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Abstract
Fracture mechanics analysis of shear band propagation requires knowledge of the material’s shear fracture energy and its

related properties such as the characteristic slip displacement. Yet these properties of stiff clays and shales have not been

investigated systematically. This work characterizes and analyzes the shear fracture energies and characteristic slip dis-

placements of various stiff clays and shales based on their triaxial compression data from the literature. A methodology

originally developed for hard rocks was adopted for this purpose. Results show that the shear fracture energies of stiff clays

and shales generally increase with the effective normal stress on the slip plane, varying by orders of magnitude—

approximately from 4 � 101 to 7 � 103 J/m2—in the range of effective normal stresses from 102 to 105 kPa. An empirical

equation is presented for a first-order estimate of the shear fracture energy under a given effective normal stress. The

characteristic slip displacements at the laboratory scale are calculated to be smaller than 6 mm, and they appear inde-

pendent of the effective normal stress. Compared with their nominal values calculated without considering the change of

normal stress in triaxial tests, the shear fracture energies are approximately 70% of the nominal values, whereas the

characteristic slip displacements are nearly identical to the nominal ones.
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1 Introduction

Shear failures in brittle geomaterials are associated with

localization of deformation into narrow zones, which are

called shear bands in general, and slip surfaces in soil

mechanics. Mathematically, the onset of shear band

localization has been well described by bifurcation analysis

[1, 2]. Nevertheless, the propagation of a shear band, which

is beyond the scope of bifurcation analysis, is also impor-

tant for many problems. A representative example is pro-

gressive failure in low-permeability geomaterials such as

clays and shales.

Over the decades, a number of researchers have studied

the application of fracture mechanics principles to under-

stand and analyze the propagation of shear bands in

geomaterials. Skempton [3], Bjerrum [4], and Bishop [5]

were the first to suggest and apply fracture mechanics

concepts to slip surface growth in progressive failure.

Later, Palmer and Rice [6] formulated a fracture mechanics

theory for the growth of a shear band, deriving conditions

for propagation. Since 2004, Puzrin and coworkers have

pioneered the shear band propagation approach, whereby a

generalized version of Palmer and Rice’s theory is applied

to slope stability analyses [7–10]. Quinn et al. [11, 12] have

also used the theory of Palmer and Rice to study progres-

sive failure in sensitive clays. Meanwhile, Viesca and Rice

[13] have extended the theory to slip surface growth trig-

gered by localized increase of pore pressure, providing

insight into the initiation of submarine landslides under

various conditions. Very recently, Fei and Choo [14, 15]

have developed a numerical method that can simulate a

shear banding process from initiation to propagation, by

incorporating Palmer and Rice’s theory into phase-field

modeling of fracture. Thanks to these advances, fracture

mechanics can now be applied to a variety of geotechnical

problems that involve shear banding.

Fracture mechanics analysis of shear bands requires

knowledge of the material’s shear fracture energy: the
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energy released during generation of a unit area of slip

surface, which corresponds to the critical energy release

rate for mode II fracture. Rice [16] suggested an integration

scheme to calculate the shear fracture energy of a material

from its post-failure deformation data. Following this

suggestion, Wong [17] devised a specific procedure to

estimate the shear fracture energy from a triaxial com-

pression test, applying it to data from Westerly granite

under different pressures and temperatures. Later, Wong

[18] refined the procedure to consider change in the normal

stress on the failure plane, studying how the shear fracture

energies of rocks depend on the normal stress. The pro-

cedure has also been adopted by other researchers to esti-

mate shear fracture energies of hard rocks under various

conditions, e.g. [19]. The shear fracture energies of rocks

characterized in these studies have been useful for

addressing fault rupture problems in seismology, e.g.

[20, 21].

Nevertheless, no study seems to have examined shear

fracture energies of stiff clays and shales in a similar way,

although the theory of Palmer and Rice [6] was originally

concerned with overconsolidated clays. So it remains

mostly unknown what are the typical values of shear

fracture energies of these materials and how much the

shear fracture energies would depend on the normal stress

on the slip plane.

To fill this knowledge gap, this work characterizes and

analyzes shear fracture energies of stiff clays and shales

and their related quantities based on triaxial test data from

the literature. At the outset, it is noted that here the shear

fracture energy is regarded as the surface energy dissipated

until the material attains a purely frictional residual

strength—being consistent with Palmer and Rice’s the-

ory—which can usually be characterized by triaxial/shear-

box tests. Some materials, however, manifest ‘‘true’’

residual strength after a very large amount of slip, as a

consequence of particle alignment along a localized slip

surface [22]. Such residual strength, which is slightly lower

than the purely frictional strength, may not be measured by

a triaxial/shear-box test but by a ring shear test [23].

Nevertheless, the present work analyzes triaxial test data

because drained stress–strain responses under different

confining pressures are mostly available from triaxial tests.

It would also be debatable whether strength evolution due

to particle alignment should be included in fracture energy

calculation. A thorough comparison between shear fracture

energies of stiff clays and shales characterized by triaxial

and ring shear test data is left as a topic of future research.

2 Methodology

2.1 Theory

Consider the softening process during which the shear

stress (s) decreases from the peak strength (sp) to the

residual strength (sr). Palmer and Rice [6] derived that the

shear fracture energy (G) is given by

G ¼
Z dr

0

½sðdÞ � sr� dd ¼ ðsp � srÞ�d: ð1Þ

Here, d is the slip displacement along the shear fracture

surface, and dr is its value when shear stress reaches the

residual shear strength. Also, �d is the characteristic slip

displacement, which can be used to analyze the stability

and size effect of shear band propagation [6, 8, 11, 13]. For

example, the critical length of a shear band (Lcr), above

which propagation of the shear band can be triggered

without a further increase in shear stress, is related to �d as

Lcr /
ffiffiffi
�d

p
for a shallow-seated slip surface [8, 13] and

Lcr / �d for a deep-seated one [13].

To characterize shear fracture energies from post-peak

results of triaxial compression tests, this work adopted the

procedure developed by Wong [17, 18]. As shown in

Fig. 1, the shear stress and slip displacement can be cal-

culated from triaxial test data as

s ¼ r01 � r03
2

sinð2hÞ; d ¼ Dl
cosðhÞ ; ð2Þ

where r01 and r03 are the maximum and minimum effective

principal stresses, respectively, Dl is the axial displacement

of the specimen, and h is the angle of failure plane from the

direction of r1.

Equation (1) assumes that shear stress is a function of

the slip displacement only, as it was derived from a simple

shear problem where the effective normal stress on the slip

plane (r0n) is constant. In a triaxial test where confining

pressure is kept constant, however, r0n decreases during the

softening process. This decrease in rn0 makes the amount

of stress drop (sp � sr) significantly larger than that under a

constant normal stress, as illustrated in Fig. 2.

On the basis of an unpublished analysis of Rice, Wong

[18] presented a method to consider the effect of evolving

r0n during triaxial compression. Let us refer to quantities

directly obtained from a triaxial test as nominal, denoting

them with subscript ð�Þnom. The nominal shear fracture

energy is given by

Gnom ¼
Z dr

0

½sðdÞ � sr�nom dd ¼ ðsp � srÞnom

Z dr

0

hðdÞ dd;

ð3Þ

where
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hðdÞ ¼ ½sðdÞ � sr�nom

ðsp � srÞnom

: ð4Þ

Note that Wong [18] did not distinguish between ðsp �
srÞnom and ðsp � srÞ, but later Liu and Rummel [19] did so.

To incorporate the dependence of sp and sr on r0n, their

relationships are approximated as

sp ¼ Ar0n þ B; sr ¼ ar0n þ b; ð5Þ

where A, B, a, and b are constants. Then, the shear fracture

energy can be calculated as (see Wong [18] for detailed

derivation)

G ¼ ½ðA� aÞr0n þ ðB� bÞ�
Z dr

0

f ðdÞhðdÞ dd; ð6Þ

where

f ðdÞ ¼ 1 � ba
ð1 � bAÞ þ bðA� aÞhðdÞ ; ð7Þ

with

b ¼ dr0n
ds

¼ tanðhÞ ð8Þ

denoting the loading path in a triaxial compression test, as

illustrated in Fig. 2.

(a)

(b)

Fig. 1 a Configuration of a specimen after formation of a shear band under triaxial compression. b Calculation of the shear fracture energy G
from post-failure data in a triaxial compression test. Redrawn from Wong [17]
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Importantly, Eq. (6) shows that the dependence of G on

r0n is determined by ðA� aÞ. This has been experimentally

confirmed for rocks (e.g. [18, 19, 24]). Note that the value

of ðA� aÞ, and so the dependence of G on r0n, can differ

significantly by material. Also, because r0n in Eq. (6)

changes during the softening process, this work will pre-

sent upper and lower bounds on G, as in Wong [18].

2.2 Data collection and analysis

The foregoing procedure was applied to determine shear

fracture energies of various brittle clays and shales from

their post-failure deformation data in the literature. To

exclude pore pressure effects on the shear fracture energy,

this work only considered results from drained triaxial

tests. Table 1 summarizes the materials investigated in this

work. Most of these materials were compressed only in the

direction normal to the bedding plane, while the Opalinus

clay [25] and the Tournemire shale [26] samples were

loaded in multiple directions. For consistency, this work

only used test data from samples loaded in the bedding-

plane normal direction. If h was not provided, it was

assumed from Mohr–Coulomb theory. Other details fol-

lowed the methodology of Wong [18]. To minimize bias, a

computer program was developed that automatically cal-

culates shear fracture energies from digitized data. The

program was verified by re-calculating the shear fracture

energies of different rock specimens in the literature.

3 Results and discussion

3.1 Shear fracture energies

Figure 3 presents the computed values of shear fracture

energy with respect to the effective normal stress. It can be

Fig. 2 Comparison of the magnitudes of shear stress drop (sp � sr) under constant normal stress (left) and under constant confining pressure in a

triaxial compression test (right). The gray line denotes the loading path in a triaxial test. Redrawn from Wong [18]

Table 1 Stiff clays and shales investigated in this work

Name Origin References

Hambach Clay Hambach, Germany [27]

La Biche Shale Alberta, Canada [28]

London Clay London, England [29]

Nanticoke Clay Southern Ontario, Canada [30]

Opalinus Clay Mont-Terri, Switzerland [25]

Oxford Clay South of Bedford, England [31]

Pietrafitta Stiff Clay Pietrafitta, Italy [32, 33]

Roccella Stiff Clay Calabria, Italy [34]

Todi Clay Todi, Italy [33]

Tournemire Shale Massif Central, France [26]

Vallerica Clay Near River Tiber, North of Rome [35]

2294 Acta Geotechnica (2021) 16:2291–2299

123



seen that the shear fracture energies of these materials vary

by orders of magnitude, showing a generally increasing

trend with effective normal stresses. Specifically, the shear

fracture energies range approximately from 4 � 101 to 7 �
103 J/m2 when the effective normal stress is varied from

102 to 105 kPa. Compared with the shear fracture energies

of hard rocks such as granite and gabbro [18], those of stiff

clays are about two orders of magnitude lower and exhibit

a stronger dependence on the effective normal stress. Yet

the shear fracture energies of shales are comparable to

those of molded gypsum [24].

As shown in Fig. 3, the values of shear fracture energies

and normal stresses can be roughly fitted to the following

equation

G ¼ 65:66
r0n
patm

� �0:72

ðin J/m2Þ; ð9Þ

where patm ¼ 101:3 kPa is the atmospheric pressure, which

is introduced for dimensional consistency. This equation

may provide a first-order estimate of the shear fracture

energy of a stiff clay or shale when experimental result is

unavailable. Interestingly, Eq. (9) is form-identical to a

common empirical relationship between the initial shear

stiffness (or shear wave velocity) and the effective normal

stress in the loading direction [36, 37]. The value of the

exponent, 0.72, is also comparable with the typical values

of the shear stiffness/velocity equation for fine-grained

soils (e.g. [38, 39]).

Despite the general relationship between the shear

fracture energies and effective normal stresses, individual

materials exhibit varied degrees of stress dependence. This

variance can be attributed to that the value of ðA� aÞ in

Eq. (6), which is related to the difference between the peak

and residual friction angles, is quite different by materials.

Further, because the peak strength envelope of soils and

rocks is becoming flatter as the normal stress increases

[40, 41], the value of A is small at a relatively high normal

stress. This explains why the shear fracture energies of

shales at high normal stresses appear nearly stress inde-

pendent. Therefore, although Eq. (9) may be used for a

first-order estimate of the shear fracture energies of stiff

clays and shales in general, this equation would not be a

proper means for assessing the stress dependence of the

shear fracture energy of an individual material. For an

individual material, it would be more appropriate to use

Eq. (6) or another equation derived in a similar manner.

As an additional note, one should be aware that the shear

fracture energy may be scale dependent. For dynamic

rupture of rock faults, Abercrombie and Rice [20] and

Nielsen et al. [42] have argued that G / d1:3
tot and G / dtot,

respectively, where dtot is the total slip of a fault. Also,

Viesca and Garagash [21] have found G / d2
tot for small

earthquake events and G / d2=3
tot for large events, elucidat-

ing that thermal pressurization is a major mechanism for

scaling on fault rupture dynamics. A similar scale-depen-

dence of shear fracture energy may also exist for shear

Fig. 3 Shear fracture energies versus effective normal stresses of the stiff clays and shales
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bands in stiff clays and shales. Probing this hypothesis is

believed to be an important future research topic.

3.2 Characteristic slip displacements

Figure 4 shows the characteristic slip displacements of the

clay and shale samples with respect to the effective normal

stresses. As can be seen, the characteristic slip displace-

ments are smaller than 6 mm, and they appear unrelated to

the effective normal stress. This apparent stress-indepen-

dence suggests that �d can be used for fracture mechanics

analysis without consideration of normal stress.

The values of characteristic slip displacements com-

puted herein are close to those calculated from other types

of laboratory tests on stiff clays. For example, Palmer and

Rice [6] report that the characteristic slip displacements of

overconsolidated London clay lie in between 2 and 10 mm,

based on the shear test data of Skempton [3] and Skempton

and Petley [43]. Also, �d � 3:9 mm is computed by the

authors for the experimental result of Puzrin et al. [9] on an

overconsolidated clay in a 2-m-long inclined slope. It is

noted that the characteristic slip displacements of clays and

shales are greater than those of hard rocks (\1 mm),

because they become greater for more ductile materials

[12].

It is emphasized again, however, that a scale effect

might exist in the characteristic slip displacement. In the

context of fault rupture, several studies have suggested �d /

dtot [44–47]. Because �d ¼ ðsp � srÞ=G, this scale depen-

dence of �d is consistent with G / d1:3
tot [20], and exactly the

same as G / dtot [42] if sp and sr are considered scale

independent. Although no investigation has been per-

formed regarding the scale effect of the characteristic slip

displacement in shear band propagation in soils and weak

rocks, there is limited evidence suggesting a similar scale

effect might also exist. For example, from back-analysis of

a submarine landslide, Puzrin et al. [10] state that the

characteristic slip displacement of the landslide sediment is

constrained in between 100 and 160 mm, which is far

greater than those estimated from laboratory experiments.

If such a scale effect exists, the critical length (Lcr) might

be underestimated from laboratory tests, leading to an

overly conservative stability analysis. This aspect is

believed to deserve further investigations.

3.3 True versus nominal values

Figure 5 compares the shear fracture energies and charac-

teristic slip displacements with their nominal values. From

Fig. 5a, one can see that the nominal shear fracture ener-

gies are consistently greater than the true shear fracture

energies, which is a natural consequence of that the nom-

inal stress drop ðsp � srÞnom is greater than the true stress

drop ðsp � srÞ under a constant normal stress test (cf.

Fig. 2).

Fig. 4 Characteristic slip displacements versus effective normal stresses of the stiff clays and shales
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Remarkably, irrespective of materials and normal

stresses, it is found that the shear fracture energies are

consistently around 70% of their nominal values. This

consistency is interesting because G=Gnom of the rocks

studied in Wong [18] and Liu and Rummel [19] show non-

trivial variances (e.g. G=Gnom � 0:35–0.5 for Fichtelbirge

granite). By contrast, as shown in Fig. 5b, the characteristic

slip displacements are nearly identical to their nominal

(a)

(b)

Fig. 5 True versus nominal values: a shear fracture energies, and b characteristic slip displacements
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values. This similarity, which has also been observed for

rocks [19], affirms the stress-independence of the charac-

teristic slip displacements. To summarize,

G � 0:7Gnom and �d � �dnom: ð10Þ

These approximations may be useful because it is much

easier to calculate nominal values than true values.

4 Conclusion

Based on the results above, the following conclusions can

be drawn regarding the shear fracture energies and char-

acteristic slip displacements of stiff clays and shales esti-

mated from triaxial tests:

1. The shear fracture energies generally increase with the

effective normal stress on the slip plane, varying by

orders of magnitude—approximately from 4 � 101 to

7 � 103 J/m2—in the range of effective normal stresses

from 102 to 105 kPa.

2. An empirical Eq. (9) may provide a first-order estimate

of the shear fracture energy under a given effective

normal stress.

3. The characteristic slip displacements are smaller than 6

mm, and they appear independent of the effective

normal stress.

4. Compared with their nominal values calculated without

considering the change of normal stress in triaxial tests,

the shear fracture energies are approximately 70% of

the nominal values, whereas the characteristic slip

displacements are nearly identical to the nominal ones.

These findings can be useful for fracture mechanics anal-

ysis of shear band propagation in stiff clays and shales.

Special care should be exercised, however, when the

material of interest would attain its residual strength after a

very large slip displacement that cannot be imposed in

triaxial tests. It is also emphasized that future work is

necessary to elucidate scale effects on the shear fracture

energies and characteristic slip displacements of these

materials.
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