
RESEARCH PAPER

Inspection of four advanced constitutive models for fine-grained soils
under monotonic and cyclic loading

J. Duque1 • M. Tafili2 • G. Seidalinov3 • D. Mašı́n1 • W. Fuentes4
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Abstract
A wide range of geotechnical structures founded in fine-grained soils are subjected to complex cyclic loading scenarios.

The prediction of their behavior has motivated the development of several constitutive models for soils under different

mathematical frameworks. Some success has been achieved under certain simplified cyclic conditions. However, the

performance of the models is usually not satisfactory when dealing with a wide range of test conditions, such as variation

of the loading amplitudes, initial effective stresses, initial stress ratios, overconsolidation ratios, direction of the loading

with respect to the bedding plane, among others. Even though this issue is well-known by model developers, few efforts

have been made in the literature to analyze and discuss this and other models’ limitations. This article investigates the

strengths and weaknesses of four advanced constitutive models for anisotropic fine-grained soils, namely: the anisotropic

hypoplastic model by Fuentes et al. (Géotechnique 71(8):657–673, 2021), the SANICLAY-B elasto-plastic model by

Seidalinov and Taiebat (Int J Numer Anal Meth Geomech 38(7):702–724, 2014), the constitutive Anamnesis model by

Tafili (PhD thesis, Institute of Soil Mechanics and Rock Mechanics, Karlsruhe Institute of Technology, 2019) and the three

surface kinematic hardening model proposed by Stallebrass and Taylor (Géotechnique 47(2):235–253, 1997) with trans-

verse isotropic elasticity. In order to achieve that, simulation results with the models are qualitatively and quantitatively

compared against a large number of experimental results under monotonic and cyclic loading on an anisotropic kaolin

reported by Wichtmann and Triantafyllidis (Acta Geotech 13(5):1103–1128, 2018).
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1 Introduction

The study of cyclic loading on saturated clayey natural

deposits is of high interest for the analysis of different

geotechnical problems, as for example, offshore and

onshore structures subjected to environmental loads, fill-

ing-emptying cycles on silos and water tanks, pavements

under traffic loading, among many others

[14, 17, 22, 45, 68]. Some particular characteristics

observed on the cyclic behavior of natural clays take

relevance on numerical predictions of these geotechnical

problems, such as the accumulation rate of strains and pore

water pressure [3, 7–10, 19, 26, 29, 38, 64], the stress

attractors states in the sense of Gudehus [27, 28], the

inherent and induced anisotropy [34, 35, 37, 59], among

other observations. In particular, the material anisotropy

affects the mechanical behavior depending on the angle

between the loading direction and the bedding plane

resulting from the material formation process

[30, 51, 61, 63]. At large strain amplitudes, it leads to

different strengths, stiffnesses and dilatancy-contractancy

characteristics [16, 60, 67]. On the other hand, under small

strain amplitudes, it affects the small strain stiffness

[13, 18, 42, 48], the accumulation rates of strains and pore

water pressure [1, 57, 61, 62, 67] and the inclination of the

effective stress paths under undrained cyclic loading

[56, 59, 68].
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Reliable predictions of the aforementioned geotechnical

problems dealing with water saturated fine-grained soils

require robust constitutive models able to predict their

behavior under undrained cyclic conditions. Their accuracy

depends on their capabilities, which should include at least

the above-mentioned observations. Authors of different

models capable to reproduce monotonic and cyclic loading

on fine-grained soils, have formulated models with differ-

ent mathematical structures to allow the reproduction of

some anisotropic effects. It is difficult to classify models

for cyclic loading in fine-grained soils, but some key

ingredients considered in their formulation provide some

hints about their capabilities and limitations. For example,

it is expected that models including Cam-Clay type yield

surfaces, able to harden kinematically, are capable to

simulate the influence of anisotropy on the stiffness and

strength, but cannot provide different small strain stiff-

nesses depending on the bedding plane orientation. On the

other hand, models accounting for anisotropic elastic ten-

sors, do consider the dependence of small strain stiffness

with the bedding plane orientation, but do not guarantee

correct assessment on cycles close to the critical state,

where fabric changes due to large deformations are

important. Some recent constitutive models, e.g.

[32, 46, 69] have accounted for anisotropic effects by

considering a fabric tensor and the anisotropic critical state

theory by Li and Dafalias [31]. Finally, the prediction of

the accumulation rate of strains and pore water pressure,

which is known to depend on the loading direction,

depends on the special features of the plastic strain rate

formulation.

Contrasting with many works in the literature, the pre-

sent one aims to show and analyze the main advantages and

limitations of some available constitutive models, claiming

to reproduce the monotonic and cyclic behavior of aniso-

tropic fine-grained soils. This is achieved by analyzing the

simulations with four different models for cyclic loading

for anisotropic fine-grained soils, basing their formulations

on different mathematical structures, namely: the aniso-

tropic hypoplastic model extended with Intergranular

Strain Anisotropy (AHP?ISA) by Fuentes et al. [18], the

SANICLAY-B elasto-plastic model by Seidalinov and

Taiebat [53], the Anamnesis model by Tafili [56] and the

three surface kinematic hardening model by Stallebrass and

Taylor [55], adopting the well-known relations for trans-

verse isotropic elasticity by Graham and Houlsby [25].

Simulations will be performed and compared with mono-

tonic and cyclic tests on an anisotropic kaolin reported by

Wichtmann and Triantafyllidis [68]. The experiments

include an oedometer test with multiple unloading-

reloading cycles, five undrained monotonic triaxial tests

and sixteen undrained cyclic triaxial tests with different

controls and initial conditions on samples having vertical

and horizontal cutting directions.

The structure of the paper is as follows: First, the main

characteristics of each inspected constitutive model are

given. Then, a brief description of the numerical imple-

mentations is presented. Subsequently, the testing material

and selected experiments for simulation purposes are

described. After that, the performance of the models is

evaluated through the comparison between experimental

results and element test simulations. At the end, the

weaknesses and strengths of each model are remarked. The

notation and convention is as follows: scalar magnitudes

(e.g. a, b) are denoted by italic fonts, vectors (e.g. a; b)

with bold lowercase fonts, second-rank tensors (e.g. A, B)

with bold capital letter or bold symbols, higher ranked

tensors with special fonts (e.g. E; L). Components of the

tensors are denoted through indicial notation (e.g. Aij). The

Kronecker delta is represented with 1ij ¼ dij. Components

of the effective stress tensor r or strain tensor e in com-

pression are negative. In the triaxial space, Roscoe’s

invariants are defined as p ¼ ðra þ 2rrÞ=3, q ¼ ðra � rr)
and ev ¼ ðea þ 2er), eq ¼ 2ðea � erÞ=3, respectively. The

subscripts a and r denote the axial and radial directions,

respectively. The stress ratio g is defined as g ¼ q=p.

2 Brief description of the constitutive
models

In this section, four existing constitutive models able to

describe the behavior of anisotropic clays under monotonic

and cyclic loading are briefly explained. We begin with the

anisotropic hypoplastic model for clays by Fuentes et al.

[18], hereafter referred as AHP?ISA. Its formulation is

basically based on extending the anisotropic hypoplastic

model for clays by Mašı́n [34], with the Intergranular

Strain Anisotropy (ISA) approach by Fuentes and Tri-

antafyllidis [21]. The resulting model presents some

important features compared to the former version by

Mašı́n [34], such as the reduction of overshooting effects

and improved capabilities on the reproduction of pore

water pressure under undrained cyclic loading. It also

incorporates a transversely isotropic stiffness tensor to

account for anisotropic effects on the small strain behavior.

Its calibration requires a number of 15 parameters, which

are listed in Table 1.

The SANICLAY-B is an anisotropic critical state model

proposed by Seidalinov and Taiebat [52, 53]. This model

corresponds to an improved version of the SANICLAY

model by Dafalias et al. [11] with the following charac-

teristics: it accounts for a new bounding surface formula-

tion based on a proper repositioning mechanism of the
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projection center in order to improve cyclic loading sim-

ulations. In addition, it considers a damage parameter to

describe the stiffness degradation upon cyclic mobility

effects. Mechanisms describing the isotropic and rotational

hardening as well as the elastic behavior are similar to the

ones proposed by Dafalias et al. [11]. The resulting model

presents in general improved capabilities on the repro-

duction of undrained cyclic loading and cyclic mobility

effects. It requires 11 parameters which are presented in

Table 2.

The recently proposed Anamnesis model by Tafili [56],

hereafter denoted as CAM, is also analyzed in the present

work due to the following features. Its formulation incor-

porates a transversal hypoelastic stiffness tensor to consider

anisotropic small strain effects. For this purpose, the

existent hypoelastic stiffness is transformed (rotated and

scaled) after defining the bedding plane orientation. The

strain rate is decomposed into a hypoplastic and a time-

dependent one. The hypoplastic strain rate accounts for

induced anisotropic effects by considering a back-stress

type tensor while the viscous strain rate considers a similar

formulation to the ISA-Clay model by [20]. In general, the

model incorporated a yield surface, the so-called histori-

otropic surface, through which the model can be classified

also as elastoplastic. Hence, the mathematical formulation

of CAM combines the two pioneer developments -

hypoplasticity and elastoplasticity. This novel formulation

is able to reproduce fairly well the stress-strain behavior of

anisotropic clays under cyclic loading, including some

viscous effects such as creep and stress relaxation. The

model accounts for 15 parameters which are presented in

Table 3.

An extended version of the three surface kinematic

hardening model proposed by Stallebrass and Taylor [55] is

herein considered and analyzed. The extended model,

hereafter denoted as the A3-SKH model, results from

adopting the well-known relations for transverse isotropic

elasticity by Graham and Houlsby [25]. The A3-SKH

model incorporates a bounding surface describing the limit

of all admissible stress state, and includes two kinematic

surfaces, corresponding to the yield and history surfaces,

with similar (but not equal) formulations and hardening

mechanisms to the ones proposed by Al Tabbaa and Wood

[2]. The three surfaces share the same geometrical shape

(elliptical), but different sizes. The A3-SKH model consists

of 11 parameters which are presented in Table 4.

It is worthy to remark, that the calibration procedure of

the model’s parameters was performed by its correspond-

ing model developer, to achieve their best performance. It

is, however, important to point out that two of the models

analyzed (AHP?ISA and CAM models) have been

developed using the same or similar data as used for model

evaluation in this paper, they have thus been developed for

best performance using this dataset. The other two models

(SANICLAY-B and A3-SKH) have been developed using

different data: SANICLAY-B focusing on larger amplitude

cyclic tests and A3-SKH focusing on directional small-

strain stiffness predictions.

Numerical implementations of the CAM and AHP?ISA

models considered a substepping explicit scheme, with

very small strain increments to provide numerical conver-

gence. They were written using FORTRAN following the

‘‘UMAT’’ syntax from the commercial software ABAQUS

Standard. Element test simulations with the CAM and

AHP?ISA models were performed with the software

INCREMENTAL DRIVER by Niemunis [41]. On the other hand,

element test simulations with the SANICLAY-B model

were performed using the nonlinear finite-difference code

Fast Lagrangian Analysis of Continua (FLAC), while a

Forward-Euler scheme was employed for the A3-SKH

model. The element test simulations with the A3-SKH

model were performed with the element test driver TRIAX

developed by Mašı́n [36].

3 Test material and experiments

Experimental results on the anisotropic kaolin reported by

Wichtmann and Triantafyllidis [68] are used to analyze the

models capabilities. This kaolin has been found to present

an anisotropic microstructure arrangement according to

some previous studies using scanning electron microscope

(SEM) [23]. It is classified as a low plasticity silt (ML), see

Table 1 Parameters of the AHP?ISA model for kaolin

uc n k� j� N m aG Ag ng R bh0 bhmax v0 vmax Ca

½�� [-] [-] [-] [-] [-] [-] [-] [-] [-] [-] [-] [-] [-] [-]

26 5.7 0.087 0.013 1.215 0.35 1.9 135 1 0.00035 0.42 1.2 4.3 17 0.018

Table 2 Parameters of the SANICLAY-B model for kaolin

Mc Me k j m N h0 ad C x ki
½�� [-] [-] [-] [-] [-] [-] [-] [-] [-] [-]

0.9 0.84 0.17 0.01 0.2 0.93 50 3 3 1.64 0
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Fig. 1, and presents the following characteristics: specific

gravity of Gs ¼ 2:675, liquid limit of LL ¼ 47:2%, plastic

limit of PL ¼ 35:0%, and plasticity index of PI ¼ 12:2%.

Samples were prepared by mixing a kaolin dry powder

with demineralized water with an initial water content

wi ¼ 2:5 LL. Then, samples were pre-consolidated with a

maximum vertical stress of r1 ¼ 100 kPa. In order to

inspect its anisotropic properties, cylindrical samples with

dimensions d ¼ h ¼ 50 mm (diameter and height,

respectively) were cut out and tested considering different

bedding plane’s orientation in the following way: ‘‘vertical

samples’’ were cut out vertically and present horizontal

bedding plane, while ‘‘horizontal samples’’ were cut out

horizontally and present vertical bedding plane, see Fig. 2.

For a more detailed description of the experimental pro-

cedure, readers are referred to [68].

Table 5 summarizes the testing program reported in [68]

and used in the present work. An oedometric compression

test with three unloading-reloading cycles, five undrained

monotonic triaxial tests and sixteen undrained cyclic tri-

axial tests are considered. The undrained monotonic tri-

axial tests were performed on normally consolidated

samples considering different initial mean effective pres-

sures p0 ¼ f50; 100; 200; 300; 400g kPa. The first series

of the undrained cyclic triaxial tests consist of six tests with

different deviatoric stress amplitudes qamp ¼
f30; 40; 45; 50; 60; 70g kPa and isotropic initial stress of

p0 ¼ 200 kPa. The testing program under undrained cyclic

loading also includes the following variations: four tests

with anisotropic initial stresses g0 ¼ q0=p0 ¼
f0:25; 0:125; �0:125; �0:25g and p0 ¼ 200 kPa; three

tests with different initial overconsolidation ratios OCR ¼
f1:5; 2:0; 2:5g and two tests controlled with axial strain

cycles and different axial strain amplitudes eamp
1 ¼ f1; 2g

%. Finally, a sample with vertical bedding plane (cut out in

the horizontal direction) with p0 ¼ 200 kPa subjected to

undrained deviatoric cyclic loading with qamp ¼ 45 kPa is

considered.

Table 5 includes the number of simulated cycles by the

models Ns and the number of cycles to reach je1j ¼ 10% in

the experiments Nf . The authors decided to limit their

simulations to a maximum number of Ns ¼ 150 consider-

ing that numerical errors resulting from the integration of

incremental-based models are accumulated upon increas-

ing number of cycles [39, 40, 66, 67]. To avoid this issue,

models depending explicitly on the number of cycles, e.g.

[6, 24, 33, 44, 49, 67], are a more appropriate approach

when Ns [ 150. For the particular case of the SANICLAY-

B model, some simulations were stopped before 150 cycles

due to the fact that the model produced excessive accu-

mulation of strains for larger number of cycles, as it was

developed for earthquake applications where smaller

number of cycles are expected.

Table 3 Parameters of the CAM model for kaolin

uc k j ei0 mh a Iv npeak nptl no noi cB C2 nY ;D0 bd
½�� ½�� ½�� ½�� ½�� ½�� ½�� ½�� ½�� ½�� ½�� ½�� ½�� ½�� ½��

26 0.055 0.03 1.158 0.3 1.7 0.02 5.5 8 15 2 0.5 30 0.8 2

Table 4 Parameters of the A3-SKH model for kaolin

uc k� j� N Ag ng m a T S w
½�� [-] [-] [-] [-] [-] [-] [-] [-] [-] [-]

26 0.087 0.013 1.215 135 1 0.2 1.9 0.25 0.08 2.1
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4 Element test simulations
with the inspected models

The experimental tests listed in Table 5 are now used for

simulation purposes. For the simulations, the preloading

consolidation history was always reproduced (i.e. isotropic

consolidation or isotropic with subsequent anisotropic

consolidation). Appendix 7.2 provides detailed information

related to the initialization of the state variables, and the

reproduced preloading consolidation paths.

4.1 Oedometric compression and monotonic
triaxial tests

Simulations of the oedometric test O1 (see Table 5), which

includes three unloading-reloading cycles and some creep

stages (see test description in [20]), is in the following

analyzed. The experimental path is compared to simula-

tions in Fig. 3. It is recalled, that the only model able to

capture the time-dependent behavior, such as creep, is the

CAM model, as shown in Fig. 3a. This is attributed to the

incorporation of a viscous strain rate and a proper cali-

bration of the viscous parameter Iv. Stiffness characteristics

at medium and large strains were also well reproduced by

the CAM model, while an underestimation on the stiffness

is observed at the beginning of each reloading path, see

Fig. 3a. This suggests that the reproduction of small strain

effects should be revised in the CAM model. On the con-

trary, the AHP?ISA model successfully reproduced the

first loading path, as well as the hysteresis upon the

unloading/reloading path, due the consideration of small

strain effects, see Fig. 3b. Simulation results with the

SANICLAY-B and A3-SKH models are presented in

Fig. 3c,d. showing both a similar pattern: upon the first

Table 5 Testing program with the kaolin reported by Wichtmann and Triantafyllidis [68]

Test name p0 [kPa] q0 [kPa] qamp [kPa] eamp
1 [%] Ns [-] Nf [-] OCR [-] e0 [-] Cutting direction

O1� – – – – – – – 1.424 Vertical

M1y 50 0 – – – – 1.33 1.434 Vertical

M2y 100 0 – – – – 1.00 1.332 Vertical

M3y 200 0 – – – – 1.00 1.332 Vertical

M4y 300 0 – – – – 1.00 1.244 Vertical

M5y 400 0 – – – - 1.00 1.214 Vertical

C1z 200 0 30 – 150 [4368 1.00 1.250 Vertical

C2z 200 0 40 – 150 492 1.00 1.147 Vertical

C4z 200 0 45 – 131 131 1.00 1.193 Vertical

C5z 200 0 50 – 68 68 1.00 1.145 Vertical

C7z 200 0 60 – 11 11 1.00 1.202 Vertical

C8z 200 0 70 – 7 7 1.00 1.121 Vertical

C26z 200 50 30 – 150 319 1.00 1.249 Vertical

C27z 200 25 30 – 150 [2272 1.00 1.319 Vertical

C28z 200 -25 30 – 150 [7286 1.00 1.248 Vertical

C29z 200 -50 30 – 150 [2418 1.00 1.248 Vertical

C37z 100 0 30 – 115 115 1.50 1.239 Vertical

C38z 100 0 30 – 115 531 2.00 1.200 Vertical

C39z 100 0 30 – 115 904 2.50 1.146 Vertical

C41z 200 0 45 – 150 614 1.00 1.252 Horizontal

C43z 300 0 – 1 150 – 1.00 1.046 Vertical

C44z 300 0 – 2 150 – 1.00 1.057 Vertical

� Oedometric compression test

y Undrained monotonic triaxial test

z Undrained cyclic triaxial test
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loading path, both reproduced a stiffer behavior before

reaching the normal consolidation line. Regarding to the

unloading-reloading path, they both managed to reproduce

satisfactorily a hysteretic effect, while the overall secant

stiffness is overestimated. The latter issue is related to the

fact that their parameters controlling the unloading stiff-

ness were calibrated to provide their best performance on

the undrained cyclic triaxial tests, and not on the oedo-

metric cycles. Overshooting effects, usually observed after

unloading-reloading paths in many models for cyclic

loading, such as in the conventional intergranular strain

model by Niemunis and Herle [43] and the hardening soil

model by Schanz et al. [50], extended with small strain

stiffness according to Benz et al. [4, 5], were not found in

these particular simulations.

Simulations of five undrained monotonic triaxial tests

(see M1-M5 in Table 5) on normally consolidated samples

with different initial mean effective pressures p0 ¼
f50; 100; 200; 300; 400g kPa were performed for cali-

bration purposes. They in general show an agreement with

the experiments, however, a few observations are worthy to

remark: the experiments show that the peak is reached at

large deformations e1 [ 10%. This behavior was only well

captured by the CAM model and the A3-SKH model, since

they consider hardening mechanisms which are still active

upon medium and large strains. In contrast, the AHP?ISA

and SANICLAY-B reached a peak behavior at lower

strains since they lack of the aforementioned mechanisms.

Instead, these models rendered an almost constant devia-

toric stress after failure conditions were reached. This

effect is much more pronounced on the SANICLAY-B

model due to its stiffer response, since parameters con-

trolling the small strain stiffness were selected with special

focus to reproduce the undrained cyclic loading and not the

monotonic loading (Fig. 4).

4.2 Undrained cyclic triaxial tests

In the present section, constitutive models are now

inspected under undrained cyclic loading. Variation of the

deviatoric stress amplitude, initial stress ratio, overcon-

solidation ratio, axial strain amplitude, and finally, cutting

direction (and therefore its bedding plane orientation) are

considered.

4.2.1 Variation of deviatoric stress amplitude

In the following, simulations of undrained cyclic triaxial

tests on normally consolidated samples after isotropic

consolidation (p0 ¼ 200 kPa, q0 ¼ 0) considering different

deviatoric stress amplitudes qamp ¼
f30; 40; 45; 50; 60; 70g kPa are carefully analyzed. The

experimental results as well as their respective simulations

in the q� p space are presented in Fig. 5. From the plots,

one immediately notes, that the liquefaction state p ¼ q ¼
0 is not reached in any experiment. Instead, cycles close to

the critical state line exhibit ‘‘eight-shaped’’ effective stress

loops accompanied with the development of large strain

amplitudes. This ‘‘eight-shaped’’ effective stress loops

were only predicted by the CAM model, attributed to the

consideration of an interaction between inherent anisotropy

and dilatancy of the material on its flow rule formulation.

The experiments suggest that the pore water pressure

accumulation rate, and therefore the number of cycles to

reach the failure criterion (e.g. je1j ¼ 10%), strongly

depends on the magnitude of the deviatoric stress ampli-

tude. On one hand, it is noted that test C1 presenting the

lowest deviatoric stress amplitude (qamp ¼ 30 kPa) did not

reach je1j ¼ 10% after a number of N ¼ 4368 cycles. On

the other hand, test C8 presenting the highest deviatoric

stress amplitude (qamp ¼ 70 kPa) reached the failure cri-

terion je1j ¼ 10% after only 7 cycles. From the simulations,

one may conclude the following: the CAM model predicts

well the mean effective stress reduction upon the cycles

under different deviatoric stress amplitudes, see Fig. 5e–h.

This is attributed to the rotation mechanism of the histo-

riotropic flow surface, which affects directly the

hypoplastic volumetric strain rate and thus the pore pres-

sure accumulation rate. The AHP?ISA model was able to

reproduce accurately the variation of the mean effective
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stress accumulation rate, see Fig. 5i–l. This behavior was

achieved due to the evolution of function v, controlling
directly the accumulation rate, which increases its value

from parameters v0 to vmax upon increasing number of

cycles. Pore water pressure generation of the critical state-

based elasto plastic models (SANICLAY-B and A3-SKH

models) is controlled by the adopted plastic potentials, such

that compressive plastic volumetric strain rate imply pos-

itive pore water pressure generation and dilative plastic

volumetric strain rate imply negative pore water pressure

generation if undrained (constant volume) conditions are

imposed. As a matter of fact, due to the adopted model

structure defined by kinematic hardening (for A3-SKH)

and mapping rules (for SANICLAY-B), these models

predict negligible plastic volumetric strains not only at the

critical state defined by mean effective stress, void ratio

and stress ratio, but even if stress ratio is lower than the one

corresponding to critical state. Therefore, pore water

pressure accumulation stops as soon as mean effective

stress reaches critical state value (for current void ratio).

This behavior limits the applicability of these models on

problems with cyclic loading, whereby the accumulation of

excess pore water pressure is essential.

The effective stress paths show a remarked inclination in

the q� p space caused by the material’s inherent aniso-

tropy. This effect was successfully captured by the CAM

and AHP?ISA models, due to the incorporation of a

bedding plane-dependent hypoelastic stiffness. It should be

mentioned, that these parameters were calibrated to

reproduce satisfactorily the small shear stiffness

anisotropy, and not the resulting inclination of the effective

stress paths on undrained elastic cycles. Therefore, this

inclination is considered as a model prediction. While the

CAM model incorporates the parameter a to simulate the

material’s anisotropy, the AHP?ISA model employs

parameter aG for the same purpose. The SANICLAY-B

model was not able to reproduce the inclination of the

effective stress paths since it considers isotropic (hypo-

)elasticity. On the other hand, the A3-SKH model incor-

porates a transversely isotropic hypoelastic stiffness, but it

is evident that the observed effective stress paths inclina-

tion does not coincide with the experiments because only

the elastic part of the model accounts for inherent aniso-

tropy, and the elastic range of the model is very small.

Therefore, the overall response of the model is governed by

the elastic and plastic components.

The experimental results in stress-strain space are pre-

sented in Fig. 6a–d. They suggest that the vertical strain

accumulation runs at a slow rate until reaching cyclic

mobility, in which the double strain amplitude quickly

grows with each subsequent cycle. Simulation results with

the CAM model suggest that the accumulation of vertical

strains before the mobilized cycles was particularly well

predicted. The amplitude and shape of the stress-strain

hysteresis at cyclic mobility are accurately described,

however, the model accumulates in extension despite the

accumulation of the experiments in compression. On the

other hand, the AHP?ISA predicts a bias in strain accu-

mulation on the compression side after reaching the last

mobilized cycles. This behavior is associated with the
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effect of the Lode’s angle on the critical state surface (with

different compression and extension critical state slopes).

The bias in strain accumulation after cyclic mobility is

actually a common limitation of most hypoplastic models

and remarks the need to reformulate the dilatancy-con-

tractancy changes at large strain amplitudes (due to the

rearrangement of the particles) and the stiffness degrada-

tion of most of these type of models [12, 15, 56]. This issue

limits the capabilities of the model on problems where the

behavior at large deformations take relevance, such as

analysis under seismic conditions with a number of cycles.

Recent constitutive models for sands, e.g. [32, 46, 69] have

properly addressed these issues by considering the aniso-

tropic critical state theory by Li and Dafalias [31] and an

adequate definition of the fabric influence on dilatancy.

Simulation results with the SANICLAY-B model are pre-

sented in Fig. 6m–p and suggest that this is the only model

which realistically reproduces the accumulation of vertical

strains both before and after cyclic mobility. Finally, sim-

ulations results with the A3-SKH model suggest that the

model does not present a bias in strain accumulation, but

fails to reproduce the increasing magnitude of the axial

strain in double amplitude with each subsequent cycle.

The analysis of the accumulated pore water pressure pw,

computed at the middle of each cycle, is presented in

Fig. 7. The results suggest that the CAM and AHP?ISA

models were able to reproduce the strong dependency of

the pore water pressure accumulation on the deviatoric

stress amplitude qamp. On the other hand, the SANICLAY-

B and A3-SKH models reproduced a similar pore water

pressure accumulation independently of the deviatoric

stress amplitude. The proper reproduction of the pore water

pressure accumulation with different deviatoric stress

amplitudes is a complex task from the constitutive

description point of view. Wichtmann [67] reported that

even advanced models as the anisotropic visco-hypoplastic
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Fig. 5 Simulations of undrained cyclic triaxial tests C1-C8 on normally consolidated samples with isotropic consolidation (p0 ¼ 200 kPa,

q0 ¼ 0, g0 ¼ 0) and variation of the deviatoric stress amplitude qamp ¼ f30; 45; 50; 70g kPa, q� p space: a–d experiments by Wichtmann and

Triantafyllidis [68], e–h CAM, i–l AHP?ISA, m–p SANICLAY-B, q–t A3-SKH
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model for clays by Niemunis et al. [42], have problems to

accurately reproduce a wide range of cyclic conditions with

a single set of parameters.

In order to analyze the number of cycles to reach the

state at which large strain amplitudes are developed, two

failure criteria are hereafter considered: a) axial strain in

single amplitude of eSA1 ¼ 10%, and b) axial strain in

double amplitude of eDA1 ¼ 10%, see Fig. 8a,b. The anal-

ysis of the cyclic stress ratio CSR ¼ qamp=ð2p0Þ against

the number of cycles to reach failure Nf is presented in
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Fig. 6 Simulations of undrained cyclic triaxial tests C1-C8 on normally consolidated samples with isotropic consolidation (p0 ¼ 200 kPa,
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Fig. 9. For the construction of the experimental curves, the

results of tests C1-C8 (with variation of qamp and p0 ¼ 200

kPa) were considered and are presented as black triangles.

In addition, a potential fitting regression was also included

as a continuous solid black line. Simulations with the CAM

model suggest an accurate performance for both failure

criteria. On the other hand, the AHP?ISA model was only

able to reach the failure criterion eSA1 ¼ 10% with a rea-

sonable performance. The SANICLAY-B model was able

to reach both failure criteria but with a much steeper

strength curves than the experiment. Finally, the A3-SKH

model was not able to reach any of the failure criteria.

4.2.2 Variation of the initial stress ratio

The influence of the initial stress ratio in the cyclic

behavior is now analyzed. For that purpose, undrained

cyclic triaxial tests C26-C29 on normally consolidated

samples with constant deviatoric stress amplitude of

qamp ¼ 30 kPa and anisotropic initial stress ratios g0 ¼
f0:25; 0:125; �0:125; �0:25g are considered. The exper-

iments followed an initial isotropic consolidation until

p0 ¼ 200 kPa. Then, the axial stress was increased or

decreased to achieve the desired initial stress ratio g0,
where the anisotropic consolidation was performed. The

experimental results are presented in Figs. 10a–d and 11a–

d, and suggest that greater magnitude of the initial stress

ratio jg0j generates a faster accumulation of vertical strains,

and therefore, a reduction in the number of cycles to reach

failure conditions.

Simulations results with the CAM model showed an

accurate accumulation of vertical strains and pore water

pressure. Some small discrepancies are found in the

reduction of the mean effective pressure upon cycles in test

C29, with the lower initial stress ratio, see Fig. 10h. The

mentioned discrepancy suggests once more, that the rota-

tion rate of the historiotropic surface in extension should

differ from that in compression. On the other hand, simu-

lations results with the AHP?ISA model show an overes-

timation of vertical strains and pore water pressure

accumulation during the first cycles in tests with initial

average stress ratios in the triaxial compression regime

(g0 [ 0). In addition, an underestimation of vertical strains

and pore water pressure accumulation was found on test

C29. This opens the discussion whether parameter b,
controlling the strain amplitude required to degrade the

stiffness, depends on the stress ratio. Simulations with the

SANICLAY-B model suggest an excessive accumulation

of vertical strains in all tests with anisotropic consolidation

(g0 6¼ 0). In addition, and similar to tests with isotropic

initial stresses, the model only accumulates pore water

pressure during the first cycles and remains constant

thereafter. Simulation results with the A3-SKH model also

suggest an excessive strain accumulation in all tests of this

series. Furthermore, the model reproduced lower pore

water pressure accumulation on tests C26 and C29 with

higher magnitudes of the initial stress ratio jg0j, which is

opposite to the observed behaviour in the experiments after

150 cycles. A summary of the excess pore water pressure

curves is presented in Fig. 12, and suggests that the per-

formance of the models is less accurate on tests with ani-

sotropic consolidation than in tests with isotropic

consolidation.

(a) (b)

Fig. 8 Description of the selected failure criteria: a eSA1 ¼ 10%, b

eDA1 ¼ 10%

(a) (b)

Fig. 9 CSR-Nf curves for different failure criteria: a eSA1 ¼ 10%, b eDA1 ¼ 10%
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4.2.3 Variation of the initial overconsolidation ratio

The influence of the initial overconsolidation ratio on the

behavior under cyclic loading is of crucial interest, con-

sidering that most natural clay deposits are composed of

strata with different OCR degrees. For that reason, exper-

iments C37-C39 were numerically simulated considering

the same initial mean effective pressure p0 ¼ 100 kPa and

deviatoric stress amplitude of qamp ¼ 30 kPa, but

preloading the samples up to reach different initial over-

consolidation ratios OCR ¼ f1:5; 2:0; 2:5g. The analysis

of these tests were performed considering 115 cycles, since

this was the number of cycles required in test C37 to reach

failure (eSA1 ¼ 10%). Therefore, considering the same

number of cycles, the influence of the initial

overconsolidation ratio in the strains and pore water pres-

sure accumulation can be easily compared in tests C38-

C39.

The experimental results are presented in Figs. 13a–c

and 14a–c. From these tests, it is noted, that as the initial

oversonsolidation ratio increases, a higher dilatant response

including negative pore pressure is in the first cycle

obtained, and a reduction of the pore pressure on the sub-

sequent cycles is observed. From the simulation results

with the CAM model one may conclude, that the negative

pore pressure in the first cycle was not reproduced. Despite

of this, the model was able to capture fairly well the pore

pressure accumulation in the subsequent cycles, resulting

in a significantly less pronounced reduction of the mean

effective stress with increasing initial overconsolidation

ratio, as observed in the experiments. The mobilized cycles
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Fig. 10 Simulations of undrained cyclic triaxial tests C26-C29 on normally consolidated samples with constant deviatoric stress amplitude qamp ¼ 30

kPa, variation of the initial stress ratio g0 ¼ f0:25; 0:125; �0:125; �0:25g and p0 ¼ 200 kPa, q� p space: a–d experiments by Wichtmann and

Triantafyllidis [68], e, h CAM, i–l AHP?ISA, m–p SANICLAY-B, q–t A3-SKH

Acta Geotechnica (2022) 17:4395–4418 4405

123



presenting eight-shaped loops in the q� p space shown on

test C37 was also reproduced by the CAM model. On the

other hand, the AHP?ISA model managed to reach failure

conditions on test C37, however, a bias in strain accumu-

lation on the compression side was reproduced by the

model and the eight-shaped loop in the q� p space was not

captured. Both drawbacks are explained by the non-con-

sideration of the fabric rearrangement in the flow rule and

the drastic reduction of the plastic strain rate produced by

the intergranular strain formulation. Simulation results of
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Fig. 13 Simulations of undrained cyclic triaxial tests C37-C39 with constant deviatoric stress amplitude qamp ¼ 30 kPa, isotropic consolidation

(p0 ¼ 100 kPa, q0 ¼ 0, g0 ¼ 0) and variation of the initial overconsolidation ratios OCR ¼ f1:5; 2:0; 2:5g, q� p space: a–c experiments by

Wichtmann and Triantafyllidis [68], d–f CAM, g–i AHP?ISA, j–l SANICLAY-B, m–o A3-SKH
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tests C38 and C39 showed a moderate reduction in the

accumulation rate and an inability to reproduce the nega-

tive pore water pressure accumulation experimentally

observed in the first cycle. Finally, simulation results with

both SANICLAY-B as well as the A3-SKH model showed

that they were able to reproduce the dilative response

observed in the first cycle due to their flow rule formula-

tion. However, simulation results of test C39, with the

higher OCR, shows an always increasing negative pore

water pressure, which is not observed in the experiment,

see Fig. 13l,o. A summary of the pore water pressure

accumulation on tests C37-C39 is presented in Fig. 15. The

results suggest that the influence of the OCR on the pore

water pressure accumulation is partly well predicted by the

CAM model and AHP?ISA, and less accurate by the

SANICLAY-B and A3-SKH models.

4.2.4 Variation of the axial strain amplitude

The next analysis corresponds to undrained cyclic triaxial

tests C43-C44. In contrast to previous laboratory data,

these tests were performed with strain-controlled cycles,

see Figs. 16a,b and 17a,b. The kaolin samples were ini-

tially isotropically consolidated with a mean effective

stress of p0 ¼ 300 kPa. Subsequently, they were cyclic

loaded under a constant axial strain amplitude of eamp
1 ¼

f1; 2g %. Note that the state with zero effective stress

(p ¼ q ¼ 0) was not reached in any test. The material

exhibits ‘‘fir tree’’ loops when approaching to failure con-

ditions, see Fig. 16a,b. The experiments show that the

increasing number of cycles leads to an increase in the

excess pore water pressure accumulation and a progressive

reduction of the deviatoric stress amplitude qamp from its

maximum magnitude in the first cycle. In addition, an

increase in the cyclic axial strain amplitude of the tests

generates a higher final accumulation of pore water

pressure.

Simulation results with the CAM model suggest that it

succeeds to reduce the mean effective stress towards an

asymptotic value p[ 0. However, after a certain number

of cycles (after N � 20), the model produces higher pore

pressure accumulation for lower axial strain amplitudes,

which is in disagreement with the experiments. The pro-

gressive reduction of the deviatoric stress amplitude upon

the cycles observed in the stress-strain space was captured

by the model, although it shows a faster degradation on the

extension side (q\0). Simulations with the AHP?ISA

model suggest similar conclusions, in which the test with

the higher strain amplitude produce lower pore water

pressure accumulation. However, the almost symmetric

reduction of the deviatoric stress observed in the stress-

strain space was much better reproduced by this model.

Finally, simulation results with SANICLAY-B and A3-

SKH model suggest the same findings obtained on tests

with stress-controlled cycles, where the accumulation of

pore water pressure is strongly reduced at p � pc=2. Due to

this attractor, the deviatoric stress amplitude was not suf-

ficiently degraded. However, the experimental observation

that the maximum deviatoric stress was reached in the first

cycle, independently of the axial strain amplitude of the

test, was only reproduced by the SANICLAY-B model.

Fig. 18 summarizes the accumulation of the pore water

pressure on tests C43-C44. In general, the influence of the

cyclic axial strain amplitude is moderately reproduced by

the CAM and AHP?ISA model, and much less accurate by

the SANICLAY-B and A3-SKH models.

4.2.5 Variation of the cutting direction

The last simulation corresponds to the experiment C41

corresponding to an undrained cyclic triaxial test with the

same initial conditions as test C4 (p0 ¼ 200 kPa, g0 ¼ 0,

qamp ¼ 45 kPa) but having horizontal cutting direction of

the sample (vertical bedding plane), see Fig. 2. The

experimental results on test C41 are presented in Fig. 20a,b

and showed a very different behavior in comparison to test

C4: (a) a stiffer response, (b) the number of cycles required

to reach failure conditions is considerably higher, (c) the
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Fig. 16 Simulations of undrained cyclic triaxial tests C43-C44 on normally consolidated samples with isotropic consolidation (p0 ¼ 300 kPa,

q0 ¼ 0, g0 ¼ 0) and variation of the axial strain cycles amplitude eamp
1 ¼ f1; 2g %, q� p space: a, b experiments by Wichtmann and

Triantafyllidis [68], c, d CAM, e, f AHP?ISA, g, h SANICLAY-B, i, j A3-SKH
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strain accumulation is obtained in the extension side, and

(d) the effective stress paths of the undrained cycles have

an opposite inclination, see Fig. 19. All these experimental

evidences are expected to be reproduced by anisotropic

models for fine-grained soils. The CAM model was able to

reproduce the opposite inclination of the effective stress

path in the q� p space. In addition, the accumulation of

vertical strains as well as the excess pore water pressure

accumulation were reasonably well predicted, see

Figs. 20d and 21a. Also, the AHP?ISA model reproduced

the inclination of the effective stress path in the q� p

space. In addition, the reduction of the mean effective

stress was particularly well reproduced. However, an

overestimation of the vertical strains was found during the

first cycles, similar to the results obtained on tests with

anisotropic consolidation. The SANICLAY-B model did

not capture the opposite inclination as other models, con-

sidering that it does not incorporate any anisotropic elastic

tensor. It also showed a much faster accumulation of pore

pressures than the experiments during the first cycles.
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Finally, simulation results with the A3-SKH model cap-

tured partly well the inclination of the p� q path with a

less pronounced slope than the experiments. Similar to the

SANICLAY-B model, the pore pressure generation on the

first cycles was faster than the experiments. A summary of

the accumulated pore water pressure curves are presented

in Fig. 21 and suggest accurate predictions with the CAM

and AHP?ISA models, while a faster accumulation with

the A3-SKH and SANICLAY-B models. The experimental

result in the stress-strain space is presented in Fig. 20b. It

suggests that after each cycle the maximum vertical strain

in compression and extension always increase, similar to

tests with isotropic consolidation and vertical cutting

direction, see section 4.2.1. Only the SANICLAY-B model

agrees with this experimental observation but with a higher

magnitude of the vertical strains. CAM and AHP?ISA

models predict a lower magnitude of the vertical strain

accumulation but increasing only towards compression,

similar to tests with anisotropic consolidation. The vertical

strain accumulation with the A3-SKH model increases

during the first cycles but remains almost constant

thereafter.

5 Summary and conclusions

Reliable predictions of complex geotechnical problems

subjected to cyclic loading require robust constitutive

models for soils, able to predict the main characteristics of

the material under different conditions but employing the

same set of material parameters. For that purpose, the main

advantage and limitations of each constitutive model

should be very well known before their application on

boundary value problems. In this article, the predictions

capabilities of four advanced constitutive models for ani-

sotropic fine-grained soils, namely: CAM, AHP?ISA,

SANICLAY-B and A3-SKH, were inspected under a wide

range of test conditions. It is important to point out that

while models AHP?ISA and CAM have been developed

using the same or similar data as used for evaluation in this

paper, SANICLAY-B and A3-SKH have been developed

using different data. The comparison between experimental

and element test results suggests the following main

findings:

• The inspected models perform well under undrained

monotonic loading. They were able to accurately

reproduce the experimental effective stress paths and

the maximum deviatoric stresses on tests with different

initial mean effective pressures.

• The eight-shaped effective stress paths observed on

undrained cyclic triaxial tests, with constant deviatoric

stress amplitude, and with isotropic consolidation are

only reproduced to some extent by the CAM model. In

addition, only the SANICLAY-B model was able to

realistically reproduce the always increasing double

strain amplitude after cyclic mobility. While the

AHP?ISA model presents a bias in the strain accumu-

lation, the CAM model reproduced the double strain

amplitude with accumulation in extension instead of

compression as observed in the laboratory data. The

A3-SKH model failed to reproduce the double strain

amplitude. Models having problems to reproduce the

behaviour at large deformations are limited in applica-

tions dealing with earthquake loading.

• The analysis of the CSR-Nf curves on cyclic undrained

tests with isotropic consolidation is still a challenge

with the inspected models. For their correct reproduc-

tion, two important features need to be correctly

accounted: a) accurate reproduction of the influence

of the deviatoric stress amplitude in the accumulation

rates, and b) the capability to (at least qualitatively)

reach the defined failure criteria. The first item was

fairly well reproduced by the CAM and AHP?ISA

models. The second item was correctly reproduced by

the CAM and SANICLAY-B models. It should be

remarked that the accurate performance on the first item

with the CAM and AHP?ISA models is compensated
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with a higher number of model parameters in compar-

ison to the SANICLAY-B and A3-SKH models.

• Simulations on tests with different initial stress ratios

suggest a less accurate performance in comparison to

simulations on tests with isotropic consolidation. While

the A3-SKH and SANICLAY-B models show an

excessive accumulation of vertical strains, the

AHP?ISA model presents an underestimation of the

strains, especially on tests with initial average stress

ratios in the triaxial extension regime.

• Simulation results with the inspected models suggest

that the influence of the OCR on the pore water pressure

accumulation is partly well predicted by the CAM

model and AHP-ISA model, and moderately predicted

by the SANICLAY-B and A3-SKH models.

• The degree of anisotropy plays a major role in the

mechanical behavior of kaolin under cyclic loading.

The experiments suggest different stiffnesses, accumu-

lations rates and inclination of the effective stress paths

depending on the cutting direction. These experimental

evidences were fairly well reproduced by the CAM and

AHP?ISA models, partially reproduced by the A3-

SKH model and not well reproduced by the SANI-

CLAY-B model. A simple way to fix this shortcoming

of SANICLAY-B model is by scaling the isotropic

hypoelastic stiffness and introducing an additional

material parameter a, controlling the degree of

anisotropy.

• In general, taking into account the complexity of the

models, all show good agreement with the experiments.

Of course, at the expense of other laboratory tests, one

could reproduce each experiment more accurately using

a different set of parameters. The parameter set shown

in this work has been selected as the mean best fit for all

experiments. This approach should also be followed for

the application of the models on boundary value

problems. Of course, if the loading conditions of the

boundary value problem are known, then the models

should be calibrated specifically based on these

conditions.

Appendix

Mathematical formulation of the inspected
models

CAM model

The Constitutive Anamnesis Model (CAM) by Tafili [56]

presents the following general form:

_r ¼ E : _e� _ehp � _evis
� �

ð1Þ

where the hypoplastic strain rate _ehp viscous strain rate and

_evis read:

_ehp ¼ Ym k _e k ð2Þ

_evis ¼ Ivk
1

OCR

� �1=Iv

m; with OCR ¼ pei
pþ

ð3Þ

with the degree of nonlinearity Y, the hypoplastic flow rule

m, the overconsolidation ratio OCR, the Hvorslev mean

stress pei, the stress projection pþ, and parameters Iv and k.
The model incorporates the following evolving histori-

otropic flow surface:

Fðr; rBÞ ¼ w : w� 2

3
M2

w 1� p

pB

� �cB
� �

1�
ffiffiffi
3

2

r ffiffiffiffiffiffiffiffiffiffiffiffi
X : X

p

MX

" #2 ð4Þ

with the back stress tensor rB ¼ pB �1þXð Þ, the devia-

toric tensor w, the scalar factors Mw and MX and parameter

cB. For a detailed definition of the variables and the

equations governing the model the readers are referred to

[56, 58].

The transversely isotropic tangential stiffness tensor

Eabcd is defined as follows:

Eabcd ¼ Qabij : Eijkl : Qklcd ð5Þ

Qabcd ¼ laclbd; with l ¼
ffiffiffi
a

p
1þ 1�

ffiffiffi
a

p� �
ms �ms

ð6Þ

E ¼ 3K 1
!� 1

!	 

þ 2G Idev

� �
ð7Þ

with the Kronecker delta tensor 1, the deviatoric (fourth

rank) unit tensor Idev, the unit vector normal to the bedding

plane ms, the bulk modulus K, the shear modulus G and

parameter a.
The degree of nonlinearity Y reads:

Y ¼ Y0 þ 1� Y0ð ÞYDð ÞR�n0 ð8Þ

YD ¼
r̂dev � X
� �

r̂dev � X
� �!

: r̂devf � X
	 


0

@

1

A

nY ;D

ð9Þ

with r̂ ¼ r=trðrÞ and r̂dev ¼ r̂� ð1=3Þ1, the scalar func-

tions Y0 and R and parameter n0. r̂f is the image of the

stress at the historiotropic surface. The flow rule m is

defined as:

m ¼ YDmD þmIexp �1000YDð Þ ð10Þ

with:
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mD ¼ � 1

3

ffiffiffi
2

3

r

d1þ r̂dev � X
� �!

 !!

ð11Þ

where mI is the flow rule adjusted to radial stress com-

pression and d is the dilatancy rule.

The evolution law for the back stress tensor rB reads

_rB ¼ _pB �1þ Xð Þ þ pB _X ð12Þ

where

_X ¼
C2 r̂dev �X
� �

jj _e jj R�n0 ; if kXk\krdevf k

C2 r̂devf �X
	 


jj _e jj R�n0 ; if kXk[ krdevf k

8
<

:

ð13Þ

with parameters C2, n0 and the image deviator stress tensor

at the limit state r̂devf . The evolution of pB reads:

_pB ¼ � pB
k
tr _eð Þ � C2 p� pBð Þ k _edev k R�n0 ð14Þ

with parameters k and C2, and the following scalar factors:

R ¼ pB
pþB

; with pþB ¼ p

1� Dð Þ1=cB
; and

D ¼ f F r;Xð Þð Þ
ð15Þ

The maximum void ratio ei and the critical void ratio ec
read:

ei ¼ 1þ ei0ð Þ pi0
p

� �k

�1 ð16Þ

ec ¼ 1þ ec0ð Þ pi0
p

� �k

�1 ð17Þ

with the material parameters ec0 and ei0 to be calibrated at

the reference pressure pi0 ¼ 100 kPa. The complete set of

equations of the CAM model can be found in Tafili [56].

AHP1ISA model

The AHP?ISA model by Fuentes et al. [18] corresponds to

the hypoplastic model by Mašı́n [34] extended by the

Intergranular Strain Anisotropy (ISA) [21, 47]. The

hypoplastic model by Mašı́n [34] presents the following

general equation:

_r ¼ Lhyp : _eþ Nhyp k _e k ð18Þ

where Lhyp and Nhyp are the (fourth rank) linear stiffness

tensor and (second rank) state-dependent tensor respec-

tively. An anisotropic stiffness tensor Lhyp is adopted in the

model, which follows:

Lhyp ¼ fs
1

2
a11 � 1þ a211þ a3ðp1þ 1pÞ þ a4p � 1þ a5pp

� �

ð19Þ

where the product represented by ’�’ is defined as

ðp � 1Þijkl ¼ 1
2
ðpik1jl þ pil1jk þ pjl1ik þ pjk1ilÞ, and tensor p

is defined as pij ¼ ninj. Vector ni is a unit and normal to the

bedding plane. Vector ni usually points into the vertical

direction. Functions ai, i ¼ f1; 2; 3; 4; 5g are defined as:

a1 ¼ aE 1� m� 2
aE
a2m

m2
� �

ð20Þ

a2 ¼ aEm 1þ aE
a2m

m

� �
ð21Þ

a3 ¼ aEm
1

am
þ m
am

� 1� aE
a2m

m

� �
ð22Þ

a4 ¼ aE 1� m� 2
aE
a2m

m2
� �

1� aG
aG

ð23Þ

a5 ¼ aE 1� aE
a2m

m2
� �

þ 1� m2 � 2
aE
am

m 1þ mð Þ

� 2aE
aG

1� m� 2
aE
a2m

m2
� � ð24Þ

where aG ¼ Gpp=Gtp, aE ¼ Ep=Et and am ¼ mpp=mtp are

ratios of shear moduli Gij, Young moduli Ei and Poisson

ratios mij respectively (m ¼ mpp for simplicity), the subscript

’p’ denotes direction within the plane of isotropy (bedding

plane) and subscript ’t’ denotes the direction transverse to

the plane of isotropy. Factor fs is defined as:

fs ¼ � 3trr

2Am

1

k�
þ 1

j�

� �
ð25Þ

where Am is defined as:

Am ¼ m2
4aE
am

� 2a2E þ 2
a2E
a2m

� 1

� �

þ m
4aE
am

þ 2aE

� �
þ 2aE þ 1

ð26Þ

Tensor Nhyp is calculated from the following set of

equations:

Nhyp ¼ � fd
f Ad

Lhyp þ r� 1

k�

� �
:

dA

kdAk
ð27Þ

fd ¼
2p

pe

� �af

;

pe ¼ pr exp
N � lnð1þ eÞ

k�

� �
;

f Ad ¼ 2af ð1� FmÞaf =x

ð28Þ
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x ¼ � ln cos2 ucð Þ
ln 2

þ a Fm � sin2 uc

� �
; Fm ¼ 9I3 þ I1I2

I3 þ I1I2

ð29Þ

mR ¼ prAg
p

pr

� �ng4AmaG
2paE

k�j�

k� þ j�

� �
1� m� 2

aE
a2v

m2
� ��1 ð30Þ

I1 ¼ trr; I2 ¼
1

2
r : r� I1ð Þ2
h i

; I3 ¼ detr ð31Þ

dA ¼ �r̂dev þ 1
2

3
� cos 3hþ 1

4
F1=4
m

� �

Fn=2
m � sinn uc

1� sinn uc

ð32Þ

cos 3h ¼ �
ffiffiffi
6

p tr r̂dev � r̂dev � r̂dev
� �

r̂dev : r̂dev
� �3=2 ð33Þ

af ¼ ln
k� � j�

k� þ j�
3þ a2f

af
ffiffiffi
3

p
 !" #

=ln 2;

af ¼
ffiffiffi
3

p
3� sinucð Þ

2
ffiffiffi
2

p
sinuc

ð34Þ

r̂ ¼ r

trðrÞ ;

r̂dev ¼ r̂� 1

3
1

ð35Þ

The extension ISA reformulates the model as follows:

_r ¼ M : _e ð36Þ

M ¼ mðLhyp þ qvNhypNÞ forFH ¼ 0 (plastic)

mRL
hyp forFH\0 (elastic)

(

ð37Þ

The rate of the intergranular strain h follows:

_h ¼ _e� _kHN; with N ¼ ðh� cÞ!; and

_kH ¼ hN : _ei
1þ N : �c

ð38Þ

The yield and bounding surfaces are defined as

FH ¼k h� c k �R=2 (yield surface) ð39Þ

Fb ¼k h k �R (bounding surface) ð40Þ

The center of the yield surface c evolves according to the

following hardening equation:

_c ¼ _kH�c;

�c ¼ bhðcb � cÞ=R; cb ¼ ðR=2Þ _e
! ð41Þ

The following scalar factors are used:

m ¼ mR þ ð1� mRÞyh; yh ¼ qvhN : _ei;

q ¼ 1� kRN� hk
2R

ð42Þ

Finally, the following modification by [47] is also used:

v ¼ v0 þ eaccðvmax � v0Þ;

_eacc ¼
ca
R
ðð1� yhÞ2 � eaccÞ k _e k

ð43Þ

bh ¼ bhmax þ ðbh0 � bhmaxÞ j hb
!

: db
! j ð44Þ

SANICLAY-B model

The SANICLAY-B model presents the following general

elastoplastic form:

_r ¼ De : _e� _epð Þ ð45Þ

where the elastic stiffness tensor De is formulated provide

the following isotropic elastic relations:

_eev ¼
_p

K
_ees ¼

_q

3G
ð46Þ

where _eev and _ees are the volumetric and deviatoric elastic

strain invariants, respectively, K ¼ pð1þ einiÞ=j is the

elastic Bulk modulus, j is a parameter, eini is the initial

void ratio, and the elastic shear modulus G can be

expressed in terms of K and the poisson ratio m.
The bounding surface F and the plastic potential surface

G are defined as:

F ¼ 3

2
�s� �pað Þ : �s� �pað Þ � N2 � 3

2
a : a

� �
�p p0 � �p
� �

¼ 0

ð47Þ

G ¼ 3

2
�s� �pað Þ : �s� �pað Þ � M2 � 3

2
a : a

� �
�p pa � �pð Þ ¼ 0

ð48Þ

where N and M are parameters, �p and �s are stress projec-

tions, and h is the Lode angle defined as:

cosð3hÞ ¼
ffiffiffi
6

p
tr�n3 ð49Þ

where �n is a unit norm deviatoric tensor along �r� a, with

�r ¼ �s=�p. The stress projections �p and �s are computed

according to the following mapping rule:

�p ¼ pc þ b p� pcð Þ; and

�s ¼ sc þ b s� scð Þ
ð50Þ

where b is a scalar function. The loading index L in the

multiaxial stress space is defined based on the consistency

condition on the bounding surface as:
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L ¼ oF=o�rð Þ : _r=Kp ð51Þ

where Kp is the bounding plastic modulus. The evolution

equations of _pc and _sc read:

_pc ¼ pc
p0

_p0; and

_sc ¼ sc
p0

_p0

þ pc _a� X

ffiffiffi
2

3

r
pc p0 � pc
� �

ð3=2Þa : _a

N2 � ð3=2Þa : að Þpc p0 � pc
� �� �1=2 nc

" #

ð52Þ

X ¼ sc � sað Þ : sc � sað Þ
sb � sað Þ : sb � sað Þ

� �1=2
; with sa ¼ pca; and

sb ¼ sa þ ncab

ð53Þ

where

nc ¼ sc � sað Þ= j sc � sa j ð54Þ

ab ¼ N2 � ð3=2Þa : a
� �

pc p0 � pc
� �

= ð3=2Þnc : ncð Þ
� �1=2

ð55Þ

The damage parameter d follows

_d ¼ ad ð2=3Þep : ep½ �1=2 ð56Þ

and affects directly the plastic modulus. The remaining

equations, such as the yield surface, hardening rules for p0,

a and the isotopic destructuration mechanism are the ones

of previous SANICLAY versions by Dafalias et al. [11]

and Taiebat et al. [65], respectively.

A3-SKH model

The three surface kinematic hardening (3-SKH) model

proposed by Stallebras and Taylor [54, 55] follows:

_r ¼ De : _e� _epð Þ ð57Þ

where _e is the strain rate tensor andDe is the elastic tangent

stiffness tensor which is defined for isotropic elastic con-

ditions as:

De ¼ K � 2

3
G

� �
1� 1þ 2GI; with

G

pr
¼ Ag

p

pr

� �ng

OCRð Þm; and K ¼ p

j�

ð58Þ

The yield function of the model is given by:

f r; a; rbð Þ ¼ 1

2

�qb
M

� �2

þ�p2b � T2S2a2

" #

ð59Þ

For stress states on the yield surface, the plastic strain rate

is given by the following associative flow rule:

_ep ¼ hP : De : _ei
H þ P : De : P

P

P ¼ of

or

ð60Þ

where H is the plastic modulus. The bounding surface is

defined as:

F r; að Þ ¼ 1

2

q

M

	 
2
þp2 � 2pa

� �
ð61Þ

The second surface, called history surface, is given by:

fh r; a; rað Þ ¼ 1

2

�qa
M

� �2

þ�p2a � T2a2

" #

ð62Þ

The internal scalar variable a evolves according to:

_a ¼ a

k� � j�
_ep : 1 ð63Þ

The kinematic hardening rules for the two back-stress

tensors are given as follows:

• Plastic loading conditions with fh\0 and F\0:

_ra ¼
_a

a
ra;

_rb ¼
_a

a
rb þ _Zsc

ð64Þ

where

c ¼ r� rb

S
þ ra � r;

_Zs ¼
1

P : c
P : _r� _a

a
rb

� �
� T2S2a _a

� � ð65Þ

• Plastic loading conditions with fh ¼ 0 and F\0:

_ra ¼
_a

a
ra þ _Wsb ð66Þ

where

b ¼ r� rb

TS
þ a1� r� rb

S
� ra;

_Ws ¼
1

P : b
P : _r� _a

a
ra

� �
� T2S3a _a

� � ð67Þ

The center of the yield surface, rb is now calculated

explicitly from the non-intersection condition, as:

rb ¼ r� S r� rað Þ ð68Þ

• Plastic loading conditions with fh ¼ 0 and F ¼ 0:

In this case, both back-stresses ra and rb can be
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obtained in closed form from the non-intersection

condition, as:

ra ¼ r� T r� a1ð Þ;
rb ¼ r� TS r� a1ð Þ

ð69Þ

The plastic modulus H is given by

H ¼ h0 þ H1 þ H2 ð70Þ

where

h0 ¼ �P :
1

k� � j�
�T2S2a2 � P : rb
� �� �

ð71Þ

H1 ¼ S2
b1

b1max

� �w
a3

k� � j�

H2 ¼
Tb2
b2max

� �w
a3

k� � j�

ð72Þ

b1 ¼
b : P

TSa

b2 ¼
c : P

TSa

ð73Þ

b1max ¼ 2a 1� Tð Þ
b2max ¼ 2Ta 1� Sð Þ

ð74Þ

The A3-SKH model adopted the transverse isotropic elas-

ticity relations proposed by Graham and Houlsby [25],

using the proposed shear modulus for the plane parallel to

the sedimentation axis Gtp ¼ G.

Initialization of state variables and description
of strain/stress paths

The information related to the initial stress states and initial

state variables required to reproduce the simulations are

provided in this section. For the sake of clarity, Table 6

includes the test code, the stress path sequence in terms of

the invariants p� q and the resulting experimental over-

sonsolidation ratio OCR before the undrained shearing

stage.

Simulations reproduced the preloading consolidation

reported in Table 6 before the undrained shearing. For the

reproduction of the preloading consolidation path, all

models were initialized with an overconsolidation ratio

equal to one (OCR¼ 1), an initial effective stress of pini ¼
5 kPa, and an initial deviatoric stress of qini ¼ 0. The initial

void ratio eini was solved from the compression relation

adopted by each model by setting OCR¼ 1 at p ¼ pini. For

the particular case of the oedometric test, all models were

initialized with the same initial conditions as by the

experiment e0 ¼ 1:424 and r1 ¼ 6 kPa, r2 ¼ r3 ¼ K0r1
with K0 ¼ 1� sinuc. The state variables of each model

were initialized as follows:

For the AHP?ISA model, the state variable tensors h

and c were initialized as h ¼ 0 and c ¼ 0 at p ¼ pini. For

the oedometric case, the state variables were initialized as

fully mobilized in the vertical direction: h11 ¼ �R and

c11 ¼ �R=2.

For the CAM model, the state variables pb and X were

initialized as pb ¼ pini and X ¼ 0 at p ¼ pini for all triaxial

tests. For the oedometric test, the deviatoric component of

the back stress tensor X has been initialized under such

conditions X11 ¼ �0:0001.

The state variables of the A3-SKH model for triaxial

tests were initialized as follows: the pairs (pb, qb), (pa, qa),

and the value of p0, defining the centre of the yield, history

and bounding surfaces, respectively, were assumed to be

centered with respect to pini, i.e. p0;a;b ¼ 5 kPa and

qa;b ¼ 0.

The state variables of the SANICLAY-B model were

initialized as follows: the projection center (pc, sc) was

initialized at the origin of the stress space: pc ¼ 0 and

sc ¼ 0. Initial structuration factor was set to Si ¼ 1 to

reflect absence of structure in the tested reconstituted clay.

The back-stress ratio tensor a was initialized to a ¼ 0. The

damage parameter was initialized to d ¼ 0.

Table 6 Experimental tests, stress path sequence in terms of the

invariants p� q and resulting experimental oversonsolidation ratio

before the undrained shearing stage

Test Stress path sequence (p,q) OCR [-]

M1 (5,0) ! (66.5,0) ! (50,0) 1.33

M2 (5,0) ! (100,0) 1.00

M3 (5,0) ! (200,0) 1.00

M4 (5,0) ! (300,0) 1.00

M5 (5,0) ! (400,0) 1.00

C1 (5,0) ! (200,0) 1.00

C2 (5,0) ! (200,0) 1.00

C4 (5,0) ! (200,0) 1.00

C5 (5,0) ! (200,0) 1.00

C7 (5,0) ! (200,0) 1.00

C8 (5,0) ! (200,0) 1.00

C26 (5,0) ! (200,0) ! (200,50) 1.00

C27 (5,0) ! (200,0) ! (200,25) 1.00

C28 (5,0) ! (200,0) ! (200,-25) 1.00

C29 (5,0) ! (200,0) ! (200,-50) 1.00

C37 (5,0) ! (150,0) ! (100,0) 1.50

C38 (5,0) ! (200,0) ! (100,0) 2.00

C39 (5,0) ! (250,0) ! (100,0) 2.50

C41 (5,0) ! (200,0) 1.00

C43 (5,0) ! (300,0) 1.00

C44 (5,0) ! (300,0) 1.00
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12. Duque J, Mašı́n D, Fuentes W (2020) Improvement to the

intergranular strain model for larger numbers of repetitive cycles.

Acta Geotech 15:3593–3604
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18. Fuentes W, Mašı́n D, Duque J (2021) Constitutive model for

monotonic and cyclic loading on anisotropic clays. Géotechnique
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