
RESEARCH PAPER

Shakedown analysis of ballasted track structure using three-
dimensional finite element techniques

Kangyu Wang1 • Yan Zhuang2,3 • George Kouretzis4 • Scott William Sloan4

Received: 25 April 2018 / Accepted: 14 May 2019 / Published online: 28 May 2019
� Springer-Verlag GmbH Germany, part of Springer Nature 2019

Abstract
Shakedown analysis is an attractive method for determining the capacity of geostructures to sustain repeated loads

involving a large number of cycles, e.g. rolling and sliding train wheel loads. Its main advantage is that it comes at a

significantly reduced computational cost, compared to standard time-domain analyses. An essential component of

shakedown analysis is the derivation of closed-form solutions to compute stresses due to the external repeated loads, a task

that is not always feasible for complex problems as the ballasted rail track discussed herein. To tackle this, we present in

this paper the use of finite element tools to obtain a quasi-lower-bound shakedown load numerically. The proposed method

is based on the computation of the three-dimensional elastic stress field numerically, and the estimation of the shakedown

load iteratively via an optimisation subroutine implemented in ABAQUS. Following a short presentation of this concept,

we compare the elastic stress fields from models featuring varying degree of complexity, with the aim of identifying an

optimal discretisation of the problem. This approach can be used for optimising the design of ballasted track structure, and

this concept is briefly presented via a parametric study.
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1 Introduction

Operation costs of railway lines increase due to track

deterioration associated with cumulative irreversible

(plastic) deformations of the ballasted track structure,

which may result in rail bending or crack formation in the

subgrade. Such modes of failure may compromise the

riding comfort and the safety of moving trains [26, 32]. It is

therefore important to determine the design load level,

below which a given track structure will not experience

accumulation of significant plastic strains leading to fatigue

failure after a large number of load cycles, but rather

plastic strains will reach a safe steady state. Current design

codes for railways generally embrace empirical relations or

solutions based on the theory of elasticity for the deter-

mination of design loads, which cannot take into account

the complex nature of the load applied from a moving train

or consider the elastoplastic nature of track structure

materials.

Shakedown analysis, on the other hand, is a robust tool

that allows modelling phenomena such as instantaneous

collapse, fatigue and accumulation of excessive plastic
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strains in structure subjected to cyclic loading. The

shakedown limit load has been used since the 1960s for the

rational design of metallic contacts such as rails, roller

bearings, and traction drives [12]. This limit load can be

calculated by means of either numerical elastoplastic

analysis or shakedown analysis. Elastoplastic analyses (see

e.g. Refs. [5, 9, 17, 22, 23]) allow the complete time his-

tories of stress and strain during repeated, cyclic loading to

be calculated. However, simulation of realistic load sce-

narios and problem geometries comes at a very high

computational cost. Shakedown analysis, on the other

hand, allows the long-term response of a structure sub-

jected to a large number of load cycles to be predicted,

without having to compute stresses and strains at a large

number of load steps. It is based on two fundamental

shakedown theorems, the lower-bound theorem [21] and

the upper bound theorem [14], and has been successfully

used to in the field of pavement engineering and the design

of pavements against excessive rutting (see e.g. Refs.

[3, 4, 18, 19, 24, 27, 28, 31, 36, 38]).

The problem of track structure deterioration is similar to

that of pavement degradation, however, owing to the

complexity of the track structure, numerical techniques are

required to obtain the shakedown limit load. The rapid

development of computational methods over the last two

decades has facilitated a number of numerical shakedown

analysis studies relevant to railway engineering (see e.g.

Refs. [2, 13, 20, 29, 33, 34, 37]). However, the majority of

these studies focused on the rolling contact fatigue between

wheels and rails. Less attention has been paid to the per-

formance of the track substructure (ballast, sub-ballast,

subgrade), despite the fact that the performance of the

components of the substructure under cyclic rail traffic

loads can be critical for the cost of track maintenance [30].

For example, Ishikawa et al. [11] provide evidence that

track deterioration is predominantly triggered by uneven

subsidence of the substructure of the railway.

The overarching aim of this study is to investigate the

effect of the performance of the substructure under cyclic

loads on the shakedown limit load with numerical methods

and obtain reliable estimates of the latter while minimising

computational cost. To achieve this aim, three-dimensional

(3D) finite element (FE) models of varying degree of

complexity are prepared, to quantify the effect of the level

of detail of the simulation on the results. In previous

studies (see e.g. Refs. [16, 30]) certain simplifying

assumptions have been embraced, such as representation of

moving train loads as equivalent concentrated loads acting

on either the surface of the sleepers or directly on the

ballast layer. This suggests that the kinematic interaction

between the rails and their support (pads–sleeper–ballast)

is not accounted for in the solution. To investigate this,

Melan’s lower-bound shakedown theorem is employed

here to obtain the shakedown load, using elastic stress

fields obtained from numerical analyses. Accordingly, two

simplified FE models are established, in which the wheel

loads are represented as equivalent loads acting either on

the surface of the sleepers or on the ballast layer. Results

from the simplified FE models are compared against those

of the detailed, benchmark 3D model, in terms of elastic

stress fields, to quantify the effect of considering kinematic

interaction and the level of analysis detail on the practical

results, and to optimise the balance between computational

cost and accuracy of the solution. Finally, a parametric

shakedown analysis of the ballasted track structure is per-

formed, to investigate the effect of problem parameters on

the shakedown limit.

2 Outline of the shakedown solution

2.1 Melan’ lower-bound shakedown theorem

Melan’ lower-bound shakedown theorem is used in this

study to find the shakedown limit load [21]. This states that

an elastic-perfectly plastic structure will shakedown under

repeated or cyclic loads if the yield condition at any point

is not violated by a total stress field which comprises the

self-equilibrated residual stress field, and the elastic stress

field from the external load. If the external load is denoted

by kp0 (p0 may be conveniently set equal to the unit

pressure in the calculations) and k is the shakedown mul-

tiplier (a dimensionless scale parameter), then all the

elastic stress components associated with the external load

are also proportional to k. Hence, Melan’s shakedown

theorem is expressed as:

f kreij þ rrij

� �
� 0 ð1Þ

where kreij is the elastic stress field due to the external

pressure kp0, rrij is the residual stress field and f(rij) = 0 is

the yield condition for the material. Note that the shake-

down load is computed using a numerical elastic stress

field, rather than an exact closed form one, so that the

solution is best described as a quasi-lower bound.

2.2 Numerical evaluation of the shakedown limit

Residual stresses are what remain in the structure after

repeated load applications as a result of plastic deforma-

tion. In elastic–plastic structures under cyclic or repeated

loads, residual stresses developed during a loading and

unloading process may help the structure to resist further

yield. This leads to the shakedown phenomenon—the

structure finally responds purely elastically to the subse-

quent load cycles and exhibit no further plastic strains,
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which has been comprehensively examined by Hadda and

Wan [10] in terms of the mechanics and physics of granular

material responses at the macroscopic and microscopic

levels during both monotonic and cyclic loadings. Alter-

natively, the residual stresses developed in the structure

may be incapable of preventing continuing plastic strains

and finally result in structural failure in such a way of either

alternating plasticity or unlimited incremental plasticity.

This happens even if the applied load is below the limit

determined by limit analysis. According to the Melan’s

shakedown theorem, the structure is under safe state if

there is one residual stress found and the sum of the

residual stress and the elastic stress does not violate the

yield criterion of materials. Therefore, the calculation of

the shakedown limit load is attributed to the determination

of the critical residual stress.

For the railway structure under moving train loads, the

residual stress field, which is different with that in pave-

ment, may be more complicated owing to the complexity

of structural geometry, load distribution and boundary

conditions. Calculation of the shakedown limit requires the

establishment of a residual stress field in the half-space

defined by the plane where external loads are acting, viz.

the stresses resulting when the magnitude of the load is

sufficient to induce plastic deformations. Here we assume

that surface of the half-space remains horizontal, i.e. no

uneven subsidence takes place, for the quasi-static situa-

tion, the stresses induced in the ground are independent of

the longitudinal coordinate (x-coordinate). This means that

all points located in one longitudinal alignment will

experience the same cyclic stresses with just a time delay.

This conclusion is valid if the soil is assumed as

homogenous and isotropic. Therefore, in order to obtain a

time-independent residual stress field, it will be mandatory

independent of the longitudinal direction. For the 3D

problem of moving traffic loads, the critical plane is the

vertical plane xz defined by the travel direction x and the

vertical axis z [36]. The critical nonzero residual stress

component in this plane is denoted as rrxx and is as a

function of y and z.

The total stress on any vertical plane xz (y = constant)

can be expressed as follows:

rxx ¼ krexx þ rrxx
rzz ¼ krezz
rxz ¼ krexz

ð2Þ

Assuming that soil/substructure material obeys the

Mohr–Coulomb yield criterion, and treating tensile stresses

as positive, the requirement to satisfy Melan’s shakedown

theorem (Eq. 1) leads to the following expression [36, 38]:

f ¼ rrxx þM
� �2 þN� 0 ð3Þ

where

M ¼ krexx � krezz þ 2 tanu c� krezz tanu
� �

N ¼ 4 1þ tan2 u
� �

krexz
� �2� c� krezz tanu

� �2h i ð4Þ

and c is the apparent cohesion and u is the friction angle of

the half-space material. Satisfying the shakedown condi-

tion (Eq. 3) requires that:

N� 0 ) k� c
�
rexz
�� ��þ rezztanu ð5Þ

By searching for the maximum value of rexz
�� ��þ rezztanun

throughout the half-space, we can determine a shakedown

limit multiplier, as discussed by Yu [36]. However, this

method neglects both the equilibrium and yield constraints

on the residual stresses in the calculation of the shakedown

limit, and therefore results in an ‘‘upper bound type 1’’

solution, according to the definition of Krabbenhøft et al.

[15]. To address this issue, a lower bound on the shake-

down limit multiplier, kSD, can be computed based on the

procedures proposed by Zhao et al. [38] and Krabbenhøft

et al. [15], which essentially result in identical results to the

method of conics proposed by Sharp and Booker [31].

The above is valid for a homogeneous half-space, which

of course is not the case for a ballasted track substructure,

which comprises several layers of different materials,

featuring different mechanical properties. In a multi-lay-

ered profile, the shakedown limit multiplier kSD can be

determined through searching the minimum value of the

shakedown limits in each individual layer as:

kSD ¼ min k1SD; k
2
SD; k

3
SD; . . .; k

m
SD

� �
ð6Þ

where the shakedown limit multiplier kiSD of the i-th layer

is obtained by modifying Eq. (5) as:

kiSD ¼ ci

max rexz
�� ��þ rezztanui

� � ð7Þ

and ci and ui are the shear strength parameters of the i-th

layer.

The elastic stress field in a layered profile is more

complicated compared to that in a homogeneous half-

space, and deriving an analytical solution to describe it is

particularly cumbersome. Therefore, a closed-form

expression for the shakedown limit multiplier will not be

sought. Instead, the problem is solved numerically with the

implicit version of the Finite Element code ABAQUS.

Searching for the shakedown limit multiplier (Eqs. 6, 7) is

performed via a custom subroutine UVARM that allows

automatically screening for the maximum value of rexz
�� ��þ

rezztanui at every integration point of the elements of each

layer, which is particularly important when dealing with
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three-dimensional problem geometries. In this way, the

shakedown multiplier for each layer kiSD is obtained, and

the shakedown limit of the track substructure is obtained

from Eq. (6). The numerical models used to obtain the

shakedown limit with this procedure are described in the

following.

3 Finite element models for the track
structure

The elastic stresses due to the external load (Eq. 7) are

obtained numerically using a full 3D FE model (Model A,

see Zhuang and Wang [39]). In addition, two simplified

models with reduced computational and preparation costs

are utilised. In these models, the rail and railpads are not

simulated, and loads are applied directly on the surface of

the sleepers (Model B), or on the sub-ballast (Model C).

3.1 Full 3D FE model (Model A)

The FE mesh of Model A is shown in Fig. 1. Since the

problem is symmetric, half of the track structure is simu-

lated. The rail (CHN 60 kg/m) is 176 mm high with cross-

sectional area 7.745 9 105 mm2 and is modelled with solid

elements (C3D8R). The rail rests on discrete railpads,

which are modelled as a spring element (SPRINGA), with

a vertical stiffness of 150 MN/m [8]. The concrete mono-

block sleepers feature dimensions 2.6 m 9 0.2 m 9 0.2 m

(length 9 width 9 height) are spaced at 0.65 m. The

substructure comprises the ballast, sub-ballast, subgrade

and embankment. The total simulated thickness is 6.7 m.

The length of the track considered is limited to 15 sleeper

bays, considering the computational effort required to solve

the 3D problem in the time domain, and the sleepers are

assumed to be in perfect contact (no slip) with the ballast

along the sleeper length [25]. The vertical boundaries of

the track structure are restrained against horizontal move-

ment normal to each face, and a restraint is applied on both

the horizontal and vertical movements at the bottom face.

The response of the rail and sleepers is assumed to be linear

elastic, while the geomaterials comprising the track sub-

structure are modelled with solid C3D8R elements as

elastic (when seeking to calculate the elastic stress field) or

elastic-perfectly plastic obeying the Mohr–Coulomb failure

criterion (when seeking to calculate the shakedown multi-

plier). The material properties and layer thickness are given

in Tables 1, 2, 3, 4.

Fig. 1 Finite element model of the ballasted track structure
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In Model A, the rolling and sliding contact at the wheel-

rail interface is modelled as a 3D Hertz load distribution

[12], shown in Fig. 2a. The load P is the total normal force

applied along the vertical direction due to the wheel roll-

ing, and Q is the total shear force applied along the travel

direction due to rolling friction.

Considering the contact surface of the Hertz load to be

circular, with radius a, allows the normal and shear pres-

sure p and q to be calculated as:

p ¼ 3P

2pa3
a2 � x2 � y2
� �1=2

q ¼ 3Q

2pa3
a2 � x2 � y2
� �1=2 ð8Þ

The load distribution results in a maximum compressive

pressure p0 = 3P/(2pa2) at the centre of the loaded area

(x = y = z = 0). The rolling friction coefficient l between

wheel and rail may be assumed to be constant, with the slip

between the wheel and the rail being fully developed, so

that the shear force is proportional to the normal force, as:

Q ¼ lP ð9Þ

A fine mesh with the element length of around 0.5a is

adopted for the rail. The mesh size for the sleepers can be

slightly coarser, with the element length of a. For the

subsystem of the ballasted track structure, the mesh with

the element length of 10a is used at the loading region, and

a relatively coarse mesh is used for the other region. As a

result, a total number of the elements used in each simu-

lation is approximately 405,000. The sensitive to mesh size

is checked. When halving the mesh size, the shakedown

limits are found to slightly changed, with the difference

less than 5%, value which was considered suitably small.

3.2 FE model with equivalent load acting
on the surface of sleeper (Model B)

Three-dimensional numerical simulations facilitate the

investigation of an important mechanism of track sub-

structure response to rail loads, viz. the transfer of stresses

from the wheel to the substructure via the rail–railpads–

sleepers combination. Alternatively, a beam-on-elastic-

foundation model can be employed to calculate the distri-

bution of stresses from the wheel to the individual sleepers

and the substructure, as depicted in Fig. 2b. The rail acts as

a beam and distributes the load of an individual wheel over

several sleepers—the one directly beneath the wheel and

several sleepers on either side of it [1, 6]. The actual

number of sleepers that carry a non-trivial portion of the

wheel load, and the actual percentage of the wheel load

carried by each sleeper, are functions of the stiffness of the

beam (i.e. its section), and of the stiffness of the support.

The Chinese Code for design of high-speed railways [6]

suggests that the point load from the wheel can be dis-

tributed among five sleepers, with the simplified distribu-

tion shown in Fig. 2b.

This simplified approach was employed to develop an

equivalent FE model (Model B), where the rail and railpads

are not simulated explicitly. This simplification results in a

reduction of the total number of elements to 386,000. The

moving train load is represented by five uniformly stressed

Table 1 Material properties of the ballasted track structure

Layers Model E (MPa) m c (kPa) u (�)

Rail Elastic 200,000 0.30 – –

Sleeper Elastic 30,000 0.20 – –

Ballast Mohr–Coulomb E1 0.25 1 u1

Sub-ballast Mohr–Coulomb E2 0.25 1 45

Subgrade Mohr–Coulomb 60 0.25 5 40

Embankment Mohr–Coulomb 40 0.25 5 35

Railpads Vertical stiffness kp = 150 MN/m

Table 2 Material properties of the ballast and sub-ballast

u1 (�) 25 35 45 55 65 75

E1 (MPa) 100 200 300 400 500 600

E2 (MPa) 100 100 100 100 100 100

E1/E2 1 2 3 4 5 10

Bold values indicate the parameters used for the basic model

Table 3 Layer thickness of the ballasted track structure

Layers Rail Sleeper Ballast Sub-ballast Subgrade Embankment

Thickness (m) 0.176 0.20 h1 h2 2.3 3.0

The sum thickness of the ballast and sub-ballast is 1.4 m, and h1 and h2 vary with the ratios, as shown in Table 4

Table 4 Thickness of ballast and sub-ballast layers

h1 (m) 0 0.14 0.28 0.42 0.56 0.7

h2 (m) 1.4 1.26 1.12 0.98 0.84 0.7

h1/h2 0 1:9 2:8 3:7 4:6 5:5

Bold values indicate the parameters used for the basic model
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areas, each corresponding to a different sleeper distribution

the wheel load, as shown in Fig. 2b. These uniform stress

distributions act on the surface of the sleepers, at the area

where the rail is in contact with the sleepers. The shear

stresses on the surface of sleepers are proportional to the

normal stresses and are calculated according to Eq. (9).

3.3 FE model with equivalent load acting
on the surface of ballast (Model C)

Model B can be further simplified by omitting the stress

redistribution occurring at the sleepers, and assuming that

the load from the rail and the railpads is transferred directly

to the surface of the ballast. The total number of elements

used in the simulation is further reduced to 371,000. The

Chinese Code for design of high-speed railways [6] sug-

gests that the wheel load may be uniformly distributed on

the surface of the ballast, across an effective bearing area

(shaded rectangles in Fig. 2c). The width b of each rect-

angle comprising the effective bearing area is equal to the

width of the sleeper, while e = 1.0 m. Shear stresses acting

on the effective bearing area are again proportional to the

normal stresses and are calculated according to Eq. (9).

3.4 Comparison of elastic stress fields
from the different numerical models

Simplifications introduced in the simulation of rails, rail-

pads and sleepers may reduce the model preparation effort

and computational time associated with 3D numerical

analyses, but may also affect the accuracy of the elastic

stress field, and therefore the estimation of the shakedown

limit with the proposed numerical method. This effect can

be quantified via a direct comparison of the elastic stress

fields calculated with the three FE models viz. Models A, B

and C, assuming the Chinese Railways High-speed train

(CRH3) with each axle load of 100 kN runs on the bal-

lasted track structure. It is noted that the shakedown

analysis is based on a quasi-static assumption, which

characterised by the absence of dynamic train-track inter-

action loads, i.e. this mechanism is due to the passage of

the static loads corresponding to the distribution of the

static weight of the train by the different wheelsets.

Figures 3, 4, 5 and 6 present the elastic stress field

calculated via the three FE models on the surface of ballast

and sub-ballast (Figs. 3, 4, 5), and along the thickness of

the model (Fig. 6). As discussed above (see Eq. 7), the

elastic stress components that govern the shakedown of the

track structure are the shear stress rxz and the vertical

normal stress rzz. Moreover, the critical point for the

shakedown lies on one of the vertical xz plane, implying

that the stress distribution in the transverse direction may

directly affect the shakedown limit of the ballasted track

structure. Therefore, the elastic stresses rxz and rzz are

presented along the direction of travel (x-direction),

transverse direction (y-direction) and the thickness of the

model (z-direction), along a plane aligned with the wheel

(y = constant). The equivalent von Mises (or deviatoric)

Fig. 2 Equivalent distribution of wheel load for ballasted track

structure

1236 Acta Geotechnica (2020) 15:1231–1241

123



stress rMises, which is commonly used in failure criteria, is

also included in the comparison.

The stress distributions plotted in Figs. 3, 4 and 5 sug-

gest that the three FE models provide similar elastic stress

profiles, and are compatible with the stress distributions

presented by Eason [7] and Wei et al. [35]. There are,

however, differences in the magnitude of the predicted

stresses. As expected, Model B provides stresses which are

closer to the benchmark Model A, with the maximum

divergence being of the order of 5%. On the other hand,

Model C appears to overestimate the normal rzz stresses on
the ballast, and underestimate the normal, shear, and

deviatoric stresses in the sub-ballast and the subgrade. This

is attributed to the fact that redistribution of stresses by the

sleepers is ignored in Model C, as shown in Fig. 4. The

maximum divergence between the peak stresses calculated

with Model C and Model A is of the order of 25%.

Also observed is that the computation time of Model A is

4.5 h, while that of Model B and Model C reduces by

approximately 13% and 19% for the same computer,

respectively. This comparison suggests that the simplified

Model B is capable of capturing the elastic stress field with

acceptable accuracy, compared to the detailed 3D model
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loads along the travel (x) direction
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Fig. 4 Elastic stresses on the surface of ballast layer due to wheel

loads along the transverse (y) direction
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(Model A), at a lower computational cost and less model

preparation time. Its use is therefore recommended for the

shakedown analysis of a ballasted track structure, and it is

adopted for the parametric study presented in the following.

4 Parametric shakedown analysis
of ballasted track structure

For the parametric shakedown analysis, the geomaterials in

Model B (ballast, sub-ballast, subgrade, embankment) are

analysed with the elastic built-in material model in

ABAQUS, while failure is introduced via the subroutine

UVARM, using the shear strength parameters listed in

Table 1. The shakedown limit is found as function of the

rolling friction coefficient l, assumed to vary between a

wide range l = 0.0 and l = 0.5 in order to explore the

sensitivity of results to friction. Other parameters varied

during the analyses are the material friction angle u, the
ballast/sub-ballast stiffness ratio E1/E2, and the thickness

ratio h1/h2 (see Tables 2, 3, 4). Note that the sub-ballast

parameters are kept constant, so that the parameters of the

ballast are modified accordingly to attain the desired
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stiffness and thickness ratios. The shakedown limit multi-

plier determined by Eq. (7) is provided in terms of the

normalised shakedown limit kSDpmax=c1, where pmax is the

maximum vertical stress acting on the surface of the

sleepers in Model B, and c1 is the apparent cohesion of

ballast.

Figure 7a shows the influence of the ballast/sub-ballast

stiffness ratio E1/E2 on the normalised shakedown limit

defined above, for various rolling friction coefficients.

Observe that the normalised shakedown limit decreases

considerably with increasing rolling friction, due to the

increase in the applied shear force (Eq. 9). Most impor-

tantly, there appear to be an ‘‘optimum’’ stiffness ratio E1/

E2, for which the normalised shakedown limit attains its

maximum value. This optimum value, depicted with a red

dotted line in Fig. 7a, appears to be independent of the

rolling friction coefficient l. This peak in the normalised

shakedown limit corresponds to the maximum resistance of

the system and indicates the transition of the critical point

for shakedown from the sub-ballast layer to the ballast

layer. For a stiffness ratio E1/E2[ 2, failure always occurs

in the ballast layer, and therefore the shakedown limit

keeps decreasing with increasing E1/E2 values. This can be

explained if we take into account the fact that lower

stresses propagate to the sub-ballast layer as E1/E2

increases, therefore material failure occurs at the base of

the ballast layer as the strength parameters of the ballast

and sub-ballast are assumed equal in this set of analyses.

As the rolling friction coefficient increases the existence of

this optimum stiffness ratio becomes less and less impor-

tant, due to the increased contribution of the shear force

whose value does not depend on the stiffness of the system.

Still, for realistic l values, the differences are non-trivial.

The combined effect of the friction angle of the ballast

u1 and the rolling friction coefficient l on the normalised

shakedown limit is depicted in Fig. 7b. As expected, the

material friction angle has a significant effect on the nor-

malised shakedown limit. There appears again to exist an

‘‘optimum’’ shear resistance of the ballast, that provides the

maximum resistance of the system to failure, and indicates

the transition of the optimum point from the surface to the

bottom of the ballast layer, as the shear strength of the

former increases. Interestingly, u1 values higher than the

‘‘optimum’’ friction angle of the ballast result in a decrease

in the maximum resistance to failure. This is attributed to

the fact that tensile stresses rzz develop at the bottom of the

ballast layer in the elastic numerical analysis, therefore the

factor rezztanui in Eq. (7) becomes positive (tensile stresses

are taken as positive). When the friction angle is relatively

low, the critical point for shakedown is at the surface of the

ballast layer. However, when the friction angle increases

the critical point is found at the bottom of the ballast layer.

There, as tanui increases the denominator in Eq. (7)

increases, resulting in lower kSD values. Furthermore, the

normalised shakedown limit is again very sensitive to the

value assigned to the rolling friction coefficient. The sen-

sitivity of the normalised shakedown limit to the friction

angle of the ballast decreases considerably for high rolling

friction coefficient values.

Finally, Fig. 7c presents the effect of the ballast/sub-

ballast thickness ratio h1/h2 on the normalised shakedown

limit, for various rolling friction coefficient values. Note

that the total thickness of ballast and sub-ballast is fixed to

h1 ? h2 = 1.4 m, while the variation of the individual layer

thicknesses with the thickness ratio is listed in Table 4. The

results plotted in Fig. 7c confirm that the normalised

shakedown limit increases with the relative thickness of the

ballast (increasing ballast/sub-ballast ratio h1/h2). The

normalised shakedown limit reaches an asymptote when

the critical point moves from the top of the sub-ballast

layer to the ballast layer. This transition point, corre-

sponding to the optimum thickness ratio h1/h2, is depicted

in Fig. 7c with a dotted red line. As soon as we exceed the

optimum ratio, any further increase in the thickness of the

ballast will have a trivial effect on the capacity of the track

structure viz. the normalised shakedown limit will depend

entirely on the material properties of the ballast layer.

5 Concluding remarks

Owing to the complex geometry of the problem, particu-

larly the fact that multiple materials must be considered

simultaneously, the shakedown load of a ballasted track

structure subjected to moving train loads can be found only

with three-dimensional numerical methods. In this study,

we investigate how much the simplifications introduced in

the geometry of the problem affect the error introduced in

determining the quasi-lower bound of the shakedown load

with finite elements. The latter was computed from a user-

defined subroutine implemented in the code ABAQUS,

which provides the shakedown load multiplier from a

numerical three-dimensional elastic stress field while

exploiting Melan’s lower-bound shakedown theorem. The

main aim of the comparison presented was to determine the

degree of sophistication in the model that results in the

optimum balance between accuracy and preparation/anal-

ysis cost.

The establishment of a finite element setup that provides

accurate estimates of the shakedown load multiplier at

reasonable computational cost allowed a parametric study

to be performed on the effect of the relative elastic stiff-

ness, thickness and shear strength of the ballast/sub-ballast

layers on the maximum capacity of the system. The effect

of the relative magnitude of the shear force acting on the
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wheel-rail interface was introduced in the parametric study

by considering different values of the rolling friction

coefficient. Conclusions from this parametric study provide

insights on optimising the design of ballasted track against

repeated train loads. It should be noted that since the quasi-

static train load was applied in the numerical analyses, the

dynamic effect due to the dynamic excitation of the train

masses during its movement was not considered, which

may make the conclusions in this paper to be in the un-

conservative side.
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