopic responses are obtained by using a volume average procedure incorporating the evolution of the
volume fraction of the localization zone. The plastic and damage behaviors inside the localization zone are, respectively,
described by a nonlinear yield criterion and an exponential damage criterion. The onset of localized failure is defined by
introducing a critical value of localized damage parameter. For application, a semi-implicit return mapping algorithm is
developed to deal with the numerical implementation at the material level. Finally, the validity of the model and the
robustness of the algorithm are assessed by the consistent comparison between simulation results and the triaxial com-
pression test of three typical quasi-brittle rocks. The post-peak snapback and brittle-ductile transition behaviors are
captured by adjusting the evolution rates of localization zone and localized damage, respectively. This model has two main
innovative features: (1) the simulated peak strength of the model only depends on the strength parameters and is not
affected by the damage and localization parameters, and (2) the proposed approach can effectively overcome the over-
estimation of plastic deformation by the traditional associated plastic flow rule and accurately describe the post-peak
mechanical behaviors of quasi-brittle rocks.
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We Damage parameter

Wer Critical damage

OWmax  Maximum damage value

Y, Damage-driven force threshold

Ap Plastic multiplier

Ad Damage multiplier

Y4 Damage-driven force

o Parameter controlling local bandwidth evolution
w Damage variable

o'r@l Trial stress tensor

gf"i“l Trial strain tensor

k Loading step

d Increment between loading steps

0 Tiny increment between iteration steps
® Friction angle

0. Failure angle

1 Introduction

Due to the high in-situ stress conditions, the mechanical
behaviors of quasi-brittle rocks (such as granite [8], sand-
stone [32], and basalt [19], etc.) play a dominant role in the
deep underground engineering. Localized deformation or
damage is the main failure mode of the hard or quasi-brittle
rocks [13]. Localized cracks or shear/compression bands
are often observed in failure rock samples and need special
remedy in the numerical simulation [3, 12, 27]. The sim-
ulation and description of the localization failure mecha-
nisms of rocks are prerequisite for the instability and
failure analysis of practical engineering structure. The
objective of this paper is to develop a characterization
method that links the localized responses to the global
mechanical behavior and propose a localized damage
model to capture the mechanical responses of quasi-brittle
rocks.

In the process of rock deformation and failure, the
nonlinear characteristics are obvious, such as confining
pressure effect, straining hardening/softening, volumetric
dilatancy, stiffness degradation, brittle-ductile transition,
anisotropy, and time-dependent behaviors, etc.
[4, 29, 33, 37, 39]. These mechanical characteristics are
related to mineral compositions [11], loading conditions
[46], stress path [30, 41], and external environmental
conditions [6, 26], etc. For quasi-brittle rocks, localized
failure is an important characteristic accompanied by post-
peak stress drop even under the high confining pressure
[28]. Due to the influence of rock lithology and instrument
stiffness, two typical failures (Class I and Class II) appear
under compression condition [36]. The failure character-
istics of Class I rock are as follows: deformation continues
to increase during post-peak softening stage, while strain
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decreases with decreasing of stress (snapback) after peak
strength for Class II rock. These post-peak mechanical
behaviors of quasi-brittle rocks are captured by the cir-
cumferential or minimum principal strain-controlled way
in the laboratory [28]. In addition, the brittle-ductile tran-
sition behavior may occur with increasing of confining
pressure [29]. This mechanical phenomenon can be briefly
summarized that rock sample exhibits brittle failure with a
rapid stress drop at the post-peak stage under low confining
pressure while ductile deformation is almost without
reduction carrying capacity at the post-peak stage under
high confining pressure.

The physical failure mechanisms of quasi-brittle rocks
can be interpreted by cracks initiation, propagation, and
coalescence in localization zone. The corresponding non-
linear behaviors can be attributed to the damage accumu-
lation induced by cracks propagation and the plastic
deformation caused by frictional slipping between crack
surfaces [2, 7]. Moreover, the coupling process of plastic
and damage dissipation is the resource of nonlinear
deformation of quasi-brittle rocks. Extensive works have
been studied experimentally and theoretically on investi-
gating localized deformation. This process of quasi-brittle
rocks was well detected using advanced techniques, such as
digital image correlation (DIC), computed tomography
(CT), and acoustic emission (AE). At present, DIC [14] on
localized strain filed of rocks is mainly focused on uniaxial
compression tests. The onset and propagation of localiza-
tion band was tracked as well as its thickness and direction
measured by CT [1]. The localized damage under the
confining pressure was explored by AE [20] and CT [40].
Unfortunately, most of the existing research results are
qualitative description and lack of a strong quantitative
validation. Moreover, the localized quantitative experi-
mental studies focus on the local strain field, and the local
stress field information is difficult to obtain.

Rock constitutive model is acknowledged as an effective
and essential approach to understand the nonlinear
mechanical responses of rocks. The continuum damage
mechanics (CDM) is a powerful theory tool to describe the
mechanical behaviors of rocks. Based on the failure
mechanism analysis of rocks, one or more internal vari-
ables are needed to characterize the relevant nonlinear
dissipation process. For example, a coupled elastoplastic
damage model [33] is proposed and developed for
describing the two dissipation processes (plastic slipping
and damage evolution). Because the associated flow rule
tends to overestimate the nonlinear deformation of geo-
materials, a non-associated flow rule is inevitably adopted
in the model [42]. Moreover, the existing models describe
the nonlinear and post-peak mechanical behaviors by
changing the form of yield surface or incorporating an
empirical function in the yield criterion [31, 44] without
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considering localization effects. This causes the classical
continuum models, which define homogeneous macro-
scopic variables over the volume element, are disabled to
describe the localized failure characteristics, especially for
post-peak localization behaviors.

In order to capture the localization deformation and
failure characteristics as well as cracks propagation of
quasi-brittle rocks, the existing methods are mainly divided
into two categories. The first one is localized constitutive
model [9, 18, 23], which were developed incorporating
localized characteristics through regularization method at
the material scale. The second class includes the
improvement of the traditional numerical method and the
innovation of advanced numerical method combining with
a simple model used to capture the local cracks propagation
of quasi-brittle rocks [16, 21, 45]. This work will study the
localized failure of quasi-brittle rocks falling into the first
category. For this purpose, enrichment of constitutive
kinematics and embedded discontinuity has been applied
separately to construct the constitutive model at the Gauss
point and element level [5, 18]. The onset and orientation
of localization band are the key points in the strain local-
ization theory. Bifurcation theory is the landmark method
to detect the onset and orientation of localized failure [22].
Mohr’s maximization postulate has also been determined
the direction of the cracks by finding the maximum value
of yield function [34, 43]. So far, the loss of positive def-
initeness of the acoustic tensor [23] and the extremum of
yield [9] have been widely used and successfully predicted
the onset of the localization band. The nonlinear energy
dissipation process occurs inside localized cracks after
localization. In order to capture the localization responses,
the mechanical responses of localized cracks are described
by a specific traction-based friction-damage model [43].
How to develop localized damage models based on the
CDM theory is still an open issue. Therefore, the main task
of this study is to develop a rock constitutive model con-
sidering localized damage based on the general agreement
of failure mechanism of quasi-brittle rocks.

The structure of the paper is as follows. The enrichment
strain field, which is used to characterize the local dis-
continuous behavior, is presented in Sect. 2. Constitutive
formulations are given in Sect. 3. Subsequently, the
numerical implementation procedure is derived in detail in
Sect. 4. And the model parameters identification, numeri-
cal validation, and numerical algorithm assessment are
presented in Sect. 5. Finally, conclusions and prospects are
drawn in Sect. 6. It is noted that the compression stress is
assumed positive and tensile stress is assumed negative in
this work.

2 Localization fundamentals

The localized failure is a remarkable characteristic of
quasi-brittle rocks. This failure process translates from
diffuse/homogeneous deformation to localized/inhomoge-
neous deformation due to the initiation, propagation, and
macrocracks coalescence of cracks (in Fig. 1). A local
shear band is the prominent compression-shear failure
mode of quasi-brittle rocks. This causes the strong local-
ized discontinuity behavior and localized damage to take
place. Moreover, the nonlinear mechanical behaviors are
governed by the local responses in the shear band. This
section introduces a double-scale method that connect the
macroscopic volume-averaged responses with mechanical
responses inside and outside localization zone.

The damage failure process of quasi-brittle rocks is
characterized by a local band embedded in the element
once localization occurs (in Fig. 2). Moreover, the varia-
tion of bandwidth is also considered varying with the
localized damage in the following work. The assumptions
of traditional continuum model are not valid due to the
embedded localization band in the volume element.
Inspired by the previous studies [17], the local displace-
ment jump [u], normal vector n, and additional strain
+([u] ® n)¥™ are in the localization of the damage zone.
The width of the band is % and the height of the sample is
H. Assume that the sample is unit thickness. The volume
fraction of the localization band can be defined by
¢ = h/H. The macroscopic strain tensor E over the total
domain is calculated by the volume averages of strains
inside and outside the band.

E=2<Ceg+(1-9)e (1)
w=0 0<w<=<w,; > wey
Peak% point
/ o / / /
> W f/
W Initial;yield
Elastic Pre-peak Post-peak softening
hardening

E

1

Fig. 1 Schematic illustration of localized cracks growth and
propagation
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Fig. 2 Illustration of localization band with the normal vector n in
two-dimensional plane

where ¢, and ¢ represent strains inside and outside the
band, respectively.

It is assumed that the nonlinear dissipation process is
only considered inside the band and elastic unloading is
outside the band. In view of the localized damage effect, ¢;
consists of a recoverable strain & and an irreversible plastic
strain & = 1 ([u]&n)™". & can be further decomposed by
an elastic strain ¢, and a damage strain aj’ . Therefore, the
macroscopic strain increment dE can be further written as
follows

dE = de, + &def + % ([du] ® )™ (2)

Supposed that the mechanical responses of the hierar-
chical structure can be reflected by the CDM theory. As the
above-mentioned assumption, the generalized Hook’s law
is used to describe the elastic response outside the band,
while the elastoplastic damage theory is used to describe
the nonlinear response inside the band. The constitutive
relations outside and inside band are, respectively, given as
the following formulations.

6,=C,:8,06i=C(w): & (3)

1

where C, is the fourth-order elastic stiffness tensor and
C(w) is the fourth-order damage stiffness tensor. C(w) can
be further expressed as (1 — w)C, by taking the isotropic
damage assumption.

Note that it is critical to obtain the form of macroscopic
stress and its relationship with local mechanical responses.
According to the principle of virtual power (the total strain
energy equates to the sum of the volume averages of strain
energies inside and outside the band), more restrictive
boundary equilibrium conditions are derived as in Eq. (4)
due to satisfying with any arbitrary admissible de,, dsf , and
[du].

X=¢oi+(1- 9o, (4a)
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Z:O'i
Yen—og;en=0 (4c)

3 Constitutive model for quasi-brittle rocks

As described in the previous section, the damage and
plastic deformation in rocks transfers from diffused/ho-
mogeneous to localized/inhomogeneous under loading
condition. For the homogeneous state (before localization),
it is reasonable to assume volume fraction of the band
& = 1, and the whole rock material can be considered in the
band. While after the onset of localization, ¢ should be
decreased with the increasing of localized damage [15].
Therefore, in this section, for establishing the constitutive
model of quasi-brittle rocks, we first propose specific cri-
teria to describe the evolution of the plastic deformation
and damage in the localization band, and then the onset of
localization condition and the variation of & are considered.

3.1 Plastic and damage criteria in localization
band

The yield criterion is the constraint condition of global
strength relation of local responses. It is noted that the
current linear strength criteria (such as Mohr—Coulomb
criterion and Drucker-Prager criterion) are not generally
enough to be suitable for a wide range of stress condition,
especially for the unilateral effect of rocks. For quasi-
brittle rocks, the Hoek—Brown strength criterion is more
adaptable [38]. According to Eq. (4), we can see that there
is no stress jump across the discontinued band. Therefore,
it is reasonable to propose a modified Hoek—Brown (MHB)
strength-based yield criterion to describe the plastic
behavior inside the localization band.

() (Gi,3 + C{))m

Otmax (@) Po

floi,w) =0i1 —0ai3—n (5)
where o, and 0,3 are, respectively, the maximum and
minimum principal stress inside the localization band. #,
C,, and m are strength parameters. To ensure the dimen-
sional uniformity, the unit of parameter # is MPa and p,
equals to 1.0 MPa. o(w) is a damage-related function,
Otmax (@) is the maximum value of a(w). In order to reflect
the pre-peak strain hardening and post-peak strain soften-
ing behaviors of rocks, the function o(w) should satisfy
two conditions: (1) should at least C1 continuously dif-
ferentiable, and (2) should increase first and then decreases
with the accumulation of damage. To this end, the fol-
lowing damage hardening/softening function a(w) is
introduced
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(6)

where o, is a damage parameter, which controls the rate of
strain hardening and softening behaviors. One can see from
Fig. 3 that there is only one peak point of these curves
within the range of damage [0, 1]. The hardening or soft-
ening rate increases with decreasing of the parameter o,
while ductile behavior is more obvious with increasing of
the parameter o..

From the viewpoint of localization, the homogeneity of
the continuum is lost when the localization condition is
satisfied. The constitutive behaviors outside and inside the
localization band obey independently the generalized
Hooke’s law and elastoplastic damage theory. It is noted
that the associated plastic flow may overestimate the vol-
umetric dilatancy of quasi-brittle rocks in classical
macroscopic plastic models. As one highlights in this
study, the plastic evolution in this model can be determined
with the associated plastic flow (G = f,) by considering the
localization effect. The need for the construction of plastic
potential function is bypassed.

af = iy e )

where 4, is the non-negative plastic multiplier.

For the sake of simplicity, the isotropic damage
assumption is adopted in this study. Inspired by previous
studies [31, 33], an exponential damage criterion in Eq. (8)
is applied to describe the damage evolution.

fd(Yd7w) :wmax{l-o_exp[_<yd_Y0>]}_w (8)

where @y« is the maximum damage value and controls the
rate of damage evolution.(-) is the Macauley bracket, i.e.,
(x) = (x + |x])/2. Damage-driven force Y, is composed of

0.0 1 1 1 1 J

Fig. 3 The relationship of plastic strain hardening/softening function
versus the parameter .

the elastic part Y5 and plastic part Y, = )%, similar to the
literature [1]. The competing regimes of plasticity and
damage, which one is the inducer, remain an open issue.
The threshold Y, is assumed to equate Y in order to ensure
that the plasticity and damage occur simultaneity in this
study.

Similar to the plastic theory, the damage variable
increment is defined by

U

- )\,
dow d aYd

©)
where 1, is the non-negative plastic multiplier.

3.2 The onset of localization condition

The occurrence and evolution of localized damage are the
key factors leading to rock fracture failure. We consider
that the onset of localization is a consequence of accu-
mulation of damage. As shown in Eq. (5), when damage
reaches a critical value w,,, the damage hardening/soften-
ing function o(w) reaches its maximum value oy (®)
leading to a material softening. In this case, the corre-
sponding critical damage value can be determined by the
foel o

condition o 3o |
O=W¢r

W= Wer = \/wc[—(l+wc)+ 1+4wc} (10)

Accordingly, Eq. (10) seems physically sound to be
regarded as the onset of localization condition (similar to
our previous work [43]). After the onset of localization, the
evolution of the localization zone is governed by the
microstructures of materials. Nguyen [15] revealed that
localization band is in a contraction process with the
increasing of localized damage. To this end, the following
condensed relation is empirically introduced to describe the
evolution of localization band during the whole loading.

& =exp[—c<w— 0y >] (11)

where ¢ is a model parameter controlling the rate of con-
traction of the localization band. The Macauley brackets (-)
are used to control the transition from the plastic/damage
homogenization to localization. The sensitivity analysis of
parameter ¢ is presented in Fig. 4. The results indicate that
the rate of contraction of bandwidth increases with the
increasing of ¢.

3.3 Incremental constitutive relationship
The incremental form of constitutive model needs to be
derived in order to describe and analyze the nonlinear

deformation behavior of quasi-brittle rocks. The constitu-
tive relation can be described by the generalized Hooke’s

@ Springer



5228

Acta Geotechnica (2022) 17:5223-5238

Fig. 4 The localization bandwidth variation law of exponential
function

law when the stress state is at elastic stage (f,(g;, @) <0).
The macroscopic stress—strain increment needs to be fur-
ther derived when the stress state lies on or outside the
yield surface. Since the macroscopic strain is applied, the
macroscopic incremental stress—strain relationship is
inspired by the method in our previous studies [33] and
considers the local size effect on the tangent stiffness
tensor.

According to the continuous stress across the localiza-
tion band (in Eq. (4)), the macroscopic stress increment
can be expressed as follows

dX = de; = do, = C, : dg, (12)

Combining with the condition C, : d¢, = C(w) : de?,
the local damage strain & in the band can further be
derived as expression as follows:

ded = T4 (13)

Besides, the elastic strain tensor can be further written
by substituting Eqgs. (3) and (4) into Eq. (2).

de, = H,, (dE — &deP) (14)

where H, represents the relationship between the elastic
strain outside band and macroscopic and local plastic
strain, given by H,, =

1-
T +€“ Therefore, the macroscopic

stress increment can be further expressed as
dX = do; = H,,C, : (dEgr; — £del) (15)

When the yield condition is satisfied, the differential
formulas of plastic consistency condition are written as
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fr= %d gf’;dﬁzo (16a)
fpzywaial::co (dE — 5dp)+af"2“f,dp 0 (16b)

To simplify the derivation of the formula, H,, and H,

are, respectively, defined as H,;, = % :C, 2% and

3, dw EAYEA
B =swop dev(ao-i Hdevi 5,

. Then the plastic multiplier is derived by solving Eq. (16).

)
H, & :C, : dE
di. = 60',' (17)
P fH coH age H v
Therefore, the macroscopic stress—strain relationship

can be derived as
dX =do; = Cp : dE (18)

with the tangent stiffness tensor C,,

Cep =
Co i fp(E,0) <0
fHC <af{7 af[’)@
“7? " \0e; ~ 06 ?
Hy,|Co — — i fp(E o) >
¢ = éHme: _HV lffp( w) 0

(19)

It is noted that the localization effect is inherently
considered in the constitutive model by introducing the
parameter ¢ into C,,. The local plastic and damage vari-
ables still need to be solved iteratively to update the
mechanical variables in Sect. 4.

4 Computational procedures

In the numerical implementation process, the constitutive
model needs to be further expressed in incremental for-
mulation and implemented in computer code based on the
Sect. 3. And we also need to calculate the intermediate
variables (such as plasticity and damage multipliers) in the
updating process of the mechanical variables. In order to
simulate the complete mechanical responses (especially in
the post-peak regime), the displacement-driven is adopted
by analogy to the laboratory test. In order to facilitate the
numerical implementation in the finite element method
(FEM), the plasticity and damage multipliers are given
during numerical updating in this section.

Return rapping algorithm proposed by Simo and Hughes
[25], has been widely applied to solve the problem of
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nonlinear numerical iteration solution. The stress updating
algorithm contains two parts: elastic predication and non-
linear corrections (including plasticity and damage). The
key idea of this method is to return the stress state back the
yield plane by obtaining the real strain tensor through
iteration correction when stress is beyond the yield surface.
frial ig calculated by
applying a trial strain increment dE at first and then check
whether the stress state exceeds the yield surface. The
generalized Hooke’s law is used to calculate the elastic
constitutive relation when the condition f,(g;,®)<0 is
satisfied. While nonlinear correction is adopted to make the
stress state regress to the yield and damage surfaces when
the plastic condition f,(g;,w) >0 and damage condition
fa(Y4,) >0 are satisfied. Internal variables, yield and
damage functions are also updated in each iteration step.
Note that the damage condition is automatically satisfied
when the plasticity condition is satisfied since damage and
plasticity occur simultaneously in this model in Sect. 3.
Therefore, it is only necessary to judge whether yield
condition is satisfied at the point of Gauss integration by
the yield function in Eq. (5).

Therefore, the trial stress tensor o}

4.1 Elastic prediction

The stress and strain tensors inside band are equal the
corresponding trail mechanical variables when the trial
stress is below the yield surface (f,(o;,w)<0). The
macroscopic mechanical variables are equivalent to the
local mechanical responses due to ¢ = 1.0 at the (k + 1)th
step, updated as follows:

O./f+l — G;rlal _ O'f + do_;chl

k+1 _
z - Vi

(20a)

Ek+1 _ k1 _trial

= gt = grial — gk | E*! (20b)

And the macroscopic stress increment can be calculated
according to the generalized Hooke’s law.

dot™ = C, : dE

(21)

4.2 Nonlinear corrections

The plastic and damage corrections can be, respectively,
obtained by making use of the first-order Taylor expansion
of plastic and damage consistency conditions when
fo(gi, @) >0, as follows

fk+1 fk+1 k+1

k+1  _ pk+1 k+1 P k+1

-ﬁl:iﬂ _pr +6 T 9%ijt1 k+1 9 k+1 5*’17‘ ~0
1,/+1 ,yp

(22a)

5229
fk+1
f;}il fk+1 ”» k+1 S k+1 ~0 (22b)
where
okl = —EHEEIC, ¢ o (23a)
k+1
i _ s Upj
i = ok (23b)
2 fk+l afk_»‘_l
Je+1 .
O =04 gdev<aakﬂ : dev a;’fjﬂ (23¢)
i [
karl
K+l _
5wj+ = 5}daY§;1 (23d)

where 04, and 04, are, respectively, plastic multiplier and
damage multiplier. j is number of internal iteration and “6”
represents the tiny increment between iteration steps.

k+1
Odp = k+1 iju k+1 (24)
CH, HUSJ - K 7
k1
0y = f (24b)

W exp [—<Y§jl _ Yo>}

Finally, the mechanical variables (such as stress and
strain) are updated as the following formulas:

Jj=iter
2k+1 — O’f+l — mal + Z 50_57111 (253)
Jj=iter
SfH _ lrml + Z 5pk+l (25b)

where iter represents the inner maximum iteration number
satisfying the external iteration convergence.

The macroscopic strain is further updated by the fol-
lowing form.

Ek+1 _ ési‘Hl 4 (1 _ é)8§+1

In order to intuitively illustrate the updating of
mechanical variables and the numerical iteration process,
the flowchart of numerical implementation is shown in
Fig. 5. Note that all mechanical variables are known at the
end of k step and strain-controlled procedure is adopted
with a constant strain increment dE in this study.

(26)
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Elastic prediction:
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2 9 k+1 afk-_l-l

pk+1 D,J p,j
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Nonlinear corrections:
¢ is updated by Eq. (11) , 84, and 614 are calculated by Eq.

st

ij+1

A

o
v

k+1

Hook’s law:
£k+1 - o.i‘c+1 - o.lmal
Ek+1 — 8{;+1 — gfrlal

while
k+1
fp,1‘++1 < ftor and

k+1
aj+1 < fto

‘( Output: £k+1,Ek+1, 8}é+1,

k+1 pk+1_ pk+1
L & &N Wt

Fig. 5 Schematic chart of the iteration algorithms in numerical implementation (f,,, is allowable error of convergence (f,,; = 1073))

5 Parameters identification and model
verification

5.1 Model parameters identification method

There are nine model parameters of the proposed model.
All of them can be calibrated directly or indirectly
according to the triaxial test data. Elastic parameters:
elastic modulus E and Poisson’s ratio v are the physical
properties, which can be directly obtained by the slope of
linear stage of stress—strain curves. Plastic parameters
and m can be directly obtained by fitting the peak strength
with the MHB criterion due to the associated plastic flow
adopted in this study. Damage parameters o, and f§ are
obtained by indirect inverse calibration, which correspond
to the values when the optimal fitting results with test data
by the repeated numerical simulations. The damage
parameter wmax can be determined based on the triaxial
cyclic loading test data analysis. Due to localization band
evolving with the confining pressure, mp,y is further cali-
brated by fitting with test data when the corresponding test
results are lacked. The localization parameter ¢ is deter-
mined with the help of the advanced technology, such as
acoustic emission (AE) and digital image correlation
(DIC). The aim is to obtain the spatial and temporal dis-
tribution information of localization band. Unfortunately,
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most of the existing test results focus on qualitative
description and lack of quantitative analysis. Parameters 8
and ¢ mainly affect the nonlinear mechanical behaviors of
the model and are not readily available. Therefore, the
sensitivity of the two model parameters should be carried
out in order to understand their mechanical influences on
the model. The related study is carried out in the following
section with red sandstone. Then the two model parameters
can be determined by repeated trail calculation and com-
paring with the simulation results and test data.

5.2 Red sandstone

Sandstone (widely distributed in the earth’s crust) is a
typical sedimentary rock material. In order to simulate the
deep rock mechanical behaviors, a series of triaxial com-
pression tests of red sandstone were conducted under the
various confining pressure of 5, 20, 35, 50, and 65 MPa by
Yang [38]. All of samples are characterized by the brittle
failure, even at high confining pressure of 50 and 60 MPa.
The strength envelope of the rock is shown in Fig. 6. The
results indicate that the MHB criterion can accurately
capture the peak strength under the entire stress condition.
Because the elastic parameters of red sandstone changes
with the confining pressure, the two parameters are con-
sidered the confining pressure effect and given as the same
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Fig. 6 Strength envelope of red sandstone fitted based on test peak
strength (R? is correlation coefficient)

Table 1 The model parameters for red sandstone

Confining pressure  Plastic parameters Damage parameters

23/MPa n/MPa  m C, p Omax
5 40.131 0457 40 02 750 0.65
20 0.60
35 0.55
50 0.50
65 0.45

o YX=5MPa ® 3 =20MPa O XY =35MPa © 3} =50MPa
<& X =65MPa Simulation resluts - - - - Damage
300 : T T T T 1.2
-1.0
& 200 0.8 é
= E
~. z
qu 0.6 o
W &
g
100 F0.4 A
0.2
0 1 1 24 1 0.0
-30 -20 -10 0 10 20
E, /107 E /107

Fig. 7 The comparison between numerical simulation results and the
test data of red sandstone

in the published literature. The plastic and damage
parameters are presented in Table 1. Besides, ¢ = 3.0 is

adopted to control the decreasing of localization band
according to the repeated numerical trial.

Figure 7 presents the comparison results between sim-
ulation results and test data. The cracks propagation
inhibited with increasing of confining pressure can be
reflected through damage evolution. The green arrows in
Fig. 7 indicate that damage evolution changes with the
increasing of confining pressure. That is, the degree and
evolution rate of damage decrease with increasing of
confining pressure. Moreover, we can see that the law of
damage evolution is similar to the trend of AE counts
accumulation in the published literature. The simulation
results are in good agreement with test data, which indicate
that the proposed model can capture the mainly nonlinear
mechanical behaviors, not only the pre-peak strain hard-
ening behavior but also the strain softening behavior once
the stress exceeds the peak stress. Moreover, the strain
softening phenomenon is the result of the accelerated
accumulation of damage evolution.

The effect of parameter w, is introduced in Sect. 3. In
order to obtain the effect of parameter 5 on the responses of
the proposed model, the sensitivity analysis is conducted in
Fig. 8. The arrow in the figure indicates the parameter
increases. The results indicate that the parameter f influ-
ences the strain hardening/softening rate, which increases
with increasing of f. Figure 9 presents the sensitivity
analysis of the parameter ¢. The results indicate that the
parameter ¢ only influences the post-peak strain softening
rate, which increases with increasing of ¢. Note that the
parameters 5 and ¢ do not affect the peak strength during
numerical simulation, but only affect the nonlinear defor-
mation behavior. This is also a feature of the proposed
model.

120

----pB=50 30
— B=75
=100

L L 1 L 1 L 1 L L L J
20 15 -0 S 0 5 10
E/10° E /10
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Fig. 8 The parameter sensitivity analysis of § (£3 = SMPa)
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Fig. 9 The parameter sensitivity analysis of ¢ (X3 = SMPa)
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Fig. 11 Strength envelope fitting based on test peak strength of Kuru
granite

200
Table 2 The model parameters for Kuru granite
Confining pressure  Plastic parameters Damage parameters
150
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Fig. 10 The effect of loading step on the numerical results

In order to illustrate the robustness of numerical algo-
rithms, the influence of loading step on the simulation
results is plotted under various loading rates in Fig. 10. The
confining pressure is set as 20 MPa and the other model
parameters are chosen the same values from Table 1,
expect for the loading step changes. The results indicate
that all the numerical simulation points are basically on the
same outline. That is to say, the numerical results are
independent of the size of loading step, which directly
validate the robustness of the algorithm.

5.3 Kuru granite
A series of triaxial compression tests of Kuru granite were
conducted under confining pressure changing from O to

75 MPa [28]. And the average tensile strength of the rock
is 11.4 & 2 MPa estimated by 14 samples with the

@ Springer

Brazilian test. The experimental curves can be seen that at
Class II failure is founded for the brittle rock with an
obvious snapback behavior at the post-peak stage. Based
on the peak strength of the rock, the strength envelope of
MHB criterion is drawn in Fig. 11. The results indicate the
criterion can be better describe the relationship between
failure stress and confining pressure. The uniaxial strength
of the rock is slightly overestimated by the proposed cri-
terion. The required model parameters are presented in
Table 2 as given method in Sect. 5.1. It is worth noting that
the spalling failure (the failure plane is along the direction
of maximum principal stress) of the rock is in uniaxial
compression test. The brittleness and the localized failure
degree of rock are higher under uniaxial compression test.
Therefore, the damage parameter [ is considered inde-
pendently in the uniaxial compression test. ¢= 8.0 is
adopted to control the decreasing of localization band
according to the repeated numerical trial.
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Fig. 12 The comparison between numerical simulation results and the test data of Kuru granite
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Fig. 12 continued

In order to obtain the complete test curves at the post-
peak stage, the circumferential strain-controlled mode is
applied in the numerical simulation. The comparison
results between simulation results and uniaxial and triaxial
compression test of the rock are presented in Fig. 12.
Although there are some errors in numerical simulations,
the main mechanical responses of Kuru granite can be
reflected by the proposed model on the whole. The dis-
crepancy of the deviatoric stress versus axial strain curve is
somewhat overvalued since the isotropic damage assump-
tion is adopted. In fact, cracks evolution influenced by the
unequal stress condition will propagate along a dominant
direction. As a result, the axial damage evolution is over-
estimated to some extent in numerical simulation results.
Therefore, a refined model will be further considered
stress-induced anisotropic damage in future.

700
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£-3,/MPa
N
(=]
(=]

300
200 ¢=5.0
"""" =6.0
100 F / ——80
/ == =6=10.0
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Fig. 13 The sensitivity analysis of post-peak responses of Kuru
granite under confining pressure of 50 MPa in the numerical
simulation (the direction of the arrow means the increase of ¢)
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The post-localization responses are simulated through
changing with the parameter ¢ in Fig. 13. An interesting
phenomenon can be seen that the post-peak is sensitive
with respect to ¢. As discussed in Sect. 3, the increasing of
the parameter ¢ means that the localized failure degree is
accelerated. Therefore, the localization effect plays an
important role in the post-peak snapback behavior. The
magnitude of stress drop increases with increasing of ¢, and
the post-peak snapback phenomenon is more obvious.
While the phenomenon may not occur when localization
effects are ignored or the decreasing of localization band-
width is at a low rate. In other words, compared with the
conventional constitute model, the proposed model is more
reasonable to capture the mechanical behaviors of hetero-
geneous rocks. Therefore, we can see that the Class II
failure of brittle rocks is the result of the localization in the
post-peak regime and the traditional constitutive model
ignoring the local effect (¢ keeps constant) cannot capture
the underlying physical mechanism of snapback
characteristics.

5.4 Low-porosity sandstone

The comparison between numerical simulation and the test
data of low-porosity sandstone is performed in this section
to validate the capability of the proposed constitutive
model. A series of triaxial compression tests of sandstone
were conducted under various of confining pressures
ranging from O to 120 MPa [10]. The test results indicate
that the transition from brittle failure to cataclastic flow
regime in the rock is founded with increasing of confining
pressure. The failure faulting is observed when the con-
fining pressure changes from O to 50 MPa, while ductile
deformation is shown when the confining pressure changes

500 -
O Test data
Fitting curve
400 -
300 F
<
[T}
=
ty 200 X=X +47.853x(2,+4.0)"*
R’=0.9991
100
-30 "0 30 60 90 120 150
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Fig. 14 Strength envelope fitting based on test peak strength
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Table 3 The model parameters for sandstone

Confining pressure Plastic parameters

Damage parameters

Y;/MPa n/MPa m C, w. f Omax

47.853 0.4 40 0.2 100.0 0.60
5 0.50
10 0.40
20 0.35
30 0.32
50 0.26
60 0.25
90 0.22
120 0.20
O S-0MPa & S-5MPa ® S-10MPa & X-20MPa ® X-30MPa

© X=50MPa ® X=60MPa ® X=90MPa & X=120MPa

Simulation results
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Fig. 15 The comparison between numerical simulation results and the
test data
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Fig. 16 The variation of parameter wm,x Wwith increasing confining
pressure

from 60 to 120 MPa. The strength envelope of the sand-
stone is fitted by the MHB criterion in Fig. 14. A good
consistency between fitting results and peak strength vali-
date that the proposed criterion can describe the strength
relations during a wide range of compression stress
conditions.

Based on the test data of sandstone, the required model
parameters are presented in Table 3. ¢ = 1.5 is adopted to
control the decreasing of localization band according to the
repeated numerical trial. Note that the snapback may be
induced when the &, is smaller or the reduction rate of the
localization band is too fast.

The numerical verification by comparing with typical
test data (X3 =0, 5, 10, 20, 30, 50, 60, 90, and 120 MPa) is
plotted in Fig. 15. The results indicate the simulation
results match well with the experimental characteristics of
the sandstone under compression condition. The overall
mechanical responses can be reproduced by the proposed
model. Especially, the localization brittle failure under low
confining and ductile deformation can also be captured by
giving a suitable damage parameter wp,x. The relationship
between mn.x and g3 can be fitted by an expansional
function (in Fig. 16). The aim is to reflect ductile defor-
mation and cataclastic flow under high confining pressure
by reducing the rate damage evolution, which is validated
by our previous studies [31]. Moreover, the plastic defor-
mation of sandstone can be well corrected by considering
the localization effect in the plastic potential.

Note that pore collapse and grain crushing may become
the dominant failure mechanisms under the higher confin-
ing pressure, which can be captured by considering the
evolving of porosity in yield criterion [24] or introducing a
new Yyield function [35]. The corresponding studies have
not been involved this work. In order to match the simu-
lation results with the experimental data, the damage
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O Kuru grainte test
o o B Theoretical prediction
; 75 L O Low-porosity sandstone test
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g o " n g
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= . ° 4
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Fig. 17 The comparison of failure angles between theoretical
prediction and experimental observation
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parameter wpmax i taken different under various confining
pressure for sandstone. As for hard rocks (such as granite),
the pore collapse and grain crushing mechanisms can be
ignored. Therefore, a constant @y, is chosen for the
granite. Moreover, the propagation law of the localization
band is empirically given with the function of damage.
This process is also affected by the stress condition. The
more precise formulation needs to be modified in combi-
nation with further test results.

Besides, the prediction of the orientation of failure plane
angle is also an important basis for checking the effec-
tiveness of localized damage model. The determination
method of failure angle 0. at peak point can refer to
“Appendix A.” The comparison results between theoreti-
cal predictions and experimental observation of red sand-
stone, Kure granite, and low-porosity sandstone are
presented in Fig. 17. The results indicate that the prediction
ability of the model is fully demonstrated in the case of
shear failure, while the failure angle is underestimated
under the uniaxial compression condition and is overesti-
mated under the high confining pressure. The reason is that
the uniaxial tensile fracture mechanism and the pore col-
lapse mechanism under high confining pressure of rock are
neglected in the proposed model.

6 Conclusions

This work introduces the description approach of local-
ization regime of quasi-brittle rocks at the constitutive
model level. Specific criteria are proposed to describe the
evolution of the plastic and damage in the localization
band. The onset of localization condition is also derived.
The plastic and damage behaviors are assumed inside the
localization zone and elastic deformation is considered
outside the zone. Consequently, the macroscopic responses
are obtained by using a volume average procedure incor-
porating the evolution of the volume fraction of the
localization zone.

The transition from diffused deformation to localized
failure is reflected by considering the embedded localiza-
tion effects in the associated plastic potential. The post-
peak snapback and brittle-ductile transition behaviors of
rock are characterized through the variation of localization
size parameter with confining pressure. Damage variable is
used to control the contraction and expansion of the yield
surface in order to capture the pre-peak strain hardening
and post-peak strain softening behaviors. The main model
parameters with clear physical meaning can be identified
directly or indirectly according to triaxial test data. The
capability of the proposed model in predicting mechanical
responses of quasi-brittle rocks are proven by a good
agreement between simulation results and the triaxial
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compression test data of red sandstone, Kuru granite, and
low-porosity sandstone. The robustness of the numerical
algorithm is also validated by comparing the simulation
results under various loading steps. Moreover, the draw-
back of overestimating the plastic deformation of geoma-
terials in the classical plasticity is also overcome.

Due to limitations of local stress field monitoring in
laboratory test, the validity of the proposed model still
needs to be further checked with other test results of quasi-
brittle rocks by the advanced scientific and technology.
Moreover, it is difficult to reflect the complex fracture
forms of quasi-brittle rocks due to only one localization
band was assumed in this work. Further studies will focus
on extending the localized model considering the aniso-
tropic damage evolution, which is used to describe the
orientation of cracks propagation depending on the stress
condition.

Appendix
Derivation of failure angle

Combining with Egs. (4) and (5), one can derive the fol-
lowing HMB macroscopic strength criterion

23 + Co>m

Po @7)

F(Z) :21 —23 —17(
The slope K of the tangent line of the strength envelope
can be derived as

_0xy T4 C\" !

The HMB criterion can be understood as the Mohr—
coulomb criterion for the change of the friction angle ¢.
Therefore, by simple algebraic manipulation, tang can be
expressed with K, as follows

tangp = (%) (29)

The friction angle can be further written as

¢ = arctan (I;;I?l) (30)

Finally, the failure angle 0. can be calculated by
¢ T
0 ==+= 31
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