Acta Geotechnica (2022) 17:755-768
https://doi.org/10.1007/s11440-021-01231-8

RESEARCH PAPER q

Check for
updates

Particle breakage of granular soils: changing critical state line
and constitutive modelling

Chen-Xi Tong"? + Ming-Yue Zhai' - Hai-Chao Li' - Sheng Zhang" - Daichao Sheng?

Received: 26 January 2021/ Accepted: 3 May 2021/ Published online: 2 July 2021
© The Author(s), under exclusive licence to Springer-Verlag GmbH Germany, part of Springer Nature 2021

Abstract

When soil particles break, the particle size distribution (PSD) becomes a variable in the same way as other variables like
void ratio, soil structure and anisotropy, etc. To consider particle breakage in a constitutive model, we need three key
components: (i) quantification of PSD in a realistically simple manner, (ii) evolution of PSD during particle breakage, and
(iii) influences of PSD on other soil properties like strength and stiffness. This paper firstly summarizes the latest advances
in the first two components, discusses new ways of quantifying PSD effects, and finally presents a new critical state model
where the PSD is treated as a variable. In discussing the PSD effects, we focus on the movement of the critical state line
(CSL) due to particle breakage. We introduce a new state parameter and a new evolution law of the CSL. We assume that
the CSL shifts downwards in the v—Inp space with increasing particle breakage under relatively low stresses, but all the
CSLs for different PSDs converge to a steady state at high stresses where particle breakage eventually stops and is no
longer the main mechanism for soil deformation. The proposed model is compared with other constitutive model in the
literature and validated against experimental data, which demonstrates its satisfactory performance.
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ecs ref Intercept of CSL without particle breakage
a Parameter controlling the rate of CSL shifting
caused by particle breakage

K, G Elastic bulk modulus and elastic shear modulus

Gy Material constant

u Poisson’s ratio

n Stress ratio

5 e Yield surface function and plastic potential
function

ng, N, Vector of the loading direction

ngy, ngs Vector of the plastic flow direction

dg Dilatancy equation

do, m Positive material constants
H, Plastic modulus

M, Virtual peak stress ratio

Hy, n Model constants

1pTS Stress ratio at the phase transformation state

Uprs Modified state parameter at the phase transfor-
mation state

lps Stress ratio at the peak state

ps Modified state parameter at the peak state

1 Introduction

Particle breakage occurs in many geotechnical applica-
tions, for example, foundations built on carbonate sands,
rail ballast under repeated loads, gravels produced from
weak rocks like claystone and siltstone. When particles
break, the particle size distribution (PSD) of the soil
becomes a variable in the same way as other soil variables
like pore size characteristics, soil structure and anisotropy.
In classical soil mechanics, the pore size characteristics of
a soil is usually quantified by the void ratio, which evolves
under stress and affects other soil properties. Similarly, we
need to establish the following three key principles to
tackle the problem of particle breakage: a parameter or a
model that quanitifies soil PSD, a evolution law that
describes how PSD evolves with external factors like
stress, strain or energy, and constitutive relations that
describe the influences of PSD on the other soil properties.

At present, numerous attempts have been made to
address the first two issues by proposing a breakage index,
which is generally based on the PSDs before and after tests,
and correlating the proposed breakage index to the
mechanical parameters. As for the last issue, it is of great
interest to start from those first-order factors, for example,
PSD has a significant influence on the critical state
parameters; while its effect on the other soil properties,
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such as the friction angle is probably less obvious
according to many studies [7, 32]. It is therefore not sur-
prising that particle brerakage with a progressive change of
PSD significantly affects the position of the critical state
line (CSL), but shows very limited influence on the critical
state friction angle of granular soils based on many
experimental and numerical studies in the literature
[1, 6, 7, 18, 37, 52, 57]. In general, to understand the
influence of particle breakage on the CSL is of great
importance for further developing a constitutive model of
granular soils with consideration of particle breakage.
The effect of particle breakage on the location of CSL,
however, is complicated and controversial because of the
difficulty in determing the evolving CSLs during particle
breakage. Nevertheless, a conclusion still can be made that
particle breakage will lead to a change of intercept of CSL
in the e—In(p) space revealed by most of the studies.
Among which, the framework proposed by Muir Wood and
Maeda [32] provides a practical approach for considering
the breakage-induced shift of CSL as shown in Fig. 1(a).
As indicated by Fig. 1(a), the CSL was assumed to be
parallel shifting with increasing degree of particle
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Fig. 1 Changing of CSL due to particle breakage: a parallel shifting
of CSL (modified after Muir Wood and Maeda [32]; b CSLs of
carbonate sands with different degrees of particle breakage (modified
after Bandini and Coop [1]
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breakage (i.e., defined as Ig). Such an assumption has also
been adopted in modelling particle breakage of limestone
fragments [14], rockfill material [49, 56], and carbonate
sands [45]. It should be noted that the hypothesis of parallel
shifting of CSL is not fully justified, especially when the
sample is subjected to high stresses. For example, Bandini
and Coop [1] conducted triaxial tests with two different
shearing stages, the first stage is to produce different
degrees of particle breakage of the original sample, and the
second stage is to explore whether such a change in PSD
during the first stage will change the CSL. Fig-
ure 1(b) shows the different CSLs with different degrees of
particle breakage, where CSPs indicates the ctirical state
points, and Br is the breakage index proposed by Hardin
[13]. It is interesting to note that an obvious convergence of
the CSLs with development of particle breakage is
observed at high stresses, where the steady-state of particle
breakage will be reached [7, 28, 31, 40]. To date, it still
remains a challenge to develop a simple mathematical
description of changing CSL as particle breakage
progresses.

Furthermore, the breakage-induced evolution of PSD
also has a great influence on the calculation of state
parameter proposed by Been and Jefferies [2]. The state
parameter measures the distance between the current state
and the corresponding critical state, and is able to well
capture the state-dependent behavior of granular soils.
More recently, Ciantia and O’ Sullivan [5] reported that it is
necessary to consider the shifting of CSL due to particle
breakage when calculating the state parameter for crush-
able soils. Furthermore, some studies found that the CSL is
not suitable as a reference line for defining the state
parameter because of the different PSDs between the cur-
rent state and the reference state [12, 15]. It is therefore
important to define a more reasonable state parameter to
describe the state-depdendent constitutive behavior of
granular soils.

The aim of this paper is to propose a constitutive model
that can capture the main features of granular soils, i.e., the
nonlinear CSL and isotropic compression lines (ICLs) in
the e—lIn(p) space, the state-dependent behavior, and the
influence of particle breakage. This paper firstly summa-
rizes some basic observations on particle breakage in terms
of the first two issues. After that, a double logarithmic
approach proposed by Sheng et al. [38] is then adopted for
modelling the nonlinear CSL and ICLs in the e—
In(p) space, followed by a new and simple evolution law of
CSL with the progress of particle breakage. The state-de-
pendent behavior is developed by using the modified state
parameter where a new reference compression line (RCL)
is employed. The particle breakage effect is also incorpo-
rated with consideration of the evolution of the CSL in the
e—In(p) space. Finally, the proposed model is compared

with other existing constitutive model and is validated
against experimental triaxial test data in the literature.

2 Some observations on particle breakage

2.1 The ultimate PSD

It has been widely reported that the PSD of granular soils
will eventually evolve toward an ultimate steady-state even
though the applied stress/strain is extremely large
[7, 31, 41]. An ultimate PSD implies that particles with
different sizes will not break further as a result of the
dynamic balance between the particle size effect and the
coordination number effect [28, 42]. The ultimate PSD,
however is not necessary but commonly assumed to be
fractal-graded for most practical cases, which can be
expressed as

P(d;) = < % )3_0“ (1)

dmax

where P(d;) is the mass percentage finer than d;-sized
particles, d.x is the maximum particle size, D, is defined
as the ultimate fractal dimension. Many experimental
studies have shown that D,, is highly depdendent on many
factors, such as the component minerals, initial state, and
stress level applied to the soils [7, 53], which makes it
problematic to determine the values of D, for given gran-
ular soils [50]. For example, it was found by Coop et al. [7]
that carbonate sands subjected to different vertical stresses
may evolve towards to different ultimate PSDs during ring
shear tests. For the sake of simplicity, D, is taken as
2.5-2.6 for sands and 2.7 for gravel materials in several
studies [7, 48, 49, 56].

2.2 Quantification of particle breakage

An appropriate constitutive model of granular soils needs
to consider the evolution of PSD during stress path, which
means the PSD should be treated as a variable in a con-
stitutive model [10, 32, 58]. In that case, it is necessary to
adopt a simple variable that can represent the PSD and
measure the degree of particle breakage of a sample,
preferably within the range of O to 1. Inspired by the work
of Einav [10], a new breakage index B is proposed in this
paper, given by

By = o e )
j-pi - /Lpu
with
de3.2
Ay =—"T"—— 3
r dmax - d6342 ( )
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where dg; 5 is the characteristic particle diameter at which
63.2% of the sample by mass is smaller, 4, is a scale
parameter controlling the extent of breakage as proposed
by Zhang et al. [58] and Tong et al. [41]. It was also
verified by Tong et al. [43], who carried out a series of ring
shear and compression tests on dry and saturated carbonate
sands and found a good linear relationship between 4, and
Einav’s breakage index B, [10], which is widely adopted
for descripting the extent of particle breakage in the liter-
ature. As shown in Eq. (2), Ay, Apus Apc are the initial,
ultimate, and current values of 4, respectively. All the
values of A, can be calculated by using Eq. (3) when
knowing the corresponding value of dg3,, as shown in
Fig. 2.

The value of B, ranges from O (no breakage) to 1 (full
breakage) as the PSD evolves from the initial state to the
ultimate state. The ultimate PSD, is considered to be
fractal-graded in this paper as expressed in Eq. (1). It
should be noted that different ultimate PSDs will lead to
different values of the newly proposed breakage index B;,
which might affect the relationship between B, and plastic
work as shown in Eq. (5) and also induce different critical
state lines as expressed in Eq. (10). However, such a
change in the breakage index will most likely affect the
values of parameters a and b in Eqgs. (5) and (10), and is
outside the scope of this study.

2.3 Evolution of particle breakage

The evolution of particle breakage has been extensively
studied, such as from mathematical modelling aspect
[4, 34, 42, 58], and from constitutive modelling aspect
[9, 10, 13, 14, 19]. The former can describe the evolution
of the whole PSD more accurately, while the latter is more
constitutive-modelling friendly.
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Fig. 2 Definition of the breakage index B, in terms of dg3,
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A large number of tests have indicated that particle
breakage is affected by both stress and strain [7, 43].
Breakage indices are often correlated to energy quantities
which are combinations of stress and strain. There is not
much difference when using total input work and plastic
work because the amount of elastic work is often several
orders of magnitude smaller than that of plastic work in
many cases, such as in ring shear test [43], impact test [48],
triaxial test with considerable particle breakage [19].
However, the accumulation of particle breakage during
cyclic loading cannot be predicted when using total input
work. In general, correlating plastic work with particle
breakage indices provides a unified and flexible approach
when considering particle breakage in constitutive models
subjected to both monotonic and cyclic loading [9, 14, 46].
The plastic work W? in a conventional triaxial test can be
expressed as suggested by Hu et al. [14]

wr = [ (osd) = [ o+ ) @

where the symbol is the Macaulay’s brackets (i.e., (x) = x,
if x > 0; (x) =0, if x < 0). The relationship between the
plastic work and breakage index can be described by a
unified hyperbolic function, regardless of the initial density
or stress path. For example, Hu et al. [14] showed that both
Br* and B, (defined as relative uniformity) could be
hyperbolically related to the plastic work by extensive
experimental results of different granular soils. Similarly,

the relationship between B; and W” can be given as
wpr

B =——
g bxp,+ Wp

(5)
where b is a parameter controlling the evolution rate of
PSD, p, is the unit pressure (= 1 kPa) for ensuring the
dimensionally consistency. Again, B; ranges from 0 (no
plastic work) to 1 (infinite plastic work).

3 Changing CSL due to particle breakage
3.1 Nolinear CSL and ICLs

Strictly speaking, the ICL of a granular soil is not unique,
and highly depends on its initial void ratio. Those ICLs will
eventually converge into a unique line referred to as the
Limit Compression Line (LCL) [35], which can be
expressed as a perfect straight line in the space of logarithm
of void ratio versus logarithm of mean effective stress

In(ercL) = In(N) — Aln(p/p;) (6)

where ey ¢ is the void ratio on the LCL, N is the void ratio
on the LCL when p = 1 kPa, 4 is the slope of LCL in the
In(e)—In(p) space. To model the nonlinear CSL and ICLs
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as observed by many laboratory studies [44, 52, 57], and to
avoid the negative void ratio at high stresses, a family of
the Isotropic Compression Lines (ICLs) can be given by
adding one parameter in the Eq. (6) as proposed by Sheng
et al. [38]

In(escr) = In(N) — AIn[(p + prce)/p] (7)

where ejcr is the void ratio on the ICLs, pycy is defined as a
shifting stress controlling the curvature of the ICL, which
depends on the initial void ratio of sample, i.e., a smaller
initial void ratio leads to a larger picr. value (as indicated
by the balck dots in Fig. 3). It is also found that the ICLs
are considered to be parallel to the CSL at high stresses
[8, 38]. A similar form of CSL with Eq. (7) is also defined
by Sheng et al. [38], which takes the form

In(ecs.) = In(I") — ZIn[(p + pese) /pr] (8)

where ecgy. is the void ratio on the CSL, I’ is the void ratio
on the CSL when p + pcst. = 1 kPa, pcsp, is defined as a
shifting stress controlling the curvature of the CSL.

3.2 Evolution of CSL due to particle breakage

The CSL in the p—¢ space can be represented by a straight
line and is assumed to be independent of particle breakage
in this paper, which is consistent with most studies as
discussed previously

M:qﬁ— 6Sil‘l¢cs (9)

pcs 3 —singcg
where M is the critical state stress ratio, and ¢g is the
critical state friction angle.

The CSL in the e—In(p) space, however, will be sig-
nificantly affected by particle breakage in a complicated
way. The constitutive framework developed based on the
assumption of parallel shifting of CSL in the e—
In(p) space is considered as an effective approach for
modelling particle breakage of granular soils [32].
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Fig. 3 Illustration of ICLs, CSL, and LCL with parameters of N = 5,

4=0251"=4,ecs. =09 at p =10 kPa

However, such an approach suffers from limitation at a
high stress level as introduced before.

Typical experimental and numerical results show that
the CSL shifts downwards with increasing degree of par-
ticle breakage under a relatively low stress level
[1, 12, 33, 57]. It should be noted that it is not possible to
explore the effect of PSD on the CSL at a high stress level
because of the evolving PSD at such high stresses. Real-
ising that experimental results tend to show a steady-ulti-
mate state of particle breakage, a new evolution law of
CSL will be adopted in this paper according to the
assumption that the CSLs of samples with various degrees
of particle breakage will eventually converge to steady-
state at a high stress level where particle breakage com-
pletes and is no longer the main mechanism for soil
deformation as indicated by Fig. 4, which is supported by
the experimental observations as shown in Fig. 1(b). As
shown in Fig. 4, the proposed evolution of CSL moves
downwards with decreasing slope of CSL at the same mean
effective stress (not high stress level) as particle breakage
progresses. This assumption is reasonable and in consistent
with the experimental results by Bandini and Coop [1] and
Xiao et al. [47], who found that particle breakage will not
only result in a downward shift, but also a rotation of the
CSL in the e—In(p) space.

To quantify the evolution of the CSL, we propose the
following simple relation between the intercept of CSL
(value of ecgo at p = 0) and the newly proposed breakage
index B;

ecso = ecs ref €Xp(—aBy.) (10)

where ecsrer is the intercept of the CSL without particle
breakage (B, = 0), a is a parameter that controls the rate of
the CSL movement caused by particle breakage.

The LCL as shown in Fig. 4 will not change as it is an
asymptotic line of the ICLs at high stresses, which is
similar with the observations by McDowell, who found the
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Fig. 4 Evolution of CSL for granular soils with parameters of N = 5,
A=0251" =4, ecsref = ecsL = 0.9 at p = 10 kPa, and a = 0.3
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compression index (C. = (-Ae)/Alog (ay)) is independent
of the initial PSD [29] and the slope of LCL in the log (e)-
log (p) space depends on the ultimate fractal dimension,
but is independent of the initial PSD [30]. In this case, the
parameter N and A of the LCL as shown in the Eq. (6) are
then independent of breakage index B;.

4 Effect of particle breakage on the state-
dependent behavior

4.1 Limitation of the state parameter

The commonly-used state parameter proposed by Been and
Jefferies [2] provides a normalised description of granular
soils at various mean effective stresses and densities, and
has been successfully used in modelling the state-depen-
dent behaviour of many granunlar soils in the literature,
such as sand [11, 16, 17, 21, 27], ballast [3, 39], and rockfill
materials [24-26, 49, 56]. However, such a state parameter
is not able to capture the effect of particle breakage. For
example, assuming that a soil sample is initially consoli-
dated to point A (as shown in Fig. 5) with the mean
effective stress less than that of the maximum curvature
point of the ICL (point D as shown in Fig. 5), which means
only limited particle breakage occurs at this stage. After
that, the sample is sheared under undrained condition to
point B where the flow liquefaction is observed because it
is in the instable liquefaction zone. In that case, the sample
reaches the liquefied state with almost no change in PSD.
However, according to the definition of state parameter, the
corresponding reference point at the CSL (point C as
shown in Fig. 5) corresponds to a certain amount of
breakage. Therefore, point C is not suitable for a reference
point for point A when calculating the state parameter,
because of the different PSDs. Such a limitation had also

Limited flow zone

\ICL

CSL

G

Void ratio

Non- liquefaction zone

v

Mean effective stress, [logarithmic scale]

Fig. 5 Illustration of the limitation of state parameter under undrained
shearing
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been stated by Ghafghazi et al. [12], and Javanmardi et al.
[15].

4.2 A new reference compression line

To describe the state-dependent behavior of the crushable
soils, some new reference lines have been proposed to
define the state parameter instead of the traditional CSL,
such as the anisotropic compression line defined by Yao
et al. [54, 55] and the reference line proposed by Javan-
mardi et al. [15]. Similarly, a Reference Compression Line
(RCL) that intersects with the CSL at point of p =0, e =
ecso and converges to the LCL at high stresses is adopted
to further modify the state parameter in this paper. Sub-
stituting the point of p = 0, e = ecgp into Eq. (7) gives

N\
bicL = | — Pr
€cso

The new RCL can be obtained by substituting Eq. (11)
into Eq. (7), which is expressed as

(11)

In(ercr) = In(N) — A1n [p N (i)l/q

€Cso

(12)

where ercr. is the void ratio on the RCL.

According to Eq. (12), the new RCL needs three
parameters: the void ratio on the LCL at p = 1 kPa, the
slope of LCL in the In(e)-In(p) space, and the void ratio on
the CSL at p =0. It should be noted that the third
parameter can be adopted as the void ratio on the CSL at a
low mean effective stress if the critical state void ratio at
p = 0 is not available. For example, as indicated in Fig. 6,
the RCL obtained from Eq. (12) with ecsg = ecs. at
p = 10 kPa almost coincides with the CSL, with only some
minor differences at low stresses.
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————— CSL
=~ LCL
0.8 Ny .
- N = «RCL
2 N
b N
=] AY
2 0.6 \
N\
AN
0.4
10 100 1000 10000
Mean effective stress p [kPa]
Fig. 6 Definition of the new RCL
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4.3 A modified state parameter considering
particle breakage

The modified state parameter ¥ is then defined as the
difference between the current void ratio and the void ratio
on the RCL at the same mean effective stress, which can be
written as

__ Ny
p+ @)

Since the RCL and CSL intersects at a very low mean
effective stress (ideally at p = 0), the RCL of a soil sample
will shift downwards subsequently at a low stress level
with development of particle breakage. Again, all the RCLs
of samples with various degrees of particle breakage will
eventually converge to the LCL at a high stress level, as
shown in Fig. 7.

(13)

VY=e—ercL=¢—

5 Constitutive modelling

The total strain increment is calculated as the sum of the
elastic strain increment and the plastic strain increment

dﬁlj = d(‘); + dSZ (14)

where the superscripts e and p represent the elastic and
plastic, respectively.

5.1 Elastic strain increment

The elastic volumetric strain increment and the elastic
deviatoric strain increment can be calculated as

CSLs
= B,=0 == = =RCLs
‘ =~ LCL
038 o
- pm—--- - - N
E S S \\
B = B-10 = = 4 = D
2 S AN
2 0.6 ~ R\
Increasing of B, SN
S\
N
10 100 1000 10000

Mean effective stress p [kPa]

Fig. 7 Evolution of RCL for granular soils with parameters of N = 5,
A=0251" =4, ecsref = ecsL = 0.9 at p = 10 kPa, and a = 0.3

d

de, :?p
det *ﬁ "

S 3G

where the subscripts v and s represent volumetric and
deviatoric component, respectively; K and G are the elastic
bulk modulus and the elastic shear modulus, respectively,
and are dependent on mean effective stress and void ratio.
The nonlinear hypoelastic relation proposed by
Richart et al. [36] is adopted for calculating the elastic
shear modulus

(2.97 — e)?

G=Go (1+e)

VP X Py (16)
where Gy is a material constant. The elastic bulk modulus
K can be determined by the Poisson’s ratio u

2(1 4+ p)

K:73<1_2M)G (17)

5.2 Plastic strain increment

Since the main focus of this paper is on the evolution of
CSL with increasing particle breakage, a simple yield
surface that plastic deformation occurs whenever there is a
change in stress ratio 5 (= g/p) proposed by Li and Dafalias
[21] for the triaxial compression is therefore adopted. It is
clear that the proposed model can be easily improved with
a more appropriate yield surface, such as those used in
modified Cam-Clay model [51, 54]. The yield surface is
expressed as

f=q—np=0 (18)
The vector of the loading direction (ng, ng) is defined as
npy = —

Vi+n?
: (19)
nfy = ——=
BT
The plastic flow direction (ngy, ngy) is defined as
d
Mgy = —
W1+ d?
g
| (20)
Mgy = ——=
\/1+d2

where d, is the state-dependent dilatancy equation, which
is written as

d =25 % gy (exp(my) ~ 1) 1)

¢ op/ g M
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in which g is the plastic potential function, dy and m are
two positive material constants. Therefore, the non-asso-
ciated flow rule is adopted in this paper. The plastic strain
increment can be written as

np gy, Nfshgy
ded = "——dp +—=-d,
v H p + H q

P 14
(22)
npNgs NfsNgg
del = dp dg
HP HP

where H, is the plastic modulus. The expression of H,
should satisfy the three conditions as suggested by Li and
Dafalias [21], i.e., (1) H, = + oc at n =0, (2) H, =0 at
the critical state, and (3) H, = O at the drained peak stress
ratio. A new form of H,, is therefore adopted in this paper,
which is written as

M2_ 2
H, = HG p’? 1

(1 =)™ (23)

where H, is a model constant; M, is the virtual peak stress
ratio, which is given as

M, = M) (24)

where n is a material constant. As indicated by Eq. (24),
when the sample is at a loose state (-¥ < 0), we have
M, =M (i.e., hardening); when the sample is at a dense
state (-¥ > 0), we have M, > M (i.e., softening).

5.3 Stress—strain relationship

As can be obtained from Eq. (15) and Eq. (22), the stress—
strain relations in the p-g space can be finally written as

1 npng, Nfhg,

—+
de,\ _ |K  H, H, dp (25)
de, npngs 1 L e |\ dg

H, 3G H,

6 Model calibration and validation
6.1 Model calibration

The proposed model has 12 model parameters, which can
be obtained as described in the following section:

(1) Four CSL, ICLs &LCL related parameters: M, N,
)», and €CS,ref -

These four parameters can be obtained by best fitting of
the proposed equations of CSL, ICLs, and LCL with
knowing experimental data of isotropic compression and
triaxial tests. The critical state void ratio M can be mea-
sured as the slope of CSL in the p-g space by Eq. (9), and
parameter A and ecs.r can be determined by Eq. (8). The

@ Springer

parameter N can be obtained by conducting one isotropic
compression test at any initial void ratio via Eq. (7).

(2) Two elastic parameters: G, and pu.

Gy can be calculated from Eqgs. (15)-(16) with &—q
plot, which can be rewritten as

d l+e
) = 616 ( 20) (26)
3deS (2.97 — e0)"\/p X pr
where e is the initial void ratio of sample 94 can be

> de
estimated by the slope of ¢,—¢ plot at small shear strain of
approximately 1%. The Poisson’s ratio p can be obtained
based on Egs. (15)-(17) from e&—q plot and e,—p plot at
initial stage

9k —2at
H= (27)
8% 124

with 6‘117” estimated by the slope of &,—p plot at small vol-
umetric strain of approximately 1%.

(3) Two particle breakage related parameters: a, and
b.

The determination of the dynamic movement of CSL in
the e—In (p) space is problematic. As proposed before, the
critical state void ratio at low stress level ecsg will change
with various degree of particle breakage with evolution law
by Eq. (10). Thus, value of ecsy of a given B, will be
obtained by triaxial tests with low confining pressure, at
which particle breakage is ignorable. The parameter b can
be obtained by conducting a series of triaxial tests with
different initial confining pressures. The input plastic work
can be calculated by Eq. (5), and the PSD at the end of
each test can be determined by sieving analysis tests.

(4) Two dilatancy parameters: d,, and m.

The parameter m can be determined when the sample is
at phase transformation state where the dilatancy equation
equals to zero. By setting d; = 0 in Eq. (21), parameter m
can be expressed as

Ners
m — 07 (28)
Wrrs
where nprs and \prg are the stress ratio and modified state
parameter at the phase transformation state. The parameter
dy can be estimated by Eq. (21) and e—e¢, plot, where
dilatancy equation d, can be rewritten as

n del  de,
g 0 exp(mlp) M de’ de, ( )
The parameter d, is determined by the slope of
(exp(m¥) — 1) — 378 plot when the value of m is given.
(5) Two hardening parameters: H, and n.
The parameter n can be determined when the sample is

at peak state by using Eq. (24)
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in(’p)

(Pps)

where npg and Wpg are the stress ratio and modified state
parameter at the peak state. The parameter H, can be
determined by the drained triaxial test result based on
Egs. (16), and (19)-(24) with stress path of dg = 3dp,
which can be expressed as

T ACREIE
o de
3V 1+ &G (M = n2) (M = )M — )"
(31)

with 5—2 R~ j—g by ignoring the small elastic deformations.
In summary, a set of drained and undrained triaxial tests
with different initial conditions (enough for modelling
CSL), sieving analysis tests after triaxial tests, and one
isotropic compression test are needed for determining the
abovementioned parameters of the proposed model in this

paper.

n=

(30)

Hy

6.2 Model validation

To validate the proposed model, two sets of experimental
data of drained and undrained triaxial tests on granular
soils in the literature were adopted, i.e., Cambria sand
[20, 52], and Changhe rockfill [22, 23]. Furthermore, a
constitutive model named as LB model [21, 32] is adopted
in this paper for comparing with the proposed model. The
main difference between the proposed model and LB
model is the evolution of CSL with the development of
particle breakage, where a parallel shifting of CSL is
adopted in the LB model as proposed in the literature
[14, 32]. In that case, a set of traxial tests with both drained
and undrained triaxial stress path together with the sieving
analysis tests are needed for obtaining the parameters for
the LB model. All model parameters are calibrated as
discussed above and list in Table 1, and the computational
steps for integration along imposed stress path for drained
and undrained triaxial conditions are given in Appendix 1
and 2, respectively.

Table 1 Model parameters of the three granular soils

6.2.1 Cambria sand

A series of drained and undrained triaxial tests on Cambria
sand were conducted by Lade and Yamamuro [20, 52]. The
sand tested, which was composed of two main mineral
constituents (i.e., 54% quartz, and 39% lithic) was uni-
formly graded with particle sizes between 0.83 and 2 mm.
All the samples were prepared with an initial void ratio of
0.52 before isotropic compression. The predicted CSL and
ICL using Egs. (7)-(8) are compared with the measured
CSL and ICL as shown in Fig. 8. The RCL is then obtained
by Eq. (12) with knowing the values of N, A, and
ecsref(ecso at B, = 0). It is shown from Fig. 8 that the
proposed functions for CSL and ICL fit well with the
measured results. Figure 9 shows the -calibration of
breakage parameters for the Cambria sand. The ultimate
fractal dimension of Cambria sand for calculating the rel-
ative PSD index B; is adopted as 2.6. A good agreement is
obtained by using Eq. (5) with material constant b = 5408
and Eq. (10) with material constant a = 1.30. That the
values of ecsp at various degrees of particle breakage are
adopted from the back analysis conducted by Hu et al. [14].

0.6
—_—.0 o
\e\'\ _

0.5} RN\
o O Measured CSL :
-% Predicted CSL
5 041 Measured ICL N
S Predicted ICL 0

03k — Proposed RCL

' Initial states before undrained shearing
Initial states before drained shearing
0'2 ' 1 1 )
10 100 1000 10000 100000

Mean effective stress p [kPa]

Fig. 8 Measured and predicted CSL, ICL and proposed RCL of
Cambria sand. The square points represent the initial states of sample
before undrained shearing (or, after isotropic compression), the
diamond points represent the initial states before drained shearing

Soil name Elastic parameters CSL & ICL related parameters Breakage parameters Dilatancy Hardening
parameters parameters
Gy u A M N €cs ref a b m do n H,
Cambria sand 350 0.25 1.12 1.35 96,800 0.58 1.30 5408 050 250 0.60 0.46
Changhe rockfill 400 0.10 0.20 1.59 2.05 0.59 1.00 1055 0.30 1.50 1.0 0.45
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Fig. 9 Calibration of breakage parameters: a relative PSD index B
versus plastic work, b ecso versus relative PSD index B,

Figure 10 show the comparison between the measured
and the predicted results of drained shearing tests with
confining pressure varying between 15.0 MPa and
52.0 MPa, wherein the solid lines represent the predicted
results by the proposed model, the dotted lines the pre-
dicted results by the LB model, and the dots the experi-
mental results. The initial void ratios after isotropic
compression at different confining pressures can be deter-
mined by the ICL (shown as the diamond points in Fig. 8).
The volumetric strain, however, decreases with increasing
confining pressure when it is larger than 17.2 MPa, as
shown in the experimental data in Fig. 10. Such behavior is
expected for crushable materials because more input work
for the samples will be obtained after isotropic compres-
sion at larger confining pressure, which will lead to a larger
breakage index (as indicated by Eq. (5)) for the sample
before the shearing stage. As proposed before, a larger
breakage index will also lead to a lower initial position of
CSL and RCL in the e—In(p) space, which means samples
after isotropic compression at large confining pressure
might be in a ‘loose’ state, while samples after isotropic
compression at low confining pressure might be in a
‘dense’ state. The present model can describe such

@ Springer

Fig. 10 Measured and predicted drained shearing results of Cambria
sand with confining pressure varying between 15.0 MPa and
52.0 MPa: a deviatoric stress; and b volumetric strain relations

behavior as shown in Fig. 10 that less volumetric con-
traction during shearing for the sample after isotropic
compression at 52 MPa is observed than that of 40 MPa.
However, the LB model fails to capture such behavior as
indicated in Fig. 10. It is clear that the proposed model
performs significantly better than that of LB model in
describing the main response of drained tests within a wide
range of confining pressures.

Figure 11 shows the comparison between the measured
and the predicted results of undrained shearing tests with
confining pressure varying between 64 MPa and
68.9 MPa. Again, the initial void ratios after isotropic
compression at different confining pressure can be deter-
mined by the ICL (shown as the square points in Fig. 8).
As shown in Fig. 11, the proposed model can predict the
stress—strain relations and the pore water pressure relations
of Cambria sand during undrained shearing with satisfac-
tory accuracy, although is less successful than that of LB
model, especially when the major principal strain is less
than 10% and the confining pressure is larger than
16.7 MPa.
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Fig. 11 Measured and predicted undrained shearing results of

Cambria sand with confining pressure varying between 6.4 MPa
and 68.9 MPa: a deviatoric stress; and b pore water pressure relations
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Fig. 12 Measured and predicted CSL, ICL and proposed RCL of
Changhe rockfill

6.2.2 Changhe rockfill

Liu et al. [22, 23] conducted a series of drained and
undrained triaxial compression tests on a rockfill material
from Changhe dam with confining pressure ranging from
400 to 4000 kPa. The grains tested were hard diorite with
maximum particle size of 60 mm. In Fig. 12, Eq. (7) is
used to model the ICL and Eq. (8) is used to model the

Major principal strain & [-]

Fig. 13 Measured and predicted drained shearing results of Changhe
rockfill with confining pressure varying between 400 and 4000 kPa:
a deviatoric stress; and b volumetric strain relations

CSL of Changhe rockfill. The RCL is then determined with
knowing parameters N, A, and ecsref(ecso at By = 0) by
using Eq. (12). The agreement between the measured and
the predicted results of ICL and CSL is relatively good.
The ultimate fractal dimension of Changhe rockfill is
adopted as 2.7 when calculating the breakage index B;.
The breakage parameter b = 1055 is adopted by using
Eq. (5) as presented in Fig. (9). Another breakage param-
eter a, however, cannot be determined directly because of
the insufficient experimental data. It can be obtained by
best fitting of the stress and strain response under drained
and undrained compression.

Figure 13 and Fig. 14 show the comparison between the
measured and the predicted results of drained and
undrained triaxial compression with confining pressure
varying between 400 and 4000 kPa, respectively. It is
observed from Fig. 13 that the proposed model performs
better under low confining pressure; while the LB model
performs better under high confining pressure. In general,
the proposed model can well capture the stress and strain
response of Changhe rockfill subjected to drained shearing,
i.e., the strain softening and dilatant behavior are observed
at a low confining pressure, while the strain hardening and
volumetric contraction behavior become more obvious as
the confining pressure increases.
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Fig. 14 Measured and predicted undrained shearing results of
Changhe rockfill with confining pressure varying between 400 and
4000 kPa: a deviatoric stress; and b pore water pressure relations

Figure 14 shows the comparison between the measured
and the predicted stress—strain and pore-pressure behavior
of Changhe rockfill during undrained shearing. The pro-
posed model predicts obviously better values of deviatoric
stress than that of the LB model at high confining pressure.
The prediction of pore water pressure as shown in
Fig. 14(b) is better matched with the experimental results
when the confining pressure is low. The pore water pres-
sure is underestimated when the confining pressure is high,
especially when the axial strain is less than 5%, and it can
be better captured as the axial strain increases for both the
proposed model and LB model. In general, the proposed
model performs much better than the LB model in mod-
elling the undrained shearing behavior of rockfill material.

Overall, the proposed model seems to be able to capture
the main features in granular soils behavior during iso-
tropic compression and drained and undrained shearing
processes within a wide range of confining pressures. The
LB model, which is developed based on the assumption of
parallel shifting of CSL induced by particle breakage, is
less successful than the proposed model, especially for the
drained shearing for the Cambria sand and undrained
shearing for Changhe rockfill.
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In(p) space moves downwards with increasing particle
breakage, but all the CSLs with various degrees of particle
breakage will eventually converge at high stresses because
of the steady-state of particle breakage.

A modified state parameter is defined as the difference
between the current void ratio and void ratio on the RCL at
the same mean effective stress. The RCL, which intersects
with the CSL at p = 0, therefore evolves similarly with that
of the CSL, i.e., shifts downwards from the initial position
and converges eventually as particle breakage stops, while
the LCL is independent of particle breakage.

The proposed model was compared with the LB model,
which is developed based on the parallel shifting of CSL,
and validated against experimental results of drained and
undrained triaxial tests on Cambria sand and Changhe
rockfill. It has been shown that the proposed model is
superior to the LB model for most cases in capturing the
nonlinearity of CSL, and state-dependent behaviour of
granular soils.

Appendix A

Computational steps for integration
under drained shearing

Step 1: The plastic work W/ before shearing (or, after
isotropic compression) can be calculated as

& €50
‘ ple)
WP = del ~ ——d 32
0 /0 Pa% /e 1 +eg ¢ (32)

0



Acta Geotechnica (2022) 17:755-768

767

where e is the void ratio before isotropic compression, ey
is the void ratio before shearing. For simplicity, the elastic
volumetric strain is ignored since it is several orders of
magnitude smaller than the plastic volumetric strain if the
unloading stress path is not available.

Step 2: Setting the initial value of p = pinie, Ginic = 0,
Hinit = (Gini/’ Pinit) = 0, calculating Ginit, Kinits Binis Pinit
based on Eqs. (16), (17), (5) & (A1), and (13), respectively.
Since H, = + oc, when 5 = 0, a large value of H; is
adopted. Setting the increment of the axial strain Ag;.

Step 3: The increment of radial strain Aes;, and the
increment of mean effective stress Ap can be determined
by Eqgs. (25) with the stress path in drained condition, i.e.,
Ag =3Ap

2A+ 6B —-3C—-9D

“ Ty 6B +6C + 18D ! (33)
Ap = Ae
P AY3B+3C+oD !
with
A i " nf Mgy B Nfhg,
K' H, H, (34)
c_Mles 1 Al
H, '~ 3G H,

Step 4: Updating the state variables, stress and strain
qualities: pir1 = p; + Api, qiv1 = qi + 3Api; Niv1 = Giv1 /

Pitts  Evip1 = & + A&y +2A83;, 6501 = &, +2/3(Ag;—
263;), W = WP + (AW?), B =f(Wh), Wiy =
fpis, Bjit1)s Apiy1/Aesipy :f(Ki+1,Gi+1J7i+1>
Wii1)Ae;.

Step 5: Starting a new step with constant Ag;.

Computational steps for integration
under undrained shearing

Step 1: Calculating plastic work W} before shearing
from Equation (Al).

Step 2: Setting the initial values with the same proce-
dure with Step 2 in the drained stress path.

Step 3: Calculating the increment of radial strain Aes,
and the increment of mean effective stress Ap, the incre-
ment of mean effective stress Ag from Egs. (25) with the
stress path in undrained condition, i.e., Ag, = 0

1
Aez = _EAZ
_ 35
Ap AIA)—BCASI (35)
A =4p et

Step 4: Updating the state variables, stress and strain
qualities: p;y1 = p; + Api, Giv1 = ¢i + Agi, Nig1 = Gi1 /

Pirt, Wiy =W+ (AW]), By =f(W},), ¥ =
f(pi+17 Bi,iﬂ)’ Api+1/AS3,i+1 :f(Ki+1,Gi+1»’7i+1»LPi+1)
A&y, puiv1 = po +3qiv1 — piv1 (Where, p, is the pore water
pressure).

Step 5: Starting a new step with constant Ag;.
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