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Abstract
A method is proposed to calculate the distribution of energy during the quasi-static confined comminution of particulate

assemblies. The work input, calculated by integrating the load-displacement curve, is written as the sum of the elastic

deformation energy, the breakage energy and the redistribution energy. Experimental results obtained on samples subjected

to compression stresses ranging between 0.4 and 92 MPa are used to calibrate the model. The elastic energy stored in the

samples is obtained by simulating the compression test on the final particle size distributions (PSDs) with the discrete

element method and by extracting the contact forces. A PSD evolution law is proposed to account for particle breakage.

The PSD is related to the total particle surface in the sample, which allows calculating the breakage energy. The

redistribution energy, which comprises the kinetic energy of particles being rearranged and the friction energy dissipated at

contacts, is obtained by subtracting the elastic energy and breakage energy from the work input. Results show that: (1) at

least 60% of the work input is dissipated by particle redistribution; (2) the fraction of elastic deformation energy increases,

and the fraction of redistribution energy decreases as the compression stress increases; (3) the breakage energy accounts for

less than 5% of the total input energy, and this value is independent of the compressive stress; (4) the energy dissipated by

redistribution is between 14 and 30 times larger than the breakage energy.
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1 Introduction

Particle breakage upon quasi-static comminution is a topic

of interest in civil engineering, powder technology and the

mineral industry. Many aspects of soil behavior and

properties, such as dilation, yielding, shear strength and

permeability, are related to particle breakage [16, 22, 40].

Under high compressive stress, particles break and

decrease in size. During this process, the total input energy

(dW) is stored in the form of elastic energy in the grains

and dissipated by breakage, friction and redistribution, i.e.,

the production of kinetic energy triggered by crushing [37].

A good understanding of how the energy dissipates during

compression is necessary to formulate sound constitutive

models for granular materials. For instance, McDowell and

Bolton were able to explain compressibility changes by

relating particle crushing to the variations of void ratio and

by introducing the breakage energy in the Cam clay model

[23]. Based on thermodynamic principles, Collin intro-

duced non-associative flow rules to model friction-induced

plasticity in granular materials [8]. Recently, the breakage

mechanics theory was formulated to predict the thermo-

dynamic response of crushable granular materials within

continuum mechanics [12, 13]. In the theory of breakage

mechanics, the evolution of the particle size distribution is

used to predict the amount of energy dissipated by break-

age, which is fully coupled to the redistribution energy.

Within this framework, further developments were pro-

posed to analyze creep, permeability, cementation and the

brittle–ductile transition of granular materials

[11, 29, 49, 52].

How to calculate the relative fraction of the energy

components dissipated during comminution has been
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studied for decades both at the grain and at the sample

scales, with analytical, numerical and experimental meth-

ods. Bolton et al. [5] used a discrete element method

(DEM) to analyze the energy distribution during a crushing

test performed on a single particle, modeled as an assembly

of bonded spheres. The breakage energy was calculated as

the total elastic energy stored at the contacts before bonds

failed. The energy dissipated by breakage was estimated to

be about 10% of the total input energy. The remainder

energy was converted into kinetic energy of fragments and

then lost by friction and damping. By contrast, in another

DEM simulation of particle crushing, the breakage energy

was found to be 30% of the total input energy [2]. This

difference may come from the properties of the contact

bond model, which is difficult to calibrate, and yet largely

influences the magnitude of the breakage energy. A variety

of contact bond models were proposed to better capture

bond breakage [19, 24, 46]. A study combining experi-

ments and numerical simulations showed a strong rela-

tionship between bond breakage and strain softening [21].

Some DEM models account for the statistical distributions

of bond strengths and particle strengths. However, the

distribution of energy at sample scale is still not fully

understood [7, 31]. Recently, X-ray micro-tomography was

used to measure the area of new material surfaces created

during a single particle crushing test [53]. Zhao et al.

showed that as breakage proceeds, the extent of material

surfaces increases; therefore, the number of potential areas

of contact increases, and the proportion of energy dissi-

pated by friction overtakes the energy dissipated by

breakage. At the macro-scale, Rusell et al. used simplified

models to calculate the ratio between the redistribution

energy and the breakage energy, which turned out to be

stress independent, but dimension dependent: the ratio was

5 to 20 in 1D, 2 in 2D and 1 in 3D [29, 37]. The 3D DEM

simulation of a triaxial shear test on crushable soil showed

that particle breakage contributed to a small amount to the

total energy dissipated, but promoted energy dissipation by

inter-particle friction dissipation [47]. Energy distribution

was stress dependent, which is in agreement with the

results published in [30]. In general, recent results show

that energy is mostly dissipated by particle redistribution

and inter-granular friction. But there is still no consensus

on the relative fraction of the different components of

energy dissipated.

In this paper, we present a novel method to calculate the

distribution of energy in a granular sample subjected to

quasi-static confined comminution. We used results of

uniaxial compression tests performed on cylindrical sam-

ples of ground shale and sands under both low compressive

stress (0.4–2.1 MPa, [30]) and high compressive stress (up

to 92 MPa, [27]). The first section explains how we

expressed the energy in the form of elastic deformation

energy, breakage energy and redistribution energy. The

second section describes the breakage energy model and its

calibration. Next, the method to calculate the other energy

components is presented. The last section provides a dis-

cussion of the results obtained.

2 Energy decomposition

Based on the theory of critical state soil mechanics, Roscoe

et al. [35] established the following energy balance equa-

tion for a soil sample subjected to an increment of mean

stress dp and an increment of deviatoric stress dq:

qdeþ pdm ¼ jdp
1þ e

þMpde; ð1Þ

where de and dm are the shear and volumetric strain, j is the

slope of swelling line and M ¼ q=p. The left-hand side of

the equation represents the work done by the mean and

deviatoric stresses, while the right-hand side is the sum of

the increments of internal energy and dissipated energy.

Miura and Yamamoto [26] conducted a series of high-

pressure triaxial tests on quartz sand and studied the rela-

tionship between the increase in specific surface area DS
and the plastic work dWp. The ratio DS=dWp was used as

an index of particle crushing and was related to the dila-

tancy rate. The model was validated later [25] against static

triaxial compression tests and repeated triaxial tests on

granitic soil. The plastic work included both friction dis-

sipation and breakage energy. McDowell [23] developed

further the theory of Roscoe et al. by introducing the

breakage energy, expressed as:

US ¼
CdS

Vsð1þ eÞ ð2Þ

In which C is the surface free energy, which remains

constant during a confined compression test.

Recently, another form of energy dissipation, called

redistribution energy, was introduced in the energy balance

equation, in order to account for the rearrangement of

grains around crushed particles. The dissipation of redis-

tribution energy is coupled to that of breakage energy,

because microstructure rearrangement is triggered by

breakage events. The complete energy balance equation

was given by [36]:

dW ¼ dWe þ dUp þ dUS þ dUredist ð3Þ

where dWe, dUp, dUS and dUredist represent the elastic

energy, plastic dissipation energy, breakage energy and

redistribution energy, respectively. Note that plasticity can

be due to various processes, such as dislocation creep,

dynamic recrystallization, plastic deformation and micro-

fracturing at grain scale [42, 43]. We focus on short-term
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isothermal processes and thus ignore thermal softening,

volume change and other material property changes

induced by temperature variations [39]. We also ignore the

transition from brittle to ductile behavior at the grain scale

as the coordination number gets higher [48]. Particles are

thus considered elastic, i.e., the plastic deformation of the

representative elementary volume (REV) is solely due to

friction between the grains.

Based on a calibration against two oedometer tests

performed on silica sands, it was found that the ratio

between the redistribution energy and the breakage energy,

R ¼ dUredist=DUS, was between 13 and 16. In another

study, the breakage energy amounted to 25–30% of the

total input energy [2]. A series of uniaxial compression

tests conducted on samples of crushable sand of uniform

distribution showed that the dissipation of energy by the

creation of fracture surfaces depends on the confining stress

and that the fracture (or breakage) energy is predominant at

low stresses and becomes less predominant at high stresses

[30]. The distinction between pure breakage energy, fric-

tion energy and redistribution energy is still an open issue

to date. Energy is dissipated by redistribution only if

breakage events occur in the sample; the dissipation of

energy by redistribution is triggered by breakage and

increases due to the production of kinetic energy and

friction energy. During quasi-static comminution, the pro-

duction of kinetic energy is negligible in front of the other

energy components. That is why in this paper, which

focuses on quasi-static comminution, we consider that the

redistribution energy includes the friction energy. We use

both empirical and numerical methods to calculate the

energy dissipated by breakage and the energy dissipated by

redistribution. We rewrite Eq. 3 as:

dW ¼ dWe þ dUS þ dUredist ð4Þ

3 Breakage energy

The breakage energy is the energy needed to create new

material surfaces when particles break [15]: it is the pro-

duct of the surface free energy by the grain surface area

created by breakage. The surface free energy is a material

constant in the order of 0.1–1 Nm/m2 for rocks and sands

[3, 14]. We obtain the grain surface area by calculating the

particle size distribution (PSD) and by estimating the sur-

face area of particles within each size range. Note that in

the following, we work with PSD expressed in percentage

of particle mass. During compression, particles break

continuously due to the increasing contact forces. As a

result, the number of fines as well as the total surface area

of fragments increases with the compressive stress. At

extremely high stress, an ultimate PSD is reached. It was

shown empirically that the ultimate PSD can be repre-

sented by a fractal distribution [1, 38, 44, 45]:

FuðrÞ ¼ ðr=rMÞ3�a ð5Þ

where a is the fractal dimension and rM is the maximum

particle size. In the following, we use a ¼ 0:5, which is

consistent with experimental results obtained for various

materials [44]. In the theory of breakage mechanics, the

current PSD FcðrÞ is assumed to be an affine function of

the initial PSD F0ðrÞ and the ultimate PSD FuðrÞ
[11, 13, 29]:

FcðrÞ ¼ ð1� BrÞF0ðrÞ þ BrFuðrÞ ð6Þ

In which Br is the breakage variable. A review of recent

results obtained during quasi-static comminution indicates

that Eq. 6 is not a realistic representation of the PSD

evolution, especially for larger particles [10, 20, 27, 30].

To overcome this limitation, we express the current PSD

(updated at every step of the crushing process), as follows:

FcðrÞ ¼ ð1� aÞFbðrÞ þ aFuðrÞ ð7Þ

where FuðrÞ is the ultimate fractal PSD and FbðrÞ is a

uniform distribution, ranging between a size rb and the

maximum grain size rM; a and rb are fitting parameters.

Similar to the breakage parameter Br in Eq. 6, the

parameter a represents the evolution of breakage toward

the ultimate fractal PSD (from a ¼ 0 to a ¼ 1). The model

is based on the assumption that the initial PSD is uniform

or quasi-uniform, which is a common situation in labora-

tory experiments [28, 51]. Both parameters a and rb are

calibrated against the PSDs obtained at the end of confined

comminution tests reported in [30] (tests L1–L4) and in

[27] (tests H1–H3). The resulting PSDs of tests L1 and L3,
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Fig. 1 Particle size distributions and their best fit according to Eq. 6

(Br) vs. Eq. 7
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obtained from Eq. 7, are plotted in Fig. 1. We also show

that for larger particles, the final PSD obtained from the

breakage mechanics model (Eq. 6) is almost the same as

the initial PSD, which results in a 50% error in the cal-

culation of grain surface. The final PSD predicted by Eq. 7

better captures the breakage of large particles. The results

of the calibration of parameters a and rb are summarized in

Table 1.

Measuring grains’ surface requires characterizing

grains’ shapes. The most common method for character-

izing the surface area is the Blaine air permeability test,

which relates air permeability at given pressure with sur-

face area [4]. Other experimental techniques may lead to

different results, in part because surface area depends on

surface roughness. For example, gas sorption tests typically

give measures that are 2–3 times larger than with Blaine

method [41]. Miura found that the grain surface area

obtained with Blaine method is close to that that would be

obtained by assuming that all grains are spherical: the

difference between the two is at most several tens percent

[25]. That is why, in our model, we consider that particles

and fragments are spherical. Let us consider N size ranges

within the interval of sizes ½rm; rM � represented in the PSD.

At a given load increment, the surface area S� of all par-

ticles having a radius r� comprised between r�1 ¼ rm þ
n�1
N

ðrM � rmÞ and r�2 ¼ rm þ n
N
ðrM � rmÞ is calculated as:

S� �
XN

n¼1

Fcðr�2Þ � Fcðr�1Þ
� �

MTSðr�Þ
qVðr�Þ

�
XN

n¼1

Fcðr�2Þ � Fcðr�1Þ
� �

MTS
r�
1
þr�

2

2

� �

qV
r�
1
þr�

2

2

� �
ð8Þ

In which Sðr�Þ is the surface of a particle of size r�, Vðr�Þ
is the volume of a particle of size r�, q is the mass density

of the solid grains and MT is the total mass of the sample.

The current PSD FcðrÞ is obtained from Eq. 7. At each

increment, the total number of particles in the sample, NT ,

is calculated by:

NT �
XN

n¼1

3MT Fcðr�2Þ � Fcðr�1Þ
� �

4pq
r�
1
þr�

2

2

� �3
: ð9Þ

Equations 7 and 8 allow estimating the energy dissipated

by breakage at each loading increment.

4 Redistribution energy

Using Eq. 4, the redistribution energy is calculated by

subtracting the elastic energy and the breakage energy from

the total work input. In this section, we explain how to

calculate the total work input and the elastic deformation

energy stored in the sample.

4.1 Total input energy

The total input energy is calculated from the force-dis-

placement curve obtained in experiments. For an isother-

mal uniaxial compression test, the loading platen is the

only source of energy input, which has the form:

dW ¼ Fdu ð10Þ

where F is the loading force and du is the increment of

displacement. Experimental results of force-displacement

relationship for the tests reported in [27, 30] are shown in

Fig. 2: the total work input is the area below each curve.

Note that in tests L1–L4, samples had different initial void

ratios, which explains the different macroscopic stiffnesses

observed in Fig. 2.

Table 1 Parameters a and db calibrated against uniaxial compression

tests

Test a (–) db (mm)

L1 0.0096 1.744

L2 0.0143 1.707

L3 0.0472 1.518

L4 0.0459 1.495

H1 0.2738 1.106

H2 0.6191 0.878

H3 0.8417 0.998
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Fig. 2 Load-displacement curve of uniaxial compression tests

performed on crushable sand samples [27, 30]
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4.2 Elastic energy

We consider that two samples of same PSD subjected to

the same external loads have the same statistical distribu-

tion of contact forces. This assumption is supported by

recent studies that show that the force distribution in a

granular assembly follows the same distribution in differ-

ent samples [6, 34, 50]. The elastic energy was calculated

by using the DEM software PFC3D4.0 [17]. First, we

generated samples that had the PSD obtained at the end of

the confined comminution tests reported in [30] and [27]

(Fig. 1). The samples had the same sizes, weight and

densities as in the experiments, and the PSDs were mod-

eled with Eq. 7. We subjected these samples to the same

boundary conditions as in the experiments. The elastic

energy is stored at the contacts between grains. Therefore,

with the assumption of constant particle stiffness, the

elastic deformation energy of the sample is

We ¼ 2
Xc

i¼1

F2
i

2ki
ð11Þ

where c is the total number of contacts in the sample, Fi is

the contact force (normal or shear force) and ki is the

stiffness of the particle (normal or shear stiffness,

depending on the orientation of the contact force). In the

DEM simulations, we considered a linear relationship

between contact force and contact displacement and we

used the same value for normal and shear stiffness. Dif-

ferences in grain packing do not influence the calculation

of the elastic deformation energy, as long as the numerical

model reproduces the PSD of the samples tested experi-

mentally. We used different stiffness values for L1–L4

tests on the one hand (ground shale) and H1–H3 on the

other hand (silica sand). Note that each contact contains

two particles, so the elastic energy of the contact is twice

that of the particle at that contact.

Another way to obtain the elastic energy of the sample is

to find the area below the unloading curve in Fig. 2.

However, the value obtained may be 50–60% less than the

actual value of the elastic deformation energy, due to the

existence of frozen elastic energy [9, 18]. Figure 3 shows

the sample used for test H2, after compression. The

parameters used in the simulation are reported in Table 2.

After creating the DEM samples, we found that the total

number of particles in test L4 was about two million and

that there were even more particles in tests H1, H2 and H3.

DEM simulations were therefore highly computationally

intensive. However, we noted that according to the final

PSD obtained in test L4, particles with a diameter less than

0.1 mm accounted for more than 98% of the total number

of particles but for less than 1% of the sample weight.

Moreover, particles with smaller radius usually have a

lower coordination number than larger ones, and force

chains usually contain larger particles [33, 34]. The elastic

energy of a particle increases with its size: in 2D, the

elastic energy stored in a particle increases linearly with its

radius [13]; here, in 3D, a quadratic correlation was found

between the elastic energy and the particle size (see the

example of sample H2 in Fig. 4). As a result, small parti-

cles have less elastic energy and in average less contacts

than larger ones. Based on these remarks, we performed the

DEM simulations with truncated PSDs to increase the

computational efficiency: particles with a radius below a

radius threshold rt were removed from the DEM samples.

Details are provided in Table 3. The elastic energy of the

removed particles was calculated by using an interpolation

relating the elastic energy stored and the particle surface,

like in the example of sample H2 in Fig. 4.

After generating the sample, we imposed a controlled

velocity on the top platen to apply the uniaxial compression

force. The force was continuously monitored during the

loading process. When the force reached the value imposed

in the experiment, we stopped loading and calculated the

total elastic energy stored in the sample from Eq. 11. Note

that it was not necessary to consider the crushing of par-

ticles here because the goal for this simulation was only to

obtain the elastic energy for a specific PSD under a given

compressive stress. For each of the 7 tests (L1–L4, H1–

H3), three simulations with different random seeds were

conducted to guarantee a stable result.

Fig. 3 DEM sample used to simulate the uniaxial compression test H2

Table 2 Parameters used in the DEM simulations

Variable Value

Density of sphere (q): kg/m3 2750

Normal and shear stiffness in test L1–L4: N/mm 4� 102

Normal and shear stiffness in test H1–H3: N/mm 1:5� 103

Frictional coefficient of sphereðl) 0.5

Number of particles L1–H3 8000–130,800
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5 Results and discussion

DEM simulations allowed calculating the elastic energy

stored in each sample under study, at the end of the con-

fined comminution test. Results are shown in Table 4. As

expected, the elastic energy increases with the loading

force.

The initial void ratio, compressive stress and increase in

specific surface are reported in Table 5 for all tests. As

expected, the specific surface increases with the loading

force, see Fig. 5. The value of the surface free energy for

rocks ranges from 0.3 to 1.0 Nm/m2 depending on

microstructure and environmental conditions [14, 32]. In

this research, we use 0.5 Nm/m2 to calculate the breakage

energy. It should be noted that some authors use the frac-

ture surface energy instead of the surface free energy,

because measuring surface energy at the scale of the REV

is challenged by material heterogeneity, intra-granular

micro-cracks and environmental fluctuations. In our sim-

ulations, however, we consider that grains are purely brittle

and isotropic, under constant environmental condition. The

surface free energy introduced in the proposed model is a
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Fig. 4 Relationship between stored energy in each particle with

normalized particle surface area (test H2)

Table 3 Description of the small particles removed from the DEM

samples for the calculation of the elastic energy

Test Maximum removed size rt (mm) % of total mass removed

L1 – 0

L2 – 0

L3 0.11 1

L4 0.11 1

H1 0.14 8

H2 0.17 17

H3 0.20 22

Table 4 Elastic energy at the end of confined comminution tests

Test Simulation 1

(N mm/g)

Simulations 2

(N mm/g)

Simulation 3

(N mm/g)

Average

(N mm/g)

L1 1.56 1.48 1.58 1.54

L2 2.31 2.28 2.31 2.30

L3 10.38 10.51 10.88 10.60

L4 13.31 13.39 13.35 13.35

H1 249.79 239.23 228.37 238.47

H2 891.40 882.44 881.15 884.99

H3 2352.90 2335.00 2336.55 2341.48

Table 5 Material surface increase during the compression tests

Test Initial void

ratio

Maximum stress

(MPa)

Surface increase

(mm2/g)

L1 1.066 0.39 2224.84

L2 1.015 0.579 2537.18

L3 1.015 2.08 4195.36

L4 0.990 2.09 4280.13

H1 0:6� 0:3 23.00 6:23� 104

H2 0:6� 0:3 46.00 3:10� 105

H3 0:6� 0:3 92.00 5:60� 105
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material constant. A summary of the results on energy

distribution is provided in Table 6.

In order to see the role of each energy component during

the comminution process, we normalized the data in

Table 6 with the corresponding input energy. The results

are shown in Fig. 6.

Although the experiments used for model calibration

refer to different materials, some interesting conclusions

can be drawn from Fig. 6, mainly:

– In all tests, at least 60% of the work input is dissipated

by particle redistribution.

– When the compression stress increases from 0.4 MPa

(test L1) to 92 MPa (test H3), the redistribution energy

decreases from 90 to 60% of the work input, and the

elastic deformation energy increases from 10 to 40% of

the work input.

– The breakage energy is less than 5% of the work input

in all tests, i.e., the energy dissipated by breakage

seems to represent a constant portion of the work input,

regardless of the compression stress.

– The ratio between redistribution dissipation and break-

age energy is between 14 and 30 in the tests, which is

higher than the ratio of 13–16 found by other authors

between friction energy and breakage energy

[5, 36, 37]. This result was expected, because in the

proposed model, the redistribution energy is the sum of

the friction energy and of the kinetic energy of

fragments.

6 Conclusion

The distribution of energy during confined comminution is

calculated for seven particulate assemblies, subjected to

compressive stresses ranging from 0.4 to 92 MPa. The

work input, calculated by integrating the load-displacement

curve, is written as the sum of the elastic deformation

energy, the breakage energy and the redistribution energy.

The elastic energy stored in the seven samples at the end of

the compression tests is obtained by simulating the com-

pression test on the final PSDs with the DEM and by

extracting the contact forces. A PSD evolution law is

proposed to account for particle breakage, for which

parameters are fitted to match the final PSDs obtained

experimentally. At each loading step, the current PSD is

related to the total particle surface in the sample, which

allows calculating the breakage energy. The redistribution

energy, which comprises the kinetic energy of particles

being rearranged and the friction energy dissipated at

contacts, is obtained by subtracting the elastic energy and

breakage energy from the work input. Results show that:

(1) at least 60% of the work input is dissipated by particle

redistribution; (2) the fraction of elastic deformation

energy increases, and the fraction of redistribution energy

decreases as the compression stress increases; (3) the

breakage energy accounts for less than 5% of the total input

energy, and this value is independent of the compressive

stress; (4) the energy dissipated by redistribution is

between 14 and 30 times larger than the breakage energy.

This research is expected to increase the fundamental

understanding of microstructure changes during confined

comminution and to provide a concrete foundation to

establish energy based constitutive relationships for gran-

ular materials.
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