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Abstract

Dry granular materials have been the subject of many investigations, while wet granular materials, which widely exist in
many real-world applications, have only received limited attention. The aim of this paper is to address the missing gap in
continuum modeling of wet granular materials. To study the wet granular flows, a grain-scale capillary interaction is
introduced, as additional cohesive stress in the continuum-scale framework. We coupled the viscoplastic constitutive law
for dry granular material and cohesion model for wet isotropic granular material to capture the behavior of wet granular
materials. This combined model is implemented in a smooth particle hydrodynamics framework because the meshfree
nature of this method captures the large deformation of granular flows without local grid distortion. The Wendland kernel is
used as the interpolation kernel to improve numerical stability. This framework is validated by comparing numerical results
with recent experimental findings for both dry and wet cases. The comparisons are illustrative of the potential of the
framework to capture the behavior of granular materials across different phases. For different levels of friction and water
content, the run-out dynamics and shear strength properties of granular materials in the final quasi-static regime are
investigated. For granular flows on flat surfaces, compared with dry granular materials, with the introduction of surface
tension in wet granular materials, it is found that there are increases in shear stresses locally and globally, enabling stronger
internal forces to support structures with larger angles of repose. The surface energy-induced cohesion is found to play an
important role in low friction cases compared to high friction cases. To benchmark the numerical framework presented
here, granular column collapses on curved surfaces are also investigated. For flows on curved surfaces, although there are
also increases in internal shear stresses, the differences in final profiles between wet granular materials and dry granular
materials are not as pronounced as that on flat surfaces due to geometric constraints. The findings of this work are
demonstrative of the capabilities of the smooth particle hydrodynamics method for the study of wet granular materials.
This effort can serve as a step forward in the quest for a unified continuum theory and computational framework of granular
material dynamics.

Keywords Capillary interaction - Cohesive stress - Constitutive modeling - Continuum modeling - Smooth particle
hydrodynamics - Wet granular material

1 Introduction phenomena are often observed with these materials, and

these phenomena have evoked the interest of researchers

Granular materials are ubiquitous and important as a
manipulated industrial material. Fundamentally, granular
material problems have multi-physics, multi-scale and
multi-phase features. Complex and unique physical
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across a range of disciplines. From an application stand-
point, granular materials are used in many engineering and
commercial applications, for example, agriculture, geo-
engineering, pharmaceuticals, and energy production
[13, 21]. Most studies on granular media have focused on
dry granular materials without consideration of liquid
between the grains [3, 15, 22, 26, 35, 38, 40]. However,
wet granular materials exist in many real-world problems

[1].
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The major effect that liquid between grains induces is
the cohesion in the system. Cohesion in the wet granular
system depends on the amount of liquid in the media. As
indicated in Fig. 1, the water saturation in wet granular
materials may be divided into the following four regimes as
described in [28] and [10]:

e Pendular state: Capillary bridges (liquid bridge, pendu-
lar ring or meniscus) hold together granular particles
when air domain is connected.

e Funicular state: Pores are either fully saturated by liquid
or filled with air when pendular rings collapse on one
another.

e Capillary state: All pores are filled with liquid when
liquid domain is connected.

e Slurry state: Granular particles are immersed in liquid
and no capillary interactions at the surface.

A small amount of liquid among grains can have a con-
siderable influence on the mechanical behavior of granular
matter. Due to the grain size of particles, thermal noise is
omitted in consideration of particle dynamics and the
interactions between particles are taken to be dissipative.
For dry granular materials, where the interstitial fluids are
negligible for the particle motion, the dominant particle
interactions are due to friction and collision, which are
cohesionless and short range. For wet granular materials,
wherein the liquid between grains is considered, the
dominant interactions between grains are cohesive due to
the surface tension [28]. During the collapse of wet gran-
ular material in pendular state (water clinging to soil or
sand particles when the moisture content does not reach

specific yield), from experimental evidence, one can infer
that due to the introduction of surface tension, the angle of
repose is greater than that for a dry sand pile
[36, 37, 39, 43].

A continuum constitutive law for granular flow would
be helpful for understanding natural processes and for the
design and prediction of industrial processes. Through
many studies, constitutive frameworks for dry granular
materials have been developed for various different
geometries and regimes on the basis of theoretical,
numerical and experimental efforts. To date, the rheology-
based constitutive law provides a unifying framework for
dry dense granular flows across steady and non-steady
states [5, 16, 17]. However, there is no constitutive rela-
tionship for wet granular material in the dense flow regime.

Flow and collapse of granular materials are usually
associated with large deformation and plastic failure.
Approaches for solving these problems are based on either
a discrete point of view or a continuum point of view. The
discrete element method (DEM) is an accurate approach
for granular material modeling and simulation since this
method can be used to capture the discrete nature of the
granular system [7, 11, 12, 41]. A drawback of DEM is that
it suffers from a high computational cost. Recently,
meshfree methods have gained popularity. Unlike the grid-
based Eulerian method, the Lagrangian nature of meshfree
methods allows one to capture large deformations during
granular flow and collapse without local grid distortion.
Several researchers have also employed the material point
method (MPM) or the smooth particle hydrodynamics
(SPH) for modeling and simulation of dry granular

No Dry ’.’.’ Gravity, contact Cohesive stresses between grains are
() negligible
%o
Small Pendular ..’. Gravity, contact, Cohesive forces act through Liquid bridges
» Q. capillary formed at contact points of grains
’QO »
Middle Funicular » ". Gravity, contact, Cohesion between particles rises from liquid
.”. capillary bridges around the contact points and liquid-
® filled pores
Almost Capillary ™ ° Gravity, contact, Cohesive interaction is due to suction, when
Saturated .Q’ 6] capillary, [drag] almost all pores are filled with the liquid. The
() ® liquid surface forms menisci and the liquid
o0 \ )
pressure is lower than the air pressure.
Saturated Slurry ’. L) Gravity, contact, No cohesive interaction exists between
.”’ capillary, [drag] particles. The liquid pressure is not lower than
®o 0 the air pressure.

Fig. 1 Granular material saturation states (adapted and revised from [28] and [10])
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materials and shown the capability of these methods for D() d() ()

studies of granular material systems Dt ot ox

[2, 4, 6,09, 14, 18, 20, 23, 27, 29, 31-34, 42, 44]. To date, dth dal velocit dient has the f

no SPH-based computational framework has been pro- and the spatial veloctty gradient has the torm

posed for wet granular materials. L =Vv (3)

To extend the use of SPH for studies of wet granular
materials, the authors have introduced the concept of
capillary interaction as cohesion in the constitutive law of
the continuum modeling framework. The proposed
framework is validated by comparing the numerical results
with recent experimental results. The run-out dynamics at
different friction and cohesion levels are then studied. To
uncover clues about the underlying mechanisms, the shear
strength properties are also examined. To benchmark
meshfree models for granular dynamics, the authors have
extended the developed SPH framework for dry and wet
granular flows over different geometries and topology.

The rest of the paper is organized as follows. In Sect. 2,
the authors have discussed the formulation used to model
wet granular materials. Subsequently, in Sect. 3, the
numerical implementation of the governing equations and
boundary conditions in the SPH framework in addressed.
In Sect. 4, comparisons are made between numerical
results and experimental results available in the literature.
Following that, the authors have presented numerical
examples to demonstrate the capability of the proposed
SPH framework for capturing granular material behavior
across different phases and geometric conditions. Finally,
in the last section, the authors have collected together the
concluding remarks.

2 Governing equations

As granular materials exhibit solid-like behavior, fluid-like
behavior and gas-like behavior, the basic governing equa-
tions are a combination of the constitutive law in solid
mechanics, the conservation laws in fluid mechanics and
the equation of state for gas dynamics.

2.1 Physical laws of conservation

Following the standard notation for continuum mechanics,
the momentum equation is given by

Dv 1
—=—(V-06)+b 1
5= (Vo) (1)
where v is the velocity vector, p is the material density, b is
the specific body force, and & is the Cauchy stress tensor.
The total material time derivative is defined as

The spin rate tensor and strain rate tensor are defined as
1

W=2([L-LT) (4)
D=%(L+LT) (5)

Writing the trace of the tensor L as #rL, the conservation of
mass is described by
Dp

D= ptrL (6)

2.2 Constitutive law

A viscoplastic constitutive relationship developed for
granular material in dense regime is adopted and revised
from earlier work [16] to describe the granular media by
the following equation:

—PI + M for 12>0.001
6 = D|
—PI+ (uP + c)sign(D)  for 1<0.001
(7)

Here, the first term in Eq. (7) is the hydro-static pressure,
and the second term in Eq. (7) is the deviatoric shear stress,
u is the friction coefficient, P is the pressure, c is repre-
sentative of cohesion, I is the identity tensor, I is the
inertial number (when 7 <0.001, the granular material is in
quasi-static regime and when [2>0.001 the granular

material is in dense regime from [26]) and [D| = /1D : D
is the second invariant of the strain rate tensor. To avoid
singularities, |D| + ¢ is adopted and e is set to 0.01 h? in the
numerical simulation as suggested in previous work [14].

The pressure is determined by using the equation of state as
follows

. x[(i)”’—mww) for p>p, o

0 for p<p,

wherein p, is the reference density, « is related to the bulk
modulus and set to 28,000, w is the gravimetric water
content (the ratio between the weight of water and the
weight of the dry granular particles), y is a scaling
parameter and set to 7 as suggested in the literature [42].
The friction law follows from reference [5, 16] and reads as
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Mo —
LT+1 ©)

u(l) =1y +

where y; is the friction coefficient for the quasi-static limit,
U, is a limiting coefficient for granular material in the
dynamic flow regime, and [/ is the inertia number defined as

;- 1Dl
V'P/ps

Here, d is the grain diameter and set to 2 mm for all the
simulations and pg is the particle density. For dry cohe-
sionless particles, c is set to 0. For wet granular particles in
the pendular state, the cohesion arises from surface tension
and capillary strengthening effects. Rumpf [19] estimated
cohesive stress for isotropic granular material with identi-
cal diameters as

c=—+= (11)

(10)

where v is the grain packing fraction. For all the wet
granular material simulations in this paper, k is assumed to
be 6 according to experimental results from [36] and [37],
which is the average number for the liquid bridge between
a pair of particles, and F is the average force per liquid
bridge that is given by

27ry,

“ T+ an(e2) (12)

where r is the grain radius, ), is the surface tension, and ¢
is defined in Fig. 2. Note that the particles in Fig. 2 are not
SPH particles but real granular material particles. In the
simulation, parameters are taken from physical experi-
ments [11].

3 Numerical implementation

3.1 The SPH method

Smooth particle hydrodynamics is a meshfree Lagrangian
method. As with other discretization approaches, in the
SPH method, the solution domain is first discretized and
represented by a certain number of particles [4, 29]. Thus,

Fig. 2 Illustration of liquid bridge between two granular material
particles

@ Springer

all the field properties, such as density, velocity, and strain
rate, are carried by these SPH particles. The properties of
the particles of interest are then interpolated over their
neighboring particles by using an approximation function,
called the kernel function, which is usually represented by
W (see Fig. 3). Although the most popular B-spline kernel
function often yields a good balance between accuracy and
stability, the Wendland kernel function is adopted from [8]
in this work to provide robust and stable solutions without
using artificial stress method [30]. This function takes the
following form:

qg<2

(1 —%)4(2q+1) for

0 otherwise

W,:j = g X

(13)

Here, for two-dimensional and three-dimensional prob-
lems, oy is set to 7/(4nh?) and 21/(16mh?), respectively,
g =r/h, r is the distance between two particles, and # is
the smoothing length. Then, the particle approximation/
interpolation for any field quantity f{(x) and its derivatives at
point i can be expressed as

£(x) :Z%ﬂxﬁwy (14)
V(%) = Z’;i{ﬂxj)viwu (15)
j=1Fi

where Wj; = W (ryj, h) and

. — x; OW;;
ViW; e k. S0

3.2 SPH for granular flow

Summation density: Two approaches to evolve density are
adopted in the SPH framework. For density initialization of
a particle #, the density calculated by using the summation
density approach is written as

pi :ijWU- (17)
J

For density re-initialization, the Shepard filter is applied
every 10 time steps to reduce the inaccuracies near the
boundaries and free surfaces; this is given by
> miW;
g "ttty
Pi= S (18)
jp,- Y
Continuity density: For density evolution at each time step,
the continuity density is calculated from the continuity
equation. The & SPH scheme is adopted from reference



Acta Geotechnica (2020) 15:1205-1217

1209

Kernel Function

Patrticle of Interest

Fig. 3 Kernel function

[25] to reduce high-frequency oscillations by introducing a
diffusive term that takes the form

Dr ~ 2l

where y;; is defined as

-V, Wy + Z W1 VWi (19)

_ 26hc,(p;

=

— p;)m;

(20)
Pl

Here, 0 is set to 0.01, ¢, is the artificial sound speed set as

K)Ps

Co =y |—————
’ pa(ps_pa)

(21)

Farticle approximation of momentum: To reduce errors
associated with particle inconsistencies, the momentum
equation is approximated as

D 1 13
Vi —Z (" > —H,,) VW +b (22)
J

where b is the body force. The quantity IT is the artificial
viscosity adopted to improve numerical stability and avoid
inter-particle penetration. This quantity is formulated as

—opcidy; + ﬁH¢[2j

for v -x;<0

Il = Pij (23)
0 for 0 S Vij - Xij
hijvij - X
s i Vi Xij (24)

x| 2+ 0.0142

Here, ¢;j = (¢; + ¢j)/2, here both ¢; and c; are set to ¢, as
defined in Eq. 21), p; = (p; +p;)/2, hyj = (hi +h;)/2,
and Xjj = Xj — Xj, Vijj = Vi —Vj. ¢ is computed through
Eq. (21), oy is set to 1 and f; is set to O as the second
quadratic term in the artificial viscosity is used to handle
high Mach number flows [24].To evaluate the stress tensor
in Eq. (22), the velocity gradient needs to be interpolated
as follows

—a— Derivative of Cubic Kernel
—e— Cubic Kernel

—a— Derivative of Wendland Kernel
—v— Wendland Kernel

Derivative of 00 ST ———
Kernel Function ' S '
n
Vv; = Z - (Vj — vi)®V,~Wij (25)

7 P

The extended smoothed particle hydrodynamics (XSPH) is
employed from prior work [29] to stabilize particles at free
surfaces and avoid unphysical penetration. This is given by

dr; m;

d—t':VnLXZ—’(Vj —vi)Wj (26)
7 P

where y is set to 0.2.

3.3 Boundary conditions

Two types of boundary conditions are employed in this
research. The first is the solid boundary wall. To generate a
solid boundary, the stress tensor for solid boundary parti-
cles is calculated by using Eq. (7). Also, ghost particles are
used to remove the boundary inaccuracies in SPH methods.
The velocity and stress for the ghost particles are set in
accordance with earlier work [2].

3.4 Integration

For integrating the Newton’s law of motion, the popular
Verlet-Leapfrog algorithm is used. In adopting this
approach, the field variables such as density, velocity
vectors, and position vectors are updated at every time step
as follows:

n

p;l+1/2 n 1/2 + At o (27)
n+1/2 — éDvl 28
Vi 2 Dt (28)
r:’H/z _ l‘ + Atvn+1/2 (29)

The Courant-Friedrichs-Lewy condition is used to deter-
mine the time step to satisfy the following:

h
At < Ceour(—) (30)

S
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Here, h is the smoothing length, ¢ is the sound speed
calculated by Eq. (21), and C,,, is the Courant coefficient.

4 Results and discussion

The granular column collapse case is employed to test
the rheology-based constitutive relationship used for wet
granular materials. It is shown that the results generated
from the current constitutive law are consistent with
experimental findings for both dry and wet cases, as
illustrated in Fig. 4. The parameters y; and pu, correspond
approximately to parameters of glass beads in [16] are used
in the implementation of the friction law Eq. (9) for both
the dry granular media and wet granular media studies.
(The full list of parameters are shown in Table 1 consistent
with [11]). In Fig. 4a, two typical final configurations of
wet and dry granular column collapse are shown from [11].
In Fig. 4b, the qualitative results of two typical simulations
of wet and dry granular column collapses are shown, which

Dry Granular Media Experiment (Gabrieli et al., 2013)

()

o SRR O R

Dry Granular Media Simulation

(d)

(©)

0.08

0.06

is similar to the experimental findings in [11]. It is evident
that larger cohesion in wet granular column collapses gives
rise to a shorter run-out length and larger angles of repose.
In Fig. 4c, k is assumed to be 6 for all the wet granular
material simulations, according to experimental results
from [36] and [37]. The grain diameter d is 0.002m. The
final profiles are shown with the increase in liquid content.
In the simulations, the results of the influence of liquid
content on the final profiles are similar to experimental
findings. Dry and wet conditions seem distinct, while dif-
ferences between wet cases seem smaller. Having verified
that the proposed SPH formulation can be used for dry
granular media and wet granular media studies, the authors
then consider other illustrative cases.

Next, the authors consider transient and steady-state
phenomena and associated characteristics related to parti-
cle dynamics during granular column collapses, such as
run-out distance, the angle of repose, strain developed
during the collapse. The shear strength properties are also
studied to uncover clues related to the underlying mecha-
nisms during the collapse.

Wet Granular Media Experiment (Gabrieli et al., 2013)

—— w=0 Experiment (Gabrieli et al, 2013)
—— w=0.5% Experiment (Gabrieli et al, 2013)
—— w=1% Experiment (Gabrieli et al, 2013)
—— w=2% Experiment (Gabrieli et al, 2013)

—_ | + w=0SPH
§o.o4- < w=0.5% SPH
1 » w=1% SPH
0.02 w=2% SPH
0.00- T T T T T T T T
0.00 0.05 0.10 0.15 0.20 0.25 0.30
X(m)

Fig. 4 Validation of final profiles for d = 2 mm. a Experimental results
work for dry and wet conditions: dry granular media simulation (g,

from the literature [11]. b Computational results obtained in the current
= tan(21°), u, = tan(33°),w = 0) and wet granular media simulation

(u; = tan(21°), p, = tan(33°),w = 0.5%). ¢ Simulated and experimental final profiles for different water content
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Table 1 Parameters used in simulations of the dry granular column and wet granular column collapse

Simulation o, (kg/m?) 0, (kg/m?) I s k I, Ax (m) 7s (mN/ d (m) 1)
m)

Dry 2532 2507 tan(21°) tan(33°) 0 0.3 0.0026 0 0.002 0

Wet 2532% (1+w) 2507+ (1+w)  tan(21°)  @n(33) 6 03 00026 725 0002 15°

4.1 Run-out dynamics of granular column

collapse on flat surfaces
The geometry of the quasi-2D initial configuration
(7 x 8 cm?) and surface profile of the final configuration of
the granular column is shown in Fig. 5. The particles are
aligned in a particular arrangement layer by layer. For all
of the numerical results shown for dry and wet granular
materials studied in this paper, the parameter values are set
to be the same as what is shown in Fig. 4.

The influence of wetting fluid on the run-out dynamics
of wet and dry granular column collapse is shown in Fig. 6.
It is evident that a small amount of fluid between granular
particles impacts the deposit as well as the final shape of
the run-out dynamics. In Fig. 6a, the representative profiles
of low friction, dry and wet granular materials at different
time instants are presented. At ¢t = 0.01s, the collapse is
triggered and the material starts to flow under gravity; At
t = 0.2, the collapse is well developed, the material near
the boundary is in the quasi-static regime and the material
near the surface is in the dynamic flow regime. At = 0.4 s,
the occurrence of jamming due to friction at the boundary
prevents further collapse. By # = 0.6 s, one can infer that
the internal stresses are quite well distributed and appear to
be in a quasi-steady state, particularly in regions close to
the boundary and the surface. It is observed that the wet
granular material has a shorter run-out distance compared
to dry granular material. In Fig. 6b, the horizontal velocity
contours are presented for dry and wet granular material at
different time instants. It is clear that the wet granular

Y
A
Initial profile
T TR / p
= E
[ i
I : . .
e ; — Final profile
\ 4 5 -~
L,=7cm ‘ > X
P Final runout distance, L,
- Ll

Fig. 5 Initial geometry and final geometry of granular column

column collapses more slowly than in the dry case because
of the surface tension-induced cohesive stress. In Fig. 6c,
the strain developed during the collapse is shown. The wet
granular material is noted to deform less than the dry
granular material at all representative time instants due to
the presence of cohesion. The low level of deformation of
wet granular materials leads to a shorter run-out distance
and higher final height. In Fig. 6d, final profiles of dry and
wet granular columns for different resolutions are shown.
The number of interior SPH particles are 475, 1036, and
2310 accordingly for the coarsest resolution, the fit reso-
lution and the finest resolution. The fit resolution is used in
other simulations in this paper, since both the results
generated using the finest and fit resolution agree with the
experimental findings from [11].

In Fig. 7a, steady-state profiles of granular materials are
shown for different water content and friction levels (g,
tan(21°), u, = tan(33°); u; = tan(32°), u, = tan(33°);
W, = tan(32°), u, = tan(45°)). For low frictional granular
materials, dry and wet conditions seem distinct, while
differences between wet cases of different water content
seem smaller. For high frictional granular materials, dif-
ferences between wet and dry cases are small. In the
pendular state, the final profile of the wet granular mate-
rials depends on both the water content and friction levels.
The differences in water content play a more prominent
role in low friction granular materials compared with high
friction granular materials. In Fig. 7b, front advancement
(normalized run-out distance) during granular column
collapses at different time instants is displayed. It is shown
that the granular materials reach steady state before 0.6s.
The run-out distance is rescaled and non-dimensionalized
by L* = (L — L,)/L,, where L, is the initial length of the
granular column, and L is the run-out distance of each state.
In Fig. 7c, the final normalized run-out distance is plotted
for different friction and water content levels. Ly is the run-
out distance of the final state. The increase in water content
has a strong influence on the final run-out distance when
the water content is less than 1%, and small effect when the
water content is larger than 1%. In Fig. 7d, the normalized
run-out distance is plotted with respect to a dimensionless
number as a function of Bond number Bo = pgR?/y, which
is the ratio between the body force and capillary force, and
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(a) t=001s  t=02s t=0.4s

t=0.6s

Dry

t=0.4s

t=0.01s

t=0.2s

t=0.6s

Wet

t=0.4s

(b) t=0.01s
Dry
t=0.4s

t=0.01s t=0.2s

(c) t=001s

t=0.01s t=0.2s

t=0.6s

t=0.6s

t=0.6s

Dry

—=— Ax=3.825mm
—e— Ax=2.55mm

£ 0.04 1 —a— Ax=1.7mm
>
0.02
0.00 . , . . .
0.00 0.05 0.10 0.15 020 025 030

X (m)

0.08

—=— Ax=3.825mm
—e— Ax=2.55mm

é —a— Ax=1.7mm
>
N
e
.
0.00 B e Sl
000 005 010 0.15 020 025 030
X (m)

Fig. 6 Run-out dynamics during the collapse of dry granular material (g, = tan(21°), g, = tan(33°),w = 0) and wet granular material
(1, = tan(21°), p, = tan(33°),w = 0.5%). a Profiles of dry and wet granular materials at different time instants. b Velocity profiles of dry and
wet granular materials at different time instants. ¢ Strain developed during the collapse of dry and wet granular columns at different time instants.

d Final profiles with different resolution

the water content . In Fig. 7e, the final normalized height
is plotted for different friction levels and water contents. Hy
is the height of the final state. The final height is rescaled
and non-dimensionalized by H* = Hy /H,, where H, is the
initial height of the granular column. In Fig. 7f, the authors
plot the absolute value of the maximum shear stress in the
material along the pressure isobar for different friction
levels of dry and wet granular materials. The yield t-p loci
are plotted and the relationship is close to a straight line,
which is in agreement with the Drucker—Prager model as
the granular material is in quasi-static regime. It is shown
that, in the pendular state, the introduction of capillary

@ Springer

force increases the shear strength which in turn enables a
stronger granular structure.

4.2 Gravity-driven granular flow on curved
surfaces

Although the primary driving force for a landslide or
landslide-like phenomenon is gravity, other contributing
factors affect the slope stability. To simulate granular flows
across nature-like surfaces and benchmark the authors’
numerical model for wet granular material, wet granular
flows across different topology and geometry conditions
are presented, ranging from circular surfaces to ellipsoidal
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Fig. 7 Parametric study of dry and wet granular column collapses on flat surfaces. a Final profiles of granular materials for different friction
levels and water contents. b Normalized run-out length during granular column collapses for different friction levels and water contents.
¢ Normalized final run-out length for different friction levels and water contents. d Normalized final run-out length vs dimensionless number
Bo~'w?/? for different water content. e Normalized final height for different friction levels and water contents. f Yield loci t-¢ of dry and wet

granular materials in the final state

surfaces. The influence of wetting fluid on the run-out
dynamics of wet and dry granular column collapses on
curved surfaces is shown in Figs. 8 and 9. For collapses of
granular columns on curved surfaces, what is similar to
collapses of granular column on flat surfaces is that: in
Figs. 8a and 9a, the representative profiles of low friction,
dry and wet granular materials at different time instants are
presented. Wet granular materials deform less than dry
granular materials at all time instants during the collapses.

In Figs. 8b and 9b, the velocity contours are presented for
dry and wet granular materials at different time instants.
Wet granular column collapses more slowly than dry
granular columns because of the surface tension-induced
cohesion. In Figs. 8c and 9c, steady-state granular profiles
are shown for different levels of water content and friction.
In Figs. 8d and 9d, the yield t-p loci for dry and wet
granular materials are plotted and the relationship is close
to a straight line, which is in agreement with the Drucker—
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Fig. 8 Granular flows on circular surfaces for d = 0.002 m. a Profiles of dry granular material (x; = tan(21°), y, = tan(33°),w = 0) and wet
granular material (4, = tan(21°), u, = tan(33°),w = 0.5%) on circular surfaces at different time instants. b Velocity profiles of dry granular
material and wet granular material on circular surfaces at different time instants. ¢ Final profiles of granular material on circular surfaces for
different water contents. d Yield loci 7-¢0 of granular flows on circular surfaces in the final state

Prager model as the granular material is in quasi-static
regime. It is shown that, in the pendular state, the intro-
duction of capillary force increases the shear strength that
make the entire granular structure deform less. However,
for granular column collapses on curved surfaces, although
the introduction of capillary force increases the shear

@ Springer

strength, the differences in final profiles between wet
granular materials and dry granular materials are not as
pronounced as that on flat surfaces due to geometric con-
straints. The geometric constraints of circular and ellip-
soidal surfaces hinder the further deformation of granular
columns. For collapses on ellipses surfaces, dry and wet
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Fig. 9 Granular flows on ellipsoidal surfaces for d = 0.002 m. a Profiles of dry granular material (y; = tan(21°), y, = tan(33°), w = 0) and wet
granular material (y; = tan(21°), p, = tan(33°), w = 0.5%) on ellipsoidal surfaces at different time instants. b Velocity profiles of dry granular
material and wet granular material on ellipsoidal surfaces at different time instants. ¢ Final profiles of granular material on ellipsoidal surfaces for
different water contents. d Yield loci t-o of granular flows on ellipsoidal surfaces in the final state

conditions seemed more distinct than those on circular
surfaces. This indicates the smaller the curvature of the
surface is, the more distinct the differences between dry
and wet conditions will be.

5 Concluding remarks

A constitutive model for both the dry and wet granular
materials is implemented in a smooth particle hydrody-
namics framework to investigate the collapse of granular
columns on flat and curved surfaces. The grain-scale capil-
lary interaction is taken into consideration for capturing the

behavior of wet granular materials. The proposed SPH
framework is validated by comparing numerical results
obtained with this model with recent experimental findings
for dry and wet granular column collapses on flat surfaces.
Compared with dry granular materials, the introduction of
surface tension in wet granular materials is noted to increase
the shear stresses and enable a stronger structure with larger
angles of repose. Although we did not find experimental
validation for the simulations of collapses on curved sur-
faces, future experimental studies may find our results useful
to compare with. For collapses on curved surfaces, the dif-
ferences in final profiles between wet granular materials and
dry granular materials are not as pronounced as that on flat
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surfaces due to geometric constraints, although there is also
an increase in internal shear strength. Through the current
study, it is shown that the smooth particle hydrodynamics
method can be used to study wet granular materials. In
future studies, the authors plan to focus on how to transfer
information at the micro-scale to the continuum-scale model
to bridge the gap between length scales. Also, implement
more reliable cohesion models and size-dependent models in
the numerical framework.
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