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Abstract
Hydraulic fracturing in permeable rock is a complicated process which might be influenced by various factors including the

operational parameters (e.g., fluid viscosity, injection rate and borehole diameter) and the in situ conditions (e.g., in situ

stress states and initial pore pressure level). To elucidate the effects of these variables, simulations are performed on

hollow-squared samples at laboratory scale using fully coupled discrete element method. The model is first validated by

comparing the stress around the borehole wall measured numerically with that calculated theoretically. Systematic

parametric studies are then conducted. Modeling results reveal that the breakdown pressure and time to fracture stay

constant when the viscosity is lower than 0.002 Pa s or higher than 0.2 Pa s but increases significantly when it is between

0.002 and 0.2 Pa s. Raising the injection rate can shorten the time to fracture but dramatically increase the breakdown

pressure. Larger borehole diameter leads to the increase in the time to fracture and the reduction in the breakdown pressure.

Higher in situ stress requires a longer injection time and higher breakdown pressure. The initial pore pressure, on the other

hand, reduces the breakdown pressure as well as the time to fracture. The increase in breakdown pressure with viscosity or

injection rate can be attributed to the size effect of greater tensile strength of samples with smaller infiltrated regions.
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1 Introduction

Hydraulic fracturing has been widely used in the energy

industry, e.g., the stimulation of unconventional gas/oil

reservoirs, the enhancement of geothermal system and the

determination of in situ stress states [7, 27, 31, 37]. Initi-

ation and propagation of injection-induced fractures might

be extremely complicated due to the heterogeneous char-

acteristic of rock properties as well as the sophisticated

in situ conditions and operational parameters. Many fac-

tors, including the in situ stress states, the pore pressure

level, the injection fluid viscosity and injection rate, might

affect the initiation, propagation and ultimate patterns of

hydraulic fractures [3, 32, 38]. Full understanding of the

influence of these factors is essential for engineers to be

able to control the fracture geometry, to optimize the

operational parameters and to maximize the engineering

benefits.

Plenty of experimental studies have been performed in

the laboratory to investigate the hydraulic fracturing in

cylindrical/cubic specimens with or without the application

of confining pressures. Different types of rocks have been

tested, including shale, coal, granite, sandstone and artifi-

cial materials [13, 36]. Experimental results indicated that

rock texture like grain size considerably affects the

geometry of hydraulically induced fractures. Effects of

other factors, e.g., the existing of fractures [38], borehole

diameter [18], the variation of confining pressure [3] and

the various injection fluids [34], have been examined.

Although comparative tests have been designed to evaluate

the effect of different factors, it was relatively hard to

isolate the influence of a single factor in the laboratory due

to the heterogeneity lies in rock properties.
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Numerous attempts have been made to forecast the

magnitude of breakdown pressure by analytical, semi-an-

alytical and numerical approaches [1, 12, 17, 23, 24]. The

theory of effective stress suggests that the breakdown

pressure of a borehole should be a function of ambient

stress and strength of the rock alone. However, in the

laboratory hydraulic fracturing tests on borehole with finite

length, it was found that the breakdown pressure is a strong

function of fracturing fluid composition and state as well

[12, 34, 38]. Moreover, the possible dependency of the

fracturing behavior of rock material upon the rate of

borehole pressurization, fluid rheology and fluid additives

has been recognized but not thoroughly elucidated [3].

The numerical approaches adopted to simulate hydraulic

fracturing can be generally classified into the continuum

and discontinuous categories [6, 14, 33]. Most of the

continuous methods are based on several assumptions and

simplifications such as isotropic and homogeneous mate-

rial, linear elastic deformation and assumption of linear

elastic fracture mechanics for fracture growth [1]. Discrete

element method (DEM), on the other hand, can explicitly

represent grain-scale microstructural features of rock, and

thus provides a robust tool to examine the mechanics of

fracture propagation during hydraulic fracturing [2]. A

number of studies have been conducted using the flow-

coupled DEM models to simulate the hydraulic fractures in

either intact or fractured rock formations [2, 11, 28, 35].

Most recently, the hydro-thermo-mechanical coupled

modeling of hydraulic fracturing has also been conducted

[29, 30]. In fact, most of these applications focused on the

fracture process, ultimate patterns or the interaction

between induced and preexisting fractures. Rare attention

has been paid to the quantitative response, especially the

variation of breakdown pressure versus operational

parameters and in situ states. A well-designed DEM model

can provide quantitative estimation of the response during

hydraulic fracturing, provided that the model is strictly

validated and the boundary conditions are rigorously

controlled.

In the current study, a series of parametric studies are

performed at laboratory scale to evaluate the dependency

of hydraulic fracturing on various factors including the

fluid viscosity, injection rate, in situ stress states, the

borehole diameter and the initial pore pressure. Particular

attentions are focused on the breakdown pressure and the

time to fracture. Comparison between the poroelasticity

theory and the simulation results is also carried out to

elucidate the mechanisms contributing to the discrepancies

between the theoretical and numerical results.

2 Numerical methodology

In the DEM model, the rock matrix is represented as an

assembly of separate particles, which are bonded at their

contacts (the bonded-particle model) [5, 26]. Movement of

the particles is described by the Newtown’s second law,

while the interaction forces between them are dominated

by the force–displacement law, for which the linear contact

model is used in this study. Bonds between particles may

break once the stress acting on them exceeds the corre-

sponding strength. In our study, the bond breakage is

regarded as a tensile crack if its failure is caused by tensile

stress; otherwise, it is defined as a shear crack [9]. The

bonded-particle model has been extensively applied in the

simulation of mechanical responses of rock under various

stress conditions with great success [4, 19, 22, 25]. In the

modeling of hydraulic fracturing, a popular method is to

couple DEM with a fluid flow algorithm that considers the

hydromechanics of interstitial fluids, which is briefly

introduced as follows.

The fluid flow algorithm in the DEM model is imple-

mented based on the assumption of individual reservoirs

and pipe network [21]. As illustrated in Fig. 1, a series of

enclosed domains (also known as reservoirs, represented as

blue dots) are created by connecting the centers of adjunct

particles [28]. Adjacent reservoirs are connected by particle

contact which can also serve as fluid flow path. The

reservoirs may have certain volume and can also store

some fluid pressure. Thus, fluid flow occurs through the

pipes once pressure difference exists between the reservoirs

at the two ends. The rate of fluid flow can be described by

[2]:

Fig. 1 Schematic diagram illustrates the reservoirs (blue dots), flow

paths (contacts between particles), and bonds (black lines) in compact

bonded assembly of particles (yellow disks) (after Itasca 2008) (color

figure online)
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Q ¼ w3

12l
P1 � P2

L
ð1Þ

where w is the aperture of the pipe, P1 and P2 represent the

pressure in the two reservoirs across the pipe, L is the

length of the pipe, and l is the viscosity of the fluid.

In one time step (Dt), the flow from surrounding pipes

leads to the change of volume in each reservoir (
P

QDt),
which ultimately results in the increase in fluid pressure

(DP) in the reservoir by [2]:

DP ¼ Kf

Vd

X
QDt � DVd

� �
ð2Þ

where Kf is the fluid bulk modulus, Vd is the volume of the

reservoir, and DVd is the mechanical change in volume of

the reservoir.

The normal stress acting on the pipe (r) could affect its

aperture by [5, 21]:

w ¼ w0r0
rþ r0

ð3Þ

where r0 is the normal stress at which the pipe aperture

reduces to half of its residual aperture (w0).

Fully hydromechanical coupling exists between the rock

matrix and the fluid as fluid flow is simulated at the particle

scale. Therefore, increasing in connectivity between

reservoirs is automatically considered as increase in aper-

ture and the formation of new cracks. In this manner, it is

possible to simulate evolution of fracture volume change

and network connectivity, as a result of fluid injection.

3 Setup and validation of the numerical
model

3.1 Setup of the DEM model

The DEM model used to simulate the hydraulic fracturing

is presented in Fig. 2a. A hollow-squared sample is gen-

erated with the scale of 50 mm � 50 mm. A borehole for

the injection of fluid is created at the center of the model.

The diameter of the borehole (D) equals to 10 mm. The

particle size follows the uniform distribution with

Rmin = 0.2 mm and Rmax/Rmin = 1.66. There are alto-

gether 10,015 particles in the model with about 20 particles

cross the borehole diameter. Microparameters used in the

DEM model originate from those calibrated to represent

the matrix of Mancos shale in our previous studies on

borehole breakout (Duan et al. 2016). The corresponding

values can be found in Table 1. At the macroscale, the

uniaxial compressive strength equals to 77.8 MPa, the

Young’s modulus equals to 28.8 GPa, the Poisson’s ratio is

0.27, and the direct tensile strength equals to 15.3 MPa. It

is important to mention that these properties are obtained

from the uniaxial compressive test and direct tensile test

conducted on samples with size of 50 � 25 mm. Previous

studies have confirmed the scale effect on tensile strength

of DEM model [26]. The relationship between this effect

and the hydraulic fracturing will be discussed in Sect. 5.

Before the conduction of fluid injection, in situ stresses and

initial pore pressure are first applied to the designed level.

After that, fluid injection is implemented on the saturated

sample through the reservoir in the center (see the pipe net-

work illustrated in Fig. 2a) with constant injection rate until

the borehole is pressurized to failure. During the fluid injec-

tion process, the in situ stresses are maintained constant by

adjusting the positions of corresponding walls through ser-

vomechanism. Initial input parameters used to define the fluid

flow properties are listed in Table 2. Instead of reproducing

the hydraulic fracturing tests conducted on a specific rock

type, we are more interested in performing a general study

with the aim of investigating the influences of various factors

on the hydraulic fracturing in permeable rock formation.

3.2 Validation of the DEM model

In the linear elastic and isotropic rock formation, stress

distribution around the opening can be calculated by

assuming that the pore pressure in the formation is constant

and the borehole fluid does not communicate with the pore

fluid in the rock, and that [16, 37]:

rrr ¼
rH þ rh

2
1� a2

r2

� �

þ rH � rh
2

1� 4
a2

r2
þ 3

a4

r4

� �

cos 2hþ DP
a2

r2
ð4:aÞ

rhh ¼
rH þ rh

2
1þ a2

r2

� �

� rH � rh
2

1þ 3
a4

r4

� �

cos 2h

� DP
a2

r2

ð4:bÞ
rz ¼ rv � 2mðrH � rhÞ cos 2h ð4:cÞ

rrh ¼
rH � rh

2
1þ 2

a2

r2
� 3

a4

r4

� �

sin 2h ð4:dÞ

where rrr , rhh, rz and rrh represent the radial, tangential,

vertical and shear stresses around the hole wall, respec-

tively. rH and rh are the maximum and minimum far-field

stresses. rv is the vertical in situ stress, which is assumed to

be zero for the 2D model. a is the hole radius, and r is the

distance from the point of interest to the hole center (see

Fig. 2b). h is the angle measured counterclockwise from

the direction of maximum in situ stress. DP equals to the

difference between fluid pressure inside the hole (Pw) and

the pore pressure in the formation (P0).
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In the DEM model, the stress state around the borehole

wall can be estimated by measurement circles. As illus-

trated in Fig. 2b, 24 measurement circles are installed into

the numerical model. Stresses measured by these circles

(rx, ry and sxy) can be transformed into the polar coordi-

nation following [8]:

rrr ¼ rx cos
2 hþ ry sin

2 hþ 2sxy sin h cos h ð5:aÞ

rhh ¼ rx sin
2 hþ ry cos

2 h� 2sxy sin h cos h ð5:bÞ

rrh ¼ ðry � rxÞ sin h cos hþ sxyðcos2 h� sin2 hÞ ð5:cÞ

To validate the numerical model, fluid injection is car-

ried out with a relative low rate of 2.12 9 10-12 m3/s. The

in situ stress state is rX = 15 MPa, rY = 10 MPa and the

initial pore pressure P0 = 1.0 MPa. Three stages before the

occurrence of bond breakage are considered, i.e., 8000,

20,000 and 40,000 steps after injection. The corresponding

injection pressure (Pw) equals to 15.25, 29.48 and

41.18 MPa, respectively.

Figure 3 compares the stress distributions around the

borehole wall calculated from the analytical solutions with

those measured from the DEM model. In this study,

Fig. 2 a Setup of the hollow-squared DEM model for the simulation of hydraulic fracturing. Fluid injection is implemented through the reservoir

in the center of the borehole. Blue lines represent the fluid flow network. b Distribution of the measurement circles around the borehole. Twenty-

four measurement circles with angular distance of 15� are installed. The diameter of the measurement circles equals to 3 mm. The distance

between the centers of measurement circles and the borehole center is 7 mm (color figure online)

Table 1 Microparameters used in the DEM model

Particle properties Value Bond properties Value

The contact modulus, Ec (GPa) 23 The parallel bond modulus, Ec (GPa) 23

Ratio between normal and shear stiffness of particles,

kn=ks

2.5 Ratio between normal and shear stiffness of parallel bond,

k
n
=k

s
2.5

Coefficient of friction l 0.5 Tensile strength of parallel bond, rc (MPa) 60 ± 13.5

The particle radius ratio, Rmax=Rmin 1.66 Shear strength of parallel bond, sc (MPa) 60 ± 13.5

The minimum particle radius, Rmin (mm) 0.2 The parallel bond radius ratio, k 1.0

Density, q (kg/m3) 3169

These parameters were initially calibrated to represent the rock matrix of Mancos shale in the study of Ref. [10]

Table 2 Microparameters used for the fluid flow coupling model

Parameters Value

Initial aperture, w0 (m) 1 9 10-6

Bulk modulus of the injection fluid, Kf (GPa) 2

Pressure when the aperture decreases to half, P0

(MPa)

20

Fluid injection rate (m3/s) 2.12 9 10-12

Fluid viscosity, l (Pa s) 0.2

The operational parameters including the fluid viscosity and the

injection rate are varied to investigate their effects on the propagation

of hydraulic fractures
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compressive stresses are positive. Excellent agreement can

be found between the analytical and numerical results, in

terms of the magnitude and the fluctuation characteristic of

three stress components. The radial stress (rrr) stays almost

constant with its magnitude increases from * 12

to * 26 MPa from stage (a) to stage (c). Periodic fluctu-

ation can be noted from the tangential stress (rhh) and the

shear stress (rrh). The maximum value of rhh is obtained

when h = 90� and 270�, which aligns with the orientation

of minimum stress (rY ). The magnitude of rhh reduces

gradually with the ongoing of injection. The magnitude of

rhh becomes negative at stage (b) (Fig. 3b), which indi-

cates that the borehole wall turns to be under tension in the

tangential orientation. The maximum tensile stress in the

tangential orientation continually increases to * 10 MPa

at stage (c), and the injection-induced tensile fracture tends

to be formed at these orientations (when h = 0� and 180�).
The maximum value of rrh exists when h = 145� and

325�. The magnitude of rrh is independent of the injection
pressure. In general, the influence of both the in situ stress

and the injection pressure can be captured by the DEM

model. Therefore, it can be adopted to quantitatively assess

the injection-induced fracture responses of rock with var-

ious operational and in situ conditions.

4 Simulation results

In this section, effects of various factors, which can be

classified into the operational parameters (fluid viscosity,

injection rate and borehole diameter) and the in situ con-

ditions (in situ stress states, initial pore pressure), are

systematically evaluated by examining the variation of

breakdown pressure and time to fracture. Spatial distribu-

tion of cracks at the end of each test is plotted to indicate

the geometry of hydraulic-induced fractures. Moreover, the

mechanisms at particle scale can be recognized from the

percentage of shear cracks as summarized in Table 3.

4.1 Propagation of the hydraulic fractures

One typical case demonstrating the process of hydraulic

fracturing is presented in Fig. 4. The initial pore pressure

P0 = 1.0 MPa, and the in situ stress state rX = 15 MPa,

rY = 10 MPa. As illustrated in Fig. 4a, the well pressure

increases linearly at the initial stage with no microcracks

occur until the injection is conducted after 2400 s. Once

the well pressure reaches the critical value (the breakdown

pressure), propagation of the induced tensile fracture

occurs. This unstable fracture growth is accompanied by a

Fig. 3 Comparison between the stresses measured from the DEM model (open dots) and those calculated from the analytical solutions (solid

lines) when the fluid pressure is: a 15.25 MPa, b 29.48 MPa and c 41.18 MPa. The corresponding calculation steps equal to 8000 steps, 20,000

steps and 40,000 steps, respectively. The in situ stress state: rX = 15 MPa, rY = 10 MPa. The initial pore pressure P0 = 1.0 MPa. The injection

rate is 2.12 9 10-12 m3/s, and the fluid viscosity equals to 0.2 Pa s
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sudden drop in fluid pressure. The mechanism of

hydraulically induced fracture is predominately tensile

failure, and only very few shear cracks formed when the

anisotropic in situ stress is applied (Fig. 4a). As rX 6¼ rY ,
the ultimate fracture forms as two major fractures in the

horizontal direction which is parallel with the maximum

principal stress orientation (Fig. 4b). These results agree

well with those predicted by the linear elastic fracture

mechanics and observed from previous experimental

studies [7, 16, 38], which has been widely applied in the

determination of in situ stress orientation.

4.2 Effect of operational parameters

The effect of injection fluid viscosity (0.0002, 0.002, 0.02,

0.2, 2.0 and 20 Pa s) is investigated by conducting

hydraulic fracturing tests on unconfined samples

(rX = rY = 0 MPa) with the initial pore pressure

P0 = 1.0 MPa. The injection rate is fixed as

2.12 9 10-10 m3/s. As shown in Fig. 5a, the injection

pressures for all the cases follow the same trend at the

beginning of injection, which increases linearly with time.

As relatively high injection rate is adopted, the breakdown

pressure can be reached after * 20 s when the fluid vis-

cosity is low (l� 0.02 Pa s). Both the breakdown pressure

and the time to fracture follow the similar trend versus the

variation of viscosity (Fig. 5b). The breakdown pressure

and time to fracture stay constant when l is less than

0.002 Pa s, and increase significantly when l exceeds

0.002 Pa s. Finally, they turn to be constant again once l
exceeds 0.2 Pa s. The increase in breakdown pressure with

higher viscosity has been observed in the laboratory study

[34], and the possible mechanism will be explored in the

next section.

As illustrated in Fig. 6, the geometry of fractures

changes with the increasing of fluid viscosity. Initially,

microcracks are induced around the borehole wall once the

tensile stress acting on the bonds exceeds the correspond-

ing strength. When the viscosity is low (l� 0.02 Pa s),

cracks tend to initiate from three sites (point A, point B and

point D). After that, fluid flows easily through these cracks

and induce more cracks along the initial path. However,

two major fractures arise when l = 0.0002 Pa s, while

three major fractures develop when l = 0.002 and

0.02 Pa s. This can be attributed to the fact that increasing

of viscosity inhibits the fluid infiltration into fractures

along A and D. This leads to the increment of pressure at

the tip of crack B and ultimately induces further cracks

along B. When l ¼ 0.2 Pa s, cracks initiate from four sites

and two major fractures develop sub-horizontally follow

the path of A and C, respectively. With extremely high

viscosity (20 Pa s), five major fractures emerge as fluid is

hard to infiltrate into the rock formation and pressure in theTa
bl
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hole rises high enough to induce more initial cracks. At the

microscale, most of the fractures are formed as tensile

cracks, while the shear cracks account for a low proportion

(less than 5% as listed in Table 3).

To assess the effect of injection rate, hydraulic fractur-

ing tests with different injection rate (2.12 9 10-12,

5.0 9 10-12, 2.12 9 10-11, 5.0 9 10-11, 2.12 9 10-10

and 5.0 9 10-10 m3/s) are performed on unconfined sam-

ples with the initial pore pressure P0 = 1.0 MPa. All the

injection pressure curves increase linearly at the initial

stage and then drop down sharply after peak. Apparent

difference can be noted between the slopes of these curves

(Fig. 7a). In general, the lower the injection rate, the longer

time it takes to induce fractures. As summarized in Fig. 7b,

the breakdown pressure stays constant before the injection

rate reaches 5 9 10-11 m3/s, while the time to fracture

decreases dramatically when the injection rate increases

from 2.12 9 10-12 to 5 9 10-11 m3/s. Once the injection

rate exceeds 5 9 10-11 m3/s, the breakdown pressure

increases dramatically with the increase in injection rate,

while the time to fracture approaches zero, which means

that hydraulic fractures form immediately if the fluid is

injected with an extremely high rate. These results are in

line with the experimental findings in which the breakdown

pressure was found to markedly increase with rate in

pressurization rate controlled experiments [38].

Increasing injection rate also alters the geometry of

fractures (Fig. 8). Under low injection rate

(� 5.0 9 10-11 m3/s), cracks initiate from three sites (A,

B and D). With the ongoing of tests, two major fractures

propagate following the path from point A and point D.

These phenomena agree well with the breakdown pressure,

which stays constant when the injection rate is lower than

5.0 9 10-11 m3/s. Once the injection rate reaches

2.12 9 10-10 m3/s, the fluid cannot filtrate into the rock

matrix timely, which leads to a higher pressure in the hole

and induce one more crack at point C. When the injection

rate is further increased to 5.0 9 10-10 m3/s, initial cracks

Fig. 4 a Typical case shows the variation of injection pressure and the increment of cracks when the in situ stress state is rX = 15 MPa,

rY = 10 MPa. b Corresponding fracture pattern. The initial pore pressure P0 = 1.0 MPa. The injection rate equals to 2.12 9 10-12 m3/s, and the

fluid viscosity equals to 0.2 Pa s. Black short lines represent tensile cracks, and red short lines represent shear cracks (color figure online)

Fig. 5 Effect of injection fluid viscosity. a The increment of injection pressure versus time. b Variation of breakdown pressure and time to

fracture. The injection rate equals to 2.12 9 10-10 m3/s, and the models tested are unconfined samples rX = rY = 0 MPa. The initial pore

pressure P0 = 1.0 MPa. Crack initiation pressure is considered in b when the viscosity equals to 2.0 and 20 Pa s
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can be induced at five sites. Among them, major fractures

propagate along A, B, C and E. Bifurcation of fractures can

be noted during the propagation of major fracture when the

injection rate exceeds 2.12 9 10-10 m3/s as fluid cannot

diffuse rapidly and trigger more than one crack at the tip of

fracture. Although the tensile cracks take the majority,

percentage of shear cracks increases monotonously with

higher injection rate (Table 3).

The effect of borehole diameter (D) is examined by

conducting hydraulic fracturing tests on unconfined sam-

ples with D = 4, 6, 8, 10, 12 and 14 mm. The injection rate

is fixed as 2.12 9 10-11 m3/s, and the fluid viscosity

equals to 0.2 Pa s. As illustrated in Fig. 9a, increasing the

borehole diameter leads to the decrease in breakdown

pressure and the increase in time to failure. It is clearly

shown in Fig. 9b that the time to fracture increases almost

linearly with the increase in borehole diameter. The

breakdown pressure approximately decreases as the diam-

eter increases.

As shown in Fig. 10, orientations of major fractures

from models with different borehole diameter are likely

random. This can be attributed to the heterogeneity of rock

matrix, which leads to the randomly distributed stress and

bond strength. Under zero far-field stresses, initiation of

Fig. 6 Spatial distribution of microcracks at the end of numerical tests conducted on models with different fluid viscosity. Black short lines

represent tensile cracks, and red short lines represent shear cracks (color figure online)

Fig. 7 Effect of fluid injection rate. a The increment of injection pressure versus time. b Variation of breakdown pressure and time to fracture.

The simulations are conducted on unconfined samples rX = rY = 0 MPa. The viscosity of injection fluid equals to 0.2 Pa s and the initial pore

pressure P0 = 1.0 MPa
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cracks is dominated by the stress acting on the bond and the

corresponding strength. Thus, models with different bore-

hole diameter may have different sites around the borehole

wall with possibility to induce initial cracks. Differences

between these sites allow two, three or four major fracture

to be developed. For models with different borehole

diameter, the percentage of shear cracks stays almost

constant at a low level (less than 3%).

4.3 Effect of in situ states

Two scenarios are designed to explore the influences of the

in situ stress states. The first scenario, which is discussed in

this paragraph, monotonously raises the confining pressure

from 5 MPa to 40 MPa by keeping rX = rY . The second

scenario, which is discussed in the next paragraph, inves-

tigates the influence of in situ stress anisotropy with rY
fixed as 40 MPa, and rX varies. As can be observed in

Fig. 11a, the injection pressure follows the same trend at

the beginning of injection, which increases linearly until

the occurence of fractures. The breakdown pressure

increases from * 30 MPa to more than 70 MPa as the

in situ stress varies from 5 to 40 MPa (Fig. 8b). The

fracture initiation pressure refers to the pressure at which

the fractures start to occur. The crack initiation pressure

deviates from the breakdown pressure when the in situ

Fig. 8 Spatial distribution of microcracks at the end of numerical tests conducted on models with different injection rate. Black short lines

represent tensile cracks, and red short lines represent shear cracks (color figure online)

Fig. 9 Effect of borehole diameter. a The increment of injection pressure versus time. b Variation of breakdown pressure and the time to

fracture. The in situ stress state is rX = rY = 5 MPa. The viscosity of injection fluid is 0.2 Pa s, and the injection rate is 2.12 9 10-11 m3/s. The

initial pore pressure P0 = 1.0 MPa
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Fig. 10 Spatial distribution of microcracks at the end of numerical tests conducted on models with different borehole diameter. Black short lines

represent tensile cracks, and red short lines represent shear cracks (color figure online)

Fig. 11 Effect of in situ stress state (rX ¼ rY ). a The increment of injection pressure versus time. b Variation of crack initiation pressure and

breakdown pressure. The injection rate is 2.12 9 10-11 m3/s, the viscosity of injection fluid equals to 0.2 Pa s, and the initial pore pressure

P0 = 1.0 MPa
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stress reaches 20 MPa, and the difference between the

breakdown pressure and the initiation pressure increases

monotonously with the increase in confining pressure

(Fig. 11b).

Under hydrostatic in situ stresses, the orientation of

major fractures varies with the stress magnitude (Fig. 12).

Although all the fractures initiate from point A and point C

when rX = rY � 10 MPa, they follow various path with

the ongoing of tests. Under different in situ stress states,

heterogeneity of local stress may alter the permeability of

each pipes, which in turn results in the difference between

pore pressures. Thus, fractures may propagate along

different paths. The percentage of shear cracks increases

almost linearly with the increasing of in situ stress

(Table 3), which implies that the role of shear cracks

becomes more significant with the high in situ stress level.

The effect of in situ stress anisotropy evaluated by

maintaining rY = 40 MPa and gradually reducing rX to

32, 24, 16 and 8 MPa, respectively. As illustrated in

Fig. 13a, the injection pressure also follows the same trend

at the initial stage. The breakdown pressure increases lin-

early versus the minimum principal stress. The difference

between crack initiation pressure and breakdown pressure

exists in all these cases (Fig. 13b). This difference stays

Fig. 12 Spatial distribution of microcracks at the end of numerical tests conducted on models with different in situ stress by keeping rX = rY .
Black short lines represent tensile cracks, and red short lines represent shear cracks (color figure online)

Fig. 13 Effect of the minimum principle stress (rX). a The increment of injection pressure versus time. b Variation of the crack initiation

pressure and the breakdown pressure. The maximum principle stress is fixed as rY = 40 MPa for all the cases. The initial pore pressure is

1 MPa. The fluid injection rate equals to 2.12 9 10-11 m3/s, and the injection fluid viscosity equals to 0.2 Pa s
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almost constant when rX � 24 MPa, but increases to a

high value once rX reaches to 32 MPa.

When the in situ stresses are unequal, major fractures

always propagate along the orientation of maximum prin-

cipal stress (vertical direction in Fig. 14). However, dif-

ferences exist between the mechanisms of microcracks. As

compared in Table 3, the percentage of shear cracks

increases from 0.0% to more than 10% when the minimum

principal stress rises from 8 MPa to hydrostatic state

(40 MPa). Therefore, shear failure is easy to form under

equivalent in situ stress.

The influence of initial pore pressure (P0) is assessed by

conducting injection tests with constant rate (2.12 9 10-11

m3/s) on saturated samples with P0 = 1, 5 and 10 MPa.

The in situ stress state is rX = rY = 5 MPa. It can be

observed from Fig. 15a that the injection pressure curves

are almost parallel with each other. These curves increase

linearly with time till the breakdown pressure is reached,

followed by a sharp drop. As presented in Fig. 15b,

increasing initial pore pressure results in the reduction in

breakdown pressure as well as the decrease in the time to

fracture.

As shown in Fig. 16, change of initial pore pressure

does not influence the sites at which initial cracks can be

induced. Major fractures starting from D follow the same

vertical path for all the cases. Obvious change can be noted

from the orientation of fractures develop from A and B.

The percentage of shear cracks stays almost constant with

the change of pore pressure. Thus, the initial pore pressure

plays a less significant role on the geometry and mecha-

nism of fractures.

5 Discussions

During the fluid injection, fracturing occurs when the

tangential effective stress reaches the tensile resistance at a

critical location around the borehole wall. When the for-

mation is impermeable, no poroelastic effect exists and the

breakdown pressure (Pb) can be obtained from Eq. 4.b

[12, 20]:

Pb ¼ T þ 3rh � rH � P0 ð6Þ

where T denotes the tensile resistance of the rock

formation.

When the rock matrix is permeable, the pressurized fluid

may penetrate into the surrounding rock prior to fracturing

and thus perturb the stress field by increasing the interstitial

pore pressure around the borehole [38]. The effect of fluid

infiltration into the borehole wall and its corresponding

Fig. 14 Spatial distribution of microcracks at the end of numerical

tests conducted on models with different minimum stress (rY ), while
the maximum principal stress (rX) is fixed as 40 MPa. Black short

lines represent tensile cracks, and red short lines represent shear

cracks (color figure online)

Fig. 15 Effect of initial pore pressure. a The increment of injection pressure versus time. b Variation of the breakdown pressure and the time to

fracture. The in situ stress state is rX = rY = 5 MPa. The viscosity equals to 0.2 Pa s, and the injection rate is 2.12 9 10-11 m3/s. The initial

pore pressure is 1, 5 and 10 MPa, respectively
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influence on breakdown pressure magnitude can be

described by the Biot effective stress theory [12, 15]. Based

on the Haimson–Fairhurst (H–F) solution [17] and the

effective stress theory, the breakdown pressure can be

calculated as:

Pb ¼
3rh � rH � P0 þ T

1þ g
ð7Þ

where g ¼ m
1�m a. m is the Poisson’s ratio, and a is the Biot

coefficient [12].

The breakdown pressures for boreholes in impermeable

and permeable media can be calculated from Eqs. 6 and 7,

respectively. The theoretical solutions suggest that the

breakdown pressure should be a function of the ambient

stress (rh, rH and P0) and the tensile resistance of the rock

(T). As discussed in Sect. 4, Pb increases linearly with rH
when rH = rh (Fig. 11b). When rH is fixed, Pb increases

linearly with rh (Fig. 13b). Pb decreases linearly with P0

when both rH and rh are fixed (Fig. 15b). These results

confirm that the influences of the in situ stresses (rH and

rh) and the initial pore pressure (P0) can be captured by the

DEM model. However, the theoretical solutions do not

consider the breakdown pressure as a function of injection

rate and viscosity, which has been revealed in previous

experimental studies [3, 12, 34, 38] and confirmed by the

simulation results of this study.

The greater pressure required to fracture the model when

a high-viscosity fluid or high injection rate is adopted is

likely the result of the size effect on tensile resistance of

the formation as will be discussed in the following sec-

tion. Figure 17a compares the contact force network from

models close to the breakdown pressure when the injection

rate is 2.12 9 10-10 m3/s and l = 2.0 and 0.002 Pa s,

respectively. It is apparent that strong forces concentrate

around the borehole wall when the viscosity is high. The

dissipation of contact force becomes more moderate when

the viscosity is low as the model with lower viscosity is

easier to be infiltrated. A series of measurement circles are

installed along the x-axis with the diameter of 2 mm, and

the distance between nearby circles equals to 1 mm. Stress

components calculated from Eq. 5 are normalized by the

breakdown pressure for the ease of comparison. As illus-

trated in Fig. 17b, the range of model under tension (in the

tangential direction) is x = 8.9 mm when l = 2.0 Pa s,

whereas this range increases to x = 16.6 mm when

l = 0.002 Pa s.

Similar responses can be observed from the cases with

l = 2.0 Pa s, and the injection rate equals to 2.12 9 10-10

and 2.12 9 10-12 m3/s, respectively (Fig. 17c, d). With the

injection rate increases from 2.12 9 10-12 to

2.12 9 10-10 m3/s, the range of model under tension in the

tangential direction raises from 8.2 to 22.6 mm (shown by

the range filled in Fig. 17d with blue and red, respectively).

Therefore, when a low-viscosity fluid or a low injection

rate is used, the fluid infiltrates into the medium easily and

the affected area is large (indicated in Fig. 17e).

Tensile strengths measured from direct tensile tests

conducted on DEM model with different scales (with the

length to width ratio L/W fixed as 2.0) are compared in

Fig. 17f. It is apparent that the tensile strength increases

with the reduction in sample size. Therefore, the less fluid

penetrates through the medium, the higher apparent tensile

strength appears, which is in line with the conceptual

model proposed to explain anomalously high breakdown

pressure obtained with high-viscosity fluid [38]. When the

viscosity is extremely high, the fluid is hard to infiltrate the

medium, and injection-induced bond breakage tends to

occur only in the first layer of particles next to the borehole

wall. The corresponding tensile strength approaches to the

strength of a single bond which equals to 60 ± 13.5 MPa

(see Table 1). That is why the breakdown pressure in

Fig. 5b approaches to a stable magnitude of * 47 MPa,

which is consistent with the minimum bond strength. In

Fig. 5b, the breakdown pressure stays almost constant

when l� 0.002 Pa s as the tensile strength tends to be

constant with the increase in sample size.

The reduction in breakdown pressure with the increase

in borehole diameter can also be attributed to the fact that

Fig. 16 Spatial distribution of microcracks at the end of numerical tests conducted on models with different initial pore pressure (P0). Black short

lines represent tensile cracks, and red short lines represent shear cracks (color figure online)
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the interaction area becomes larger with the increase in

borehole size which ultimately leads to the reduction in

tensile strength. This type of size effect also exists in the

realistic rock formation, as the increase in sample scale

results in the existence of more pores, weak layers, and

fissures which ultimately reduce the tensile strength of rock

blocks. The practical implications of these results lie in the

adoption of fracturing fluid with low viscosity, e.g., the

Fig. 17 a Contact force network from unconfined models around the peak injection pressure when the injection rate equals to 2.12 9 10-10 m3/s

and l = 2.0 and 0.002 Pa s, respectively; b variation of stresses along the x-axis. The stress components are normalized by the breakdown

pressure. Regions under tension in the tangential direction are filled with blue when l = 2.0 Pa s and red when l = 0.002 Pa s; c contact force
network from unconfined models around the peak injection pressure when l = 0.2 Pa s and the injection rate equals to 2.12 9 10-10 and

2.12 9 10-10 m3/s, respectively; d variation of stresses along the x-axis. The stress components are normalized by the breakdown pressure.

Regions under tension in the tangential direction are filled with blue when the rate equals to 2.12 9 10-10 m3/s and red when the rate is

2.12 9 10-12 m3/s; e diagram illustrates the effect of fluid infiltration range on the tensile strength of rock sample. The infiltrated regions are

defined by the dashed lines. The corresponding samples under tensile stress are shown in the right column. f Variation of direct tensile strength

versus the sample width measured from samples with the ratio length/width fixed as 2.0. Strength of a single parallel bond is represented as

W = 0 (color figure online)
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critical state CO2 [34]. In addition, appropriate injection

rate which optimizes the breakdown pressure and the time

needed to induce fractures should be estimated.

It is worth pointing out that all simulation results dis-

cussed in this study are obtained from DEM samples with

constant particle size/size distribution. Although we have

observed the same trend of borehole size effect in the

numerical model as in the laboratory, the magnitude of

borehole size effect observed is not the same as in reality

unless the model particle size matches the grain size, which

is still difficult at current stage due to the limitation of

computational capacity. We intend to qualitatively explore

the effect of borehole diameter through a suite of com-

parative studies. Although the fracture toughness of DEM

model is proved to be dependent on the selection of particle

size [26], both the breakdown pressure and the direct ten-

sile strength measured in our manuscript are conducted on

models with the same particle size/size distribution. In

Fig. 17, we normalize the stress around the borehole wall

by the breakdown pressure. Nevertheless, it is advised that

direct application of the modeling results to interpret

physical problems is not appropriate. Further studies are

necessary to elucidate the influence of particle size chosen

in the DEM model on the hydraulic fracturing responses.

6 Conclusions

Fully coupled DEM model is constructed to simulate the

hydraulic fracturing in permeable rock formation at labo-

ratory scale. The validity of the model is examined by

comparing the stress distribution around the borehole wall

with analytical solutions, between which good agreements

can be found.

Systematic parametric studies are then performed to

evaluate the influence of operational parameters (e.g.,

viscosity, injection rate and borehole diameter) and in situ

conditions (e.g., in situ stress state and initial pore pres-

sure). The operational parameters play a major role as the

breakdown pressure increases significantly with the

increase in viscosity when its magnitude is between 0.002

and 0.2 Pa s. Increasing the injection rate substantively

shortens the time to fracture but increases the breakdown

pressure when it exceeds 5 9 10-11 m3/s in this study.

Simulation results also reveal that the breakdown pressure

increases linearly with the in situ stress magnitude and

decreases linearly with the initial pore pressure.

Comparison between the poroelasticity theory and

modeling results confirms that the variation of breakdown

pressure with viscosity, injection rate and borehole diam-

eter can be attributed to the size effect of tensile strength

with different infiltrated regions. Under unequal in situ

stresses, major fractures always propagate along the

orientation of maximum principal stress. Under hydrostatic

stress state, the geometry of major fractures might be

affected by the injection rate, viscosity and stress magni-

tude. Tensile cracks dominate the hydraulic fractures,

while the percentage of shear cracks monotonically

increases with in situ stress under hydrostatic stress state.

Micromechanical analyses performed in this study sheds

light on the cause of high breakdown pressure with high

viscosity and injection rate. Further study is necessary to

build guidelines for the selection of operational parameters

when one conducts hydraulic fracturing in rock formation

under various in situ conditions.
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