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Abstract

We investigate shear band initiation and propagation in fully saturated porous media by means of a combination of strong
discontinuities (discontinuities in the displacement field) and XFEM. As a constitutive behavior of the solid phase, a
Drucker—Prager model is used within a framework of non-associated plasticity to account for dilation of the sample. Strong
discontinuities circumvent the difficulties which appear when trying to model shear band formation in the context of
classical nonlinear continuum mechanics and when trying to resolve them with classical numerical methods like the finite
element method. XFEM, on the other hand, is well suited to deal with problems where a discontinuity propagates, without
the need of remeshing. The numerical results are confirmed by the application of Hill’s second-order work criterion which

allows to evaluate the material point instability not only locally but also for the whole domain.

Keywords Extended finite element method - Saturated porous media - Second-order work - Strain localization -

Strong discontinuity

1 Introduction

Numerical simulation of shear band propagation near or
after failure which is a progressive phenomenon is a
demanding task from numerical and mathematical per-
spectives. Rudnicki and Rice [33] recommended bifurca-
tion analysis for these problems, while Simo and co-
workers [37] showed that the onset of localization coin-
cides with the instability of the equilibrium condition
associated with the singularity of the acoustic tensor.
Modeling shear band propagation in saturated porous
media is affected by the fluid phase for both shear band
initiation and direction. The formulation of the localization
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condition in terms of effective stress allows to evidence the
role of the pore pressure in fully coupled systems [4]. As
far as the angle of shear band propagation is concerned,
there are several suggestions: a formulation based on the
friction and dilation angle has been reported in [36]; on the
other hand, in [34] and [43] it has been shown that the
angle of shear band depends on strain rates and
permeability.

The ill-posedness of boundary value problem during the
post-localization has to be considered to circumvent mesh
dependency present in conventional models. Well posed-
ness is guaranteed with enhanced constitutive models. For
this matter, several regularization techniques exist to
enhance the classical methods, such as non-local [11],
high-order [21], gradient-dependent [42], viscous [12] and
strong discontinuity methods [38].

XFEM is utilized for many problems like modeling
localization within Cosserat materials [16], growth of crack
in saturated porous media subject to large deformation
[14], 3D non-planar crack propagation [1] and bimaterials
with new tip enrichment functions [40]. On the other hand,
strong discontinuities have been adopted successfully for
simulation of strain localization in dry materials in
[2, 3, 28]. Combined with XFEM, they have been used for
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the same problem in [6, 22] and for crack propagation in
dry materials in [23, 29, 39, 41]. Strong discontinuities
have also been applied in [26] for the fracturing process in
saturated materials. Upon mesh refinement stepwise crack
advancement was obtained with small time steps, whereas
a monotonic crack growth was obtained with a large time
steps. To our best knowledge, strong discontinuities toge-
ther with XFEM have not yet been applied for strain
localization problems in saturated geomaterials.

In this paper, we combine hence strong discontinuities
with XFEM to investigate strain localization in saturated
porous media. Following [37] we make use of instability of
the equilibrium condition associated with the singularity of
the acoustic tensor. To check whether we actually capture
the material instability with the proposed combination of
strong discontinuities and XFEM, we invoke the second-
order work criterion based on Hill’s sufficient condition of
stability [13]. For this purpose we compute and check the
sign of the second-order work in the domain. The second-
order work criterion has been proved mathematically to be
the first bifurcation criterion to be reached along a loading
path [17] with respect to failure by divergence instabilities.
It has been applied successfully in [15] to capture both
developing shear bands and diffuse failure of slopes.

The paper is structured as follows. Section 2 describes
the governing equations of the saturated porous medium,
the elastoplastic criterion used, the concept of strong dis-
continuity in the framework of strain localization in dila-
tant porous materials, the XFEM formulation adopted and
the second-order work theory. In Sect. 3, applications of
the extended finite element formulation for a fully coupled
saturated porous medium are presented. The numerical
simulations are discussed in detail in the concluding
remarks.

2 Mathematical model

2.1 Governing equation for saturated porous
media

We present here briefly the macroscopic setup of the
governing equations obtained with averaging approaches in
[19]. Small strain theory is used as in most papers dealing
with shear band formation in saturated porous media, e.g.,
[4, 12, 34, 36, 42, 43]. The encountered strains in the
examples justify this assumption. For quasi-static condi-
tion, the linear momentum balance equation is given by

V.e+pb=0 (1)

where V. is the divergence operator, b is the associated
body force vector, and p is the total density defined for
saturated porous media as
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p=(1—n)ps+np; (2)

with pg and p; density of solid and fluid phases, respec-
tively, and n the porosity of the medium. The total stress ¢
is set in terms of effective stress ¢’ and fluid pore pressure p
with the assumption of stresses being tension positive for
the solid phase and pore pressure compressive positive for
the fluid

6 =d¢ —opl (3)

where o is the Biot constant, (¢ = 1 — %), expressed in
terms of the bulk moduli of porous matrix K7 and solid
grains K, and I is the unit tensor.

According to the u — p formulation, with u being the
displacement, the fluid mass balance equation reads

o—n n
ni. r —0 4
|:Ks +KJp+ocVu+v 4)
where v is the Darcy velocity given as
k
v = V.|~ (—Vp + pb) (5)
Hy

with k the permeability tensor and pu, the dynamic vis-
cosity. Equations (1) and (4), after incorporation of Eq. (5)
have to be solved in a coupled manner.

2.2 Material nonlinearity and shear band
formation

The part relating to the solid phase has been published in
[22]. Tt is repeated here for sake of completeness.

The elastoplastic constitutive model of bulk, considered
as pressure dependent, can be defined as [10]

I(6’,¢) <0, d¢’ = C : (de — deP), deP = di% (6)
where IT is the yield function, c is cohesion stress, C is the
elastic constitutive tensor, € is total strain tensor, P is the
plastic strain tensor, and d/ is plastic consistency
multiplier.

The Drucker—Prager model is chosen for describing the
elastoplastic behavior of the solid phase,

3tan ¢

1

—s:St+——1p

2 \/9+12tan2q)p
3

——c

V9 + 12tan? ¢

where s is the deviatoric stress tensor, p is the hydrostatic
stress, and ¢ represents the friction angle.

The non-associated plasticity model accounts for dila-
tancy during plastic flow. The direction of plastic strain is
obtained from the potential function

I(¢',c) =

(7)
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A = 15's+ D
Va2 \/9+12tan2‘l’p

where A is the potential function and ¥ is the dilation
angle. By inserting the effective stress d¢’ = C: (dg —
deP) into the yield function and using the plastic strain
increment deP = di%, the plastic consistency parameter

for non-associated case is derived

OxI1:C:dg )
O I1: C: 0y A + H(0gIT) (05 A)

(3)

di=

where H is the hardening modulus. The corresponding
elastoplastic tangent modulus is

C:0,E® 00 :C

ep __ _
C=C5,6:C 0,2 1 H(0,0)(0x2)

(10)

The localization of plastic deformations along a zero
thickness shear band is here modeled as a displacement
jump termed strong discontinuity. Across the shear band
surface, the traction must satisfy equilibrium [32]. For a
body Q as shown in Fig. 1, this condition is written as

n.[a”]]:O,n:{Cosn} (11)

siny

where n is the unit vector normal to the shear band surface
and 5 represents the angle between the unit vector n and
axis x (see Fig. 1). Expressing the effective stress rate by
means of the effective strain rate yields

n.C®.[] = 0 (12)
The symbol [] indicates the jump of the corresponding

field across the discontinuity. The associated displacement
field after shear band initiation may be written as

i =u+ [u)H, (13)

Fig. 1 Body Q containing a shear band and associated boundary
conditions

where the u and [u] are the continuous and jump compo-
nents of the displacement field. Hy is the Heaviside step
function, centered at the discontinuity, and is defined as

H(x) = {(1) ig gt (14)

The strain rate during strain localization can then be
obtained from

¢ =¢+ ([u] @n)o (15)

where £ is the continuous component of strain field and 9 is
the Dirac Delta function.

Equation (12) can be rewritten in terms of the dis-
placement jump

n.C?.([ul ®n)d =0 (16)
and consequently
n.C® nfu] =0 (17)
The first part of Eq. (17) is known as the acoustic tensor
(37]
A=nC%"n (18)
The singularity of the acoustic tensor determines the
localization condition and consequently the components of
vector n.
Finally, the condition of localization in terms of singu-

larity of the acoustic tensor and unit localization vector
must be satisfied:

Am=0 (19)

The localization vector m consists of relative shear band
normal displacements across discontinuous interface,

cos @
m = { , } (20)
—sinw
where o is the angle of vector m with axis x.

For a body undergoing shear banding with nonzero
discontinuity value, matrix A must be singular. According
to Eq. (17), the initiation of localization occurs when
[a] # 0, consequently;

An Az

21 Az

detA = =0 (21)

[d] is rewritten in the form of its magnitude (|[u]|) mul-

- L _ ) Ll
tiplied by its unit vector (m = . )
[[”]]2

Y -

Thus,
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(n-D . n){ %’:j; } =0 (23)

where [u], and [u], are the components of the unit dis-
continuity vector

[al, |
Qij{ lil, } =0 (24)

To have a non-trivial answer, the determinant of matrix
Q. the acoustic tensor, must be equal to zero,

det(Qy) = 0 (25)

After obtaining the vector n from Eq. (25), and intro-
ducing it into Qy;, its components are derived. Since

0102 — 012021 =0 (26)
0120 _ On0O»
On = On O = On (27)

The first equation obtained from the system of Egs. (24)
is written as

Q1 [it] +Qua[[i],= 0 (28)
By substituting Q;; in Eq. (28)

COL i, + il 0 )
The second equation obtained from Eq. (24) results in
Qo1 [it] + Q@[] ,= 0 (30)
Substituting Q»; in Eq. (30) yields

CUL2 i, + 0[], = 0 61)
therefore,

lil,  On_ O

[, 0»n  0On
Accounting for the components of vector m, [i], and

[4],

(32)

[4],= siny, [u],= —cosy (33)
we obtain

@ S _On = _Qu ory= arctan(%>

[a],  cosy O» On 2

— arctan (%) (34)

12

Finally, the components of vector m in terms of the
components of the acoustic tensor are obtained as

@ Springer

P s sen (2
I 0007 (22

On
(sen(G:2))
cos| arctan | —
Oz
) < <Q11>>
—sin| arctan| —
O

The magnitude of dilation in terms of the vertical and
horizontal components of the unit discontinuity displace-
ment increment with respect to the local coordinates n—t is
(22]

_ dm,

N dmh (36)
where dm, and dmy, are, respectively, the vertical and
horizontal components of the localization vector (dm) with
respect to the local coordinate x and t axes. The strong
discontinuity approach belongs to the regularization tech-
niques adopted to lessen the mesh dependency during
softening. For elements containing shear band, the internal
force is dependent upon the dissipated energy which is
calculated by the cohesive law. According to the cohesive
law, the cohesive traction across discontinuous interface is
a function of the relative displacement of discontinuous
surfaces. In this work, a mixed-mode cohesive model is
implemented and the stress updates for the Drucker—Prager
plastic model in Eq. (1) are performed using the modified
cohesive traction in the shear band elements, i.e., on Gauss
points of the element edges on the shear band interface.

3tan @

1

—Sist—m———

2 V9 + 12 tan? (pp
3

O(d,c,) =

—_—— ¢, (37)
V9 + 12tan? ¢
where the extended cohesion is defined
¢y = co+ He + HS, S, = 2|u] (38)

and S, is the relative displacement of the surfaces limiting
the shear band, H is the softening modulus, and |u| is the
magnitude of the discontinuity in displacement field.

The cohesive law or in other words traction-slip law
yields the relation between the stress tensor and the relative
discontinuity displacement

te = Te([u]) (39)

where 1. is the cohesive traction vector and [u] is the
relative displacement vector in the direction of the dis-
continuity as shown in Fig. 2. The normal and tangential
components of cohesive force along the discontinuity are
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Fig. 2 The schematic geometry of shear band zone and flux exchange

_ Tep Te u [[u]]l
("[[ ]]_ lfcn TCH]H ]]|{[[u]]2}
— (Tu Te ([ul +[ul,)
- ]”{ o ([l o) } 4

2.3 Weak form and fluid flow contribution

Integrating the governing Eqgs. (1) and (4) after incorpo-
rating (5), over the whole domain €, their weak form for
the continuum part is written as

/(3u(V.0' + pb)dQ =0 (41)
/5p[<al;n+an>p+a(V u)
Q

4V <5(—Vp + pb))
Hy

where du and Op are test functions.
The essential and natural boundary conditions as
depicted in Fig. 1 are

(42)
do

u=uonTl,
, (43)
p=p on r,

/ !/

6 .nr = t/ on I (44)
qnr =q on I,
where t' is the external traction across the external
boundary I';, nr is a unit normal vector to the boundary I,
and ¢ is the external flux across the external boundary I',.
The behavior of the fluid in the shear band region is now
investigated in more detail with the following internal
boundary conditions, see Fig. 2. Fluid localization occurs
due to the dilation across discontinuity.

¢'.m, =r1,o0nl,
¢'.m, =1 0nl, (45)
qnr =q on I,

where m,,. is the normal component and m,. is the tan-
gential component of unit discontinuity (localization)
vector across the discontinuity I'.. Accordingly, 1, and 1,
are the normal and tangential components of the cohesive
traction t. across the discontinuity I'c. And ¢’ is the fluid
flow normal to the I..

By using the divergence theorem, we can investigate the
equilibrium for Q and flow in the shear band area

/ divEdQ = / Enpdl — / [E].nrdl (46)
Q, I Ie

The final weak form of equilibrium Eq. (41) with shear
band discontinuity and corresponding boundary conditions,
using divergence theory, becomes

/5(Lsu) :6dQ + / [[(3u]].t(.dl"—/5upbd§2
Q I. ol

— / out, dl =0

I

(47)

where L; is a differential operator. According to the flow
continuity, we have in direction n, shown in Fig. 2,

/5p<a;sn K)de /5p[[v]] nr.dI’
/5po¢

The mass transfer across the localization zone along vector
n is then

0)dQ-+ / Vép'u— (=Vp + pb)dQ = 0
f

(48)

a_
/5p[[v]}.nrcdl":/5p( Ksn Kf)de
e - . (49)
+/5poc(V.li)dQ+/V(Sp—(—Vp—i—pb)dQ
Ky
Q. a,
5[[]} dr = [ opgdl = [ op( 2"+ ) powdr
pVl-nrdl = [ opgdl’ = [ op| = Kfp

1—‘C

/ 5pa219< )dF+ / 5pa[[u, ] 4T
/219<?€7?)d1“+/< w(?p>pfb>dr

c

(50)
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According to the literature of strong discontinuity regu-
larization method for shear band modeling, the dilation
occurs by the separation of discontinuity surfaces and this is
the dominating factor. Therefore, updating hydraulic
parameters is negligible, particularly in infinitesimal defor-
mations range [5]. There is hence no need to update the
permeability in the shear band once it is formed because its
effect would be negligible. In fact, in [35] both combinations
of cubic law in the fracture and Darcy outside and Darcy
everywhere with same parameters gave no appreciable dif-
ference in the results. Note that in hydraulic fracturing flow
issues are more pronounced than in our case.

2.4 Second-order work theory

Different criteria are available for the failure analysis of
soil. In the context of strain localization, the most used one
is the acoustic tensor analysis, while the use of second-
order work criterion is less common. It has been observed
in practice that failure can occur well before the Mohr—
Coulomb criterion is met. This is due to the non-associated
behavior (the yield surface does not coincide with the
plastic potential, which leads to a non-symmetric consti-
tutive tensor) of cohesive and/or frictional materials, such
as soils. According to [8, 17] in case of such materials, one
can find an unstable domain strictly inside the plastic limit
envelope. Interestingly, material instabilities can lead to
diffuse modes of failure inside the plastic limit condition,
which are characterized by the lack of localization patterns,
and for this reason, it cannot be detected neither by a
plastic limit criterion nor by a localization criterion [9, 27].
The concept of the second-order work was proposed by
Hill [13] who connected the notion of stability with the
sign of the second-order work. At the material point level,
it is described as follows: a mechanical stress—strain state is
considered as stable if the second-order work is strictly
positive for any couple (de’,dg) linked by the rate-inde-
pendent constitutive relation

V(de’,de) € R*"\{0} with de = C : do/,W, = d¢’ : de
(51)

where n is the dimension of the stress (or strain €) space
and C is the stiffness tensor. The vanishing of the value of
the second-order work indicates potential instability. It can
then be considered as a generalized criterion because, in
case of non-associated materials, the second-order work W,
(which first vanishes together with the determinant of the
symmetric part of the stiffness tensor C, [20]) becomes
zero before the vanishing of the determinant of the con-
stitutive tensor C and of the determinant of the acoustic
tensor [7, 17, 20]. There is still the question regarding the
type of stress that should be used in Eq. (51) when studying
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the stability of a multiphase porous body. The possible
choices are discussed in [15]. Consistently with what used
for the evaluation of the acoustic tensor, we write the
second-order work in terms of effective stresses. For
evaluating Eq. (51), the differential operator d() is substi-
tuted by its discrete counterpart

A():()/‘Hrl 7();1

where n + 1 is the present time step and # is the previous
time step. In this paper the efficiency of second-order work
criteria within the framework of XFEM is investigated for
stability analysis of strong discontinuity shear bands. To
our best knowledge, it is the first application in case of
XFEM. As will be shown, the tool seems quite robust and
can be extended to 3-D shear band problems.

(52)

2.5 XFEM formulation

For solving the fluid—structure interaction, both displace-
ment and pressure fields have to be discretized in the whole
domain. The discontinuous components of the displace-
ment and pressure field are approximated by XFEM
[23, 24]

u(x) = S N@u+ 3Nz (53)
icy iek
plx) = ZN{(X)[J + ZNf(x)M,P (54)

where Ng and Ny are the standard displacement and pres-
sure shape functions, respectively, j is the number of ele-
ment nodes, k represents the number of nodes with
displacement enrichment terms, and g is the number of
nodes with pressure enrichment functions. u and u also p

and p are, respectively, the standard and enriched degrees
of freedom. Further,

n
RACRY T AU RS Y
where H(x) is the Heaviside step function and m is the
unit localization vector across the discontinuous interface.
The enrichment function is correlated with two degrees of
freedom across the normal and tangential directions of the
discontinuity in the n-t local coordinate system in
Eq. (19). It is emphasized that the discontinuity in the
displacement field includes the two normal and tangential
components. The node enrichment selection for elements

containing a shear band is shown in Fig. 3. Further

M; = [T(x) - Ti(x)], (56)
T(x) = ZNﬂ(X)MJ - ZNﬂ(X)Ci‘ (57)
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enriched nodes @ Lig' = ZBft op + ZBf 5E’Bf - [Bfl B; } (66)
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_standard nodes ©
where Ly is differential operator for fluid pressure,
0 0
Li=|0x 9 (67)
0 3y

Fig. 3 Selection of enriched nodes for elements containing a shear
band

where 7" is the modified level set function and ( is the value
of level set function in nodes across the discontinuous
interface. This function is continuous although its normal
gradient is discontinuous. And as result, it implies water
flow normal to the shear band surface discontinuity.

For the solid phase, the corresponding strain field is
accordingly derived as

g(x) = B (x)u + B (x)d (58)

where B¥ and B®™ are the matrices of derivatives of the
standard and enrichment shape functions, respectively,

B (x) = LN(x) (59)
B{™ (x) = LN (x) (60)
B, = [B“B{"] (61)
and L; is the differential operator for the plane problem
F0 0]
ox
L, = 9 (62)
0 dy
0 9
L Oy o

The virtual displacement field £ and its associated gra-
dient L ¢ are defined by

= NMou+ > NM(H, — Hy)midu Ny =[N3 NE)
icj ick
(63)
L& =) B“su+ ) B™ouB, = BB (64)
i€j ick

For the fluid phase, the virtual pressure and its gradient are
defined as,

g = Np+) NUT—Ti)dp,N; =

i€j ick

[ N?ld N?nr]

(65)

Eventually, the discretized form of Eqs. (1) and (4) can
be rewritten as

int,n+1 coh,n+1
Finntl e

_ C?+1Pn+1 — F?xt,n+l (68)

n+1 +Hn+1Pn+1 +Qn+l _ ext,n+1

1 1
C;’:‘+ U + Pn+ P = f

(69)

and the internal forces for standard and enriched compo-
nents are

Fintrtl — / B, - 6dQ = / B,.C® B,dQU"t! = KU"'!
Q Q

(70)
For = / [NH]z.dT,
rc

= / Ns(1 — Hy)t.mdT, —/ Ny(—1 — Hy)mr.dI,
T, I,

=2 / N.mr.dI',
I,
(71)
Cy = / B! omNydQ (72)
Q
Py = / N <i>NfdQ (73)
Q O
Ttk
= [ () anoan o
Q Ky
O = / NTq/dr, = / < )pwdrc
c r f
+ / N{ o29(Vu)dI. + / Nf o[u]dT.
l"c rc
(75)
— / — 29 (LN ) VpdT',
Ky
k T
+ #—219(Lf1vf)pfb dr’.
A
r.

C,s is the coupling matrix, Py is the compressibility matrix,
Hy is the permeability matrix, and Qjy is the fluid mass
exchange from the continuum to the strain localized zone.
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The external forces for standard and enriched components
are

Fo = / NbdQ+ / N,TdI (76)
Q '

F;Xt = /QNfbdQ-f—/r qude (77)
f

Finally, the nonlinear, coupled discretized Eqs. (68) and
(69) must be discretized in time domain [44] and then
solved incrementally by the Newton—Raphson method until
required convergence is obtained at each increment.

Fint,n-ﬁ—l + F;:oh,n-H _ C;}+1Pl’l+] — F?XtJH_] (78)
n+1y7 ] n+1ptt1 n+lpn+l n+l _ pextn+l
Co U  +P; P +H P+ Qi =F;
(79)
With the following terms, an implicit integration results
n Un+l —U" .. Pn+l _p"
U+1:7’ +_ PP (80)
At At

and the residual of the equilibrium and mass conservation
discretized equations are

Ri,n+1 _ F';nt,n+1 + onh,nJrl _ Cgl;rlP}rH—] . F§XL’H+1 (81)

. Un+1 . Pn+1 —_ P
in+l _ ~ntl n+1
R e (T ) e ()

+ H;eranJrl + Qn+1 _ F;xt,n+l (82)

int
U1 and PP"*! are the unknown vectors and R:"*! and

1 .
Rji-"+ are residual vectors.

At each iteration, the unknown vectors are obtained
from

Rz;-H,n-H Rl;,YH-] dUi+l,n+l
R)ip+1,n+1 = R},n+1 +J dpitintl =0 (83)

with the J Jacobian matrix

shear band

shear band
/ X

aFco aFco
K4+ —2 Cy + =2
J— ou ou (84)
C + aQim Pi + + a(2int
ET 7 AT T p

Consequently, the unknown vector is calculated as,

{dUiJrlAnJrl } I{Rl;,n+l }
4 =-J % (85)
i+1,n+1 in+1

dp Rf

According to the theory of second-order work, the
incremental Eq. (51) must be checked at each time step
n + 1 in which the components of stress and strain at
Gauss points of each element are calculated. This proce-
dure is challenging when shear band discontinuity crosses a
continuous element (and divides it into two parts), due to
the new configuration of the added Gauss points used for
integration in the discontinuous element. For discontinuous
elements, we use an integration method other than the
conventional one, dividing the element into sub-triangles,
as shown in Fig. 4a. In this procedure, each side of dis-
continuity is divided into sub-triangles in which the inte-
gration of each sub-triangle is done by conventional Gauss
integration method [6]. To circumvent the difficulty of
computing Eq. (51) when the shear band has just crossed
the continuous element (Fig. 4b), an averaging procedure
is adopted to extrapolate the magnitudes of new Gauss
points to the conventional Gauss points.

3 Numerical simulations

We present now numerical examples based on the above
outlined approach, investigating also the propagation of
shear band in saturated porous media where applicable.
Two problems are presented: a plane strain compression
test of a strip and a foundation with two rates of imposed
displacements. The second example evidences that an
apriori unknown localization path can be captured with the
method.

(a)

(b)

Fig. 4 a Subdivision of shear banded element including sub-triangles with new Gauss points. b Continuous element with conventional Gauss

points
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3.1 Plane strain compression simulation

For this case, we consider two mesh configurations with
higher and lower mesh density which allows to shed light
on the sensitivity of the proposed numerical method. The
related material properties are listed in Table 1.

The strip and associated boundary conditions for the
solid are depicted in Fig. 5; a geometry imperfection is
applied to the top right corner point of the sample to initiate
the shear band by means of an ensuing stress concentration.
Along all the boundaries of the sample drainage of the fluid
is allowed, as in [18] where the problem was solved with an
element embedded band approach and a cohesive isotropic
hardening/softening law. At the upper face a velocity of
0.15" is prescribed.

The two meshes used are shown in Fig. 6. Figure 7
displays the shear band and its inclination angle for the two

meshes and for two rates of loading, 51 :0.1% and

Table 1 Material properties for plane strain compression test

Young modulus, E 30 MPa
Bulk modulus of solid, K 3.3 x 10'° Pa
Bulk modulus of fluid, K¢ 3.3 x 10°Pa
Biot’s coefficient, o 1

Poisson ratio, v 0.2

Friction angle, @ 11.5°

Initial cohesive stress, ¢ 10 kPa
Softening modulus, H, 144 kPa
Porosity, n 0.3
Displacement, & 10 mm
Loading rate, type 1, 1 0.15"
Loading rate, type 2, 52 0-5%
Permeability of water, k 1 (Pﬁizfs)

A
0
g
S
v
PN [*] [*2
Sm

Fig. 5 Geometry of sample and related boundary conditions

Fig. 6 Different mesh types for plane strain strip. a Mesh type-1.
b Mesh type-2

5, =05 5 Path A is for mesh type 1, D is for mesh type
2, C is the solution of [18], and B relates to mesh type 1
with loading rate type 2. The modes of localization evo-
lution for two meshes are similar, and there are little
changes as the rate of loading increases 5 times (rate type-
2); this is due to the easy drainage of the excess pore water
pressure. This example evidences the mesh independency
of numerical method. In this example there is no real
advancement of the shear band as it develops almost
instantaneously once the required conditions are met.
Figure 8 shows the global response of the sample under
prescribed rates of displacement. The peak load and the
corresponding displacement of the top surface are the same
as in [18]. As expected, the responses differ for different
loading rates which evidence the time dependency of the
numerical solution due to the presence of a pore fluid. This
can be seen in Fig. 9 where the variation of the fluid

C T
D A A 58
AA ya
B -

D2

Fig. 7 The angle and path of formed shear bands for different mesh
types and rates of loading
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Fig. 9 Pressure—displacement curve for different loadings for point A

pressure at the midpoint of the sample is drawn against the
vertical displacement; this point falls within the shear band.
According to this figure, the formation of the shear band
affects the pressure field. Some suction develops as the
shear band forms and a discontinuity of the pressure gra-
dient appears as will be shown below.

The shear band is localized in highly plastic deformed
zones as shown in Fig. 10.

Drained or undrained conditions would not only affect
the flow pattern but also the solid deformation within and
outside the shear band. This is evidenced in Fig. 11 where
for only drainage from the top surface the plastic strains are

x 107

I60

1.5

0.726

0.96

x 107 x 107

Fig. 11 Evolution of plastic straining for relative undrained condition
during the stages of loading

shown for two loading stages. It appears that the local-
ization of plastic strains in shear bands decreases as the
draining condition changes to relatively undrained state. In
fact, in globally undrained conditions and dilatant materi-
als, localization can start only when the cavitation pressure
is reached, as shown by Mokni [25].

Because of the boundary conditions for the flow field
and the high permeability, there is no real pressure local-
ization in the shear band as evidenced for instance in [43].
However, suction develops in the process and the pressure
field is slightly tilted in the direction of the shear band once
it is fully developed as shown in the last picture of Fig. 12.
The corresponding pressure gradients are drawn in Fig. 13.
No pressures are shown in [18]; hence, a comparison is not
possible.

Finally, Fig. 14 shows the distribution of the three stress
components in the sample for the last stage of formation of
the shear band. The discontinuity of the stresses between
the two sides of the shear band is remarkable.

Initiation of softening behavior and its successive
development are a precursor to the instability of the

x 10°

I60

x 10°

I60

o

Fig. 10 Evolution of plastic straining during the stages of loading; ¢ indicates the maximum displacement imposed
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Pa x 10

I 2.5
| 1.5
0.1
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0.96

Fig. 12 Pressure fields for different steps of loading

Pa/m x 10

I 1.5
|o
-1.5

0.726

0.96

Fig. 13 Pressure gradient field (Pa/m) for different stages of loading

structure. The proposed second-order work criterion for
saturated porous media determines the material point sta-
bility state and gives us a new insight in the structure
overall condition. As shown in Fig. 15, the computed

Pa x 10’

Pa x 10 Pa x 10
I-9 I—9
-5 -5
0.1 0.1
J
Pa/m | o Pa/m x 10
) I 1.5 I 1.5
0 0
1.5 -15

second-order work for the strip is positive when delta is
0.726, while with the nucleation of the shear band, insta-
bility localizes in a banded zone. At this instance the region
outside remains still stable. In the loading step 0.854, the

Pa x 10’ Pa x 10°

I 8.5
|4
L o 2.5
(a)

(b)

Fig. 14 Distribution of stresses for last time step. a oy, b 0y, € 0y,

I1.8 Izo
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Fig. 15 Second-order work for strip at various loading steps

second-order work of the whole area is negative, indicating
that the entire domain is unstable. This confirms what
could be seen from Fig. 8.

3.2 Foundation

A more common situation for shear band formation can be
found under foundations due to excessive loading which
may eventually lead to failure of the structure. We model
hence such a problem, depicted in Fig. 16 together with the
boundary conditions for the solid phase. The material
properties are taken from [4]: Young’s modulus 30 MPa,
Poisson ratio 0.2, Drucker—Prager friction constant 24° and
dilatancy parameter 5°, Poisson ration 0.25, initial cohesive
stress 63.41 KPa, bulk modulus of solid 3.3 x 10° Pa, bulk
modulus of fluid 3.3 x 10" Pa, Biot’s constant 1 with
softening modulus of 100 KPa. For the fluid it is assumed
that the left and above edges are open to flow. Vertical
velocities d; = 5 x 107752 and Sy =1x 107750 are
imposed to the rigid permeable foundation. Two mesh
configurations with 800 and 400 irregular triangular

Sm
—F>
o
g
— A
Point A « O
g 0
e
(@)
Q)
A\
A A A A

12.5m

Fig. 16 Geometry of foundation with associated boundary conditions
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Fig. 17 Types of mesh. a Mesh type 1 and b mesh type 2

element are selected as shown in Fig. 17 to check mesh
dependence of the solution.

The load—deflection curves are compared in Fig. 18 for
the two mesh types and Ref. [4]. As is shown, the load
bearing capacity increases with the rate of loading. In fact
due to the coupling effects, high rates of loading increase
the pore pressure and consequently the related bearing
capacity of the foundation. In case of single-phase media of
[31] and [30], where only tangential sliding of the shear
band is considered together with a von Mises yield

600

— XFEM - Mesh type-1i
- — - XFEM - Mesh type-2

A Callari [4] - Rate type-]

Force (kN)

Callari [4] - Rate type-2

—— XFEM - Mesh type-1
Rate type-2

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

Displacement (m)

Fig. 18 Load-displacement curve



Acta Geotechnica (2018) 13:1249-1264

1261

Mesh type-1

Mesh type-2

Callari [4]

Fig. 19 Shear band path

criterion, the shear band formation is accompanied by
brittle behavior, severe softening and failure. In our fully
saturated case the behavior is rather ductile, see Fig. 18.
Also the plastic deformation is distributed throughout a
large part of the section as can be seen in Fig. 25 from the
distribution of the second-order work: differently from the

x 107

Iso

30

0.356

0.556

Fig. 20 Effective plastic deformation distribution

relevant cases of [31] and [30], only part of the energy is
dissipated in the shear band. As in [4] where a continuous
pressure and discontinuous gradient of pressure field across
shear band is assumed, the slight softening behavior of the
model is reproduced and a good agreement of the results is
observed.

Figure 19 compares the path of shear band propagation
for two mesh types with Ref. [4]. We obtain a curved form
of the shear band which is common in such situations, see,
e.g., [18]. The solution of [4] in Fig. 19 is an idealized
representation because those authors obtain a mesh
dependent wavy form of the shear band in the lower part
which does not seem realistic.

Figure 20 depicts the plastic deformation during the
evolution of the shear band for four stages. As the shear
band initiates, the plastic deformations localize into shear
band surfaces and continue until the full formation of the
shear band and consequent failure of the structure. The
propagation of the shear band is here well captured.

The variation of fluid pressure during loading is for
point A of Fig. 16 (x = 2.5 m, y = 10.8 m) which is shown
in Fig. 21. Again the comparison with [4] is quite good,
given the difference of the respective models. Prior to the

x 107

Iso

30

0.456

x 107

Iso

30

0.656
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Fig. 21 Pressure—displacement curve

appearance of the shear band the pressure increases, while
from the onset of the band on it decreases. This drop is a
consequence of the dilation of the solid phase in the shear
band resulting in a pressure gradient toward the shear band.

The fluid pressure contours and gradient are presented in
Figs. 22 and 23, respectively, for successive stages of

l)axlO

Fig. 22 Fluid pressure contours

Pa/m
x 10°
I 5.5
| .
-1.5

0.456

0.456

0.556

0.556

Fig. 23 Pressure gradient field (Pa/m) contours

@ Springer

loading. Some localization of the pressures can be
observed. The flow toward shear band is captured by the
gradients of the pressure field in Fig. 23 which was enri-
ched with weak discontinuous functions Eq. (57).

Figure 24 presents the distribution of stresses at the last
stage of the analysis. Again the discontinuity of the stresses
across shear band is well represented.

For problems with moderate softening behavior, inves-
tigation of the global instability is very important for
evaluating the global response of the structure under
external loading. As depicted in Fig. 25, the instability is
not so severe in contrast to the plastic strain localization in
shear band region (Fig. 20). The value of the second-order
work obtained by integration on the whole physical domain
could give measure for the stability of the entire soil mass
[15].

4 Conclusions

We have combined a strong discontinuity approach with
XFEM analysis to investigate with a Drucker—Prager
model within non-associated plasticity shear banding in

fully saturated porous media. This combination works

Pa x 10°

I 2.7

Pa x 10°

I 2.7

-0.6 -0.6

0.650

Pa/m
x 10°

I 5.5

-15
0.650
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Fig. 24 Components of stresses for last time step of fully developed shear band

I 600
| 200
-200

I 600

200

-200

Fig. 25 Second-order work distribution during the shear band development

well and is able to represent properly the evolution of the
shear band and the pore pressures and yields mesh inde-
pendent result. This has been shown on two examples
where the results compare well with those found in the
literature. Further, the results have been confirmed by the
application of the second-order work criterion. As pointed
out in [15], this criterion not only indicates the develop-
ment of the local instability but if integrated over the
whole soil mass could give useful information about the
instability of the global value. If this global domain is
negative, the entire domain is unstable. The global value
plays the role of a safety factor. When local negative
values are obtained with a positive global value, the cri-
terion indicates that the whole domain is still globally
stable, possibly approaching to a properly unstable state.
The procedure outlined in this paper will now be exten-
ded to partially saturated cases.
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