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Abstract This study investigates a simple constitutive
model based on the critical state framework and bounding
surface (BS) plasticity that is suitable for reconstituted
clays over a wide range of overconsolidation ratios under
monotonic loading. For heavily overconsolidated (OC)
clays, rather than using the conventional Hvorslev line, an
empirical surface is introduced into the model formulation
based on two image points on the BS. The peak strength
and the dilatancy of heavily OC clays can thus be predicted
satisfactorily. Comparisons with triaxial test data show that
the model well captures the peak strength and the dilatancy
of heavily OC clays under monotonic loading.

Keywords Clay - Constitutive model - Critical state -
Overconsolidated - Peak strength

1 Introduction

Realistic models of the mechanical behavior of soils with
reasonable material inputs are essential in the application
of numerical methods for solving geotechnical problems.
Most of the existing constitutive models for clays are based
on the critical state framework [1]. Although the modified
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Cam clay (MCC) model [2] performs satisfactorily for
normally consolidated (NC) and lightly overconsolidated
(OC) clays [3, 4], it suffers from a major limitation in that
the strength is largely overestimated on the dry side.
Significant research efforts have been made to improve
the accuracy of the MCC model on the dry side. On the one
hand, comprehensive models with rigorous mathematical
derivations consistent with the plasticity theory are avail-
able in the literature for analyzing the behavior of heavily
OC clays and soils under cyclic loading, e.g., the kinematic
hardening models with two or more surfaces [5, 6], the
bubble models with kinematic yield surfaces within the
outer surface [7, 8], the shear sliding-compression double-
yield-surface model [9], the bounding surface (BS)-based
anisotropic hardening MIT-E3 model [10], the elegant
thermomechanics-based model capable of constructing a
family of models [11]. On the other hand, experiment-based
empirical expressions for the peak strength of heavily OC
are widely used. Hvorslev [12] found through experiments
that a straight line satisfactorily approximated the peak
strength for heavily OC soils, which was used by Atkinson
and Bransby [13] in an elasto-plastic model and Yao et al.
[14] in a subloading model on the dry side. However, a
straight line such as the Hvorslev line to represent the peak
strength of unbonded heavily OC clays is intrinsically
unsafe at certain conditions [15]. Therefore, a revised
parabolic Hvorslev curve was proposed by Yao et al. [16]
for highly OC clays. A comprehensive evaluation of the
performance of four common constitutive models for
remolded clays was presented by Bryson and Salehian [17].
The objectives of this study are to derive an empirical
experiment-based surface and to incorporate the derived
surface into a simple monotonic constitutive model to
capture the behavior of heavily OC clays. The peak
strength-state parameter relation proposed by Atkinson
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[15] based on extensive experimental data is formulated in
the effective stress space to give a reference surface gov-
erning the peak strength of heavily OC clays. Rather than
using the straight Hvorslev line, this reference surface is
incorporated into the model formulation. In this manner,
the peak strength of heavily OC clays can be satisfactorily
represented while the simplicity of the MCC model is
retained.

2 Constitutive relation
2.1 The incremental theory of elasto-plasticity

The widely accepted incremental form of the stress—strain
relation under monotonic loading following Potts and
Zdravkovic [18] is

{do'} = 4 [D] = [De]{%}{%} - {de} (1)

e food onfah

where {d¢’} and {de} are the effective stress increment
vector and the total strain increment vector, respectively.
The prime (") denotes ‘effective’. [D¢] is the elastic stiff-
ness matrix, {0F/0¢’} and {OP/0c¢’} are, respectively, the
outward directions of the yield surface (or the BS in the
current study) F and the plastic potential P.

The model is formulated in the triaxial space (¢, ¢, v),
where p’ and q are, respectively, the mean effective stress
and the deviatoric stress. v is the specific volume. The
conventional definitions of {p’, ¢} and the strains {s,, ¢,}
will be used [1], where ¢, and ¢, are the volumetric and
deviatoric strains, respectively.

2.2 Bounding surface, flow rule and hardening rule
A generalized form of the yield surface in the MCC model

is used to describe the BS in the model as show in Eq. (1)
and Fig. 1.
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(2b)

Dry side : F =

where M is the slope of the critical state line (CSL) in the
p' — g space, p, is the intercept of the BS with the p’ axis,
termed the pre-consolidated pressure. R, is a material
parameter for determining the mean effective stress at the
critical state p,, such that p,, = 2p'/(2 + R,,).
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To maintain the simplicity of the proposed model, the
associated flow rule is used. Hence {0F/0¢’} = {OP/0¢’}.
{OF/0c’} is evaluated at the first image point By (p'y,q; ),
which is the intersection of the BS with a straight line
connecting the origin of the stress space O and the current
stress point A(p’, g) as shown in Fig. 1. The overbar in
(P, ;) indicates that the coordinates lie on the BS as will
be used throughout this paper. The volumetric hardening
rule as the MCC model is adopted, i.e., dp. / Pl =
vde? /(4 — ), where  and  are, respectively, the slopes of
the isotropic normal compression line and the swelling line
in the v — In p’ space, and &) is the plastic volumetric
strain.

2.3 Peak strength of heavily OC clays

Generally, NC and lightly OC clays will compress or tend
to compress under shearing. The peak stress will not occur
before reaching the critical state under monotonic loading
[1, 19]. Heavily OC clays, however, will dilate and soften
during drained shearing. Thus, the strength will reach a
peak before decreasing to the critical state. For unbonded
soils, a curve is required to represent the peak strength
from p’ = 0 to the critical state in the p’ — ¢ space [15].
Therefore, a reference surface, which is derived from the
empirical criterion proposed by Atkinson [15] based on
extensive experimental data, is incorporated in the current
model to capture the peak strength of heavily OC clays
under monotonic loading as shown in Eq. 3 (see ‘Ap-
pendix’ section)

9 _ Per
_1+ﬁln<p,> (3)

Mp’

where [ is the peak strength parameter. If f = 1, Eq. (3)
gives the dry-side yield surface of the original Cam clay
model [1]. Thus, the reference surface is not a stationary
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Fig. 1 BS and image points
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surface in the stress space but will expand or contract with
the BS according to the accumulated plastic strain.

2.4 Plastic modulus

The plastic modulus H used in the elasto-plastic stiffness
matrix is defined as

H = (H, — w¢H,) (1 + 9535; 5) (4)
where H1 and H2 are the plastic moduli, respectively, cal-
culated following the conventional elasto-plasticity theory
when A(p/, g) coincides with By (p/;,q,) and B2(p'5, ).
B> (p'5, G, ) is the second image point on the BS determined in
amanner similar to that for B (p';, ;) with a line connecting
O and Ay as shown in Fig. 1. A¢is the vertical projection of
A(p', ¢) on the reference surface. dg and ¢ are, respectively,
the distances from O to B (p/,,q,) and A(p’, q) as shown in
Fig. 1. y is a material parameter termed the plastic modulus

parameter. m, & and £ are state variables, defined as w =
(M2 +133) /(M + ), & = (715 — 1) /(15 — 7)) and
Q=(G+ C%)fo's. i1y, 17, and ijy are the stress ratios (de-
fined as the ratio of the deviatoric stress to the mean effective
stress), respectively, at B(p';,q,),B2(p'5,4,) and
B(p',q). B(p',q) is the vertical projection of A(p’, ¢) on the
BS. {; and {,, respectively, represent the deviations of the
mean effective stress and the deviatoric stress from the initial
loading point, which are similar to those presented by Pes-
tana and Whittle [20] as {; = max[1l — p;/p’, 1 — p//p}, and

Go= [3/2(s/p' = so/p}) « (/' —s0/pp)]"" po/ and sy are
the initial mean effective stress and the initial deviatoric
stress tensor, respectively. s is the current deviatoric stress
tensor. *:’ is the tensor scalar product.

The basic philosophy of the proposed plastic modulus is
to incorporate the reference surface to more accurately
represent the peak strength of heavily OC clays. In the
general case, before A(p/, g) reaches the reference surface,
H > 0. Thus, the shear stress will increase during further
shearing (softening can also occur when significant dilation
and contraction of the reference surface occur in undrained
shearing). If A(p/, ¢) lies on the reference surface (e.g.,
drained shearing), H = 0, and the peak stress state is
reached. After reaching the peak stress state, because of the
dilation on the dry side, the BS and the reference surface will
contract during further loading, resulting in a negative value
of the plastic modulus. Thus, the soil state enters the post-
peak zone before reaching the critical state. w ensures that
the plastic modulus will be positive before the reference
surface is reached. £ ensures the consistency condition, i.e.,

when A(p/, g) approaches B; (p},q,), H degenerates to H.

2 is introduced so that H becomes load path dependent, and
the soil behaves elastically immediately after initial loading
beneath the BS. This behavior is consistent with the Masing
effect, in which the elastic zone moves with the current
stress [4].

3 Model evaluation
3.1 Model parameters determination

Generally, the proposed model has eight material param-
eters: N, A, k, M, /', R,,, 7, B, where N is the intercept of
the CSL with the v-axis in the v — In p’ space and y’ is the
effective Poisson’s ratio. The elastic bulk modulus of the
model is evaluated the same as the MCC model. The first
five parameters are the same as those in the MCC model. M
is assumed to depend on the Lode’s angle, although the
transformed stress method is also proposed in the literature
[21]. R,, is intended to give a general shape of the BS. The
value can be determined from the triaxial, isotropic, con-
solidated undrained/drained (CIU/CID) tests on NC clays. 7y
governs the evolution of the plastic modulus and is similar
to that presented by Zienkiewicz et al. [22]. Typical values
of y fall in the range of 2-8. f§ governs the nonlinearity of
the evolution of the peak strength of heavily OC clays. It is
preferable to determine f§ from drained shearing tests since
heavily OC clays will exhibit a well-defined peak strength
in drained shearing tests [19]. In CID tests or in triaxial,
isotropic, consolidated constant p’ (CICP) tests, f§ is
determined as

CID tests : ff =

(5a)
|

M,—-M
2 Py
M1n (2+Rw ﬁ)
where M, is the measured peak stress ratio and p;p is the
pre-consolidation pressure at the peak stress state. How-
ever, p., depends on the plastic strain accumulated before
the peak stress state is reached. A first estimate of pg,
= 0.9p.o (Where p.o is the initial pre-consolidation pres-

sure) could be used, and subsequent parametric studies
would be necessary to refine the value.

CICP tests : § = (5b)

3.2 Simulation of CIU tests

The CIU test on the heavily OC kaolin clay is simulated,
and the comparisons with the test data presented by Ban-
erjee and Stipho [23, 24] are made. The CIU compression
(CIUC) test for NC clay was used to determine R,,. y was
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Table 1 Summary of model parameters used in proposed model

Clay type N Vo A K M w R, Y p
Kaolin clay [23, 24] - 1.95 0.14 0.05 1.05-compression 0.20 3.6 4 0.60
0.85-extension
Fujinomori clay [25] 2.24 - 0.09 0.02 1.36-compression 0.20 2.0 2 0.18
1.0-extension
04 ° 0.12
Compression Normalized stress-strain relation o Compression Normalized excess pore pressure-strain relation
E]
g 03 AV OCR=5 ® 008
aQ S
T O OCR=8 § o 0CReS
$ 02 OCR=12 = A yy =
S > o -7 4
] % Predicted OCR=8
Q =
5 0.1 O OCR=12 Test-Compression . 03) OCR '12
ke O OCR=8 Test-Compression Predicted c ~0.08 IS O OCR=12 Test-Compression
g 0 V  OCR=5 Test-Compression o ¢ OCR=8 Test-Compression
o O OCR=10 Test-Extension 3 v A OCR=5 Test-Compr§SSIOn
8 % OCR=6 Test-Extension Predicted g -0.12 v O OCR=10 Test-Extension
T -01 o v V OCR=6 Test-Extension
£ 3 vA
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z _ ©® -0.18 . OCR=6
-0.2 OCR=10 g Predicted OCR=10
Extension " * OCR=6 (Z) Extension
-0.3 -0.24
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Fig. 2 Comparison of measured and predicted results for stress—
strain relation in CIU test

evaluated by fitting the effective stress path for OCR = 1.2
[23].  was determined by fitting the overall stress—strain
data from the CIUC test for OCR = 12. The remaining
parameters were obtained from the original study and are
summarized in Table 1, where v, is the initial specific
volume. As can be seen from Fig. 2, the predicted nor-
malized stress—strain curves are consistent with the test
data. In the CIUC tests, the model accurately predicts both
the strength and the stiffness at all OCRs, although the
slight softening exhibited at OCR = 8 and 12 is not pre-
dicted. In the CIU extension (CIUE) tests, the model pre-
dictions are generally consistent with the test results for
both the stiffness and the strength.

Figure 3 shows a comparison of the predicted nor-
malized excess pore water pressure with the test data. In
the CIUC tests, the results are consistent. The excess
pore water pressure decreased significantly at larger
strains during tests because of the dilation. This behavior
is accurately predicted by the proposed model. In the
CIUE tests, the predicted dilatancy in the initial loading
for both OCRs is less than that of the test results. At
larger axial strains, the predicted dilatancy is reasonably
consistent.

@ Springer

Axial strain e (%)

Fig. 3 Comparison of excess pore pressure in CIU test

3.3 Simulation of CICP tests

The CICP test on the Fujinomori clay is simulated, and the
comparisons with the test data published by Nakai and
Hinokio [25] are made. R,, was determined from the test on
NC clay. y was determined by fitting the stress—strain data of
the CICP compression test for OCR = 2, and f§ was evalu-
ated from the CICP compression test data for OCR = 8 and
Eq. (5). The remaining parameters were obtained from the
original study and are summarized in Table 1. Figure 4
shows a comparison of the model predictions with the test
data for the CICP compression test. Because the test results
for OCR = 8 and 2 were used to calibrate the model, it is
expected that the predicted stress—strain relations would be
close. For the test with OCR = 4, the predicted values of the
peak strength are slightly higher than the experimental val-
ues. For the test on NC clay, the model degenerates to the
MCC model, and the results are consistent. For the volu-
metric behavior, the predictions for OCR =1 and 2 are
reasonably consistent with the test data. For the tests with
OCR = 4 and 8, the predicted dilatancy at the early stage of
loading is slightly lower than the actual results.

A comparison of the model predictions with the test data
in the CICP extension test is shown in Fig. 5. For the
stress—strain relations, the results are consistent for both the
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Fig. 4 Comparison of measured and predicted results for CICP
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Fig. 5 Comparison of measured and predicted results for CICP
extension test

stiffness and the peak strength, although the predicted
values of the peak strength for OCR = 8 are slightly lower
than the test values. Similar to the CICP compression test,
the predicted results for the volumetric behavior for
OCR = 1 and 2 are satisfactory, but the predicted dilatancy
for OCR = 4 and 8§ at the early stage of loading is lower.

4 Conclusion

The MCC model provides a rational framework for
understanding the soil behavior. The proposed model
improves the predictions on the dry side by employing a
load path dependent plastic modulus and an empirically

determined reference surface. Comparisons of model pre-
dictions with triaxial test data of different kinds of clays
under undrained and drained conditions were made. The
predicted results for the peak strength and the volumetric
behavior of the clays over a wide range of OCRs under
monotonic loading are consistent with the test data, which
justify the proposed reference surface and the plastic
modulus; however, the associated flow rule used by the
current model neglects the impact of the soil density on the
dilatancy of clays. Hence the model needs to be refined in
order to improve the dilatancy prediction and to further
consider cyclic loading.
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Appendix

Atkinson [15] proposed a criterion for the peak strength of
heavily overconsolidated clays as follows:

9 _,, b
Mp' A—K

Sa (6)

where &, is the state parameter measuring the vertical
distance between the current stress point A(v, p’) and the
CSL in the v — Inp’ space. f§ is the peak strength
parameter. From Fig. 6, the following equation holds:

ﬁdFv,cMn</"—/—v) (7)

.., D P

1kPa P’ In p’

Fig. 6 Stress state in v — In p’ space
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where I’ is the intercept of the CSL with the v-axis in the
v — In p’ space. v, is the intercept of a line, which passes
through A(v, p’) and parallels with the CSL, with the v-axis
in the v — In p’ space. p;.u is the mean effective stress on
the CSL at the current specific volume v, and is determined
through:

v="T—2Alnp,, (3)

Substituting Eq. (7) into (6) yields
q Ao (P
=14+ f—"In( L=
Mp' +ﬁl—'<n< 4 > ®)

v can also be specified through the isotropic normal
compression line (NCL) as follows:

v=N—Zilnp) (10)

where N is the intercept of the CSL with the v-axis in the
v — In p’ space. p,’ is the equivalent pressure, the effective
pressure on the NCL at v. Combining Eq. (8) with (10)
gives

I—-N
lnp’”vv:T—Flnp; (11)
From Fig. 6, the following equation holds:
/ /
Kln(;f) = »ln<p—z>
Combining Eq. (11) with (12) yields
ny I'—-N n A—K
pcr_v - /1 l
Substituting Eq. (13) into Eq. (9) yields

9 4, P Pe
=l N)+ﬁ1n(p,>

(12)

(13)

K
Inp.. —i—zlnp’

(14)

(I' — N) can be determined from the relation of the pre-
consolidation pressure and the critical state pressure, and is
shown as follows:

2+R,
1
_ (15)
Substituting Eq. (15) into Eq. (14) and noticing
pe’ = 2p'1(2 + R,) yields Eq. (3) in the main text.

I'-N=(k—21)In
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