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Abstract Heterogeneity arises in soil subjected to interface

shearing, with the strain gradually localizing into a band

area. How the strain localization accumulates and develops

to form the structure is crucial in explaining some significant

constitutive behaviors of the soil–structural interface during

shearing, for example, stress hardening, softening, and

shear-dilatancy. Using DEM simulation, interface shear tests

with a periodic boundary condition are performed to

investigate the strain localization process in densely and

loosely packed granular soils. Based on the velocity field

given by grains’ translational and rotational velocities, sev-

eral kinematic quantities are analyzed during the loading

history to demonstrate the evolution of strain localization.

Results suggest that tiny concentrations in the shear defor-

mation have already been observed in the very early stage of

the shear test. The degree of the strain localization, quanti-

fied by a proposed new indicator, a, steadily ascends during

the stress-hardening regime, dramatically jumps prior to the

stress peak, and stabilizes at the stress steady state. Loose

specimen does not develop a steady pattern at the large

strain, as the deformation pattern transforms between

localized and diffused failure modes. During the stress

steady state of both specimens, remarkable correlations are

observed between a and the shear stress, as well as between

a and the volumetric strain rate.

Keywords DEM � Interface shearing � Soil–structure
interface � Strain localization

1 Introduction

The soil–structural interface (SSI) exists in a variety of

engineering situations, including pile engineering, soil

nailing, and the application of geotextiles. It plays a fun-

damental role in engineering systems’ local and global

stability and safety. The engineering community has long-

term interest in SSI’s mechanical behaviors. A rich set of

SSI’s constitutive features has been explored, such as the

stress–displacement associated with the material’s param-

eters and surface geometry [9, 12, 26, 35, 40–42], the

developing strain localization and the formation of struc-

ture [21, 42, 53], and the shear-induced fabric anisotropy of

the soil [50, 51].

As a typical boundary value problem, heterogeneity

arises in soil subjected to interface shearing and somehow

develops along loading history. In this case, the strain will

gradually localize into a band-shaped shear zone covering

the rough surface, while the soil outside this zone, as a

whole, undergoes quasi-elastic unloading. Out of the

escalating degree of strain localization, a band with highly

localized strain (called hereafter as localized band) will

finally form at the large strain and show its characteristic

highly concentrated soil deformation. Once this localized

band stabilizes, the soil appears to be structurized into two

domains with distinct deformational patterns: (1) the inside

localized band area, featured by a large and non-affine

deformation and (2) the remainder, with affine or even

vanished shear deformation (the term ‘‘affine’’ refers to a

constant displacement or velocity gradient). Meanwhile,

macro- and micro-mechanical properties also structurize in
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association with this deformational heterogeneity

[11, 14, 57]. Following these facts, on the one hand, SSI is

essentially the interaction between the structure surface and

the soil layer nearby [55]. SSI’s nonelastic nature and shear

resistance derive from this mechanical system. On the other

hand, the strain localization process therefore plays a sig-

nificant role in SSI’s mechanical performance. Clarifying

how strain localization accumulates and develops to form

the localized band is crucial in explaining some of SSI’s

significant constitutive behaviors during the shearing, for

example, stress hardening, softening, and shear-dilatancy.

In fact, the strain localization in SSI belongs to a general

phenomenon, the localized failure in granular soils, which

is considered as a bifurcation for the material from the

homogeneous deformation pattern to a discontinuous one.

During this geometrical transformation of the material,

even for experiments conducted in identical conditions,

various possible patterns can be encountered, leading to

various post-bifurcation mechanical responses. It has been

decades since scientists paid attention to strain localization

and localized failure in the granular soil. Many studies

have investigated the behavior and morphology of this type

of failure from experimental [10, 11, 13, 44, 45] and the-

oretical viewpoints [4, 5, 15, 29, 34, 36–38, 45]. Of note,

much research has focused on exploring the micro-me-

chanical basis of localized failure and the strain localiza-

tion process. Characteristic microscale properties, such as

particle rotation, fabric anisotropy, and force-chains, were

observed to develop in association with the localized strain

[2, 14, 16, 39, 48, 57, 58]. Notably, recent advances in

multiscale modeling of strain localization in account for

fabric anisotropy were reported [17–20, 56], which provide

direct ways and new insights into correlative macroscopic

observations of failure patterns in a boundary value prob-

lem. The influence of some micro-mechanical parameters

on the formation of the localized band was revealed (see,

for instance [23, 30, 43]). Exploring the strain localization

process in SSI, as a typical and simple pattern of localized

failure, from macro- and micro-viewpoints will contribute

to the knowledge about the mechanism of the localized

failure in soil.

Under the continuum-mechanical framework, deter-

mining the thickness of the localized band becomes

important in the modeling of SSI. It is often required to

define the interface zone, inside which the material will be

treated with a different constitutive relation from the

material outside the localized band. By adopting different

criteria to detect the localized band boundary, some

researchers have drawn varying conclusions [8, 53, 54]. In

particular, Wang et al. [52], using DEM simulation,

investigated the development of strain localization in

densely packed granular soil sheared by interfaces of var-

ious roughness. Several characteristic points in the strain

localization process were pointed out. The influence of

surface roughness on localized band thickness was reported

in the authors’ study. Even though the localized band

thickness has been determined in various loading condi-

tions and interface geometries, without understanding how

the localized band emerges from the small-scale strain

localization and develops to its final form in SSI, the

relation between localized band thickness and its factors

(the surface roughness, initial void ratio, confining stress,

etc.) can be only empirical and lacks a physical back-

ground. However, scant work has engaged in this point.

This paper investigates the strain localization process in

densely and loosely packed granular soils subjected to

interface shearing. The following two aspects are focused:

(1) How the pattern arises from a homogeneous deforma-

tion, evolves, and gives birth to a band with high strain

localization and (2) how this evolution relates to the

mechanical responses of SSI during shearing. Interface

shear tests using DEM are introduced in Sect. 2 with

modeling parameters, the test protocol, and some prelimi-

nary results. Methods of analyzing the kinematic field in

the soil are given in Sect. 3. A mesoscale strain rate tensor

is presented to define the local average strain inside indi-

vidual polygonal cells enclosed by neighboring contact

branches. This local strain rate tensor allows the strain field

to form in the granular soil in a way where strain local-

ization becomes conspicuous and can be conveniently

captured and measured. We conduct comprehensive anal-

yses on the kinematics of specimens in Sect. 4. A new

indicator is proposed to characterize the degree of the strain

localization. The evolutions of the shear velocity field, the

shear velocity gradient, and the particle rotation are pre-

sented. In Sect. 5, evolutionary patterns and features of

strain localization and their dependency on shear stress and

volumetric strain are discussed for dense and loose

specimens.

2 2D interface shear test

2.1 Numerical modeling and test protocol

The discrete element method (DEM) proposed by Cundall

and Strack [7], coded by PFC2D 5.0 software in this study,

is employed to solve the dynamics of the granular assembly

subjected to interface shear loading. The interaction

between two contacting objectives (particle–particle or

particle–wall) is defined by the friction-elastic law, the

combination of Hooke’s law with a constant normal and

tangential stiffness kn and ks, and the cohesionless Cou-

lomb’s law. To mimic the interlocking effect caused by the

irregular shape of soil grains in natural soil, a rolling

resistance is imposed onto contacts [23].
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As illustrated in Fig. 1, the test apparatus, in width w ¼
0:1 m along the x-axis and in height h ¼ 0:04 m along the

y-axis, is constituted of a top wall and a teeth-plate on the

bottom, as the latter assimilates the surface of the artificial

structure, whose maximum y coordinate is set at y ¼ 0:0 m.

The teeth-plate is regularly shaped by segments of slope

alternating between 45� and 135�. Its roughness R is

quantified by k=D50, where k is the vertical span of the

teeth-plate. To avoid the boundary effect along the shear

direction, a periodic boundary condition is set on both sides

of the apparatus. In other words, particles passing through

one side will appear on the counter-side with the same

velocity. It is important to note that we chose a regular

surface geometry for this study instead of an irregular one

based on the following two considerations: (1) The main

interest of this paper is the evolutionary feature of strain

localization in the soil, rather than the effect of surface

geometry on SSI’s mechanical behavior, and (2) the sur-

face geometry of an artificial structure is distinct in various

situations; depending on the nature of the material and the

way the structure is fabricated, no single pattern can be

representative for all kinds of structures. Research on the

mechanical behavior of SSI with various surface geome-

tries includes works by Dove and Jarrett, Wang et al., and

Wang and Jiang [12, 47, 49, 52]. Otherwise, we chose the

specimen’s height h in reference to the study given by

Wang and Gutierrez [46], in which a minimum 40Dmax is

suggested for h to sufficiently minimize the boundary

effect of the apparatus to the direct shear test. As the direct

shear test is normally constituted of two shear frames

vertically symmetrical with each other, each frame can be

basically equivalent to an interface shear box sheared by

the soil contained in another frame. To this extent, a

minimum 20Dmax is optical for h in the interface shear test.

A much higher value h = 0.04 m (around 51Dmax) is

chosen in this study.

The specimen is installed by filling 12,000 particles into

the test apparatus. To obtain a specimen with a relative

isotropic initial fabric, the installation scheme for granular

specimens proposed by Chareyre and Villard [6] is adopted

by simultaneously growing the size of all particles, which

are initially seeded over the apparatus’s space with the

diameter following a uniform distribution. This process

stops once the normal stress on the top wall rn reaches the
prescribed value. All grains in the specimen, whose radii

are fixed afterward, form a poly-dispersed granular system

with the gains’ diameters uniformly varying in the range

[0.374, 0.781 mm] and an average diameter of D50 ¼
0:578 mm. Then, ug is progressively vanished while

maintaining rn to obtain a series of specimens with reduced

initial void ratio of e0, wherein e ¼ Vvoid=Vsolid, as Vvoid

and Vsolid are, respectively, the total volume of the void and

solid parts in the domain of measurement. After specimens

are initialized with a certain value of e0, a constant shear

velocity vs is applied on the teeth-plate. It is noteworthy

that vs herein is sufficiently small to maintain the quasi-

static state of the granular system; namely, the total inertia

of this system is negligible, as this paper only aims to

investigate the system’s time-independent properties. The

parameters used in numerical modeling are listed in

Table 1.

2.2 Interface shear tests

The densest and loosest specimens among a series of pre-

pared specimens, listed in Table 2, are chosen to carry out

the interface shear test. In each monitoring strain state, the

shear stress rs, the shear displacement ds of the teeth-plate,

and the volumetric strain ev of the specimen are measured

as ev ¼ ht � h0ð Þ=h0, where h0 and ht are heights of the

specimen h (the distance between the top wall and the peak

of the teeth-plate), respectively, at the initial state and the

monitoring state. Evolutions of stress ratio rs=rn and ev
with respect to normalized shear displacement ds=D50 are

shown in Fig. 2.

Two specimens converge into a single final value of

rs=rn. S1 presents a stress peak and stress softening, while

S2 does not see large-scale stress softening. In terms of

volumetric evolution, S1 dilates from the beginning,

Fig. 1 Schematic diagram of the interface shear apparatus

Table 1 Parameters in the simulation

Parameters Value

kn 5.0 9 109 N/m

kt=kn 0.5

Number of particles 12,000

Particle density 2650.0 kg/m3

ug 26.57�

Particle–wall friction 41.99�
rn 1.0 9 105 N/m2

vs 2.0 9 10-3 m/min

R 0.75

Rolling resistance coefficient 0.1

Damping coefficient 0.1
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reaches the highest dilatant rate at around the stress peak,

and turns to a steady dilatancy when the stress residual

state is reached. S2 experiences a slight contractancy at the

beginning of the test and smoothly dilates afterward.

Generally, the denser specimen tends to have a higher

stress peak and a larger degree of dilatancy.

3 Velocity field and its gradient

Investigating the formation process of the localized band

should be based on the kinematic analysis of the granular

system. The means of analyzing the velocity field and

building the strain rate fieldwill be introduced in this section.

3.1 Analyzing the velocity field

The kinematic aspect of the granular system can be largely

represented by the discrete field consisting of the transla-

tional velocity on the particle centers v~p. Considering the

horizontal velocity vpx , the velocity along the shear direc-

tion, the moving average is processed to smooth the fluc-

tuation on the velocity field. As shown in Fig. 3, a thin

rectangular window is set for measuring the average

velocity ~vx of all contained particles inside it and is then

moved along the y-axis to test the value of ~vx as a function
of y, namely ~vx yð Þ.

3.2 Strain rate field

At any quasi-static state of a granular assembly, most

grains are well supported by contacts with their

neighbors. Contact branches, connecting the centers of

two contacting grains, distribute throughout the material,

forming a network, named the contact network. By the

contact network, the material area can be seamlessly

tessellated into polygonal loops, denoted as meso-loops,

enclosed by contact branches (as shown in Fig. 4). The

equivalent continuum is assumed inside meso-loops in

this study. The translational velocity field on a meso-loop

is defined in such a way that the velocity at each vertex is

equivalent to the velocity of associated grain with it, and

the velocity along the contact branch keeps linear. Based

on this velocity field, Kuhn [27, 28] derived a formula to

define the average strain rate field of meso-loops. We

exemplify this definition with a pentagon, highlighted in

red in Fig. 4 and illustrated with local geometrical and

kinematic quantities in Fig. 5. Vertices and edges are,

respectively, numbered in a clockwise order. For the

meso-loop i (i ¼ 1; 2; . . .;Nl), where Nl is the total num-

ber of meso-loops, v̂i;j denotes the relative velocity vector

on the edge j, which is equal to vi;jþ1 � vi;j (vi;j is the

velocity vector at vertex j), and bi;j denotes the outward

normal vector, the outward normal of the edge j with the

norm being equal to the length of this edge. For the meso-

loop i with s edges, the average velocity gradient tensor
�Li is expressed as below,

�Li ¼ 1

6Ai

X

j1;j22 0;1;...;sf g
Qs

j1;j2
v̂i;j1 � bi;j2 ; ð1Þ

where Ai is the area of the meso-loop i, ‘‘�’’ is the dyadic

product operator, and Qs
j1;j2

is the multiplier given

according to the number of edge s, which has been

exactly defined by Kuhn [28]. The symmetric part of �L
i

gives the average strain rate tensor for meso-loop i

_�ei ¼ 1

2
�Li þ �LiT

� �
; ð2Þ

where �LiT is the transposition of �L
i
.

Table 2 Specimens and corresponding initial void ratio

Specimens e0

S1 0.151

S2 0.179

Fig. 2 a Stress ratio rs=rn and b volumetric strain ev with respect of shear displacement ds=D50
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4 Formation of localized band

The strain localization process will be studied in this sec-

tion. The velocity field and its gradient field will be

explored in an attempt to capture the featured evolutionary

patterns in the development of strain localization and

localized band formation.

4.1 Evolution of shear velocity field

We plot the average horizontal velocity ~vx yð Þ for the dense
specimen S1 in Fig. 7, at 6 chosen strain states: ds=D50 is,

respectively, equal to 0.10, 0.50, 1.30, 2.00, 3.00 and 6.00,

as labeled in Fig. 6.

For specimen S1, ~vx yð Þ keeps in quasi-linearity at the

early stage of the test (corresponding to strain state 1 and 2

in Fig. 6) when the specimen is believed to be in the elastic

regime. ~vx yð Þ is observed to bend from the downside at

state 3, somewhere in the stress-hardening regime. It is

followed by an obvious deflection on ~vx yð Þ at state 4, a

Fig. 3 Schematic diagram of measuring ~vx by the moving average scheme. On the left is the specimen S1 at ds=D50 ¼ 0:5 with particles colored
according to the magnitude of vx. On the right is the line chart of measured ~vx as function of y (color figure online)

Fig. 4 Meso-loops enclosed by contacts represented by black

branches

Fig. 5 For the edge j in the meso-loop i, the outward normal vector

bi;j and the relative velocity vector v̂i;j

Fig. 6 For S1 stress ratio rs=rn and volumetric strain ev with respect

of shear displacement ds=D50, with 6 monitoring strain states labeled

by red points: ds=D50 ¼ 0:10, 0.50, 1.30, 2.00, 3.00, and 6.00 (color

figure online)
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state approaching the stress peak. When the nonlinearity of

~vx yð Þ develops to state 5 at the stress softening, shear

deformation concentrates on the bottom of the specimen,

that is, large-scale strain localization. At the stress steady

state (e.g., at state 6), the shear deformation almost com-

pletely localizes into the zone above the rough surface

while vanishing outside this zone. This phenomenon sig-

nals a stable pattern in the strain localization. In other

words, a steady localized band has been formed.

The average horizontal velocity ~vx yð Þ for the loose

specimen S2 is plotted in Fig. 9, at 6 chosen strain states:

ds=D50 = 0.20, 1.00, 3.40, 6.00, 7.05 and 9.75, as labeled

in Fig. 8.

In the stress-hardening phase of S2, the nonlinearity of

~vx yð Þ is observed to develop from state 1 (corresponding to

Fig. 9a) to the state 3 (Fig. 9c). At state 3, a pronounced

deflection of ~vx yð Þ occurs in the lower part of the sample

with a small drop in the stress. The strain localization seems

to evolve to its steady form from state 3 onward. However,

it is followed by a straight shaped ~vx yð Þ at state 4 (Fig. 9d).

In other words, the non-affine deformational pattern

recovers to an affine one. The nonlinearity reappears in

~vx yð Þ at state 5 (Fig. 9e) and maintains to state 6 (Fig. 9f).

It is concluded that the strong strain localization has

shaped in both S1 and S2, as the velocity field is stratified into

two phases (as illustrated in Fig. 7e): the nonlinear phase

covering the surface and the linear phase in the remaining

part of the sample. Moreover, the evolution of the velocity

field in the loose sample is quite different from in the dense

one. The nonlinear manner of ~vx yð Þ can persist to the end of
the test once it appears in the dense specimen but has been

observed to vanish and reappear in the loose specimen.

Generally, with the help of ~vx yð Þ, the velocity field of

specimens is visualized in such a simple way that its non-

affinity can be clearly manifested and easily noted. How-

ever, ~vx yð Þ only displays the profile of the specimen’s

kinematics at some individual strain states. The evolution

of the kinematic field of samples should be investigated in

more detail. A continuous and quantitative characterization

of the strain localization is required and will be solved in

the following subsection.

4.2 Development of strain localization

A new indicator a is proposed to quantitatively characterize
the degree of strain localization along the loading path. As

illustrated in Fig. 10, ~vx yð Þ can be linearly approximated

based on the boundaries’ movement so that the approxi-

mation function vlx yð Þ is equal to the boundaries’ velocity at
the depths of top and bottom boundaries: vlx 0:0ð Þ ¼ 3:33

mm/s; vlx 4:0ð Þ = 0.00 mm/s. Of note, due to the high

friction attributed to contacts between boundaries and

grains, there are ~vx 0:0ð Þ � vlx 0:0ð Þ and ~vx 4:0ð Þ � vlx 4:0ð Þ.
An error exists in this approximation due to the nonlin-

earity of ~vxðyÞ. Integrating this error over y gives the total

error:

Serr ¼
Z4:0

0:0

vlx � ~vx
�� ��dy; ð3Þ

and a is defined as the normalized error:

a ¼ Serror

Slinear
¼

R 4:0

0:0 vlx � ~vx
�� ��dy
R 4:0

0:0 v
l
xdy

: ð4Þ

A larger a corresponds to a larger error in the

approximation due to the nonlinearity of ~vx yð Þ and

therefore corresponds to a larger degree of strain

localization. It is worth mentioning that there is always

difficulty in terms of describing the strain localization

through analyzing the kinematic field of the material. Most

of literatures present scenes of displacement or strain fields

at individual strain states, which merely provide a

qualitative overview on the concentrated strain.

Otherwise, it is almost impossible to use a function to fit

the measured velocity field, as a normal function is

insufficient to contain the enrichment of presented

patterns in the strain localization of the interface shearing

(such as those shown in Figs. 7, 9). This proposed indicator

allows the strain localization to be quantified into a scatter

so that its evolution can be conveniently traced during

shearing. In Fig. 11, we plot the evolution of a during the

loading history for S1 and S2 and compare it with

evolutions of the stress and volumetric strain. We notice

that a for S2 is displayed until ds=D50 ¼ 20:0.

In dense specimen S1 (shown in Fig. 11a, b), a steadily

ascends during the stress-hardening regime. This scene

absolutely changes with a dramatic increase of a from a

characteristic point close to but before the stress peak.

Strain localization promptly develops afterward until the

stress steady state is reached, and a keeps fluctuating at a

high level, around 0.85. This result refers to the consider-

able development of nonlinearity in ~vx yð Þ from strain state

4 to 5 (shown in Fig. 7d and e, respectively).

In loose specimen S2 (Fig. 11c, d), a evolves with

violent oscillation in a chaotic pattern. Both high and low

values of a have temporarily emerged during the loading

history. Generally viewing the curve of a, we note a big

valley around in the range ds=D50 2 5:00; 7:00½ �. In this

valley, a dramatically drops from a high value (close to

8.0) to vanish at strain state 4 and transiently increases

afterward to touch the original level of a. This result is

corroborated by the characteristic transformation of ~vx yð Þ
along states 4, 5, and 6 (shown in Fig. 9c, d, and e,

respectively), that is, the transition from a highly nonlinear

562 Acta Geotechnica (2018) 13:557–573

123



curve of ~vx yð Þ to a quasi-linear one and the recovery to the

original pattern. Moreover, such an unsteady pattern in the

strain localization can also be captured after state 6, during

ds=D50 2 10:55; 13:15½ � and [14.30, 19.70], as highlighted

by transparent blue in Fig. 11d. Otherwise, after the spec-

imen reaches the stress steady state (considered as

ds=D50 [ 5:0 in S2), the dilatancy rate is found to be

notably relevant to a; a lighter strain localization, with a

lower a, basically corresponds to a higher dilatancy rate.

4.3 Evolution of shear velocity gradient

To elucidate the evolution of the spatial distribution of the

shear deformation in the granular assembly, the gradient of

the shear velocity �Li12 (i ¼ 1; 2; . . .;Nl) is plotted for S1 in

Fig. 12 and for S2 in Fig. 13, at measuring strain states

already labeled in Figs. 6 and 8. The negative value of �Li12;

colored by blue (or positive value colored by red) repre-

sents the shear deformation along (or against) the subjected

shear load of the specimen. It is noteworthy that instead of

using the shear strain rate _�ei12, which is equal to
1
2

�Li12 þ �Li21
� �

, we chose to display �Li12, the gradient of the

shear velocity in terms of the vertical direction. By doing

so, the shear deformation along different depths of the

specimen can be clearly manifested.

In the dense specimen, the deformation is more or less

homogeneous at state 1 (Fig. 12a) in the very early stage of

the test. Despite this outcome, some small-scale deforma-

tional concentrations have been found to already exist,

arranging along the shear direction, preferentially at the

bottom of the specimen. With the expansion and conju-

gation among these tiny strain concentrations, the defor-

mation appears to be discontinuous at the onset of stress

hardening, around state 2 (Fig. 12b), even though no pro-

nounced rupture exists in the material. To state 3

(Fig. 12c), several readily perceivable bands have formed:

one clearly at the bottom and two blurrily on the top and in

the middle of the sample, respectively, as marked inside the

Fig. 7 For S1 distribution of average horizontal velocity ~vx in terms of y at strain states a 1, b 2, c 3, d 4, e 5, and f 6. In (e) the linear and

nonlinear phases of ~vx(y) are marked
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ellipses in Fig. 12c. The bottom band of the strain local-

ization becomes clearer and paramount over the specimen

near the stress peak, as shown in Fig. 12d. In the following

stress-softening regime, the strain acceleratingly localizes

into the downside of the specimen. A notable localized

band promptly shapes above the rough surface, as the shear

deformation sufficiently concentrates inside the localized

band and almost vanishes outside it. Meanwhile, the pos-

itive value of �Li12, which is in red, is observed somewhere

outside the localized band, referring to the unloading of the

material.

At state 1 (Fig. 13a) of the loose specimen, there is a

generally homogeneous order in the distribution of �Li12,

accompanied by many trivial local failures (or small-scale

strain localizations) diffusing over the specimen. The

unloading of the material is noted in areas (of red) along-

side these failures. We call this pattern hereafter the diffuse

failure mode. It is noteworthy that when also believed to be

generally homogeneous, the diffuse failure mode involves

local strain localizations on a larger degree and scale than

those beheld at state 1 of S1 (referring to Fig. 13a).

Between strain states 2 and 3 (Fig. 13b, c), the specimen

experiences a gradual strain localization into the sample’s

Fig. 9 For S2 distribution of average horizontal velocity ~vx in terms of y at strain states a 1, b 2, c 3, d 4, e 5, and f 6

Fig. 8 For S2 stress ratio rs=rn and volumetric strain ev with respect

of shear displacement ds=D50, with 6 monitoring strain states labeled

by red points: ds=D50 ¼ 0:20, 1.00, 3.40, 6.00, 7.05, and 9.75 (color

figure online)
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bottom and an unload of the material elsewhere. This

failure mode is designated as the localized failure mode. At

state 4, as previewed in the velocity field (referring to

Fig. 9d), the velocity gradient field displays a scene remi-

niscent of that presented in state 1. Failures resume diffu-

sion in the material after shortly being localized. However,

this pattern still cannot be sustainable. Diffuse failures

disappear afterward and turn into an increasingly localized

failure, as shown in Fig. 13e and f for state 5 and state 6,

respectively. This is similar to what has happened from

state 1 to 3, that is, the appearing and strengthening of the

localized failure from a generally homogeneous deforma-

tion with diffuse failures.

4.4 Particle rotation

Particle rotation plays significant role in the formation of

the localized band [1, 3, 24, 25, 32]. The magnitude of

rotation hj j on particles is plotted at 4 respective monitor-

ing strain states in Fig. 14 for S1 and in Fig. 15 for S2.

Clockwise and counterclockwise rotations herein are not

distinguished.

The spatial distribution of hj j follows the way �Li12
evolves in both specimens, as the particle rotation con-

centrates in the area in which the shear deformation

localizes. There is a pronounced association between par-

ticle rotation and strain localization. In S1, hj j gradually
stresses to form a distinct and continuous area with a high

level of particle rotation running through the bottom of the

specimen. In S2, hj j tends to localize from state 2 to 3,

resumes to be seemingly homogeneous at state 4, and

localizes again at state 6. Otherwise, hj j in S2 is generally

smaller and less concentrated than that in S1.

Fig. 11 With respect to shear displacement ds=D50, evolutions of a, compared with evolution of rs=rn for a S1 and c S2, and with evolutions of

ev for b S1 and d S2. Monitoring strain states referred to in Figs. 6 and 8 for S1 and S2, respectively, are also labeled in (a) and (c)

Fig. 10 In terms of y, average velocity ~vx, its linear approximation vlx
calculated from the boundary movement and the error jvlx � ~vxj
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5 Discussion

Generally, developments of ~vx yð Þ, a; and �Li12 are consistent

with each other and can be mutually supported during the

loading history of both S1 and S2. In these two specimens,

the localized band has been observed to be shaped on the

bottom of them, featured by considerable and sufficient

strain localizations into a band-like area. In particular,

several characteristic trends were presented, which will be

discussed in the following paragraphs.

5.1 Dense specimen S1

As shown in Fig. 12a, tiny deformational concentrations

have already existed at the fairly small strain, especially in

the soil downside the specimen, indicating that the defor-

mation was structured even from the very early stage of the

shearing. With the progress of the shear deformation, these

local deformational heterogeneities in the small scale grow,

elongate, and conjugate with each other afterward, leading

to an escalating degree of strain localization. This result is

also reflected in Fig. 11a by a jolting upward trend of a in

elastic and stress-hardening regimes. Near the end of the

stress hardening, the deformation has been sufficiently

localized into several band-shaped areas. This is followed

by a characteristic moment, prior to the stress peak, with an

abrupt uprising of a, when the strain largely localizes at the

bottom of the specimen and vanishes elsewhere. During the

subsequent stress-softening regime, a distinct pattern

appears and is promptly strengthened, along with a

mounting deformational concentration, indicating the for-

mation of the localized band, which can persist to the end

of the test.

Tiny concentrations of the shear deformation found at

the very early stage of the test are reminiscent of what was

noticed by Kuhn [28] in the drained biaxial test. In the

study, micro-bands, characterized by a higher slip defor-

mation than their vicinities, were observed to prevail over

the specimen even at a very small shear strain. These micro-

bands are composed of several particles in thickness and

tens of particles in length. The shear deformation proves to

be locally heterogeneous since it is at a very low level.

However, how the large-scale strain localization is devel-

oped from the expanding, bridging, and merging of these

local patterns should be explained in more detail.

In this study, potential bands with a high deformational

concentration were observed to emerge before the stress

peak and develop toward one steady localized band during

the stress-softening regime. This observation was also

reported by Gu et al. [16] in the numerical drained biaxial

Fig. 12 For S1, distribution of �Li12 (10�3 s�1) at strain states a 1, b 2, c 3, d 4, e 5, and f 6
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test. In fact, the formation of localized band refers to a

bifurcation from a homogeneous deformation toward a

discontinuous one [31]. A number of possible deforma-

tional patterns hold at the onset of this bifurcation, result-

ing in diversified post-bifurcation states [22]. To this

extent, the emergence of potential bands signals the arrival

of the bifurcation process and gives rise to the diverse

mechanical performance of SSI in the post-bifurcation

section.

5.2 Loose specimen S2

The spatial distribution of the shear deformation in the

loose specimen evolves in a significantly different

Fig. 13 For S2, distribution of �Li12 (10�3 s�1) at strain states a 1, b 2, c 3, d 4, e 5, and f 6

Fig. 14 Distribution of hj j for S1 at strain states a 2, b 3, c 4, and d 5. The square’s size is proportional to the magnitude of the particle rotation
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manner from that in the dense specimen, even though the

localized pattern was beheld in both of them. Failures in

localized and diffuse modes are observed to appear

alternatively during the loading history. As far as the end

of the test (ds=D50 ¼ 20:0), the granular system of S2

has not deformed into a steady localized pattern. All

experienced large-scale localized deformation can be

only temporary and variable, contrary to the localized

band in the dense specimen, which can persist to the end

of the test once it appears. For those who may argue

against the representativeness of S2’s mechanical pre-

formation, we add two complementary loose specimens

listed in Table 3, which are also installed and sheared

according to parameters listed in Table 1. Evolutions of

rs=rn, ev, and a for these two additional specimens S21

and S22 are demonstrated in Fig. 16. Similar to what is

observed for S2, these two additional specimens present

chaotic variations of a; transitions between the highly

localized pattern and the generally homogeneous one,

like those observed in S2, also exist in specimens S21

and S22, at the sections highlighted in the transparent

blue in Fig. 16b and d.

It is concluded that a steady localized band may not

arise at the large strain in the loosely assembled granular

soil subjected to the interface shearing. Considering this

case, the determined band area at a strain state will be

invalid in another state. In particular, when the granular

material undergoes the diffuse failure mode, it is

impossible to distinguish a clear zone containing suffi-

ciently localized deformation. The featured deformational

mechanism for the loose sample will be discussed in more

detail in the next subsection.

It is worth mentioning that the evolutionary localized

banding and its final pattern in SSI are appreciably con-

strained by the system’s intrinsic boundary condition. In

this study, the periodic boundary condition (PBC) is

assigned to simulate the nature of the SSI system with an

(equivalently) infinite length along the shear direction.

However, the diffuse failure mode captured in the PBC will

not appear in the conventional interface shear test with the

displacement boundary condition (DBC) on both sides, in

which two fix boundaries are configured at both side of the

sample. For the lower part of the granular assembly S at a

depth of h, as illustrated in Fig. 17, �rs hð Þ denotes the

subjected average shear stress on the top of S, �F1 hð Þ and
�F2 hð Þ are the total forces applied on the left and the right

boundaries of S, respectively, and rn;1 yð Þ and rn;2 yð Þ
denote the normal stress distributed on the left and the right

boundaries, respectively, in terms of y. Considering the

equilibrium of S along the direction of the shear load gives

�rs hð Þ � rs ¼
�F1 hð Þ � �F2 hð Þ

w
¼ 1

w

Zh

0

rn;1 yð Þ � rn;2 yð Þ
� �

dy:

ð5Þ

In case of the PBC, Newton’s third law in terms of each

interaction across the periodic boundary ensures equaling

between �F1 hð Þ and �F2 hð Þ; and vanishing of the item
�F1 hð Þ� �F2 hð Þ

w
. �rs hð Þ with PBC is therefore constant, being

equal to rs. With the DBC of fixed side boundaries, due to

the moving trend of mass toward the right boundary,

arguably, rn;2 yð Þ is larger than rn;1 yð Þ for various y. This

Fig. 15 Distribution of hj j for S2 at strain states a 2, b 3, c 4 and d 6. The square’s size is proportional to the magnitude of the particle rotation

Table 3 Two complementary loose specimens and corresponding

initial void ratios

Specimens e0

S21 0.179

S22 0.181

568 Acta Geotechnica (2018) 13:557–573

123



results in an increasing negativity of �rs � rs with the

increasing h, that is, the reduction of �rs with increasing

depth. In consequence, the shear strain can concentrate

nowhere but on the downside of the specimen. To this

extent, the interface shear test with fix side boundaries is

probably unable to produce a sensible stress and

deformational mechanisms for SSI with an equivalently

infinite length in the shear direction.

Fig. 16 With respect to shear displacement ds=D50, evolutions of rs=rn; and ev for a S21 and c S22 and evolutions of a for b S21 and d S22

Fig. 17 Subjected forces and the equilibrium of a lower part of the

granular assembly S along the shear direction

Table 4 Four complementary specimens and S1 and S2 with their

corresponding initial void ratios

Specimens e0

S1 0.151

S11 0.157

S12 0.166

S13 0.171

S14 0.175

S2 0.181
Fig. 18 Evolutions of a for S1 (dense specimen), S11, S12, S13, S14,

and S2 (loose specimen) with respect to shear displacement ds=D50
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5.3 Patterns transition between dense and loose

specimens

The strain localization presents distinct pattern in loose

specimen from that in the dense specimen. Why the pattern

differs according to the initial void ratio remains not

answered. Finding transitional patterns between these two

distinct ones might shed light on understanding the

underlying mechanism. Four complementary specimens

with intermediate initial void ratios between the dense and

loose specimens (listed and labeled in Table 4) are pre-

pared and loaded according to parameters listed in Table 1.

Evolutions of a for four additional specimens (S11, S12,

S13, and S14) and S1 and S2 are shown in Fig. 18. We also

statistically account final values of a (7:5� ds=D50 � 20)

for all specimens in Fig. 19, in which for each specimen a

bar represents the statistical estimation of a for its standard

deviation (upper and lower bonds), median (middle line),

and mean value (red cross).

Generally, a denser specimen tends to reach a higher

level of a (with an increasing median and mean value), and

a looser specimen tends to display a more unstable and

fluctuating a (with a higher standard deviation). Strain

localizations in first four specimens (S1, S11, S12, and

S13) escalate during ds=D50 = [0.0, 5.0] to high levels and

fluctuate around them thereafter, whereas loose specimens

S14 and S2 present more chaotic paths of a, which abruptly

alternate between high and lower values. A critical sign is

captured in Fig. 18 in S13 (a center-loose specimen) as

strong vibration occurs after peak, indicating that the

specimen seems unable to maintain the high level of a.
This is shown more conspicuously in Fig. 19 that the

standard deviation prominently grows from S12 to S13.

Two looser specimens than S13 are dominated by too

strong vibrations (with large standard deviations) to see

any clear pattern.

The chaotic strain localization path proves to be a

common behavior of loosely packed granular soil. The soil

initialized with lower density is less competent to maintain

a high level of strain localization. A reasonable explanation

is that due to the low density and weak force-chains in

loose soil, the granular system outside localized band is not

stable enough to maintain its long-term intactness under the

load and disturbance transmitted from the localized band

area. When divergence also occurs in the outside localized

band area, the global situation for a high degree of strain

localization loses. This is then followed by a less localized

pattern, with which the potential energy cumulates in the

whole material, waiting for the next term of localized

banding.

5.4 Volumetric evolution versus strain localization

Figure 11d shows that after the stress steady state is reached

in S2 (more or less at ds=D50 ¼ 5:0), the strain localization

is highly related to the dilatancy of the material. Evolutions

of the global volumetric strain rate _ev and a of S2 are plotted

in Fig. 20, showing a generally reverse trend between them.

A lower degree of the strain localization corresponds to a

higher dilatancy rate during the stress steady state. This

result is supported by a highly negative correlation between

_ev and a, measured by Pearson coefficient r (r = - 0.717,

as shown in Fig. 21b). The Pearson coefficient r, ranged in

[-1.0, 1.0], and its confident interval (CI) are given by the

Pearson test to evaluate the linear correlation between two

variables [33]. Reducing r from 1, through 0, to -1 refers to

changing from the perfectly positive correlation, to no cor-

relation, to the perfectly negative correlation. S1 also weakly

exhibits this trend during the stress steady state, with

r = -0.577 (Fig. 21a).

Previous research has reported that in a well-developed

localized band, a singular and constant material fabric is

developed with characteristic micro- and meso-structures

[14, 57, 58], leading to a constant volume and shear

strength of the material. Thus, there must finally be

dynamical equilibrium between the local contractancy and

local dilatancy inside the localized band, which has well

developed during the stress steady state. The global volu-

metric evolution during the stress steady state, to this

extent, turns to attribute to the shear-dilatancy nature of the

Fig. 19 Statistical quantities of a during 7:5� ds=D50 � 20 for S1,

S11, S12, S13, S14, and S2: standard deviation (upper and lower

bonds), median (middle line), and mean value (red cross) (color

figure online)

Fig. 20 _ev and a with respect to ds=D50 in S2 during

ds=D50 2 5:0; 20:0½ �
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material outside the localized band. A degradation of the

strain localization, corresponding to an increasing shear

strain imposed on the outside localized band area, will lead

to a higher dilatancy rate of the soil. This is likely the

reason why there is a negative correlation between the

degree of the strain localization and the dilatancy rate.

5.5 Shear strength versus strain localization

During the stress steady state of S1 and S2, a almost

reverses the ways the stress evolves, as the stress softening

(or hardening) corresponds to the increasingly (or

decreasingly) localized deformation. The correlation

between rs=rn and a is evaluated through the Pearson

correlation r for S1 and S2 (shown in Fig. 22). Remarkably

high correlations are found between them in both

specimens.

In essence, strain localization basically refers to the

material’s failure. The strongly localized deformation can

cause significant damage on the preexisted force-bearing

structures, the force-chains (column-like clusters of parti-

cles, which carry a major part of the external loading), thus

leading to stress softening. Of note, the particles’ rotation

has been identified as a fundamental pattern in the move-

ment and buckling of the force-chain network [25, 39]. As

Sect. 4.4 revealed, strain localization also induces the

localization of the particle rotation. Force-chains buckling

and stress softening will naturally follow.

6 Conclusions

The development of strain localization and the strain

localization process has been studied in densely and

loosely packed granular soil subjected to interface shear-

ing. By analyzing the kinematical field in specimens, how

the strain localization evolves and how this evolution is

related to the mechanical shearing responses of SSI have

been explored on the basis of DEM simulation. Based on

the velocity field given by grains’ translational and

Fig. 21 _ev versus a a for S1 during ds=D50 2 6:0; 20:0½ � and b for S2 during ds=D50 2 5:0; 20:0½ �. Pearson correlation r and its confidence

interval CI with 95% confidence level

Fig. 22 rs=rn versus a a for S1 during ds=D50 2 6:0; 20:0½ � and b for S2 during ds=D50 2 5:0; 20:0½ �. Pearson correlation r and its 95%

confidence interval (CI)
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rotational velocities, several kinematic quantities are tested

at the monitoring strain states of both specimens. They are

the average shear velocity ~vx yð Þ, the gradient of the shear

velocity �Li12, and the spatial distribution of particle rotation

hj j. By measuring the nonlinearity of ~vx yð Þ, an indicator a
is proposed to quantify the degree of the strain localization

along the loading path. Main conclusions are summarized

as follows:

1. According to ~vx yð Þ in dense and loose specimens, the

velocity field at strain states with a strong strain

localization has structurized into two phases: the

nonlinear phase covering the rough surface and the

linear phase in the remaining part. The linear phase

vanishes after the localized deformation has been

sufficiently developed. The SSI system then can be

essentially seen as the combination of the rough surface

and the soil nearbywith a highly nonlinear velocity field.

2. For the dense specimen, tiny deformational concentra-

tions have been observed at the very early stage of the

shearing. The level of strain localization steadily ascends

during the stress-hardening regime. To a strain state prior

to the stress peak, shear deformation has largely concen-

trated at several areas, preferentially at the specimen’s

bottom. During the stress-softening phase, one of the

former shear concentrated areas becomes dominant,

while the remainders gradually disappear. For the loose

specimen, there is a chaotic evolution to strain localiza-

tion. According to the evolution of a and �Li12, a steady

localized band has not arisen at the large strain, as the

deformation pattern transforms between localized and

diffused failure modes.

3. During the stress steady state, the degree of strain

localization is highly associated with the strength and

dilatancy of SSI. Besides, hj j is found to stress at the

concentrated area of the deformation, thus exhibiting a

remarkably spatial association with the strain local-

ization. The strongly localized deformation, accompa-

nied by the high level of the particle rotation, will

cause significant damage to the force-chains system

and, subsequently, the stress softening.
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