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Abstract
Coarse-grained soils were considered not susceptible to frost heave. However, substantial frost heave has been observed in

unsaturated coarse fills in high-speed railway embankments. Recent experimental results in the literature show that vapour

transfer has a considerable influence on the frost heaving of coarse-grained soil. However, vapour transfer has rarely been

considered in modelling frost heave. This study presents a new frost heave model that considers vapour transfer and its

contribution to ice formation. An updated computer program (PCHeave) is developed to account for the vapour transfer in

unsaturated coarse-grained soils, where the rigid ice theory is applied to initiate ice lens formation in the frozen fringe. The

results of the proposed model are compared with laboratory test results, which show reasonable agreement. The frost heave

data monitored in 2013–2014 along the embankment of the Harbin–Dalian Passenger Dedicated Railway are also used to

validate the proposed model. The prediction of the model agrees well with the measured results of frost heave and frost

depth. This indicates that the proposed model can reasonably reflect the process of frost heave caused by vapour transfer in

unsaturated coarse-grained soils.

Keywords Frost heave � Numerical model � Unsaturated coarse-grained soil � Vapour transfer

List of symbols
dxf/dt The advancing rate of the frost front xf or the

frost penetration rate during Dt and is negative

when frost advances downwards (m/s)

r The total stress or the total overburden pressure

(Pa)

r
0

The effective stress (Pa)

n The soil porosity

I The ice content
�I Mean ice content in the current frozen fringe

Ib The current volumetric ice content at xb
uw The pore water pressure (Pa)

ui The pore ice pressure (Pa)

un The neutral stress (Pa)

qw The density of liquid water (g/cm3)

qi The density of ice (g/cm3)

qv Density of vapour (g/cm3)
�kf Effective thermal conductivity of the layer above

xb (W/(m �C)
�kff Effective thermal conductivity of the current

frozen fringe (W/(m �C)
�ku Effective thermal conductivity of the unfrozen

zone between xf and xw (Fig. 1) (W/(m �C)
ksat Thermal conductivity of a soil saturated by water

and ice (W/(m �C)
kdry Thermal conductivity of the dry soil (W/(m �C)
xc Either the cold boundary of the soil profile for

coarse calculation or the location of the cold

boundary of the growing ice lens (m)

xf Location of the frost front (m)

xb Warm surface of the latest ice lens (m)

xw Boundary of the soil layer below the frost front

(m)

T0 The freezing point of water in degree Kevin (K)

Tc Temperature at location xc (�C)
Tf Temperature at location xf (�C)
Ts Temperature at the ice–water interface or the so-

called segregational temperature (�C)
Tw Temperature at warm side xw (�C)
Vi Rate of ice lensing or the rate of heave during

the time step Dt (m/s)

L Specific latent heat of water (J/kg)
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Lvap Specific latent heat of vapour (J/kg)

sr Degree of saturation

vff Rate of water flow in the frozen fringe (m/s)

vu Rate of water flow at the frost front (in the

unfrozen soil) (m/s)

vvap Vapour flux in the unfrozen zone (m/s)

ku Effective hydraulic conductivity of the unfrozen

soil between the frost front and the groundwater

table (m/s)

g Acceleration of gravity (m/s2)

xgw Location of the groundwater table (m)

uw(xgw) Pore water pressure at the ground water

table (Pa)

uw(xf) Pore water pressure at the frost front (xf) (Pa)

Kvh Thermal vapour hydraulic conductivities

KvT Thermal vapour hydraulic conductivities

h The total thickness (m)

hi The thickness of the ith layer (m)

Ki The parameter of the ith layer

k The hydraulic conductivity of unsaturated soil in

the unfrozen state (m/s)

ksat The saturated hydraulic conductivity (m/s)

hu The unfrozen volumetric water content

h0 The initial volumetric water content

M The molecular weight of water (= 0.018)

(kg/mol)

R The universal gas constant (= 8.341) (J/(mol K)

Hr The dimensionless relative humidity

qvs The saturated vapour density (kg/m3)

D The vapour diffusivity in soil (m2/s)

s The tortuosity factor

ha The air-filled porosity

Da The diffusivity of water vapour in air (m2/s)

g A dimensionless enhancement factor

fc The mass fraction of clay content of the soil

1 Introduction

The Harbin–Dalian Passenger Dedicated Railway is the

first dedicated passenger line in the world to operate in cold

regions. In seasonally frozen soil areas, the effects of frost

heave on high-speed railways are significant because of

stringent deformation requirement of truck foundation.

These coarse fills for high-speed railways, classified as

Group A and Group B in the Chinese standard, have low

fines contents (typically,\ 10%) and very low initial water

content (typically, 5% in mass). The groundwater table is

located far below the coarse fills. The coarse fills were

considered not susceptible to frost heave, but substantial

frost heave has been observed in the coarse fills in high-

speed railway embankments [29, 30, 45, 46, 54, 55].

Therefore, it is important to explain the unusual phe-

nomenon and predict the frost heave of coarse-grained

soils.

A number of theories in the literature have been

developed to predict frost heave. Five main streams of the

theories can be identified: (1) the capillary theory based on

the Young–Laplace equation for primary frost heave

[1, 6, 14, 47]; (2) the rigid ice model referred to as the

secondary frost heave that assumes the existence of a fro-

zen fringe [2, 10, 27, 28, 31, 33, 42, 43]; (3) the hydro-

dynamic models or the thermo-hydro-mechanical models

[12, 13, 15, 20–22, 24, 53, 56]; (4) the segregation potential

models, which are based on the proportional relation

between the velocity of water entering the unfrozen soil

and the temperature gradient [16–19]; (5) the theory of

premelting dynamics that considers the intermolecular

forces causing premelted fluid to migrate and supply seg-

regated ice growth and frost heave [36–38, 41].

In all the models and theories discussed above, includ-

ing the more recent premelted ice model, frost heave is

considered to be a consequence of freezing and migration

of liquid water in fine grained soil. Indeed, the frozen

fringe is assumed to be fully saturated by water and ice,

both in the rigid ice model, in the segregational potential

theory and in the premelted ice model. According to the

above theories, liquid water in coarse-grained soils above

the groundwater table is usually discontinuous. It is then

difficult for liquid water to flow to the freezing front or the

frozen fringe. The frozen fringe in coarse-grained soils

such as sand or gravel is very thin or zero [27], which

prevents the formation of ice lens. According to existing

1

2

Fig. 1 Phase volumes and temperature profile around the frozen

fringe
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models and theories, freezing of a coarse-grained soil does

not cause the formation of ice lenses or much frost heave.

The experimental results in the literature show that

vapour transfer has an important effect on the frost heave

of coarse-grained soil [5, 11, 29, 49]. Teng et al. [50]

performed a series of laboratory tests to investigate the

factors that will affect vapour transfer in a clean sand,

including initial water content, dry density, boundary

temperature, and water supply pattern. They found that

vapour transfer can be the primary mechanism of moisture

migration in coarse-grained soil, especially when the initial

water contents of the soils are low. It is found that under

sub-freezing temperatures, the liquid water and vapour in

the coarse-grained soils can change phase into ice, reducing

the humidity and moisture content of the air in the soil. A

thin water film exists on the surface of ice crystals in

coarse-grained soils, which can generate considerable

adsorption potential [4]. This kind of potential increases the

matric suction of the soil and reduces the concentration of

vapour, thus continuously driving the migration of vapour

to the freezing zone [50]. The migration of vapour will

support the continuous growing of the ice lens, leading to

frost heave in the soils [9, 56]. As the above experimental

observations, ice lensing and frost heave can take place in

relatively dry soils due to vapour flow, very similar to the

ice formation in an old-type freezer. Indeed, any cold

surface (with temperature kept below the freezing point of

water) exposed to humid air tends to accumulate frost on it.

Giving proper conditions and time, the density of the frost

can be as high as ice, just as ice stuck to the surface of an

old freezer. While the physical process of frost heave in

coarse-grained soils is relatively clear and validated by

experiments, the corresponding mathematical model is still

lacking. It is relatively unknown: how to model frost heave

in coarse-grained soils and how much frost heave can form

due to vapour transfer.

The objective of this study is to develop a new frost

heave model that takes into account the vapour transfer and

phase change in coarse-grained soils. The numerical model

is described in detail and further implemented into the

program PCHeave. The results of the numerical modelling

are then compared with laboratory test results and in situ

measurement data of the Harbin–Dalian Passenger Dedi-

cated Railway. The results show that the model simulation

matches well with the test results. The significance of

vapour transfer in coarse-grained soils is analysed based on

the proposed model, and finally, some concluding remarks

are summarized.

2 Theory

2.1 Basic assumptions

PCHeave is a computer program developed by Sheng [42]

and Sheng et al. [43] that can simulate the formation of

discrete ice lenses in soil and predict the one-dimensional

frost heave. One key feature of the model is that only a

small number of soil parameters are involved and all these

parameters have physical meaning, such as dry density,

initial water content, degree of saturation and saturated

hydraulic conductivity [45]. Although PCHeave is one of

the few models that can be used to predict frost heave in

engineering practice, it cannot explain the frost heave in

coarse-grained soil caused by vapour transfer. This study

further develops the PCHeave model into a new version to

account for the effect of vapour transfer on the accumu-

lation of pore ice. The basic assumptions in the new model

are updated as follows:

(a) A frozen fringe is assumed to exist that is always

saturated by water or ice. This is in accordance with

the rigid ice concept proposed in Miller [27].

(b) The vapour inflow at the freezing front will condense

to water and fill the pores of the frozen fringe.

(c) The soil profile is made of an arbitrary number of

soil layers.

(d) The temperature gradients in each soil layer are

linear, but may vary with time.

(e) The hydraulic conductivity of the frozen fringe

decreases exponentially as a function of the

temperature.

(f) The rates of water flow in the frozen fringe and in

each unfrozen soil layer are constant in space, but

may vary with time.

(g) The pore ice particles in the frozen fringe are

connected to the warmest ice lens as a rigid body.

(h) The Clapeyron equation is used to describe the

pressures and temperature at the water/ice interface.

(i) At any time, there is only one ice lens growing (old

ice lenses stop growing once a new ice lens forms).

(j) The rate of frost heave is the same as the rate of ice

lens growth.

2.2 Ice lens initiation

There exist a film of unfrozen water between the soil

particles and the ice due to the action of surface energy

among soil particles. Unfrozen water film is the path for

liquid water to flow in the frozen fringe. Due to the exis-

tence of the unfrozen water film, the ice pressure and water

pressure act around each soil particle in a balanced manner
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in the frozen fringe. Since both ice and water phases appear

in the frozen fringe, the effective pore pressure is defined

as a weighted sum of the ice pressure and water pressure,

which represents the difference between the total stress and

the effective stress. It is then possible that the effective

stress approaches zero at some point in the frozen fringe if

the ice pressure is sufficiently high there. Therefore, a new

ice lens can form at that point by separating ‘floating’ soil

particles. The mechanism of ice lensing associated with the

existence of a frozen fringe is termed the secondary

heaving by Miller [25, 26]. Therefore, a new ice lens is

assumed to be initiated when and where the effective stress

in the soil approaches zero [43, 44]. The effective stress is

defined as follows:

r0 ¼ r� n� I

n
uw � I

n
ui ¼ r� un ð1Þ

where r is the total stress or the total overburden pressure,

r0 is the effective stress, n is the soil porosity includes the

volume of ice, I is the volumetric percentage of ice in the

total soil, uw is the pore water pressure, ui is the pore ice

pressure, and un is the neutral stress.

The water pressure at the warm side of the lens, which

appears in suction, is affected by the segregational tem-

perature and the overburden pressure, through the

Clapeyron equation in thermodynamics. Assuming the ice–

water interface is at equilibrium, the ice pressure, water

pressure and temperature are related through the integrated

Clapeyron equation as follows:

uw
qw

� ui
qi

¼ L
Ts
T0

ð2Þ

where qw is the density of liquid water, qi is the density of

ice, L is the specific latent heat of water, T0 is the freezing

point of water in degree Kevin, Ts is the temperature at the

ice–water interface or the so-called segregational temper-

ature [52]. Ice segregation temperature Ts is defined as

temperature at the position of warm surface of the latest ice

lens, i.e. warm end of segregation ice layer. It is related to

the principle of water migration and both of ice and

unfrozen water equilibrium. The approximation Ts can be

obtained by the curve of unfrozen water content versus

temperature.

Substituting Eq. (2) into Eq. (1) to eliminate the ice

pressure leads to the following:

un ¼ 1� I

n
þ I

n

qi
qw

� �
uw � Lqi

I

n

Ts
T0

ð3Þ

A new ice lens is initiated within the frozen fringe when

and where the neutral stress reaches the total stress or the

total overburden pressure. The neutral stress can be

determined by Eq. (3).

2.3 Heat and mass transfer

Assume the location of the frozen fringe is known at the

time t. The aim is to determine the rate of heave during a

small-time step Dt and the new location of the frozen fringe

at time t ? Dt.
The volumetric ice content is 1 above xb, Ib (not nec-

essarily equal 1) at xb and zero at xf, as shown in Fig. 1.

The xb is the warm surface of the latest ice lens, and xf is

the location of the frost front. The parameter �I is the

average ice content in the frozen fringe. It is noted that

porosity n includes the volume of ice. Therefore, if the

rigid ice body moves upwards at a velocity Vi, a space of

the size (1Vidt) will be left during time period dt and must

be filled by new formed ice, which includes the ice formed

at xb, i.e. IbVidt, and that within the fringe, i.e. (1 - Ib)Vidt.

In addition, the penetration of the frost front (-dxf) will

also cause an ice formation of the volume of �I �dxfð Þ.
As shown in Fig. 1, the white area 1 represents the ice

formed within the fringe, i.e. (1 - Ib)Vidt. The white area 2

represents the ice formed at xb, i.e. IbVidt. The grey area

between xc and xc
0 represents frozen soil, which includes

soil particles, ice lens and unfrozen water. The xc
0 is the

colder side of an ice lens, while the xw is the boundary of a

soil layer below the frost front. The dislocation at xw is to

represent the difference in different soil layers.

The heat balance is considered for each soil layer. At the

warm surface of the latest ice lens (xb in Fig. 1), the heat

balance states the following:

�kf
Ts � Tc
xc � xb

� �kff
Tf � Ts
xb � xf

¼ 1� Ibð ÞViqiL ð4Þ

where �kf is the effective thermal conductivity of the layer

above xb, �kff is the effective thermal conductivity of the

current frozen fringe, xc is either the cold boundary of the

soil profile for coarse calculation or the location of the cold

boundary of the growing ice lens, Tc is the temperature at

location xc, Tf is the temperature at location xf, Ib is the

current volumetric ice content at xb, and Vi is the rate of ice

lensing or the rate of heave during the time step Dt.
The overall heat balance for the frozen fringe can be

expressed as follows:

�kf
Ts � Tc
xc � xb

� �ku
Tw � Tf
xf � xw

¼ Vi þ �I � dxf
dt

� �� �
qiL

þ n 1� Srð Þ � dxf
dt

� �� �
qwLvap

ð5Þ

where dxf/dt is the advancing rate of the frost front xf or the

frost penetration rate during Dt and is negative when frost

advances downwards, �ku is the effective thermal conduc-

tivity of the unfrozen zone between xf and xw (Fig. 1), Tw is
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the temperature at warm side xw, sr is the degree of satu-

ration, and Lvap is the specific latent heat of vapour. The

first term on the right-hand side represents the latent heat

for the new ice mass formed in the frozen fringe. The

second term represents the latent heat for the new liquid

water formed in the frozen fringe. The unfrozen soil is

unsaturated, but the frozen fringe is saturated. So, the

vapour inflow at the frost front will condense to water and

fill the pores of frozen fringe.

The mass conservation at xb requires that the water flow

to xb equals the ice mass formed there:

vffqw ¼ ð1� IbÞViqi ð6Þ

where vff denotes the rate of water flow in the frozen fringe.

The overall mass balance within the frozen fringe

requires that the outflow of ice mass at xb must balance the

inflow of water mass at xf plus the mass loss in the frozen

fringe as follows:

Viqi ¼ vuqw þ qw � qið Þ�I � dxf
dt

� �

� qwnð1� SrÞð Þ � dxf
dt

� �
ð7Þ

where vu is the rate of water flow at the frost front (in the

unfrozen soil). The second term on the right-hand side is

the mass loss due to phase change, and the third term is the

water mass needed to fill the initially unsaturated soil.

In the case where the frost front is above the ground-

water table, the rate of water flow in the unfrozen soil (vu)

can be determined from Darcy’s law as follows:

vu ¼
ku
qwg

uwðxgwÞ � uwðxfÞ
xf � xgw

� qwg

� �
þ qv
qw

vvap ð8Þ

where ku is the effective hydraulic conductivity of the

unfrozen soil between the frost front and the groundwater

table, g is the acceleration of gravity, xgw is the location of

the groundwater table, uw(xgw) is the pore water pressure at

the ground water table, uw(xf) is the pore water pressure at

the frost front (xf), and vvap is the vapour flux in the

unfrozen zone. The pore water pressure at the groundwater

table is usually zero, unless an excess pore pressure is

considered.

According to the previous studies

[3, 8, 34, 35, 40, 48, 56, 57], temperature and vapour

pressure gradient (relative humidity) are the two main

driving mechanisms for vapour transfer in unsaturated soil.

The vapour flux in unsaturated soils can be quantitatively

described by Fick’s law, as follows:

qv
qw

vvap ¼
kvh
qwg

uwðxgwÞ � uwðxfÞ
xf � xgw

� �
þ kvT

Tw � Tf
xf � xw

ð9Þ

where Kvh and kvT are the isothermal and thermal vapour

hydraulic conductivities, respectively. The calculation of

the two vapour ‘permeabilities’ is given below.

If the water flow rate in the frozen fringe (vff) is assumed

to be constant, the pore water pressure in the frozen fringe

can be found by integrating from Darcy’s law, with the

assumed hydraulic conductivity function as follows:

vff ¼ � kff
qwg

duw
dx

þ qwg

� �
ð10Þ

kff ¼ ku exp �bðx� xfÞð Þ ð11Þ

Substituting Eq. (11) into Eq. (10) to eliminate kff, and

integrating for uw leads to the following:

uwðxÞ ¼ �vffqwg
exp bðx� xfÞð Þ

bku
� qwgxþ C ð12Þ

The integration constant C can be determined from the

boundary values at xb, where the pore water pressure is

related to the pore ice pressure (overburden) and the tem-

perature via the generalised Clapeyron equation as follows:

uwðxÞ ¼ Lqw
Ts
T0

þ r
qw
qi

þ vffqwg
exp bxb � bxfð Þ � exp bx� bxfð Þ

bku
þ qwgðxb � xÞ ð13Þ

where r is the overburden pressure at location xb, ku is the

saturated hydraulic conductivity of the soil with in the

frozen fringe (before freezing), and b is a parameter that

will be determined below. The pore water pressure at the

position of xb and xf can be given as follows:

uwðxbÞ ¼ Lqw
Ts
T0

þ r
qw
qi

ð14aÞ

uwðxfÞ ¼ Lqw
Ts
T0

þ r
qw
qi

þ vffqwg
exp bxb � bxfð Þ � 1

bku
þ qwgðxb � xfÞ

ð14bÞ

Note : exp bxb � bxfð Þ ¼ kffðxfÞ
kffðxbÞ

ð14cÞ

Equations (4)–(14) form the basis of the frost heave

model. Providing the location of the frozen fringe (xf, xb),

the ice content (I) within the frozen fringe and the material

parameters involved are known, and they can be solved by

iteration for the six unknowns Ts, Vi, dxf/dt, vff, vu and

uw(x).

If the frost front penetrates below the groundwater table,

the pore water pressure at the frost front is then determined

by the following:

uwðxfÞ ¼ ðxgw � xfÞqwg ð15Þ
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In this case, Eqs. (4), (5), (6) and (13) are still valid.

Together with Eq. (15), the five equations are solved for

the five unknowns Ts, Vi, dxf/dt, vff and uw(x).

2.4 Steady state of growth

In the case where the frozen fringe is too thin for compu-

tational significance, the base of the latest ice lens is set to

the frost front. The rate of water flow in the unfrozen zone

is then in equilibrium with the rate of ice lensing; thus, the

frost front will remain stationary. The following equation is

used instead of Eqs. (4) and (5)

�kf
Ts � Tc
xc � xb

� �ku
Tw � Ts

xb
¼ ViqiL ð16Þ

The following mass balance equation is used instead of

Eqs. (6–7):

vuqw ¼ Viqi ð17Þ

Equations (8) and (13) are still valid. Together with

Eqs. (16) and (19), the four equations can be solved for the

four unknowns: Ts, Vi, vu, and uw(x).

So far, the governing equations have been established

based on knowledge of the location of the frozen fringe.

The next step is to locate the frozen fringe at each time

step. If the frozen fringe (xf, xb) is known at time t, the frost

penetration rate dxf/dt can be determined and the new

position of the frost front at time t ? Dt is xf ? (dxf/

dt)Dt. The position of the warm surface of the latest ice

lens xb remains fixed unless a new ice lens appears within

the frozen fringe. A new ice lens appears when and where

the effective stress vanishes.

2.5 Material properties

The governing equations contain a number of material

parameters that must be determined. Such parameters

include the effective thermal conductivity and the

hydraulic conductivity of a multi-layer structure, the ther-

mal conductivity and the hydraulic conductivity of a multi-

phase material, and the ice content of the frozen fringe.

The effective value of a conductive parameter of a

stratified profile, e.g. the effective thermal conductivity and

the effective hydraulic conductivity, can be represented by

the harmonic mean as follows:

�K ¼ h

h1
K1

þ h2
K2

þ � � �
� � ð18Þ

where �K denotes the effective value to be determined, h is

the total thickness, hi is the thickness of the ith layer, and

i is the parameter of the ith layer.

In the frozen zone, frozen soil is interlayered with pure

ice lenses. The equivalent thermal conductivity can be

calculated in a manner analogous to the resistance in a

series electrical circuit, i.e., using a harmonic mean as

follows:

�kf ¼
h� xb

h�h0
ki

þ h0�xb
kf

ð19Þ

The thermal conductivity of a soil saturated by water

and ice can be expressed by the geometric mean as follows:

ksat ¼ k1�n
s kn�I

w kIi ð20Þ

where subscripts s, w and i stand for soil solids, water and

ice, respectively.

The thermal conductivity of an unsaturated soil is given

as:

k ¼ ksat � kdry
� �

Ke þ kdry ð21Þ

where kdry is the thermal conductivity of the dry soil, and

Ke a parameter called the Kersten number [7].

The hydraulic conductivity of a partially frozen soil is a

function of the temperature and the soil. The specific

function used here is as follows:

kff ¼ ku exp cT � cTfð Þ ¼ ku exp �bxþ bxfð Þ ð22Þ

The parameter b in Eq. (22) can either be treated as an

input parameter or, as a first approximation, be estimated as

follows:

kff ¼ ku
huðxbÞ

n

� �9

¼ ku
n� Ib
n

� �9

ð23Þ

where hu is the unfrozen volumetric water content, and the

parameter b can be determined by substituting Eq. (23) into

Eq. (22) with x = xb as follows:

b ¼
9 ln n�Ib

n

� �
xf � xb

¼
ln

kffðxbÞ
kffðxfÞ

� �
xf � xb

ð24Þ

The hydraulic conductivity of a partially saturated soil

in the unfrozen state can be approximated by a given sat-

urated hydraulic conductivity as follows:

k ¼ ksatS
m
r ð25Þ

where ksat is the saturated hydraulic conductivity and m is a

soil parameter and a default value of 9 is used in PCHeave,

in accordance with Eq. (23).

The volumetric ice content (I) in the frozen fringe is the

difference between the porosity (n) and the unfrozen vol-

umetric water content (hu). The unfrozen water content is a

function of the temperature or a function of the pressure

difference (uw - ui). The following function is used in

PCHeave:
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I ¼ n� huðTÞ ¼ n� h0 exp aTb
� �

ð26Þ

where h0 is the initial volumetric water content and a and b
are two constants depending on the specific surface area

and pore geometry of the soil. The constant b is approxi-

mately 2 for most soils of interest. The constant a can be

determined by substituting into Eq. (23) an unfrozen water

content at a sub-freezing temperature, e.g.—1.0 �C.
The vapour permeabilities in Eq. (9) can be estimated as

follows [57]:

kvh ¼
D

qw
qvs

Mg

RT
Hr

� �
¼ D

qw
qvs

Mg

RT
exp

uwð0:5xfÞM
qwRT

� �� �

ð27Þ

kvT ¼ D

qw
gHr

dqvs
dT

� �
¼ D

qw
g

dqvs
dT

� �
exp

uwð0:5xfÞM
qwRT

� �

ð28Þ

where M is the molecular weight of water

(= 0.018 kg/mol); R is the universal gas constant

(= 8.341 J/(mol K)); and Hr is the dimensionless relative

humidity and its expression is given as [39]:

Hr ¼ exp
uwð0:5xfÞM

qwRT

� �
ð29Þ

In the equation above, qvs is the saturated vapour density
(kg/m3), which is an exponential function of temperature,

and its expression is given as:

qvs ¼ exp 19:84� 4975:9=Tð Þ � 10�3 ð30Þ

D in Eqs. (27) and (28) is the vapour diffusivity in soil (m2/

s), which can be obtained by experiments. Nyameogo et al.

[32] developed a laboratory method to evaluate the gas

diffusion coefficient in frozen soils. It also can be derived

from the diffusivity of water vapour in air, as follows:

D ¼ shaDa ¼ 1� Srð Þ2h4=3a Da ¼ 1� Srð Þ10=3n4=3Da ð31Þ

In Eq. (31), s is the tortuosity factor, ha is the air-filled

porosity (m3/m3 or %), Da is the diffusivity of water vapour

in air (m2/s), Da = 2.12 9 10-5(T/273.15)2, and g is a

dimensionless enhancement factor and its expression is

given as follows:

g ¼ 9:5þ 3Sr � 8:5 1= exp 1þ 2:6 fcð Þ�0:5Sr

� �4
� �

ð32Þ

In the equation above, fc is the mass fraction of the clay

content of the soil.

All temperatures T are estimated at 0.5xf and in degrees

Kevin, i.e. T = (Tf ? Tw)/2 ? 273.15.

2.6 Computation strategy

With Eqs. (18–32), the material parameters used in

PCHeave are greatly simplified. The final parameters used

in PCHeave include the bottom position of the soil layer,

the thermal conductivity of the soil solids, the water con-

tent by dry weight, the dry density, the degree of saturation,

the saturated hydraulic conductivity and the unfrozen water

content at - 1 �C (in percentage of the initial water con-

tent). The thermal conductivity of soil solids is approxi-

mately 2 * 3 W/mK, and the actual thermal conductivity

of a soil is calculated according to Eqs. (18–21). This

parameter is kept as an input so that non-soil materials such

as insulation, snow and concrete can also be simulated in

PCHeave.

In addition to the material parameters, the boundary

conditions, groundwater table, external load and geometric

make-up of the soil profile must also be specified. The

general input parameters in PCHeave include the number

of material layers, the total depth of the soil profile, the

number of temperature intervals at the cold and warm

boundaries, the overburden pressure at the ground surface,

the distance to the groundwater table from the ground

surface, the total time length and the time step. The tem-

peratures at the cold and warm boundaries can be specified

step-wise in a number of intervals. The overburden pres-

sure is the extra load applied at the cold boundary. The soil

self-weight is calculated automatically in PCHeave. The

size of the time step can affect the results, but the solution

converges as the step size is sufficiently small. As the

computation in PCHeave is extremely fast (usually in

seconds), an appropriate step size can be found by trial and

error.

The calculation procedure in PCHeave is illustrated in

Fig. 2. The position of the first ice lens is determined

Fig. 2 Calculation procedure in PCHeave
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according to the theory discussed in the section location of

the frozen fringe. The heat and mass balance Eqs. (4)–(10)

are then solved by iteration, for Ts, Vi, dxf/dt, and uw(x).

The length of the soil column is elongated by ViDt. The
frost front moves (-dxf/dt)Dt downwards. The position of

the new frozen fringe is determined according to the ice

lens formation criterion described by Eqs. (1–3). The sys-

tem is then ready for the next time step.

3 Model validation and application

3.1 Experimental verification

A series of one-side freezing experiments of a coarse-

grained soil were conducted by Gao et al. [9], to test the

effect of vapour transfer on the frost heave of a coarse-

grained soil. Graded crushed stones containing 5% fines by

weight are adopted as the test material. The non-uniformity

coefficient of the cumulative curve of the test material is

15.78, and the coefficient of curvature is 2.63, which

indicates that the test material belongs to a well-graded

soil. The soil specimen is 198 mm in diameter and 200 mm

in height. The dry density is controlled at 2.087 g/cm3, and

the initial water content by weight is 8%. During the whole

tests progress, no-pressure water supplement was per-

formed. The top temperatures and the bottom temperatures

are kept constant at - 12 �C and 2 �C, respectively. The
sidewall of the sample is wrapped with thermal insulation

material to achieve a unidirectional freezing state from top

to bottom. The test period is 12 days. The experimental

results are used to validate the proposed model in

PCHeave.

In addition, the saturated hydraulic conductivity can be

obtained through experiments. The unfrozen water content

can be determined by the laboratory test, such as NMR test

[51]. There are a large body of previous studies to inves-

tigate the unfrozen water content. For sand, the unfrozen

water content at - 1 �C (in percentage of initial water

content) should be 0–20%. In this study, it is referred to the

input value in Sheng et al. [46]. This value is also rea-

sonable according to the test result in Teng et al. [52]. The

material parameters, the general input parameters and the

boundary temperature specification in PCHeave are given

in Table 1.

Figure 3 shows the predicted results of the frost depth

and frost heave compared with the measured result in the

one-dimensional freezing test. The predicted results with-

out considering vapour transfer are generated by the orig-

inal model in PCHeave, while the results of considering

vapour transfer are computed by the proposed model. The

predicted frost depth and frost heave after 288 h are

183 mm and 5.2 mm, respectively, while the measured

values for them are 181 mm and 5.5 mm, respectively. The

predicted results of the proposed model agree well with the

measured data. When using the original model of

PCHeave, the predicted frost heave is 1.9 mm after the test,

which is considerably less than the measured result of

5.5 mm. This finding is consistent with the results of Zhang

et al. [57] that the contribution of vapour flow to total water

flux can be significant in the unsaturated freezing coarse

soils. It also highlights the importance of vapour transfer in

modelling frost heave in coarse-grained soils. The pre-

dicted frost depth by the original PCHeave model shows a

faster descending rate compared to the experimental val-

ues, which may be caused by neglecting the vapour

transfer. Phase change from vapour into ice is an

exothermic process, and can delay the descent of the

freezing front.

The updated PCHeave code can simulate ice lens for-

mation in soils. Figure 4a presents the forms of ice lenses

at different times when considering vapour transfer, and

Fig. 4b presents the simulated result without considering

vapour transfer. Figure 4a shows that a few ice lenses are

distributed in the frozen zone of the soil specimen, and the

thickest ice lenses occur near the final freezing front.

However, if the vapour transfer is neglected, the ice lens

only occurs at the position of the freezing front, and there

are no ice lenses at the other positions. The reason is that

the liquid water at the bottom of the sample can hardly

move upward, while vapour will flow upwards driven by

the temperature and humidity gradients. As the hydraulic

conductivity of the soil close to the ice lens decreases and

the freezing front moves downwards, the ice lens will

generate at other positions.

3.2 Application to a railway subgrade

To perform a long-term test of the proposed model and

evaluate its numerical stability, the updated PCHeave is

applied to analyse the in situ monitored results and reveal

the frost heave in a subgrade of high-speed railway. The

in situ test was performed by Niu et al. [29] to measure the

ground temperatures, moisture content, and frost heave of

the subgrade of the Harbin–Dalian Passenger Dedicated

Line (HDPDL). The subgrade at one site (K977) is built on

the undisturbed ground surface, while the other is in a cut

section (K1004). Displacement measurements indicate that

frost heave at the K977 and K1004 sites increases rapidly

to 14 mm and 25 mm, respectively, in 1 month.

The subgrade structure and the measured methods are

shown in Fig. 5. The upper layer is a 70-cm-thick well-

graded gravel with cement. The middle layer is 230 cm of

group A/B fills. The lower layer is a 50-cm-thick well-

graded crushed-stone and sand. The group A/B fills belong

to high-quality and good filling materials in the China
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railway construction code. The group A fill materials

consist of crushed rock with less than 15% fines content,

while the group B materials have fines fractions of

15–30%. The in situ water content of the fills is between 3

and 15% in mass. The original groundwater table is located

at a depth of 600 cm.

In this numerical simulation, the soil profile in the

subgrade is simplified by considering an embankment of

300 cm height, including the 70 cm cemented gravel at the

top. The role of geomembrane is not considered

specifically. The reason can be as follows: (1) The 20 cm

sand interlayered with a geomembrane is not used every-

where, and this simplification will likely lead to be worse

compared to the actual case. (2) The geomembrane at the

area of the monitored site has been damaged due to the

installation of the data measurement system [29]. And this

simplification is consistent with the simulation in Zhang

et al. [55].

The main differences between the in situ measurement

and the laboratory column experiment are that the ampli-

tude of the upper boundary temperatures is much higher

and that the properties of the material are relatively com-

plex and uncertain. The inputs in PCHeave, including soil

properties and boundary conditions, are shown in Table 2.

Layer 1 is a well-graded gravel with cement and is of

70 cm thickness, while Layer 2 is group A/B fills of

230 cm in thickness. Some input parameters used in

PCHeave are determined from the measured values. For

example, the initial water contents are assigned to be 4%

and 8% for layer 1 and layer 2, respectively, at the K977

site, which are given by averaging the measured values in

these two layers. Using the same method, the initial water

contents are 5% and 9% for layer 1 and layer 2, respec-

tively, at the K1004 site. The input boundary temperatures

are simplified to a constant value by using the har-

monic mean method, based on the ground temperature

regime in Niu et al. [29]. The top and bottom boundary

temperatures at the K977 site are kept constant at - 8 �C
and 10 �C, respectively. They are - 9 �C and 10 �C at the

Table 1 Input parameters in PCHeave for simulating laboratory test

Category Input parameters Units Values

Material Parameters Bottom position of the soil layer cm 20

Thermal conductivity of soil solids W/mK 3

Water content by dry weight % 8

Dry density t/m3 2.087

Degree of saturation % 50%

Saturated hydraulic conductivity 10-6 m/s 200

Unfrozen water content at - 1 �C (in percentage of initial water content) % 16

General input parameters Number of material layers Unitless 1

Total depth of the soil profile cm 20

Number of temperature intervals at the cold boundary Unitless 1

Number of temperature intervals at the warm boundary Unitless 1

Overburden pressure at the ground surface kPa 0

Groundwater table from the ground surface cm 300

Total time length hour 288

Time step used in the computation second 100

Boundary temperature specification Ending time of the interval hour 288

Cold temperature in the interval �C - 12

Warm temperature in the interval �C 2
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Fig. 3 Comparison between predicted and measured results of frost

heave and frost depth. The solid lines are the predicted results by the

proposed model, while the dashed lines are the predicted results by

the original model in PCHeave. The symbols indicate the measured

results
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K1004 site. The overburden pressure is assumed 0. The

material parameters, such as dry density, degree of satu-

ration, and saturated hydraulic conductivity, are obtained

based on the measured results and the typical values of the

related soils [23, 46].

Figure 6 shows the predicted frost depth and frost heave

at the K977 site, compared to the measured results by Niu

et al. [29]. The result without considering vapour transfer is

computed by the original version of PCHeave, and the

result of considering vapour transfer is computed by the

proposed model in the updated PCHeave. If the vapour

transfer is considered in the computation, the predicted

frost heave shows good agreement with the measured

values. The predicted maximum frost heave in 720 h is

approximately 13.0 mm, which is close to the measured

values of 13.1 mm. The predicted frost heave has a rela-

tively poorer match with the measured values in the first

600 h. It may be caused by the differences in assumed

boundary conditions, such as the constant input boundary

temperature and the 0 overburden pressure. Actually, there

is a thawing and freezing cycle at the beginning of winter

and the dynamic load of the train at ground surfaces. The

results of frost heave tests showed that the amount of frost

heave caused by the boundary temperature decreased in

steps is more than that caused by a constant boundary

temperature [45, 50]. Therefore, the simulated frost heave

may be underestimated due to the simplified constant

boundary temperature. However, overburden pressure can

restrain the frost heave. The simulated frost heave may be

overestimated due to the assumed 0 overburden pressures.

This may be the reason that the predicted maximum frost

heave is so close to the measured values. The predicted

frost depth agrees well with the measured value in the

simulation. The results show that the proposed model

performs in simulating unusual frost heave in coarse-

grained soils. When using the original PCHeave to make

computations, it is found that the predicted frost heave is

much lower than the measured values. Only forty percent

of the frost heave is obtained by using the original

PCHeave, which indicates that the vapour transfer occupies

approximately 60% of the total water flux.

Ice lenses formed in the subgrade are simulated by the

original and updated PCHeave, and the results are shown in

Fig. 7. The computed results in Fig. 7a show that the ice

(a) considering vapour transfer (b) without considering vapour transfer

Ice lens 

Freezing front

Fig. 4 Simulated ice lens formation in soil specimen

Clayey loess foundation with CFG-pile

50 cm well-graded
crushed-stone and sand

230 cm A/B
group fills

70 cm well-graded
gravel with cement Compound

geomembrane

1.3 m

Original natural maximum
depth seasonal freezing

Displacement
sensor

Moisture sensor
Temperature
probe

3.
0 

m

5.0 m
Datataker

Solar panel

Concrete base
Track plate

1:1
.5

Fig. 5 Embankment structure of the HDPDL and installation of temperature, moisture, and frost heave displacement sensors (after Niu et al. [29]
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lens is mainly distributed in the top 70 cm, the closer to the

top surface, the thicker the ice lens. It is in accordance with

the monitored result that frost heave mainly occurs in the

top 60 cm zone. The predicted result in Fig. 7b shows that

the ice lenses distributed at depths between 70 and 112 cm,

which has some deviation from the field measurements.

Figure 8 shows the predicted frost depth and frost heave

at the K1004 site compared to the measured results. The

predicted frost heave when considering vapour transfer has

good agreement with the measured values. The computed

maximum frost heave in 1008 h is approximately 19.1 mm,

which is close to the measured 19.5 mm. However, in the

first 800 h the predicted frost heave also has a relatively

poorer match with the measured values, which may be

caused by the input of an averaged boundary temperature

and the 0 overburden pressure. It is also found that the

predicted frost heave without considering vapour transfer is

largely lower than the measured values, which occupies

approximately only 40% of the measured frost heave. This

indicates that the vapour transfer occupies approximately

60% of the total water flux. The predicted frost depth when

considering vapour transfer is always lower than that

without considering vapour transfer. The reason is that

vapour–ice desublimation is an exothermic process, and the

generated heat limits the development of the freezing front.

The measured frost depth is somewhere between these two

predicted results. The results indicate that the vapour

transfer should be taken into account in modelling frost

heave in unsaturated coarse-grained soils.

The ice lenses formed at different times at the K1004

site simulated by PCHeave are shown in Fig. 9. As shown

Table 2 Input parameters in PCHeave for simulating in situ measurements

Category Input parameters Units K977 site K1004 site

Layer

1

Layer

2

Layer

1

Layer

2

Material parameters Bottom position of the soil layer cm 70 300 70 300

Thermal conductivity of soil solids W/mK 3 3 3 3

Water content by dry weight % 4 8 5 9

Dry density t/m3 2.2 2.0 2.2 2.0

Degree of saturation % 35 60 40 65

Saturated hydraulic conductivity 10-6

m/s

10 100 10 100

Unfrozen water content at - 1 �C (in percentage of initial water

content)

% 10 16 10 15

General input parameters Number of material layers Unitless 2 2

Total depth of the soil profile cm 300 300

Number of temperature intervals at the cold boundary Unitless 1 1

Number of temperature intervals at the warm boundary Unitless 1 1

Overburden pressure at the ground surface kPa 0 0

Groundwater table from the ground surface cm 600 600

Total time length hour 720 1008

Time step used in the computation second 100 100

Boundary temperature

specification

Ending time of the interval hour 720 1008

Cold temperature in the interval �C - 8 - 9

Warm temperature in the interval �C 10 10
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in Fig. 9a, ice lenses occur between the top surface and 70

cm depth. This is consistent with the measured results at

K977 and is also approximately the same as the monitored

results that the ice distributed in the top 60 cm zone. If the

vapour transfer is not considered, the position of the ice

lenses is between the 70 and 110 cm depth, which is close

to the freezing front. The results indicate that a consider-

able deviation will occur if the vapour transfer is neglected.

4 Conclusions

This study presents a new model to describe frost heave in

coarse-grained soils. The main feature of this model is

taking into account vapour flow, which is usually neglected

in previous studies. The proposed model is developed into

an updated program PCHeave. A one-dimensional freezing

experiment is used to evaluate the performance of the

proposed model. The predicted results of frost heave and

frost depth show good agreement with the measured values

of laboratory experiments. The proposed model can rea-

sonably reflect the process of frost heave in coarse-grained

soils.

When applying the proposed model to simulate the frost

heave in the coarse fills of a high-speed railway, the pre-

diction of the model reasonably agrees with the measured

(a) considering vapour transfer              (b) without considering vapour transfer

Ice lens

Freezing front

Fig. 7 Simulated ice lens formation in subgrade at site K977
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Fig. 9 Simulated ice lens formation in subgrade at site K1004
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frost heave and frost depth over a relatively long period.

The predicted frost heave has a relatively poorer match at

the beginning of winter, which may be caused by the

assumed boundary temperatures and overburden pressure.

The simulated ice lenses are mainly distributed in the top

70 cm, which is in accordance with the monitored result

that frost heave mainly occurs in the top 60 cm zone.

The computed results by the original PCHeave that

neglected vapour transfer are also provided to make a

comparison. It shows that the predicted frost heave without

considering vapour flow is approximately 60% less than the

measured data, and the predicted frost depth seems always

deeper than the measured data. It also highlights that the

contribution of vapour flow to the frost heave of coarse-

grained soil is significant and cannot be neglected.

The updated PCHeave program does not require too

many input parameters for boundary and material proper-

ties, and it is very simple to use and is computationally

extremely fast. The proposed model provides a way to

investigate frost heave in coarse-grained soils.
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