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Abstract
As a composite column, stiffened deep mixed (SDM) column is formed by inserting a precast concrete core pile into the

center of a deep mixed (DM) column. The SDM columns have been successfully used to support highway and railway

embankments and buildings over soft soil. However, there has been still a lack of feasible method to calculate the

settlement SDM column-reinforced soft soil under an embankment load. This paper developed a theoretical solution to

calculate the settlement of SDM column-supported embankment over soft soil. Based on the unit cell concept, the total

settlement of the SDM column-reinforced soft soil consisted of three components, i.e., the compression of soil within the

length of stiffened core pile, the compression of soil from the core pile base to the SDM column base, and the compression

of soil below the SDM column base. The upward and downward penetrations of stiffened core pile were considered in the

analysis. The analytical solution was verified by a comparison with the results computed by three-dimensional finite

element analyses. A parametric study based on the derived solution was conducted to investigate the influence factors of

modulus, length and diameter of DM column, length and diameter of core pile, and interface friction angle between DM

column and core pile on the settlement of SDM column-reinforced soil, and some recommendations were proposed for its

application in practice. The design charts for settlement calculation were developed for the ease of use in design. The

design method was applied to two case histories of SDM column-supported embankments, and good agreements were

found between the predicted settlements and the field measurements.
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List of symbols
l1, l2, l3 Original thicknesses of Region I,

Region II, and Region III, respectively

l01, l
0
2, l

0
3 Thicknesses of Region I, Region II,

and Region III when the unit cell is

subjected to a surface pressure,

respectively

l0 Depth of equal settlement plane

D, d Diameter of DM column and core pile,

respectively

De, B Equivalent diameter of influence zone

and column spacing, respectively

Stotal, SI, SII, SIII Total settlement and the compression

of Region I, Region II, and Region III,

respectively

dup, ddown, dcore Upward penetration and downward

penetration of the core pile; the

compression of the core pile,

respectively

Ssu, d1 Compression of the surrounding soil

and the compression of core pile above

the neutral point, respectively

Ssd, d2 Compression of the surrounding soil

and the compression of core pile below

the neutral point, respectively

DF, Dz Change in axial force at two adjacent

depths and the distance between the

two adjacent depths, respectively

s0 Negative friction at the elevation of

core pile head
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sðzÞ Skin friction stress at a depth of z

K In situ coefficient of lateral earth

pressure

u, ui Friction angle of DM column and the

interface friction angle between the

core pile and the DM column,

respectively

P, rp, rs Applied pressure on the whole area of

the unit cell, the average vertical stress

on the top of core pile and the

equivalent surrounding soil,

respectively

m, a Replacement ratio of SDM column

and core pile area ratio in cross section

of SDM column, respectively

k, c Ratio used in derivation

E
eq
I , EsI Equivalent constrained modulus of

surrounding soil and DM column, the

constrained modulus of subsoil in

Region I, respectively

rsz, rpz, rsl1 , rpl1 Vertical stress at certain depth

Ae, Ap Areas of influence zone and core pile,

respectively

up Perimeter of core pile

pc, ps Upward penetration when a unit force

is exerted on the top of core pile and

downward penetration when a unit

force exerted on the bottom of core

pile, respectively

lGC, EGC Thickness of gravel cushion and the

constrained modulus of cushion,

respectively

l0 Poisson’s ratio of DM column

E Constrained modulus of soil layer

l Poisson’s ratio of soil layer

k Coefficient of permeability

r1, r2 Vertical stress on the bottom of Region

I and vertical stress on the bottom of

Region II, respectively

g Coefficient of average superimposed

stress

n Stress concentration ratio

a, b, c, u, v, s Variations used in design method

1 Introduction

Columns are commonly used to improve soft soils by

increasing the bearing capacity, reducing total and differ-

ential settlements, and enhancing stability. Recently,

columns have been increasingly used to support embank-

ments over soft soils, especially when the requirements for

settlement control and/or construction time are strict. Dif-

ferent types of columns have been used in practice, such as

stone columns, deep mixed (DM) columns, jet grouted

columns, vibro-concrete columns (VCCs), cement-fly ash-

gravel (CFG) columns, T-shaped DM columns and ram-

med aggregate piers [6, 25–29, 32, 35, 39, 45]. Further-

more, composite columns have been increasingly used in

practice, since they take advantages of positive effects of

the individual components (e.g., concrete piles for strength

and stiffness, and DM columns for increasing soil

strength).

As a composite column, stiffened deep mixed (SDM)

column is formed by inserting a precast concrete core pile

into the center of a DM column immediately after the

construction of the DM column (see Fig. 1) [40]. Concrete

core pile is installed to increase the strength and stiffness of

the column and reduce the ground settlement, meanwhile,

DM column is used to increase the skin friction of the core

pile shaft and reinforce the surrounding soil. Moreover, the

bearing capacity provided by SDM columns was similar to

the cast-in-place piles with the same diameter and length,

while the SDM column can save nearly 30% cost [30].

In the past decade, the behavior of SDM column-rein-

forced soft soil was investigated mostly by means of

experimental and numerical studies [31, 33, 40]. Tanchai-

sawat et al. [31] experimentally found that the shear

strength of the interface between concrete core pile and

DM column was increased linearly with the unconfined

compressive strength of soil–cement. Vootttipruex et al.

[33] indicated that the settlement on SDM column was

40% less than that of DM columns due to its higher stiff-

ness. Ye et al. [40] found that the critical height of soil

arching in the SDM column-supported embankment had a

good consistency with the clear spacing between the con-

crete core piles based on the three-dimensional finite ele-

ment analysis.

Embankment

Firm soil

Soft soil
DM column

Core pile

SDM column

Gravel cushion

Fig. 1 SDM column-supported embankment over soft soil

796 Acta Geotechnica (2020) 15:795–814

123



The system of SDM column-reinforced soft soil is

composed of three materials (i.e., core pile, DM column,

and soft soil) and two interfaces (i.e., interface between

core pile and DM column and interface between DM col-

umn and surrounding soil). Due to the complicity of this

system, there have been only a few publications dealing

with the theoretical analysis of SDM column-reinforced

soft soil [20, 30, 37]. Wu et al. [37] proposed a method to

calculate the bearing capacity of SDM column by assuming

that the failure in the surrounding soil triggered the failure

of SDM column. Jamsawang et al. [20] and Raongjant and

Jing [30] indicated that the lateral bearing capacity of SDM

column was 11–15 times and 3–4 times greater than that of

DM column under static and cyclic loading, respectively.

At present, there is no applicable design method for

calculating the settlement of SDM column-reinforced soft

soil. Many studies have been conducted focusing on the

settlement calculation of other type of column-reinforced

soft clay. Han [17] established a method for calculating the

settlement of stone column-reinforced foundation. Zhang

et al. [41] developed an analytical solution for the settle-

ment of a composite foundation reinforced with stone

columns considering that the modulus of column had

reduction effects on column settlements and bulging.

Abdelkrim and Buhan [1] presented an elastoplastic

homogenization method applied to a soil reinforced by

regularly distributed columns. Castro and Sagaseta [7]

presented an approximate solution to calculate the settle-

ment of rigid footing resting on a stone column-reinforced

soft soil by converting the column group to an axisym-

metric problem with an equivalent single column with the

same cross-sectional area.

Horikoshi and Randolph [18] proposed a simplified

design method to calculate the settlement of piled rafts.

Han and Wayne [16] demonstrated that the method pro-

posed by Horikoshi and Randolph [18] for piled rafts can

also be used to calculate the settlement of DM column-

reinforced soft soil. Yao et al. [38] conducted a 1-g phys-

ical model test for soft ground with deep mixed columns

considering the effect of column length, area replacement

ratio and surcharge load on foundation settlement. Chai

et al. [8] proposed a method to calculate the settlement of

DM column-reinforced foundations underlain by a soft

soil, in which the penetration of the columns was consid-

ered by treating the lower portion of the reinforced zone as

an ‘‘unreinforced’’ layer. Therefore, it is necessary to

develop a calculation method for the settlement of SDM

column-reinforced soft soil.

In this paper, a theoretical analysis was conducted to

derive a solution of the settlement of stiffened deep mixed

column-supported embankment over soft clay. The unit cell

concept is adopted to establish the calculation model and the

subsoil is assumed to settle under one-dimensional

condition. The settlement of subsoil consists of three com-

ponents, i.e., the compression of the soil within length of

stiffened core piles, the compression of the soil from core

pile base to SDM column base and the compression of the

soil below SDM column base. The upward and downward

penetrations of concrete core pile were considered in the

analysis. To validate the developed analytical method, three-

dimensional (3-D) finite element models with different

configurations of SDM columns were created and the com-

parison between the analytical predictions and the numerical

results were discussed. A parametric study based on the

derived solution was performed to investigate the influence

factors of DM column modulus, length of core pile and DM

column, diameter of DM column and core pile, and inter-

action coefficient on the settlement characteristic of SDM

column-reinforced soil, and some recommendations are

summarized for its application. Finally, the design charts

were drawn for ease of application in design. Two case his-

tories of SDM column-supported embankment over soft soil

were introduced and the design method was applied to pre-

dict the ground final settlements.

2 Derivation of settlement
of the foundation

2.1 Calculation model

The unit cell concept is adopted to establish the calculation

model. The unit cell analysis is valid onlywhen it is applied at

the embankment centerline where the lateral displacements

are zero, but it cannot successfully predict the settlement on

other places under embankment where the lateral displace-

ments took place. However, in design of an embankment over

soft soil, engineers pay more attention on the settlement of

ground surface at the centerline of embankment, since it is the

maximum value along the embankment width.

Figure 2 shows the unit cell of SDM column-reinforced

soil in the analysis, in which the unit cell is divided into

three regions in the cross section: Region I (the region from

ground surface to core pile base), Region II (the region

from core pile base to DM column base), and Region III

(the region of soft soil below DM column base). In Fig. 2,

l1, l2 and l3 are the original thicknesses of Region I, Region

II, and Region III, respectively; l01, l
0
2 and l03 are the thick-

nesses of Region I, Region II, and Region III, respectively,

when the unit cell is subjected to a surface pressure P;

D and d are the diameters of DM column and core pile; and

De is the equivalent diameter of influence zone, in which

De = 1.05B for columns in a triangular pattern; De-

= 1.13B for columns in a square pattern; and B is the

column spacing.
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The main assumptions made in the analysis are sum-

marized as: (a) the concrete core pile, the DM column and

the subsoil behave as isotropic linear-elastic materials;

(b) the radial deformation is ignored and only vertical

strain is considered; (c) the surrounding soil and the DM

column in Region I and Region II are treated as a com-

posite soil with equivalent constrained modulus.

Based on the division of the regions in the unit cell of

the analytical model, the total settlement of SDM column-

reinforced subsoil can be expressed as:

Stotal ¼ SI þ SII þ SIII; ð1Þ

in which Stotal is the total settlement; SI is the compression

of Region I; SII is the compression of Region II; and SIII is

the compression of Region III. Referring to Fig. 2,

SI ¼ l1 � l01, SII ¼ l2 � l02, and SIII ¼ l3 � l03. The following

sections discuss the derivations of settlement calculation

for each Region.

2.2 Compression of soil in Region I

In the system of SDM column-supported embankment,

gravel cushion is commonly placed on the top of pile head

to adjust stress transfer between pile and soil. Due to the

great difference in stiffness between pile and soil, more

vertical stress is concentrated onto the core pile when it is

subjected to the embankment load. As a result, the core pile

would penetrate upward into the cushion layer and down-

ward into the DM column under the embankment load.

This phenomenon is called stress concentration effect and

has been observed in the previous studies on pile-rein-

forced soil with a gravel cushion on the top surface [44].

On the other hand, the differential settlement between the

pile and the soil results in the shear stress developing in the

fill, which would increase the stress carried by the pile and

reduce the stress carried by the soil. This stress transfer

phenomenon is referred to as soil arching effect. To sim-

plify the analysis, this study did not consider the soil

arching effect (i.e., the shear stress developed in the gravel

fill is neglected) but considered the stress concentration

effect. In the unit cell model, the modulus of gravel cushion

is considered but the embankment fill is equivalent to a

uniform pressure applied on the cushion surface. This

model is conservative as the stress imposed on the soil is

overestimated. The derivation process is introduced in this

section.

Region I

Region II

Region III

Firm soil

P

l1

l2

l3

De

D

d

up

down

1l

l2

l3

Core pile

DM column

Soft soil

P

Gravel cushion

Region I

Region II

Region III

Core pile

DM column

Soft soil

Gravel cushion

Firm soil

De

D

d

z
r

(a) (b)

Fig. 2 Unit cell of SDM column-reinforced soil: a before settlement, b after settlement
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Considering the core pile penetration effect (see Fig. 2),

one can obtain:

SI ¼ l1 � l01 ¼ dup þ ddown þ dcore; ð2Þ

in which dup is the upward penetration of the core pile;

ddown is the downward penetration of the core pile; and

dcore is the compression of the core pile. Since the sur-

rounding soil in the shallow portion settles more than the

core pile under the embankment load, negative frictional

force occurs on the core pile shaft. Considering the exis-

tence of neutral point due the negative friction on the shaft

of core pile, Eq. (2) is rewritten as:

SI ¼ Ssu þ Ssd ¼ dup þ d1
� �

þ ddown þ d2ð Þ; ð3aÞ

Ssu ¼ dup þ d1; ð3bÞ

Ssd ¼ ddown þ d2; ð3cÞ

in which Ssu and d1 are the compressions of the sur-

rounding soil and the core pile above the neutral point,

respectively; and Ssd and d2 are the compressions of the

surrounding soil and the core pile below the neutral point,

respectively.

Figure 3a shows the distribution of the skin frictional

stresses along the core pile under different embankment

height based on the field measurements by Wang et al.

[34]. The skin frictional stress of core pile was calculated

by the equation, sz ¼ DF
�

upDz
� �

, in which DF is the

change in axial force at two adjacent depths (kN); Dz is the
distance between the two adjacent depths (m); and, up is

the perimeter of core pile. The absolute values of the skin

frictional stress (i.e., negative and positive skin friction)

along the core pile increased with the increase in

embankment height while the depth of neutral point was

almost kept constant during the whole loading procedure. It

should be realized that the location of neutral point

dynamically changes with time and fill load. In this field

test, the fill height was only 3.5 m. The small embankment

loading results in a relative stable location of neutral point

in the whole filling process. This phenomenon has also

been found by Kong [24]. For a better presentation, the

skin frictional stress along the core pile shaft was nor-

malized to a ratio of the skin frictional stress at a given

depth to the maximum positive skin friction. It is worth

noticing from Fig. 3b that the skin frictional stress along

the core pile had a consistent normalization with depth and

the distribution of the skin frictional stress along the core

pile could be approximated as a linear distribution.

Therefore, the skin frictional stress along the core pile is

assumed to be a linear distribution (see Fig. 4) in this

analysis.

The basic Coulomb friction model was used to calculate

the negative skin friction between the core pile and the DM

column. The interface friction angle is considered, but the

cohesion of DM column/core pile interface is ignored. The

interfacial cohesion would decrease under certain condi-

tions under the long-term condition. For example, when the

interface is fully soaked, the interfacial cohesion would

decrease [10, 14]. When a relative large displacement
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Fig. 3 Consideration of skin friction distribution along concrete core pile
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between core pile and DM column develops, the interfacial

cohesion would also decrease due to the full slip [5, 21].

From a practical point of view, it is conservative to ignore

the cohesion of DM column/core pile interface for a long-

term performance. The maximum negative skin friction is

expressed as follows [4]:

s0 ¼ Krs tanui ð4Þ

in which s0 is the negative friction at the core pile head; ui

is the interface friction angle between the core pile and the

DM column; rs is the vertical stress on the top of sur-

rounding soil; K is the in situ lateral earth pressure coef-

ficient. The in situ lateral earth pressure coefficient is

complicated and is dependent on soil type, pile material,

and method of pile installation [36]. For a convenient use

in design, K value is recommended in a range of lateral

earth pressure coefficient at rest (i.e., K = 1 - sinu, where
u is the effective friction angle of deep mixed soil) to

passive lateral earth pressure coefficient [i.e.,

K = tan2(45� ? u/2)]. If there is no test result available to

determine u, 30� is recommended to use in design

[2, 13, 43]. Therefore, K value is in a range of 0.5–3 when

u = 30�. For a displacement core pile, as driving process

causes the soil to be displaced radially, a relatively large

K value is recommended, and for a non-displacement and/

or partial displacement core pile, as the soil is removed, a

relatively small K value is recommended. However, a

selection of specific value still relies on engineers’

experience and judgment. Three case histories were

selected to verify the applicability of the proposed method

to determine K value. Wu et al. [37] conducted a field

investigation in which the core pile was driven directly into

a DM column. Based on the field results, the back-calcu-

lated K was 1.9 by taking u = 30� and ui = 18�), which
approaches the passive lateral earth pressure coefficient

[i.e., K = tan2(45� ? u/2) = 3]. Ding et al. [11] reported a

field test in which the core pile was installed by a partially

bored method. Based on the field results, the back-calcu-

lated K was 0.6, close to the lateral earth pressure coeffi-

cient at rest (i.e., K = 1 - sinu = 0.5). Voottipruex et al.

[33] presented a field pullout test of core pile which was

driven directly into a DM column, and the back-calculated

K was 1.3 which is also within the proposed range.

To demonstrate the feasibility of Eq. (4) for estimating

the maximum negative friction on the core pile shaft, a

comparison between the field test results by Wang et al.

[34] and the calculated negative friction by Eq. (4) was

conducted. The measured skin frictional stresses of core

pile were obtained based on the measured vertical stress of

the pile head and the measured point close to the pile head

using the equation of sz ¼ DF
�

upDz
� �

. The meanings of

notations have been explained previously. In the analysis,

the interface friction angle of the DM column and the core

pile was taken as 18� [31]. Considering the core pile was

directly pushed into the ground, resulting in increasing the

lateral earth pressure in the field, the K value was larger

than the coefficient of earth pressure at rest. The K value

was assumed to be passive lateral earth pressure coefficient

in the analysis. It can be seen from Fig. 5 that the calcu-

lated skin friction agreed well with the measured results

under the different fill load.

P

Fig. 4 Simplification of skin friction distribution along concrete core

pile
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According to the triangular pattern assumption of the

skin friction stress along the core pile, the concrete core

skin friction is written as:

sðzÞ ¼ �s0ð1� z=l0Þ; ð5Þ

in which sðzÞ is the skin friction stress at a depth of z (i.e., a
negative value means the negative friction, vice versa); l0 is

the depth of equal settlement plane, and z is the depth from

ground surface.

Based on the force equilibrium in vertical direction, both

the SDM column and the equivalent surrounding soil carry

the applied loads, and thus,

P ¼ marp þ ð1� maÞrs: ð6aÞ

Setting the stress concentration ratio n ¼ rp
�
rs, one can

obtain

rp ¼
nP

ðn� 1Þamþ 1
; ð6bÞ

rs ¼
P

ðn� 1Þamþ 1
; ð6cÞ

in which P is the applied pressure on the whole area of the

unit cell; m is the replacement ratio of SDM column, i.e.,

m ¼ D2
�
D2

e; a is the core pile area ratio in cross section of

SDM column, i.e., a ¼ d2
�
D2; rp and rs are the average

vertical stress on the top of core pile and the equivalent

surrounding soil, respectively.

The equivalent constrained modulus of surrounding soil

and DM column in Region I (E
eq
I ) is determined based on

the area-weighted average of DM column socket and sur-

rounding soil:

E
eq
I ¼ mð1� aÞEDM þ ð1� mÞEsI; ð7Þ

in which E
eq
I is the equivalent constrained modulus of

surrounding soil and DM column; EDM is the constrained

modulus of DM column; EsI is the constrained modulus of

subsoil in Region I.

Figure 6 shows a slice element of the unit cell with a

thickness of dz at a depth z. Based on the equilibrium of

force in the slice element in a vertical direction, one can

obtain:

rsz Ae � Ap

� �
� rsz þ drszð Þ Ae � Ap

� �
� szupdz ¼ 0; ð8Þ

in which rsz is the average vertical stress on surrounding

soil and DM column at depth z; Ae and Ap are the areas of

influence zone and core pile, respectively; and up is the

perimeter of core pile.

Setting k ¼ up
�

Ae � Ap

� �
, Eq. (8) is rearranged as:

drsz=dzþ ksz ¼ 0: ð9Þ

Using the boundary condition, rsz ¼ rs, at z = 0, Eq. (9) is

solved as:

rsz ¼ ðks0z2Þ
�
ð2l0Þ � ks0zþ rs: ð10Þ

Thus, the compression of subsoil in Region I can be

derived as:

Ssu ¼
Z l0

0

rsz
�
E
eq
I

� �
dz ¼ 1

E
eq
I

rsl0 �
ks0
3

l20

� �
; ð11aÞ

Ssd ¼
Z l1

l0

rsz
�
E
eq
I

� �
dz

¼ 1

E
eq
I

ks0
6l0

l31 �
ks0
2

l21 þ rsl1 � rsl0 þ
ks0
3

l20

� �
: ð11bÞ

All the above notations have been explained previously.

At depth z, based on the vertical force equilibrium on

core pile shaft, the vertical stress in core pile can be

expressed as:

rpz ¼ rp þ A�1
p

Z z

0

szupdz ¼ rp þ cðs0z� s0z
2
�
ð2l0ÞÞ;

ð12Þ

in which c ¼ up
�
Ap. Similarly, the compression of core

pile in Region I can be derived as:

d1 ¼
Z l0

0

rpz
�
Ep

� �
dz ¼ 1

EP

ðrPl0 þ cs0l
2
0

�
3Þ; ð13aÞ

d2 ¼
Z l1

l0

rpz
�
Ep

� �
dz

¼ 1

EP

� cs0
6l0

l31 þ
cs0
2

l21 þ rPl1 � rPl0 �
cs0
3

l20

� �
:

ð13bÞ

The upward penetration of core pile can be determined

as:

dup ¼ pcðrp � rsÞ; ð14aÞ

where pc is the upward penetration when an unit force is

exerted on the top of core pile, and it can be obtained as:

pc ¼ lGC=EGC; ð14bÞ

in which lGC is the thickness of gravel cushion, and EGC is

the constrained modulus of cushion.

zd

z zs sd

zσs

De

d
D

zτ

Fig. 6 Force analysis on calculation unit
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The downward penetration of core pile can be deter-

mined as:

ddown ¼ psðrpl1 � rsl1Þ; ð15aÞ

in which rpl1 is the vertical stress at the bottom of core pile;

rsl1 is the vertical stress at the bottom of subsoil; and ps is

the downward penetration when an unit force exerted on

the bottom of core pile which can be calculated based on

the method proposed by Chen [9],

ps ¼ ð1� l20Þx
ffiffiffiffiffi
Ap

p �
E0 ð15bÞ

E0 ¼ ð1� 2l20
�
ð1� l0ÞÞE

eq
II ð15cÞ

in which l0 is the Poisson’s ratio of DM column; x is a

parameter decided by the shape of loading plane; and E
eq
II is

the equivalent constrained modulus of soil in Region II.

Thus, by combining Eqs. (11a), (13a), (14a), and (3b),

one can obtain:

ððrsl0 � ks0l
2
0

�
3Þ
�
E
eq
I ¼ pcðrp � rsÞ

þ ðrpl0 þ cs0l
2
0

�
3Þ
�
Ep ð16Þ

Similarly, combining Eq. (11b), Eq. (13b), Eq. (15a), and

Eq. (3c) results in

1

E
eq
I

ks0
6l0

l31 �
ks0
2

l21 þ rsl1 � rsl0 þ
ks0
3

l20

� �

¼ 1

Ep

� cs0
6l0

l31 þ
cs0
2

l21 þ rpl1 � rpl0 �
cs0
3

l20

� �

þ ps rp � rs þ ðcþ kÞs0l1 �
ðcþ kÞs0l21

2l0

� 	
:

ð17Þ

Substituting Eq. (4) into Eqs. (16) and (17), the stress

concentration ratio can be expressed as:

n ¼ rp
rs

¼ h1
h2

¼ h3
h4

; ð18Þ

in which h1 ¼ l0
E
eq

I

þ pc � kK tanui

3E
eq

I

l20 �
cK tanui

3Ep
l20; h2 ¼ pcþ

l0
Ep
; h4 ¼ ps þ ðl1�l0Þ

Ep

h3¼
1

E
eq
I

kKl31 tanui

6l0
� kKl21 tanui

2
þ l1� l0 þ

kKl20 tanui

3

� �

� 1

Ep

� cKl31 tanui

6l0
þ cKl21 tanui

2
� cKl20 tanui

3

� �

� ps �1þ ðcþ kÞKl1 tanui �
ðcþ kÞKl21 tanui

2l0

� �
:

In Eq. (18), only l0 is the unknown variation. By solving

Eq. (18), l0 and n can be obtained. Then rp and rs can also

be solved by Eqs. (6b) and (6c). One can obtain Ssu, Ssd, d1,
d2 from Eqs. (11a), (11b) and Eqs. (13a), and (13b),

respectively. The settlement in Region I can be calculated

as:

SI ¼ Ssu þ Ssd ¼ ðks0l31
�
ð6l0Þ � ks0l

2
1

�
2þ rsl1Þ

�
E
eq
I :

ð19Þ

2.3 Compression of soil in Region II

The unconfined compressive strength of DM column is

typically within a range of 0.4–1.5 MPa for the soft clays

in practice [12]. The elastic modulus of DM columns could

be estimated based on the typical relationship of E = 100qu
[12, 19]. Thus, the elastic modulus of DM columns may be

within a range from 40 to 150 MPa. Due to the relative low

modulus difference between the DM columns and the

surrounding soil as compared with the difference between

rigid columns and the surrounding soil, it is assumed that

the DM column and the surrounding soil settles under an

equal strain condition in the analysis of the compression of

the soil in Region II. Zhang et al. [42] also made an equal

strain assumption when deriving the consolidation solution

of a composite foundation with short DM columns and

long PVDs and a good agreement was obtained as com-

pared with the field data. The equivalent modulus of the

soil in Region II is determined based on the area-weighted

average of the constrained modulus of the DM column and

the surrounding soft soil:

E
eq
II ¼ mEDM þ ð1� mÞEsII; ð20Þ

in which E
eq
II is the equivalent constrained modulus of the

improvement area in Region II; and EsII is the constrained

modulus of soil.

The stress solution for a three-layer system proposed by

Jones [22] was used to calculate the vertical stresses on the

top and bottom of Region II. The solution to the com-

pression of the soil in Region II can be given as:

SII ¼ r1 þ r2ð Þl2½ �
�
2E

eq
IIð Þ; ð21Þ

in which r1 is the vertical stress on the bottom of Region I;

and r2 is the vertical stress on the bottom of Region II.

2.4 Compression of soil in Region III

The compression of soil in Region III is computed using

Mindlin’s solution:

SIII ¼ gr2l3=EIII; ð22Þ

in which g is the coefficient of average superimposed

stress; and EIII is the constrained modulus of soil in Region

III.

Based on the above derivations, the solutions to the

compressions of the three regions are developed. Substi-

tuting the compressions of the three regions into Eq. (1),

the total settlement of the soil reinforced by SDM column

can be obtained.
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3 Model validation and parametric study

3.1 Model validation

To validate the derived solution of the settlement of SDM

column-reinforced soil, a three-dimensional (3-D) finite

element analysis incorporated in the software ABAQUS

was adopted. The results calculated by the proposed ana-

lytical method were compared with the results by the 3-D

numerical analysis. Three typical conditions were consid-

ered in the numerical models: (a) the SDM column with

equal length of DM column and core pile were seated on a

firm soil (Model 1); (b) the SDM column with DM column

longer than core pile were seated on a firm soil (Model 2);

(c) there was a weak underlying stratum below the base of

SDM column with long DM column and short core pile

(Model 3).

Figure 7 shows the configuration of Model 3. The sub-

soil consisted of a 15-m-thick soft soil underlain by a 5-m-

thick firm soil layer. The SDM column had DM column

with a diameter of 500 mm and a length of 10 m and

concrete core pile with a diameter of 250 mm and a length

of 6 m. The columns were installed in a square pattern at a

spacing of 1.8 m. A 0.3-m-thick gravel cushion and 4.0-m-

thick embankment fill were placed on the top of SDM

column-reinforced soft soil. The other two numerical

models (i.e., Model 1 and Model 2) had a same geological

condition but different SDM column configuration. Fig-

ure 8 shows the mesh of Model 1. The 3-D finite element

mesh consisted of 5714 C3D8 (i.e., an eight-node brick,

trilinear displacement) solid elements for the meshes of

core pile and 13039 C3D8R solid elements (i.e., an eight-

node brick, trilinear displacement, reduced integration) for

the meshes of cushion, DM column, and subsoils. Table 1

shows the geometrical information of the three numerical

models. In some cases, the pile is modeled using structural

element (for example, beam element or pile element) for

simplicity and improving computation efficiency. The

beam element is unable to obtain the stress distribution

throughout the cross section. In this study, as it needs to

obtain the stresses distributed on the cross section of pile to

calculate the stress concentration ratio, the solid element

instead of the structural element is used to simulate the

pile. Furthermore, as the deformation of pile itself is very

small under the embankment, the pile is modeled as elastic

material with Young’s modulus and Poisson’s ratio. The

sand cushion, the DM column, and the subsoil were

modeled as linearly elastic–perfectly plastic materials with

Mohr–Coulomb failure criteria [15, 40]. In the elastic part,

the elastic modulus of DM column was determined based

on the typical relationship of E = 100qu, and the Poisson’s

ratio was estimated based on the empirical values. As the

unconfined compressive strength of 1 MPa is very common

in practice, E = 100 MPa was used in the numerical

analysis. In the plastic part, the friction angle was taken as

30� and the cohesion was estimated as half of the uncon-

fined compressive strength (500 kPa) in this study. Various

studies investigated the friction angle of soil–cement

[2, 23, 43], and it is typically in a range of 20�–35�. The
parameters of concrete core pile can be obtained based on

the criteria of concrete strength grades. The concretes with

strength grades of C20–C35 (unconfined compression

strengths from 20 to 35 MPa) are usually used to produce

the core pile. Their corresponding elastic moduli are from

2.55 to 3.15 GPa, and the Poisson’s ratio is typically from

(a) 

(b) 

Fig. 7 Unit cell model for floating SDM pile supported embankment

(not to scale; unit: m): a cross section, b plan view
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0.1 to 0.22. In the numerical analysis, elastic modulus of

2.55 GPa and Poisson’s ratio of 0.15 were used. The

interface contact was created between the concrete core

pile and DM column with interfacial friction angle of 18�
[31] and the shear stiffness coefficient Kss = 80 MPa/m

[31, 40]. Table 2 shows the material properties used in the

numerical models. The four side boundaries of models

were fixed in the lateral displacement but allowed to move

freely in the vertical direction. The bottom boundary was

fixed in all three directions (i.e., x, y, and z directions).

After completion of the initial geostatic stress balance, the

sand cushion and embankment fill were placed on the base

of SDM column-reinforced soil sequentially.

Figure 9 shows the settlements predicted by the

numerical analysis and the developed solution. It can be

seen that in the three models, the compressions in Region II

and III by the numerical analysis and the developed solu-

tion agreed well with each other, while the compression in

Region I by the developed solution was greater than that by

the numerical analysis. In general, the proposed method

properly revealed the deformation behavior of SDM col-

umn-supported embankment over soft soil.

3.2 Parametric study and discussion

To investigate the settlement characteristics of SDM col-

umn-reinforced soft soil, a parametric study was conducted

in this section. In the baseline case, the soft soil consisted

of a 15-m-thick soft soil. SDM columns were installed in a

square pattern with a spacing of 1.8 m. The DM column

had a diameter of 500 mm and a length of 10.0 m and the

core concrete pile had a diameter of 250 mm and a length

of 6.0 m. The interface friction angle was 18�. The gravel

0.3

Embankment fill

Gravel cushion

Core pile

DM column

Soft soil

Firm soil

x y

z

Fig. 8 3-D finite element mesh (unit: m)

Table 1 Geometrical information of numerical models

Model No. Spacing DM column Core pile

(m) D (m) l1 ? l2 (m) d (m) l1 (m)

Model 1 1.8 0.5 15 0.25 15

Model 2 1.8 0.5 15 0.25 6

Model 3 1.8 0.5 10 0.25 6

Table 2 Main physico-mechanical parameters of materials in

numerical analysis

Materials E (MPa) c (kN/m3) l u0 (�) c0 (kPa)

Embankment Fill 30 18 0.30 32 0

Gravel cushion 30 18 0.30 35 0

Soft soil 5 18 0.42 15 8

Firm soil 100 20 0.30 32 300

DM column 100 20 0.33 30 500

Concrete core pile 25,500 25 0.15 N/A N/A

E, elastic modulus, c, unit weight, l, Poisson’s ratio, u0, effective
friction angle, c0, effective cohesion

0

20

40

60

80

100

S
et

tle
m

en
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m
m

 Region
 Region
 Region
 Proposed method
 Numerical analysis

Model1 Model2 Model3

Fig. 9 Comparison of predictions by 3-D analysis and developed

solution
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cushion had a thickness of 0.3 m and the embankment had

a thickness of 4.0 m. The moduli of the soft soil, the DM

column, the core pile and the gravel cushion were 5, 100,

and 28,000, 30 MPa, respectively. In the following analy-

sis, the influence factors of DM column modulus, length of

core pile and DM column, diameter of DM column and

20 40 60 80 100 120 140 160
0.8
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S Ba
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Fig. 10 Influence of different parameters on settlement: a modulus of DM column, b length of DM column, c diameter of SDM column, d length

of core pile, e diameter of core pile, f interface friction angle
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core pile, and the interaction coefficient of the interface

between DM column and core pile on the settlement

characteristic of SDM column-reinforced soil were

explored. In each case, only one influence factor was

changed compared with the baseline case and a settlement

ratio which is defined as a ratio of the settlement of the case

with a changed parameter to that of the baseline case was

introduced to investigate the role the influence factor

played in the system. Based on the proposed method, the

settlement of the baseline case was S0 = 131.5 mm.

Figure 10 shows the change of settlement ratio with

different influence factors. Figure 10a–c shows that the

settlement of SDM-reinforced soft soil can be reduced by

increasing the modulus, length, and diameter of DM column.

Increasing the length of DM column had a significant

influence on mitigating the settlement. Figure 10d, e shows

that the settlement of SDM-reinforced soft soil was reduced

by increasing the length of core pile, and the change in the

diameter of core pile had less influence on the settlement

than the change in the length of core pile. Voottipruex et al.

[31] also indicated that the section area of concrete core pile

had a slight effect on the settlement of SDCM column based

on the numerical parametric analysis. However, when the

length of core pile was greater than 9 m and the diameter of

core pile changed from 0.15 to 0.25 m, which corresponded

to the ratio of DM column length to core pile length of 0.9,

and the area ratio of core pile in the cross section of SDM

from 10 to 25%, minor influences on mitigating settlement

were obtained. Voottipruex et al. [33] found that the effec-

tive length ratio ranges from 0.57 to 0.85 in terms of the

bearing capacity of SDM column. From a practical point of

view, increasing the length of core pile is the preferred

option on mitigating the settlement of soft soil when

adopting the SDM column, and the optimal length and

diameter of core pile should be considered in design.

Figure 10f shows that the settlement of ground was

reduced slightly with the increase of interface friction angle

ui. It is because that the increase in the settlement due to the

decrease in interface friction was small as compared with

the total settlement. To clearly detect the effect of the

interface, a ratio of the settlement in Region I between the

case with a changed parameter to that of the baseline case

was calculated alone, which is also included in Fig. 10f. It

can be seen that the settlement ratio of Region I changes

from 1.06 to 0.87 with an increase in interface friction angle

from 6� to 30�. Therefore, the influence of interface friction
angle is not as remarkable as the influence factors shown in

the preceding Fig. 10a–e. This finding was similar to the

numerical results by Voottipruex et al. [33].

4 Design method

Based on the above derivations, the settlements in Region

II and Region III can be directly obtained based on the

developed solutions, while the calculation of the settlement

in Region I was complex. For a convenient application in

design, this section developed a design procedure for the

calculation of the settlement in Region I based on the

derived solution. The proposed design method is applicable

to the cases when the core pile length is smaller or equal to

the length of DM column.

The settlement of Region I can be solved byEq. (19). A 0.3-

m-thickgravel cushion is typically used inpractice, and thus the

thickness of gravel cushion is kept constant as 0.3 m in the

design method. Substituting Eqs. (4) and (6c) into Eq. (19),

setting a ¼ kk tanui=3, b ¼ ck tanui=3, and ignoring the

terms with Ep as they were small enough due to the large

magnitude of Ep as the denominator, Eq. (19) is converted as

follows:

SI ¼ Pw ¼ P
al31
�
ð2l0Þ � 1:5al21 þ l1

amðl0 � al20Þ
�
pc þ E

eq
I

 !

; ð23aÞ

dl30 þ fl20 þ el0 þ n ¼ 0; ð23bÞ

in which d ¼ að2þ 2ps=pcÞ; f ¼ �d=a; e ¼ 2l1�
3al21 � 6psðaþ bÞEeq

I ; n ¼ al31þ3psðaþ bÞl1Eeq
I . Setting

c ¼ l0=l1 and thus Eqs. (23a) and (23b) is calculated as:

Start

Input:
φi, d, m, l1

Output:
a, b

Output:
ps, ps/pc

u1, u2 u3, u4 v1, v2 v3, v4 v5, v6

u v

c

s1 s2

ψ

End

Fig.14(a)

Fig.14(b) Fig.14(d)Fig.14(c) Fig.14(e) Fig.14(f)

Table. 17

Fig.14(g) Fig.14(h)

Fig. 11 Proceeding of design curves of Region I
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SI¼Pw ¼ P
al21
�
ð2cÞ � 1:5al21 þ l1

amðcl1 � ac2l21Þ
�
pc þ E

eq
I

 !

; ð24aÞ

dl31c
3 þ fl21c

2 þ el1cþ n ¼ 0: ð24bÞ

A design procedure is recommended herein to determine

w, which is also summarized in the flow chart as shown in

Fig. 11. The design charts corresponding to the flow

chart are presented in Fig. 12. For the charts illustrated

with a linear distribution, it is reasonable to extend the lines

if the variable is not in the domain presented in the chart.

The design procedure is referred as follows.

1. Choose the trial parameters of SDM column-reinforced

soil, including d, D, B, l1, and l2. Then calculated the

replacement ratio of SDM column, m, the core ratio,a.
Based on the strength of DM column, estimate the

coefficient of earth pressure and the interface friction

angle of DM column and core pile, ui.

2. Use the parameters of ui, d and am to calculate b and a.

3. Calculate E
eq
I , E

eq
II and pc from Eqs. (7), (20) and (14b),

respectively. For multiple soil layers,

EsI ¼ ðEs1l11 þ Es2l12þ� � � þ Esnl1nÞ=l1, in which Esi

and l1i is the constrained modulus and thickness of
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each layer in Region I. Determine ps and ps=pc from

the design chart (Fig. 12a).

4. Use Fig. 12b, c to obtain u1, u2, u3, and u4. Calculate

u ¼ ððu1 � u2Þ=u3 � u4Þ
�
l21.

5. Use Fig. 12d–f to determine v1 to v6. Calculate

v ¼ ððv1 þ v2Þ=ð2þ 2ps=pcÞþðv3 � v4Þ=v6 � v5Þ=l13
6. Based on step 5, use Table 7 to obtain the solution x,

and c ¼ xþ 1=ð3al1Þ.
7. Use Fig. 12g, h to determine s1 and s2, and then the

settlement coefficient of region I can be calculated as

w ¼ s1=s2,

8. The settlement of Region I can be obtained by

SI ¼ Pw.

5 Application of the proposed method

5.1 Test embankment in AIT campus, Thailand
[33]

Vootttipruex et al. [33] conducted a large scale field test of

SDM column-supported embankment at the northern part

of the Asian Institute of Technology (AIT) Campus,

Thailand. Figure 13 shows the configuration of the test

embankment. Vootttipruex et al. [33] introduced the

geotechnical conditions and the test procedures on this site

in detail. Therefore, this section only provides a brief

summary. The test embankment consisting of a 1-m-thick

sand cushion and 5-m-thick embankment fill was con-

structed with end slopes of 1:1 and side slopes of 1:1.5. The
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test embankment had base dimensions of 21 m 9 21 m

and top dimensions of 9 m 9 6 m. The SDM columns with

a diameter of 0.6 m and a length of 7 m were installed in a

square pattern at a spacing of 2.0 m. The concrete core

piles had a square cross section of 0.22 m 9 0.22 m and a

length of 6 m. Table 3 shows the main properties of the

soil layers and the SDM columns used in the field test,

which were provided by Vootttipruex et al. [33].

The side length of core pile d = 0.22 m, so

am = 0.0121. Considering the core pile was directly

pushed into the soil, a relative large K was selected herein

(i.e., it is assumed to be the coefficient of passive lateral

earth pressure in the design). The friction angles of DM

column was taken as 30� [2, 13, 23, 43] and the interfacial

friction angel between the DM column and the core pile

was taken as 18� [31], and it can be calculated that b = 5.8,

and a = 0.055.

The equivalent modulus of Region I is 5.0 MPa. The

equivalent modulus of Region II is 5.5 MPa. The Poisson’s

Fig. 13 Test embankment (unit: m, after Vootttipruex et al. [33])

Table 3 Main properties of materials in the test

Materials L (m) E (MPa) c (kN/

m3)

l u (�) c

(kPa)

k (m/d)

Embankment

fill

5 30 16 0.30 20 10 1 9 10-3

Silty sand

cushion

1 30 17 0.30 25 0 1.0

Weathered

crust

1 2.5 17 0.25 23 10 1 9 10-3

Soft clay 6 2.5 15 0.25 23 2 4 9 10-4

Medium stiff

clay

2 5 18 0.25 25 10 2 9 10-4

Stiff clay 15 9 19 0.25 26 30 4 9 10-4

L, thickness; E, constrained modulus; c, unit weight; l, Poisson’s ratio; u, friction angle; c, cohesion; k, coefficient of permeability

Table 4 Settlements by the proposed method and by the field monitor

data (mm)

Method Region

I

Region

II

Region

III

Total

settlement

Proposed

method

42.4 13.1 108.4 163.9

Asaoka method N/A N/A N/A 161.3
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ratio l0 is 0.33, pc ¼ lSC=Ec = 0.0333, using d = 0.22 m,

E
eq
II = 5.5 MPa, and it can be obtained from Fig. 12a that

ps = 0.046, ps=pc = 1.38.

The length of Region I (l1) is 6 m, using a, am, Eeq
II ,ps, it

can be obtained from Fig. 12b, c that u1 = 1, u2 = 1,

u3 = 0.043, u4 = 110.2. So u ¼ ððu1 � u2Þ=u3�
u4Þ
�
l21 = --3.06. Similarly, it can be obtained from

Fig. 12d–f that v1 = 216, v2 = 400, v3 = 6.1, v4 = 6.6,

v5 = 445.2, v6 = 0.043. So v ¼ ððv1 þ v2Þ=ð2þ 2ps=pcÞ þ
ðv3� v4Þ=v6 � v5Þ

�
l31 = -1.52. It can be obtained from

Table 4 that x = -0.56, c ¼ xþ 1=ð3al1Þ = 0.45.

Using c, a, l1, it can be obtained from Fig. 12g, h that

s1 = 4.7, s2 = 8.8. So w ¼ s1=s2 = 0.53, the maximum

loading is 80 kPa, so the settlement of Region I is

SI¼Pw = 80 9 0.53 = 42.4 mm.

According to Jones’s solution, the key parameters can be

summarized as follows: � k1 ¼ E1=E2 = 5/5.5 = 0.91, `

k2 ¼ E2=E3 = 5.5/9 = 0.61, ´ H ¼ h1=h2 = 6/3 = 2, ˆ

a1 ¼ r=h2 = 11.85/3 = 3.95.

Using linear interpolation, the vertical stress of Region

II can be obtained as r1 = 0.91 9 80, r2 = 0.89 9 80, and

the vertical stress on the bottom of medium stiff clay is

0.85 9 80, so the settlement of Region II is SII ¼ r1þð½
r2Þl2�

�
2E

eq
IIð Þ = 13.1 mm. The settlement of medium stiff

clay is 25.3 mm.

The coefficient of average superimposed stress g in third

layer is 0.7, so the settlement of Region III is SIII ¼
gr2l3=EIII ?25.3 = 108.4 mm.

Figure 14 shows the variation of the ground settlement

with time. According to the Asaoka method [3], the final

settlement can be predicted based on the field data (see

Fig. 11b), s1 = 161.3 mm. Table 4 presents the compar-

ison of the settlement calculated using the proposed

method with that using Asaoka method and they agreed

well with each other.

5.2 Field test in Nanjing, China [34]

Wang et al. [34] introduced two sections of field test of

SDM column-supported embankment over soft soil at

Nanjing Surrounding Expressway. Figure 15 shows the

cross section of the two field tests. The SDM columns with

a diameter of 0.5 mm were installed in a triangle pattern to

a depth of 19.5 m. The column spacing was 1.5 m and

1.7 m in Site A and Site B, respectively. The width of

embankment was 34.5 m with a side slope of 1:1.5.

Table 5 shows the material properties in each test site.

Table 6 shows the final settlements predicted by the

proposed method and the Asaoka method [3]. The good

agreements were obtained. Based on the application in the

two field tests, it can be concluded that the proposed

method is feasible for calculation of the SDM column-

supported embankment over soft soil.

6 Conclusion

Assuming the soil to be settled as one-dimensional defor-

mation, this paper proposed an analytical method for cal-

culating the settlement of SDM column-supported

embankment over soft clay. The proposed method was

verified by a comparison with the 3-D numerical model and

field data. A parametric study was conducted to investigate

the settlement characteristics of SDM column-supported

embankment over soft soil. Based on the analysis and

discussion, the following conclusions can be drawn.

(a) Considering the upward and downward penetration

effects of concrete core pile and the geometry

characteristics in the cross section, the unit cell

model was established, and the solution of the

settlement of SDM column-reinforced soil was

developed. The results by the developed solution

agreed well with the results by the 3-D finite element

models with three typical configurations.

(b) The settlement of SDM-reinforced soft soil is

reduced by increasing the modulus, diameter and

length of DM column, the length of core pile. The

cross section area of core pile and the interface

friction angle had a minor influence on the settle-

ment. From a practical point of view, increasing the

length of core pile is the preferred option on

mitigating the settlement of soft soil when adopting

the SDM column, and the optimal length and

diameter of core pile should be considered in design.
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Fig. 14 Final settlement predicted by Asaoka method
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(c) The design procedure as well as design charts were

developed for the calculation of settlement of SDM

column-reinforced soft sol. The design method was

applied to two case histories of SDM column-

supported embankments and a good agreement was

found between the predicted settlements and the field

measurements.
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Appendix

The contents in appendix are shown in Table 7 and Fig. 15.

Fig. 15 Profile of SDM columns improved area (after Wang et al. [34])

Table 5 Main parameters of subsoils

Materials L (m) E (MPa) c (kN/m3) l u (�) c (kPa)

Clay 1.6 7.2 18.5 0.42 15.2 15.1

Silty clay 1 1.5 4.5 18.0 0.40 15.2 10.2

Silty clay 2 2.8 4.5 18.4 0.40 14.4 11.3

Mucky clay 6.8 2.5 18.3 0.44 17.0 9.5

Clay 6.8 4.5 19.0 0.42 16.5 11.7

Silty clay 3 15.0 13.5 19.1 0.40 22.0 22.3

Table 6 Comparison of proposed method with field data (mm)

Test

site

Method Region

I

Region

II

Region

III

Total

settlement

Site A Proposed

method

22.1 34.8 39.7 96.6

Field data N/A N/A N/A 100.8

Asaoka

method

N/A N/A N/A 107.3

Site B Proposed

method

27.5 40.9 40.9 109.3

Field data N/A N/A N/A 108.9

Asaoka

method

N/A N/A N/A 119.5
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