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Abstract
Currently, there are debates on the relationship between the effective stress and shear strength of unsaturated soils. Thus, it

is imperative to present an efficient method that could contribute to the existing knowledge in this aspect while ensuring an

easy and fast operation. In this study, a novel approach for modeling the shear strength of unsaturated soils using soil water

retention curve (SWRC) is proposed. The method considers a coherent thermodynamic expression of Bishop’s effective

stress parameter v and a physical model of the SWRC that depends only on one parameter. First, an expression for

unsaturated effective stress was obtained. The starting point to develop the shear strength equation was then determined.

The obtained equation can estimate Bishop’s parameter for unsaturated soil using only the SWRC and the relationship

between unsaturated shear strength and soil suction. A sensitivity analysis and comparison with other methods that

obtained different parameter expressions were also provided. The results showed that the results obtained from the

proposed model fits with experimental data, indicating its applicability in studying the average behavior of unsaturated

sands.
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1 Introduction

The relationship between the effective stress and shear

strength of soils is a well-established concept in repre-

senting the standard stress state in classical soil mechanics.

However, this relationship for unsaturated soils remains a

central subject of several debates.

Among the main topics of these debates, a special spot is

reserved to the Bishop’s [3] effective stress equation. This

is a widely used equation that generalizes the concept of

effective stress in classical soil mechanics. The Bishop’s

[3] effective stress is:

r0 ¼ ðr� uaÞ þ vðua � uwÞ ð1Þ

where r is the total soil stress [ML-2 T-2], r-2 T-2], v is

the unsaturated effective stress parameter or Bishop’s [3]

parameter [non-dimensional], uw is the pore water pressure

[ML-2 T-2], and ua is the pore air pressure [ML-2 T-2].

The main critics of Eq. (1) question the validity of v [25].

Particularly, the uniqueness of v must be clarified, and its

experimental determination is difficult. Eventually, v was

found to be related to air entry pressure [2–19]. The

Bishop’s parameter v is useful in the constitutive frame-

work of critical state soil mechanics modeling.

Several authors proposed expressions that create a

suitable fit for the experimental results for v. The most

successful expressions considered the soil microstructure

and consequently, the soil water retention curve (SWRC)

[1]. Xu and Cao [36] presented a list of the most successful

expressions for v, as shown in Table 1. In addition, there

have been several proposed stress state frameworks for

unsaturated soils [25]. Fredlund and Rahardjo [14] noted

that the stress state of unsaturated soils should be described

by two independent stress variables, typically the net stress

and suction, that could be experimentally validated through

a null test. Houlsby [18] indicated thermodynamics as the

theoretical background of this two-stress-variable

approach. By writing the work equation for the soil com-

ponents, the possible pairs of stress state variables and
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conjugate strain variables could be determined. The

hypotheses of Houlsby’s derivation [18] are yet to be

investigated and its consequences are yet to be fully

understood [25]; however, this derivation provides a con-

sistent thermodynamic approach in dealing with unsatu-

rated effective stresses, which was useful for works that

followed. This includes the possibility of applying a solid

theoretical background to Bishop’s effective stress

expression [3].

Lu et al. [23] proposed a closed-form equation for the

effective stress in unsaturated soils. They hypothesized that

suction stress consumes most of the change in free energy.

Starting from the suction stress retention curve and ther-

modynamic arguments, they additionally found an

expression that relates to v:

v ¼ S� Sr
1� Sr

ð2Þ

where S is the degree of saturation [non-dimensional] and

Sr is the residual degree of saturation [non-dimensional].

A major reason for choosing simple expressions, such as

Eq. (2), is its suitability in modeling the general 3D

boundary value stress–strain behavior of unsaturated soils.

Particularly, constitutive models with v have difficult

implementation [30].

Recently, there have been other stress frameworks pro-

posed for unsaturated soils. Duan et al. [12] proposed a

generalized stress framework that considers the six differ-

ent phase composition of soil: grain skeleton, cement, solid

water, liquid water, contractile skin, and pore air. This new

framework proposed a space- and time-dependent stress

that can model the collapse phenomenon. The resulting

generalized stress distinguishes the effects of the external

loads and bonding properties of the bearing structure with

the grain skeleton as the core.

Equation (2), also referred to as the normalized degree

of saturation, plays an important role in determining the

shear strength of unsaturated soils, which is the ability of

soil to resist shear stress caused by the deviation of the

stress state from the hydrostatic condition. There are two

different approaches in treating the stress state variables for

unsaturated soils [33]. The first approach consists of the

same stress partitioning approach that employs the effec-

tive stress as the governing stress state of unsaturated soil,

as proposed by Bishop [3]:

s ¼ c0 þ ½ðr� uaÞ þ vðua � uwÞ� tan/0 ð3Þ

where c’ is the effective cohesion [ML-2 T-2], r-ua is the
net normal stress [ML-2 T-2], ua-uw is the matric suction

[ML-2 T-2], /’ is the angle of internal friction [non-di-

mensional], and s is the unsaturated shear strength

[ML-2 T-2]. The second approach is based on the inde-

pendent stress state variables proposed by Fredlund et al.

[13]:

s ¼ c0 þ ðr� uaÞ tan/0 þ ðua � uwÞ tan/b ð4Þ

where /b is the angle indicating the rate of increase in

shear strength relative to the matric suction (ua – uw) [non-

dimensional].

Vanapalli [33] discussed the applications and develop-

ment of different unsaturated shear strength models in

geotechnical engineering practice. Although there are

essentially different perspectives on the shear behavior of

unsaturated soils, Eqs. (3) and (4) have been widely used

and present proper compliance with experimental results

[33]. These approaches can be essentially treated as

equivalent with assumption of the following equality:

v ¼ tan/b

tan/0 ð5Þ

Lu et al. [23] applied van Genuchten’s [17] SWRC

model in Eq. (2), resulting in the expression:

v ¼ 1

1þ avg ua � uwð Þ
� �nvg

( )1�1=nvg

ð6Þ

where avg and nvg are the fitting parameters [non-

dimensional].

Different SWRCs could obtain different expressions for

v [23]. A problem in determining v is the fit to the

experimental data of the SWRC. Cavalcante and Zorn-

berg’s SWRC model [7, 8] uses minimum adjusting

parameters to ensure the fit of the experimental data. This

model adjusts the SWRC by obtaining an expression for

Richards equation analogous to the advection–dispersion

problem, which can be analytically solved. Their underly-

ing hypotheses assumes that the following expressions are

constant [7, 8]:

Table 1 Expressions for the unsaturated effective stress parameter

[36]

Expressions Authors

v ¼ Kn=KSn Chen et al. [10]

v ¼ 1=ð1þ dusÞ
d ¼ fitting parameter

Röhm and Vilar [27]

v ¼ Sj

j ¼ fitting parameter

Vanapalli et al. [32]

v ¼ u0:55s
Khalili and Khabaz [20]

v ¼ ðus=useÞD�3 Xu [35]

v ¼ S Schreffer [28]; Chaney et al. [9]; Sun et al.

[31]

v ¼ Se Lu et al. [23] Vanapalli et al. [32]; Xu and

Cao [36]
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oh
¼ cte ¼ as ð7Þ

kðhÞ
qwg

ow
oh

¼ cte ¼ Dz ð8Þ

where as is the constant unsaturated advective seepage

velocity [LT-1], k is the unsaturated hydraulic conductivity

function [LT-1], h is the volumetric water content [non-

dimensional], Dz is the constant unsaturated water diffu-

sivity [L2T-1], w is the total soil suction using atmospheric

pressure as reference [ML-2 T-2], qw is the water specific

mass [ML-3], and g is the gravitational acceleration

[LT-2]. Consequently, the SWRC equation is:

wðhÞ ¼ � 1

d
ln

h� hr
hs � hr

� �
ð9Þ

where hs is the volumetric water content at saturation

[L3L-3], hr is the residual volumetric water content

[L3L-3], and d is a fitting hydraulic parameter [M-1L2T2].

Total suction is a measurement of the free energy of soil

water [14], comprising two different parts, as shown in:

w ¼ ðua � uwÞ þ p ð10Þ

where p is the osmotic suction [ML-2 T-2]. Matric suction

is associated with the surface tension on the water menis-

cus. Meanwhile, osmotic suction is associated with the salt

content and gradient in soil water. Normally, osmotic

suction has negligible effect on the shear strength of soil

[14]. In addition, the authors assumed that the shear

strength component added by the unsaturated soil state is

only attributed to the influence of matric suction. Thus, the

terms ‘‘suction’’ and ‘‘matric suction’’ are used inter-

changeably in this paper.

Unsaturated effective stress and shear strength are the

base concepts in unsaturated soil mechanics. They consti-

tute frameworks for the mechanical behavior of soils under

unsaturated conditions, despite the chosen stress state

approaches. Borja and White [5], Sharma et al. [29], Raj

and Sengupta [26], Wang et al. [34], Nguyen et al. [24],

Liu et al. [22], and Li and Yang [21] applied unsaturated

soil mechanics and these stress concepts. In addition,

recently, there have been various frameworks proposed for

the shear strength equation for unsaturated soils. In Zhai

et al. [37], the additional adhesion between soil particles

due to the meniscus is summed to the other terms in the

shear stress equation through the elemental analysis of

unsaturated soil volume. The meniscus due to soil suction

causes two distinct effects: an additional net normal stress

action on the soil skeleton and additional adhesion between

soil particles.

This study aims to develop a shear strength model using

the effective saturation equivalence to v. The SWRC model

proposed by Cavalcante and Zornberg [7, 8] was used in

determining a simple shear strength equation for unsatu-

rated soils that depends on only one adjusting parameter

and uses the traditional Bishop’s effective stress Eq. [3].

The resulting model has the advantages of easy operation

and speed in generating results. A comparison using other

SWRC models is also presented. We aim to use our pro-

posed equation as the basis for unsaturated shear strength

analysis of this work. In addition, novel approaches to

obtain the unsaturated shear strength can be combined with

the SWRC model employed in this work to generate other

models of the unsaturated shear strength. These combina-

tions will be left for future work.

2 Model derivation

First, it is necessary to cite the relationship between the

volumetric water content and degree of saturation:

S ¼ h
hs

ð11Þ

The volumetric water content can then be solved:

h ¼ hr þ ðhs � hrÞ exp½�d ua � uwj j� ð12Þ

Substituting Eq. (11) to Eq. (12):

S ¼ Sr þ ð1� SrÞ exp½�d ua � uwj j� ð13Þ

Subsequently, v can be written using Cavalcante and

Zornberg’s SWRC model [7, 8] as:

v ¼ exp½�d ua � uwj j� ð14Þ

Figure 1 shows the variations of v with suction under

different adjusting parameters using Cavalcante and

Zornberg’s SWRC model [7, 8].

By applying Eq. (14), Bishop’s effective stress [3]

(Eq. (1)) and unsaturated shear strength (Eq. (3)) equations

Fig. 1 Plot of v versus log(ua - uw) for different values of the fitting
hydraulic parameter d
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may be rewritten using Cavalcante and Zornberg’s model

[7, 8] as:

r0 ¼ ðr� uaÞ þ e�d ua�uwj jðua � uwÞ ð15Þ

s ¼ c0 þ ½ðr� uaÞ þ e�d ua�uwj jðua � uwÞ� tan/0 ð16Þ

Figures 2 and 3 show the unsaturated effective stress

and shear strength, respectively, at d = 0.01 Pa-1,

c’ = 10 kPa, / = 30�.
Figure 3 shows the behavior of the unsaturated shear

strength. For a given fixed net stress, shear strength initially

increases with suction until reaching its peak value, which

linearly depends on the net stress ua - w. Figure 4 shows

the unsaturated shear strength using Eq. (16) for

c’ = 10 kPa and fixed net normal stress r - ua = 30 kPa.

After reaching the peak value, the effective stress, the

following limit holds:

lim
w!1

s ¼ cþ r� uað Þ tanð/Þ ð17Þ

The relation between the unsaturated shear strength and

suction can then be divided into three main groups [15], as

illustrated in Fig. 5.

The type of shear strength primarily depends on the

granulometry:

• Type I: Shear strength increases to its peak value, after

which it decreases to a residual fixed value. This is the

typical relationship observed for sands, which have low

chemical interaction between particles at the micro-

scopic level.

• Type II: Shear strength increases to its peak value and

thereafter remains approximately constant. This is the

typical relationship observed for silt and some silty

clays.

• Type III: Shear strength exhibits a monotonic increase

with suction. This trend is typically observed in clays

and some silty clays.

Considering the common types of shear strength curves,

the combination of the equation of Lu et al. [23] for v and

Cavalcante and Zornberg’s SWRC model [7, 8] results in a

peak behavior. The unsaturated shear strength initially

increases until it reaches its maximum value. Thereafter, it

decreases until it reaches a residual value. This behavior of

unsaturated shear strength is consistent with the type I

shear strength in Fig. 5.

Due to suction decrease, the surplus soil strength due

becomes negligible. When water content drops below a

certain threshold, the decrease in water content reduces the

cohesion bridges formed by the free water meniscus,

resulting in the increased mobility of the soil particles.

The matric suction value where a peak occurs can be

determined by obtaining the maximum value of the func-

tion. By calculating the derivative of Eq. (16) and equating

it to zero, we found that:

ua � uwð Þpeak¼
1

d
ð18Þ

and

speak ¼ tanð/Þ expð�1Þ
d

þ r� uað Þ
� �

þ c0 ð19Þ

In addition, Eq. (12) can be used to determine the vol-

umetric water content at the peak unsaturated shear

strength:

h ¼ hr þ ðhs � hrÞ expð�1Þ ð20Þ

Equation (20) allows the physical interpretation of the

fitting hydraulic parameter d. The fitting parameter is

proportional to the initial slopes of the SWRC and unsat-

urated k-function of soil [7, 8]. Moreover, it is related to
Fig. 2 Surface plot of the unsaturated effective stress varying with the

net normal stress and matric suction

Fig. 3 Surface plot of the unsaturated shear strength varying with the

net normal stress and matric suction
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the air and water entry values. Particularly, a smaller value

of the fitting parameter results in higher air and water entry

values. Considering the new perspective posed by Eq. (20),

it can be seen that d is the immediate inverse of the suction

value at which granular soils reach their maximum unsat-

urated shear strength.

Equation (18) shows the inverse relationship between

the fitting hydraulic parameter and peak unsaturated shear

strength. When d decreases, air entry increases. As higher

energy is required to remove the residual water that binds

soil particles, the suction at the peak shear strength

increases and shifts farther from the origin. In addition,

small d values could occur in soils with smaller average

pore diameters, resulting in higher unsaturated shear

strength values than those of soils with larger average pore

diameters.

The shear strength model may be adapted to describe silt

behavior as follows:

s ¼

c0 þ ½ðr� uaÞ þ e�d ua�uwj jðua � uwÞ� tan/0;

ua � uw � 1=d

c0 þ tanð/Þ expð�1Þ
d

þ r� uað Þ
� �

;

ua � uw [ 1=d

8
>>>>>><

>>>>>>:

ð21Þ

Fig. 4 Unsaturated shear strength using Eq. (16) at c’ = 10 kPa and a fixed value of r - ua = 30 kPa for: a d = 0.1 -1, b d = 0.01 kPa-1,

c d = 0.001 kPa-1, and d d = 0.0001 kPa-1

Fig. 5 Types of unsaturated shear strength behaviors ( modified from Gao et al. [15]): a type I, b type II, and c type III
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For finer soils, such as silty clays and clays, which fit

into type III shear strength, the deduced model is not rec-

ommended in predicting the shear strength behavior. Par-

ticularly, the microscopic chemical interaction between the

soil particles for finer soils changes their shear strength

curve, which does not decrease similar to that of sands.

Thus, Eq. (16) can only be applied for low suction values

in type III soil.

3 Unsaturated shear strength generated
using other models

In this section, we compare the graphs generated using the

SWRC model of Cavalcante and Zornberg [7, 8], and those

of Gardner [16], Brooks and Corey [6], and van Genuchten

[17] with the following equations, respectively:

hðua � uwÞ ¼ hr þ ðhs � hrÞ 1þ ar;g ua � uwð Þnr;g
� ��1

ð22Þ

hðua � uwÞ ¼ hr þ ðhs � hrÞ ar;bc ua � uwð Þ
� ��kr;bc ð23Þ

hðua � uwÞ ¼ hr þ ðhs
� hrÞ 1þ ar;vg ua � uwð Þ

� �nr;vg� 	�ð1�1=nr;vgÞ

ð24Þ

where a [non-dimensional], k [non-dimensional], and

n [non-dimensional] are the fitting parameters for the

SWRC models.

Using simple mathematical manipulation similar to

Sect. 2, the corresponding expressions of Bishop’s equa-

tion [3], unsaturated effective stress equation, and unsatu-

rated shear strength equation using these three models can

be obtained as:

vg ¼
1

1þ ar;g ua � uwð Þ
� �nr;g ð25Þ

vbc ¼
1

ar;vg ua � uwð Þ

� �kr;bc
ð26Þ

vvg ¼
1

1þ ar;vg ua � uwð Þ
� �nr;vg

( )1�1=nr;vg

ð27Þ

Equations (25)–(27) can be combined with Eqs. (3) and (4)

to generate unsaturated shear strength models.

The SWRC data were extracted from Azevedo [2],

which was obtained using a lean clay soil from a burrow pit

at Rocky Mountain Arsenal in Denver, CO. The SWRC

curve was obtained by applying three different procedures:

hanging column test, pressure plates, and thermodynamic

methods. The measured data are illustrated in Fig. 6. Fig-

ure 7 shows the fitted models against the data presented in

Fig. 6 obtained using Eqs. (22)–(24), respectively. By

applying Eqs. (25)–(27), respectively, v can be plotted

against the matric suction using these models, as shown in

Fig. 8.

By combining Eqs. (25)–(27) with Eq. (3), the follow-

ing equations can be obtained:

sg ¼ c0 þ ½ðr� uaÞ þ
1

1þ ag ua � uwð Þ
� �ng ðua � uwÞ� tan/0

ð28Þ

sbc ¼ c0 þ ½ðr� uaÞ þ
1

abc ua � uwð Þ

� �kbc
ðua � uwÞ� tan/0

ð29Þ

svg ¼ c0 þ ½ðr� uaÞ þ
1

1þ avg ua � uwð Þ
� �nvg

( )1�1=nvg

ðua

� uwÞ� tan/0

ð30Þ

By plotting Eqs. (28)–(30), the unsaturated shear strength

surface plots for the models of Gardner [16], Brooks and

Corey [6], and van Genuchten [17] can be obtained, as

shown in Figs. 9, 10, 11, respectively.

Although Figs. 9, 10, 11 exhibit a trend similar to type

III soils, their shear strength values differ. The variation of

the shear strength with suction changes differs due to the

differences in the SWRC models. Brooks and Corey’s

model [6] has the highest variation in shear strength due to

suction, while Gardner’s model [16] exhibits the smallest

variation. Moreover, Lu et al. [23] showed that a peak

behavior can be obtained for the effective stress in unsat-

urated soils for the van Genuchten’s model [17] if n[ 2. A

similar peak behavior of the unsaturated shear stress is

noted for n[ 2. Thus, the unsaturated shear stress can be

written as

s ¼ c0 þ rbishop tan/
0 ð31Þ

Fig. 6 SWRC data for lean clay soil from Azevedo [2]
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Because cohesion is assumed to be constant, the peak

behavior for n[ 2 under unsaturated effective stress

implies a similar peak behavior in the unsaturated shear

stress. Moreover, a similar peak condition is noted in

Gardner’s model [16] for n[ 2, as demonstrated by the

same procedure as in Lu et al. [23]. For n = 2.5 with the

same fitting parameters, Figs. 12 and 13 show the variation

of the unsaturated shear strength with suction using

Gardner’s SWRC model [16] and van Genuchten’s SWRC

model [17], respectively, for a fixed rnet at 30 kPa, which

was set for better visualization. It can be noted that the

peak occurs at small suction values.

Fig. 7 SWRC models of a Gardner [16], b Brooks and Corey [6], and c van Genuchten [17], interpolated against the obtained SWRC curve of

Azevedo [2]

Fig. 8 Bishop’s effective stress parameter (v) [3] plotted against log

(ua - uw) for the SWRC interpolated models

Fig. 9 Unsaturated shear strength surface plot using Gardner’s SWRC

model [16]
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4 Application of the novel shear strength
parameters

To illustrate the application of the model, a set of curves of

the unsaturated shear strength versus suction for four dif-

ferent sands were adjusted using Eq. (16). The data were

extracted from Donald [11], which were collected from

Frankston for four different graduated sand. The net normal

stress and friction angle were measured in Donald [11],

while d and cohesion coefficient were adjusted from the

model. Table 2 lists the soil parameters [11]. The results of

the fitting are shown in Fig. 14, and the fitted parameters

are listed in Table 3.

The results from Fig. 14 show that the fitting represents

the change in the shear strength due to suction. As the

model only exhibits minimal variations in the shear

strength values, it is suitable for practical applications.

Following curve fitting, hypothetical SWRCs can be gen-

erated using d in the absence of further data. Assuming that

hs is numerically equal to the porosity and hr = 0, the

results are shown in Fig. 15.

The proposed model is based on the Mohr–Coulomb

failure criterion; thus, it does not comprise the compression

effect on soils because the Mohr–Coulomb criterion

accounts for perfect plastic failure, rather than the soil

strain. Therefore, the model is not recommended for

evaluating highly compressible soils when secondary

stress–strain effects are expected to occur due to large

strains. A one-dimensional perspective of the stress of

unsaturated soils is used in validating the proposed model.

For three-dimensional cases and stress tensor, the

Fig. 10 Unsaturated shear strength surface plot using Brooks and

Corey’s SWRC model [6]

Fig. 11 Unsaturated shear strength surface plot using van Genuch-

ten’s SWRC model [17]

Fig. 12 Unsaturated shear strength versus suction using Gardner’s

SWRC model [16]

Fig. 13 Unsaturated shear strength versus using van Genuchten’s

SWRC model [17]

Table 2 Soil parameters for the sands studied [11]

Sand Porosity (%) rnet (kPa) /’

Fine Frankston 52 9.2 34�
Graded Frankston 50 10.3 34�
Medium Frankston 47 10.45 33�
Brown Frankston 43 9.5 30�
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underlying Mohr–Coulomb criterion must be generalized,

which is not straightforward [4].

5 Conclusions

This study proposed a novel formula for Bishop’s effective

stress parameter [3] based on the SWRC model of Caval-

cante and Zornberg [7, 8] and effective saturation expres-

sion of Lu et al. [23].

The resulting curves of the unsaturated shear strength

agreed with those experimentally determined for sands and

silty sands. In addition, the model can be adapted to sim-

ulate silt and some silty clays. However, it is not recom-

mended for some silty clays and clays, except at low

suction ranges. The proposed model was compared to

strength models based on traditional SWRC equations. For

the models of van Genuchten [17] and Gardner [16],

promising results were obtained in modeling the shear

strength versus matric suction. In contrast, Brooks and

Corey’s model [6] demonstrate some inconsistencies. For

practical applications, the proposed model was used in

representing the unsaturated shear behavior of sands.

Careful analysis is required prior these actual applications

in order to apply the model for a suited soil granulometry.

Minimal variations were noted using the proposed model to

determine the shear strength variation of Frankston sand,

which can be safely disregarded in engineering practice.

For future works, the proposed equation can study

unsaturated soil mechanics solutions for application in

geotechnical engineering, such as slope stability analyses,

foundation design, and retaining structural stability.
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Fig. 14 Shear strength versus suction for the Frankston sands

obtained by Donald [11]

Table 3 Fitted soil parameters

Sand d (kPa-1) c’ (kPa)

Fine Frankston 0.091 3.94

Graded Frankston 0.033 5.67

Medium Frankston 0.080 5.83

Brown Frankston 0.054 8.34

Fig. 15 Hypothetical SWRC for Frankston sands with the assumption

that hs is numerically equal to the porosity and hr = 0
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