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Abstract A constitutive model is proposed for clays

based on the experimental observations from a series of

flexible boundary true triaxial shear tests on cubical spe-

cimens of light to heavily overconsolidated kaolin clay.

The proposed model adequately captures the combined

effect of overconsolidation and intermediate principal

stress. Overconsolidated clays often exhibit nonlinear

stress–strain response at much lower stress levels than what

is predicted by the existing constitutive theories/models.

Experimental results for kaolin clay demonstrated sudden

failure response before reaching the critical state, which

became more prominent for higher relative magnitudes of

intermediate principal stress. The observed stress state at

failure is governed by the third invariant of stress tensor

and the pre-failure yielding of the material by the second

invariant of deviatoric stress tensor. The proposed consti-

tutive model considers these issues with a few simplifying

assumptions. The assumed yield surface has a droplet

shape in q–p0 stress space with hardening based on both

plastic volumetric and shear deformations. A dynamic

failure criterion is employed in the current formulation that

grows in size as a function of consolidation history. Pre-

failure yielding is governed by a reference surface, which

is different from the failure surface.

Keywords Clays � Constitutive model � Failure criteria �
Overconsolidated � Strain hardening � Sudden failure

response � Yield surface

List of symbols

b Intermediate principal stress ratio

Cf Failure surface parameters

Fp, Fq Total plastic flow equivalent for volumetric

strain, shear strain

I3, I3f Third invariant of stress tensor, at failure

nf Hardening parameter

ng Plastic potential parameter

H Plastic hardening modulus

hq Shear hardening factor

OCR Overconsolidation ratio

p0 Mean effective stress

po
0 Pre-consolidation pressure

q, qf Deviatoric stress in invariant form, at failure

Du, Duf Excess pore-pressure, at failure

v Specific volume (1 ? void ratio)

x, y Cartesian coordinates on octahedral plane

m Poisson’s ratio

j Slope of unloading–reloading line [in v - log

(p0) plane]
k Slope of virgin consolidation line [in v - log

(p0) plane]
n Shear stress mapping function

w Asymptoting factor for failure

eij Strain state

rij0 Effective stress state

r1, r2, r3 Major, intermediate and minor principal stress
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1 Introduction

Engineering applications demand material constitutive

models with the virtue of simple formulation, minimum

number of parameters, simple experiments for calibration

and some physical meaning of the state variables. Over the

last few decades, several constitutive theories related to

soils have been formulated considering different aspects of

the observed soil behavior [4, 6, 14, 15, 20, 29, 31, 39].

These studies recognize that soils show highly nonlinear

stress–strain response and the nonlinearity begins at small

strains itself [8]. The past history of both volumetric and

distortional deformations leaves their impression in the

memory of clay and governs the behavior when the ma-

terial is subjected to further loading [1, 16, 17, 43]. In many

cases, clay specimens during laboratory testing show sud-

den failure before reaching the critical state. Onset of in-

stability within deforming specimen during shear test could

be a possible reason for such premature failure [22, 35, 37].

The stress-induced anisotropy is another aspect, which has

significant influence on the soil’s shear behavior.

Prashant and Penumadu [26, 27] performed a series of

true triaxial tests on cubical specimens of lightly to heavily

overconsolidated kaolin clay and quantified the effects of

intermediate principal stress and overconsolidation on the

shear stress–strain behavior of clay. The cubical clay spe-

cimens were prepared through one-dimensional con-

solidation of kaolin clay slurry at 207 kPa in a plexi-glass

consolidometer as described by Penumadu et al. [24]. In

the current paper, the authors propose a constitutive model

for clays with due consideration to the earlier findings of

their experimental study on kaolin clay and by addressing

most of the experimental observations related to effects of

overconsolidation and true triaxial state of stress. The

formulation is based on the well-defined and widely ac-

cepted concept of the elasto-plasticity theory. The proposed

model considers a balance between the simplicity of for-

mulation and accuracy of results to predict response of

clay-type geomaterials as continuum. It is assumed that the

loading is monotonic and that large stress reversals in-

cluding sudden directional changes in stress path are not

involved. Temperature and time effects are assumed to be

absent.

Basic concept of the proposed model has been devel-

oped over the assumptions of Cam-clay elasto-plasticity

[30]. The volumetric hardening employed in Cam-clay

plasticity has been also used in the current model as a part

of the hardening rule along with an uncoupled shear

hardening of clay [36]. A non-associative flow rule (dif-

ferent yield and plastic potential functions) is used to de-

scribe the clay behavior, which is considered more

appropriate choice for geomaterials [9, 14, 21, 23]. The

model proposed in this paper has two components. The first

component considers the behavior of normally con-

solidated (NC) and overconsolidated (OC) clay in triaxial

compression plane. The issues related to highly nonlinear

stress–strain relationship for OC clay soil, sudden failure

response and dual hardening are addressed in this part of

the formulation. The second component incorporates the

effect of intermediate principal stress by defining the fail-

ure surface as a function of third invariant of stress tensor

in the octahedral plane.

The proposed model requires merely two standard

laboratory tests (consolidation test and triaxial compression

test) to determine all the six parameters involved with its

calibration. The procedure of model calibration has been

demonstrated by using the data for kaolin clay. The ability

to precisely capture the complex mechanical behavior of

clay soil using the proposed model has been illustrated by

evaluating its predictions with the experimental data based

on a series of true triaxial undrained shear tests on kaolin

clay.

In summary, the contributions of this paper relate to the

development of a constitutive model for clays subjected to

generalized loading based on the observations from an

extensive experimental study using a flexible boundary true

triaxial testing system. The model incorporates several

complex issues related to clay behavior such as deviatoric

hardening, combined effect of intermediate principal stress

and overconsolidation on nonlinear stress–strain response,

shear strength with sudden failure response and dila-

tive/contractive behavior of clay during shearing.

2 Framework of the proposed model in triaxial

compression plane

The model formulation in q–p0 space is discussed in this

section, where q is deviatoric stress and p0 is mean effective

stress. The corresponding shear and volumetric strains are

denoted by deq and dep. These terms can be defined as

functions of the effective stress state rij0 and the strain state

eij, as shown in Eqs. (1) and (2).

p0 ¼ r0ii
3
; q ¼

ffiffiffiffiffiffiffiffiffiffiffiffi

3

2
sijsij

r

; where sij ¼ r0ij �
r0kk
3

dij ð1Þ

ep ¼ eii; eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffi

2

3
e0ije

0
ij

r

; where e0ij ¼ eij �
ekk
3
dij ð2Þ

Here, Kronecker delta dij = 1 for i = j, and dij = 0 for

i = j.

2.1 Modeling elastic behavior

The proposed model adopts pressure-dependent elasticity

of Cam-clay theory [32]. Although this elastic model does
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not confirm to conservation of energy [44], it is considered

here for merely its simplicity and for the fact that it is

applied in many other popular models. This model con-

siders elastic components of the volumetric and shear de-

formations to be uncoupled from each other and

independently relates to the changes in p0 and q, respec-

tively. It requires two elastic parameters, slope of the un-

load–reload curve in v - ln (p0) space during isotropic

compression j and the Poisson’s ratio m. Here,

v ¼ 1þ void ratioð Þ is known as specific volume of soil.

The Young’s modulus E0 is defined in Eq. (3), which

provides the relationship between incremental elastic strain

deij
e and stress drij given in Eq. (4).

E0 ¼ 3 1� 2mð Þvp0

j
ð3Þ

deeij ¼
j

3 1� 2mð Þvp0 1þ mð Þdrij � mdijdrkk
� �

ð4Þ

2.2 Yield surface

In the elasto-plasticity theory, normally consolidated clay

is assumed to have its stress state on the yield surface and

that it experiences plastic deformations with growing yield

surface when subjected to further loading. Overcon-

solidated stress state remains inside the yield surface and

any change in stress state causes purely elastic deformation

unless the new stress state reaches a point on the initial

yield surface. Using the data from a series of true triaxial

tests on kaolin clay, Prashant and Penumadu [27] reported

shape and size of the initial yield surface in q–p0 space. The
proposed expression looked similar to the equation of yield

surface in original Cam-clay model [31], but it was dif-

ferent in terms of its shape in q–p0 space. The teardrop

shape of yield surface had its end point at p0 = 0 instead of

that at the pre-consolidation stress in original Cam-clay

model. It is in fact similar to the one suggested by Lade

[13] based on the plastic work contour calculations. Sultan

et al. [33] also observed similar shape of yield surface for

Boom clay. The present model assumes similar shape of

the yield surface which is described using the yield func-

tion f given by Eq. (5).

f ¼ q

qo

� �2

þ p0

p0o

� �2

ln
p0

p0o

� �

¼ 0 ð5Þ

Here, po
0 is pre-consolidation pressure representing

isotropic consolidation history of clay, and qo is another

state variable defining the size of yield surface along

deviatoric stress axis, which captures the shearing history

of clay. Hence, the variable po
0 accounts for the volumetric

component, and qo represents the distortional counterpart

of the permanent deformation history of a soil mass. Both

po
0 and qo together define the hardening behavior of clay

and, in essence, reflect the present state of the soil

structure. The variable qo plays a role in this model

along the lines of kinematic hardening often used in some

of the earlier models [3, 5, 21, 29, 34]. However, in the

present model, qo has been kept uncoupled from po
0 to keep

the formulation simple, and the yield surface always

remains symmetric about the hydrostatic axis. Figure 1

illustrates growth of the yield surface with change in the

values of hardening variables po
0 and qo. Figure 1a shows

the yield surface for three values of po
0 = 150, 200 and

250 kPa and constant qo at 300 kPa, and Fig. 1b shows it

for three values of qo = 150, 200 and 250 kPa by keeping
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Fig. 1 Shape of yield surface in q–p0 stress space, a growth of yield

surface with change in consolidation history po
0, and b growth of yield

surface with change in state variable qo, c normalized yield surface
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po
0 constant at 250 kPa. These surfaces are self-similar, and

their sizes have linear relationship with po
0 and qo.

Therefore, the yield surface can be, in fact, normalized

by po
0 and qo along the respective axes, which brings out a

constant yield surface in the normalized stress space shown

in Fig. 1c. The deviatoric peak of the yield surface occurs

at p0
�

p0o ¼
ffiffiffiffiffiffiffi

1=e
p

¼ 0:60653 and q=qo ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1= 2eð Þ
p

¼
0:42888. Similar to how the past literature treated the

variable po
0, this study introduces a deviatoric peak value

on yield surface using the variable qo. In the proposed

model, the variable qo is a constant multiple (&1/

0.42888 = 2.332 times) of the peak deviatoric stress on

yield surface. One can alternatively define qo to be same as

the peak deviatoric stress on yield surface. In that case, a

constant term (&2.3322 = 5.437) will be multiplied in the

second term of the yield function to satisfy the equation.

However, such a change adds no value to the formation

after calibration of initial value of qo. Hence, the yield

function is kept simple in the proposed model although qo
is a constant multiple of the peak deviatoric stress on yield

surface.

2.3 Failure surface

Mayne [18], and Mayne and Swanson [19] summarized the

undrained shear strength of different clays reported in lit-

erature. They showed that the normalized strength (Su/rvo0)
is a function of overconsolidation ratio (OCR) for most of

the clays, which was originally identified by Ladd and Foott

[10]. Further, Roscoe et al. [31] suggested that the shear

strength is uniquely related to void ratio and that, at any

stress state, the void ratio can be represented using the mean

effective stress, pre-consolidation stress and the compress-

ibility parameters of soil. Based on the above findings, one

can easily derive an expression of failure surface in q–p0

space as a function of pre-consolidation pressure [27],

which implicitly incorporates the effect of void ratio. The

model developed in the present study uses a similar failure

surface in triaxial plane (represented by q–p0 space), which
describes deviatoric stress at failure qf by Eq. (6).

qf ¼ Cfp
0 p0o

p0

� �Ko

ð6Þ

Two scalar parameters Cf and Ko are used to define the

failure surface, which depend only on the type of clay soil.

The parameter Ko (=1 - j/k) essentially depends on the

slopes of unload–reload line j and normal consolidation

line k in v� ln p0ð Þ space during isotropic compression.

Figure 2 shows the shape and size of a typical failure

surface in comparison with a typical initial yield surface. It

is worth noticing here that the failure surface is a function

of pre-consolidation pressure po
0, and it grows linearly in

size with increase in po
0 value and terminates at po

0 along
the p0 axis. This assumption may not hold true for an

extremely large stress range as indicated in [2].

The Modified Cam-Clay (MCC) model [30] assumes

critical state at the mean stress ratio p0/po
0 = 2, at which

the shear stress ratio q/p0 is defined by a soil parameter M.

If the failure surface of Eq. (6) is correlated with the MCC

model, the parameters M and Cf will have a constant re-

lationship as M ¼ 2KoCf . The current failure surface has an

advantage over the MCC model since it provides freedom

for defining p0/po
0 ratio at failure as a soil property instead

of a fixed scalar value for all soil types. This flexibility

employed in our model facilitates better predictions of

pore-pressure or volumetric strains during shearing.

Prashant and Penumadu [27, 28] observed that the kaolin

clay specimens experienced an abrupt loss of the shear
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Fig. 2 Typical shapes of yield and failure surfaces in q–p0 stress

space, plots for po’ = 250 kPa and qo = 200 kPa
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Fig. 3 Shear stress–strain relationship with sudden failure response

(undrained true triaxial shearing of NC clay specimen for b = 1)
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stiffness at failure and showed sudden failure during flex-

ible boundary true triaxial tests on remolded cubical spe-

cimens in undrained conditions (Fig. 3). The severity of the

sudden failure response varied with OCR of the specimen.

While it was relatively less significant for the case of NC

clay, the OC specimens exhibited prominent sudden failure

response at much lower shear strains. This response was

also found to depend on the relative magnitude of inter-

mediate principal stress. The failure stress state for various

stress paths could be represented using a failure criteria

based on the third invariant of stress tensor I3
(=r11 � r22 � r33) in the octahedral plane as shown in Fig. 4,
and it was applicable for all the cases of OCR values. Wang

and Lade [38] also reported similar observations related to

the failure stress state based on drained tests on Santa

Monica beach sand. The I3-based failure criteria have been

also used in several other models in the past [11–13, 41].

Considering the shape of failure surface in both triaxial

plane (Eq. 6) and octahedral plane, the following expres-

sion defines the complete failure criteria in the present

model.

I3f ¼
2

27
q3f �

1

3
q2f p

0 þ p03
� 	

ð7Þ

where hi are Macaulay brackets. They constrain the failure

surface to exist only in the positive quadrant of three-di-

mensional stress space, by which it is considered that the

frictional material will fail if one of the acting principal

stresses goes to zero [42]. This condition is based on a

widely accepted assumption of no cohesion in frictional

materials. Hence, the stable state of material (stress state

before failure condition) in three-dimensional stress space

will exist for I3[ I3f.

2.4 Hardening rule

Plastic hardening (growth) of the yield surface is defined

using two state variables po
0 and qo, as mentioned earlier in

Eq. (5). Similar to Cam-clay plasticity, the pre-consolida-

tion pressure po
0 is defined as a function of plastic

volumetric strain ep
p and it is independent of plastic shear

strains eq
p. On the contrary, the state variable qo is defined

as a function of only eq
p. Hence, the model considers un-

coupled hardening of material with respect to volumetric

and deviatoric components. In the mathematical form, the

hardening rule is given by Eqs. (8) and (9).

op0o
oepp

¼ vp0o
k� jð Þ

op0o
oepq

¼ 0 ð8Þ

oqo

oepp
¼ 0

oqo

oepq
¼ nf 1� nð Þ p02o

p0o þ qo
w ð9Þ

Here, nf is a soil constant, n a stress state mapping

function Ref. [4, 39] and w an asymptoting factor against

failure criteria. The deviatoric hardening parameter nf of a

material defines the rate at which its yield surface will grow

in deviatoric direction with increase in qo when subjected to

plastic shear deformations. It assumes that when a material

undergoes pure shear without change in volume or mean

effective stress, it may still experience hardening against

distortional deformations and the material structure may

preserve the memory of shear stress as long as the loading is

monotonic. Such a constant p0 test with no significant plastic
volumetric response can be easily observed during

undrained shearing of lightly OC clay with OCR = 2–2.5,

which shows a significant range of hardening in stress space

after initial elastic deformations. Although such a test is

ideal for calibration of deviatoric hardening parameter, it

can be also easily calibrated using data from any other test

by following the assumption of uncoupled hardening.

The experimental findings from true triaxial tests on

Kaolin clay indicated that the pre-failure stress–strain re-

sponse was almost independent of failure stress state and it

had only marginal influence of intermediate principal

stress. A new bounding surface is hypothesized, which is

likely to be reached by the stress state in absence of sudden

failure response shown by the experiments. At such a

(hypothetical) surface, the shear stiffness (tangent mod-

ulus) will reach a value of zero prior to large plastic flow.

Hence, it can be appropriately assumed that the pre-failure

stress–strain behavior is primarily mapped to a reference

surface which is of von-Mises type in octahedral plane and

follows Eq. (6) in triaxial compression plane. Typical

shapes of the reference surface and failure surface are

shown in Fig. 4. These two surfaces share a common point

at the triaxial compression state (r20 = r30), and the gap

between them increases as the relative magnitude of

Triaxial 
Compression

σ'3 σ'2

σ'1

Failure surface
I3 = constant

Reference surface
von-Mises

Increasing relative 
magnitude of σ'2

Fig. 4 Typical shapes of reference and failure surfaces in octahedral

plane
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intermediate principal stress increases toward the condition

of r20 = r10. As shown in Eq. (10), n is defined as ratio of

the shear stress at current stress state and the shear stress qf
on reference surface (Eq. 6) for the same p0 value.

n ¼ q

qf
ð10Þ

The value of n ranges from n = 0 at p0-axis to n = 1 for

q = qf. Therefore, the state variable qo has strongest

relationship with plastic shear strains at p0-axis. However,
close to p0-axis, the developed plastic shear strains are

relatively too small to cause any significant change in qo.

The relationship goes weaker as the stress state moves

away from p0-axis toward the reference surface, and

eventually, qo becomes constant when q = qf.

The asymptoting factor w given in Eq. (11) has been

used in both hardening rule and plastic potential (in next

section).

w ¼ 1� p03 � I3

p03 � I3f

� �n

ð11Þ

This factor is used to predict rapid increase in shear

deformations as the I3 value of stress state reaches close to

a specific value of I3f (Eq. 7) according to failure criteria.

Hence, the value of exponent in Eq. (11) is chosen to be a

high value, such as n = 10, so that the stress–strain

response remains independent of I3 unless the stress state is

in the proximity of I3f where the sudden failure occurs with

large shear deformations. By the use of factor w, the stress
state never exceeds an I3-based surface in octahedral plane

and follows Eq. (6) in triaxial compression plane. As the

stress state reaches at the failure surface of Eq. (7), the

value of qo becomes constant due to the value of w going to

zero. Both the w = 0 and q = qf conditions are achieved

simultaneously in triaxial compression case. For all the

other cases of intermediate principal stress, w = 0

condition is achieved before the q = qf and the

hardening of yield surface along q-axis is stopped short

at the failure surface before reaching reference surface.

2.5 Plastic potential function

The plastic potential function is used to define the direction

of plastic strain increments at any stress state of the ma-

terial. Based on the experimental findings, it is assumed

that the material follows a non-associative flow rule with

the plastic potential function defined by Eqs. (12) and (13).

g ¼ ng
qqo

p0o

� �2

þp0p0o
p0

p0o

� �R

ln
p0

p0o

� �

ð12Þ

R ¼ 1� K2
o


 � qo

p0o

� �2

ð13Þ

Here, ng is a soil constant. Figure 5 shows typical shape

of the plastic potential function in q–p0 space. The strain

increment vectors are uniquely defined everywhere on the

plastic potential except at p0 = 0 where the material

becomes unstable. A higher value of p0 corresponding to

the peak of plastic potential signifies that the normally

consolidated material will behave relatively less contractive

when subjected to shearing. A lower value of the variable

Ko suggests relatively lesser plastic volume change in

comparison with its elastic counterpart, and it is reflected in

the plastic potential as well. Similarly, as the value of qo/po
0

increases during shearing, the peak shifts toward higher

values of p0 and the material becomes less contractive or

more dilative. The derivatives of plastic potential with

respect to p0 and q are given in Eq. (14). The factor w has

been multiplied to the p0 derivative of the plastic potential to
simulate sudden increase in the shear deformations as the

stress state approaches the failure surface.

og

op0
¼ wp0Rp01�R

o 1� Rþ 1ð Þ ln p0o
p0

� �� �

and

og

oq
¼ ng 2qð Þ qo

p0o

� �2 ð14Þ

The experimental observations of Prashant and

Penumadu [27] suggested that the plastic strain increment

vector(s) at failure condition had normality to a circular

shape of plastic potential in octahedral plane. Thus, the

plastic potential defined in Eq. (12) is valid for any

proportion of principal stresses. Hence, the model assumes

circular plastic potential in octahedral plane (von-Mises

type) at all stress states to keep the model simple.

2.6 Incremental stress–strain formulation

During elasto-plastic deformation, the yield surface grows

in size by following the hardening rule and the stress state
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Fig. 5 Typical shapes of plastic potential surfaces in q–p0 stress

space, plots for po’ = 250 kPa and ng = 1
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always remains on the current yield surface. This condition

can be satisfied using the following consistency condition.

_f ¼ of

op0
dp0 þ of

oq
dqþ of

op0o
dp0o þ

of

oqo
dqo ¼ 0 ð15Þ

By substituting dpo
0 and dqo from the hardening rule

given in Eqs. (8) and (9), Eq. (15) can be modified to

of

op0o

vp0o
k� jð Þ

� 


depp þ
of

oqo

nf 1� nð Þp02o
p0o þ qo

w

� 


depq

¼ � of

op0
dp0 þ of

oq
dq

� �

ð16Þ

The flow rule can be defined as shown in Eq. (17).

depp ¼ dk
og

op0
and depq ¼ dk

og

oq
ð17Þ

Using Eqs. (16) and (17), the loading function dk can be

obtained as

dk ¼
� of

op0 dp
0 þ of

oq
dq

� �

nf 1� nð Þ p02o
p0o þ qo

w
of

oqo

og

oq
þ vp0o

k� jð Þ
of

op0o

og

op0

ð18Þ

By substituting the derivatives qf/qqo, qg/qq, qf/qpo0 and
qg/qp0, a general form of the incremental stress–strain

relationship during elasto-plastic behavior can be written as

deij = deij
e ? deij

p, where deij
e is computed using Eq. (4) and

deij
p using Eq. (19).

depij ¼
1

H

p0

p02o
1þ 2 ln

p0

p0o

� �� �

dp0 þ 2q

q2o
dq

� 	� 


og

orij
ð19Þ

Here, the plastic hardening modulus H is defined as

H ¼ w
4nfng 1� nð Þq3
qo p0o þ qo

 � þ v

k� jð Þ
p02þR

p01þR
o

P

" #

ð20Þ

where, P ¼ 1þ 2 ln p0

p0o

� �� �

1� Rþ 1ð Þ ln p0o
p0

� �� �

3 Model calibration for kaolin clay

All the model parameters can be determined from one

isotropic consolidation test and a triaxial compression test

on normally consolidated (NC) clay. Prashant [25] per-

formed a series of true triaxial undrained tests and constant

rate of strain (CRS) Ko consolidation tests on kaolin clay.

The same data have been used to determine the model

parameters for kaolin clay.

The CRS consolidation test data on kaolin clay indicated

an average value of the slope of normal compression line to

be k = 0.16 and the slope of unload–reload line

j = 0.018. To use these parameters in the model, it is

assumed that the slope of normal consolidation line during

isotropic consolidation and Ko consolidation remains

approximately the same [40]. For the above values of k and

j, the value of parameter Ko = 0.89. Lade [12] proposed

an empirical relationship between plasticity index (PI) and

Poisson’s ratio by comparing these values for various

clays. From this relationship, the Poisson’s ratio for kaolin

clay (PI = 32 %) can be assumed as m = 0.28.

The other model parameters (Cf, nf and ng) were

calibrated by using the data from a consolidated undrained

compression test on NC kaolin clay which was performed

at initial effective confining pressure of pc
0 = 275 kPa

using a flexible boundary true triaxial system. The shear

stress–strain relationship and pore-pressure measured dur-

ing this test have been presented in Fig. 6. The peak shear

strength for this test was observed to be 174 kPa. Prashant

and Penumadu [28] showed that the shear strength of clay

qf under consolidated undrained compression test can be

correlated with the initial value of mean effective stress pi
0

and OCR using Eq. (21).

qf ¼ Cfp
0
i OCRð ÞKo ð21Þ

Hence, the shear strength qfNC of NC clay with initial

value of pre-consolidation stress po
0 will be:

qfNC ¼ Cfp
0
o ð22Þ

Therefore, the experimental data suggest the value of

Cf = 0.633. This failure strength parameter is found to be

consistent with stress ratio at failure reported by Ladd and

Foott [10] for normally consolidated Boston Blue clay

(primarily Kaolinite) in triaxial compression.

One may note here that the Eq. (22) is valid only if the

specimen reaches failure smoothly during shearing. How-

ever, the experimental observations showed a certain degree

of a sudden failure response during all the tests. The soil

element could have sheared to slightly higher stress state if it

had not experienced sudden failure. Hence, this value of Cf

has to be corrected considering the fact that by definition, it

is applicable to smooth failure. Duncan and Chang [7] used

hyperbolic relationship to define stress–strain relationship

and found that it often overpredicted the strength of soil.

They used a reduction factor to make correction for the

strength at finite strain. Assuming the stress–strain rela-

tionship to be a hyperbolic function, Prashant and Penumadu

[29] presented a rigorous way of estimating the hypothetical

shear strength corresponding to no sudden failure condi-

tions. In a simple way, a constant shear strength asymptote to

the pre-peak shear stress–strain relationship can be used to

estimate the actual value of qfNC. Considering this value of

qfNC for the given NC data, Eq. (22) suggested the actual

value of parameter Cf = 0.66. Drawing an analogy with the

work of Duncan and Chang [7], the hyperbola is used in the

present model to establish an asymptote in shear stress (for

reference surface), which is never actually attained by the

predicted stress–strain curve. The reduction factor of [7] is
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analogous to asymptoting factor w used to simulate failure

when the stress state reaches I3 surface. Hence, the predicted

response will show failure before reaching the asymptote

defining the reference surface.

Hardening rule in Eq. (9) can be rewritten in incre-

mental form as shown in Eq. (23).

Dqo
nf

¼ 1� nð Þ p02o
p0o þ qo

wDepq ð23Þ

The values of po
0 at each point of the experimental data

were calculated using Eq. (8) with known plastic

volumetric deformation considering undrained condition.

Under undrained condition:

Depp ¼ �Deep ð24Þ

Depq ¼ Deq � Deeq ð25Þ

Elastic strain components Dep
e and Deq

e were calculated

using Eqs. (2) and (4). Since the stress state will be

consistently on the yield surface while it grows with the

plastic deformations, the values of qo at each point can be

calculated using Eq. (5) with known values of all the other

parameters in the equation. Similarly, the incremental

value of the right-hand side (RHS) term in Eq. (23) can be

computed with the known values of n and w from Eqs. (10)

and (11), respectively. Cumulative sum of the RHS term of

Eq. (23) is referred to as hq in Eq. (26), which represents

shear hardening with plastic shear strain.

hq ¼
X

1� nð Þ p02o
p0o þ qo

wDepq ð26Þ

Figure 7 shows the relationship between qo and hq,

which is a reasonably linear relationship. The intercept on

ordinate suggests the initial value of qo = 192 kPa, and the

slope of line gives the value of hardening parameter

nf = 53.

The flow rule given in Eq. (17) can be used to define

proportionality of shear and volumetric components of

plastic strains as shown in Eq. (27). On further rearranging

it using Eq. (14), one can derive shear and volumetric

strain equivalents of total plastic flow as Fq in Eqs. (28)

and Fp in Eq. (29), respectively.

depq
depp

¼ og

oq

�

og

op0
ð27Þ

Fq ¼
X

Depq
og

op0

¼
X

Depq wp0Rp01�R
o 1� Rþ 1ð Þ ln p0o

p0

� �� �� 
 ð28Þ

Fp ¼
XDepp

ng

og

oq
¼

X

Depp 2q
qo

p0o

� �2
" #

ð29Þ

The parameters involved in Eqs. (28) and (29) are the

same as in Eq. (23), and their values are known at each
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Fig. 6 Results of the isotropically consolidated true triaxial undrained compression test used to calibrate of the proposed model
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point of the experiment. The only new parameter is R,

which can also be calculated using Eq. (13) with known

values of qo and po
0 at each data point. The relationship

between Fq and Fp is expected to be linear with its slope as

ng according to Eq. (27). Figure 8 shows the same

relationship for NC data, which provides the value of

parameter ng = 8.8 for kaolin clay.

A summary of all the model parameters determined for

kaolin clay is provided in Table 1. It is to be noted that qo
and po

0 are state variables. For the data used in the fol-

lowing section for its comparison with the model predic-

tions, the initial value of these state variables is determined

to be qo = 192 kPa and po
0 = 275 kPa.

4 Model predictions for kaolin clay

The true triaxial undrained shear test data of [26, 27] on

cubical specimens of kaolin clay were used to compare the

model predictions of stress–strain and pore-pressure re-

sponse for various combinations of intermediate principal

stress and overconsolidation level. During these tests, the

normal stress along minor principal direction r3 was kept

constant. The major and intermediate principal stresses (r1
and r2, respectively) were increased proportionally by

following a given value of intermediate principal stress

ratio b defined by Eq. (30). The value of b remains the

same when it is defined with respect to principal effective

stresses (r10, r20, r30).

b ¼ r2 � r3
r1 � r3

¼ r02 � r03
r01 � r03

ð30Þ

A computer code was developed to implement the

model predictions. The experiments were simulated

directly in effective stress by calculating the incremental

response of a single element of material subjected to small

increments in effective stress. The elastic and plastic strain

increments were calculated for a given effective stress

increment using Eqs. (4) and (19). The effective stress

increment vector of small magnitude was rotated along a

constant b value plane to satisfy the undrained condition

within specified limits, i.e., the absolute value of

cumulative total volumetric strain (sum of total elastic

and plastic strain values) was kept within the tolerance of

10-8 %. The excess pore pressure was estimated from the

change in mean effective stress after each step. The

undrained shear behavior of a single element (of clay

material) was predicted by having the initial effective stress

state at hydrostatic axis and by specifying the

corresponding values of three state variables m, qo and

po
0. In the case of overconsolidated specimens, the initial

effective stress state was taken inside the initial yield

surface. The deformations remained elastic on loading until

the effective stress state reached the current yield surface.

The length of the last effective stress increment vector was

adjusted to reach exactly on the initial yield surface.

Further shearing caused plastic deformations, and the yield

surface was updated accordingly by following the

hardening rule. As the effective stress state reached close

to the failure surface, the length of effective stress

increment vector was reduced by many folds to capture

the large shear deformations more accurately.

The true triaxial data produced by Prashant [25] in-

cluded four major series of undrained shear tests on cubical

specimens of kaolin clay. The first one focused on the ef-

fect of overconsolidation and included triaxial compression

(b = 0) tests on kaolin clay specimens with OCR = 1–10.

The value of OCR was defined in terms of mean effective

stress. The other three series of experiments explored the

effect of intermediate principal stress (b = 0–1) for NC,

moderately OC (OCR = 5) and heavily OC (OCR = 10)

kaolin clay. To simulate these experiments using the
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Fig. 8 Determination of plastic potential parameter ng

Table 1 Model parameters for kaolin clay

Proposed model parameters Value

Elastic behavior

j 0.018

m 0.28

Failure surface

Cf 0.66

Hardening parameter

k 0.16

nf 53

Plastic potential

ng 8.8
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proposed model, the soil parameters listed in Table 1 were

calibrated using the data from only one of these tests, i.e.,

b = 0 shearing of NC specimen. The initial value of state

variables was consistently taken as qo = 192 kPa and

po
0 = 275 kPa. The following discussion compares the

predicted response to the experimental observation. The

experimental data have been shown up to the peak shear

stress location beyond which the sudden failure response

was observed. The model assumes the post-failure shear

stress and void ratio to be constant on further shearing. In

reality, the clay specimens may have experienced structural

changes and nonuniform deformations in the post-failure

response, which will be difficult to simulate using single-

element predictions. Such post-failure response is a rather

complex issue and yet to be fully understood, and thus, it

has been kept beyond the scope of this model.

4.1 Effect of overconsolidation

Figure 9 shows model predictions compared with the cor-

responding experimental data from a series of true triaxial

undrained compression (b = 0) tests at various OCR val-

ues (OCR = 1, 1.5, 2, 5, 10). At each OCR value, the

predicted stress–strain relationship, shear strength and

pore-pressure response are generally in close agreement

with their experimentally observed values. The test with

OCR = 1 and b = 0 shows a relatively much better match

than the other tests, which could be attributed to the fact

that the model was calibrated using these test data along

with the CRS test results. The effect of OCR is mainly

captured through the parameter Ko in Eq. (21), which de-

fines the shape of reference surface in triaxial plane. Since

this parameter is a function of k and j values determined

from one-dimensional compression test, the proposed

model offers the effect of OCR to be less sensitive to model

calibration.

The shear stiffness at lower strain levels was predicted

well in all the cases of OCR values. The shear strength

showed small deviation in case of OCR = 5. The strain at

failure is nearly identical for all OCR, which is commonly

observed for most of the clays. It is slightly overpredicted

in most cases yet found to be reasonable. Similar to any

other elasto-plasticity-based constitutive model, the pro-

posed model shows a kink in stress–strain relationship (for

OCR[ 1) when the stress state intersects the initial yield

surface. The predicted pore-pressure response also reflects

such distinction, and especially in case of high OCR val-

ues, the pore pressure initially increases with elastic re-

sponse and then reduces on subsequent plastic loading.

Sometimes, transitional plasticity concepts (smooth evo-

lution of plasticity) are used to eliminate this problem [4,

39]; however, that can complicate the formulation sig-

nificantly. Striking a balance between simplicity of

formulation and accuracy of results, it is perceived un-

necessary to further modify the proposed model.

4.2 Effect of intermediate principal stress

The present model incorporates the effect of intermediate

principal stress on stress–strain response of clay in a sim-

plified way using an asymptoting factor with respect to the

failure surface based on the third invariant of effective

stress tensor. To evaluate the forte of the proposed model

against the effect of intermediate principal stress on the

clay behavior, the predictions were made for a series of

tests at different relative magnitudes of intermediate prin-

cipal stress (b = 0.25, 0.5, 0.75 and 1.0) using the speci-

mens with initial OCR = 1, 5 and 10. Figures 10, 11 and

12 show comparison of the model predictions with the

corresponding experimental data, which illustrate the fol-

lowing observations.

4.2.1 Normally consolidated kaolin clay (OCR = 1)

Figure 10 shows that the predicted shear stress–strain

curves and excess pore-pressure response of NC clay

compare well with the experimental observations for all

the b values. The shear strength and shear strain at failure

were reasonably predicted for all the cases except for the

slightly underpredicted values in the case of b = 1.

Sudden decrease in the shear stiffness was predicted near

peak shear stress where the material, eventually, experi-

enced large shear deformations. The pore pressure also

became constant at the same strain where the peak shear

stress occurred.

4.2.2 Moderately overconsolidated kaolin clay (OCR = 5)

The model predictions for the experiments on moderately

OC clay are compared in Fig. 11. The shear stress–strain

behavior followed the same curve over a reasonable

range, and it was true for all the b values. The shear

strength was slightly underpredicted in the case of

b C 0.75; however, the predicted strain to failure indi-

cated reasonable agreement with the experiments.

Although the pore-pressure evolution in the case of

b = 0.5 was slightly overpredicted, the predictions in

other cases were within a range that could be expected

due to experimental variation itself.

4.2.3 Heavily overconsolidated kaolin clay (OCR = 10)

Figure 12 shows the comparisons for heavily OC kaolin

clay with different b values. The initial stiffness at lower

strains was predicted well. The overall stress–strain rela-

tionship was slightly overpredicted in most cases, but a
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Fig. 9 Model predictions and experimental data from TT undrained compression tests (b = 0) on OC kaolin clay
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considerable variation was observed only for b = 0.25.

The response for b = 0 case was also predicted well, which

is shown in Fig. 9. The pore pressure was slightly

overpredicted in the case of b C 0.75; however, it could be

considered acceptable in view of the simplicity considered

in model formulation.
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Fig. 10 Model predictions and experimental data from TT tests on NC kaolin clay
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The specimens for TT experiments were prepared

through one-dimensional slurry consolidation, which could

induce inherent anisotropy. Prashant and Penumadu [27]

suggested that the impression of inherent anisotropy in NC

specimens could be obscured; however, on unloading of

the specimens to much lower confining stress, the effect of
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Fig. 11 Model predictions and experimental data from TT tests on OC = 5 kaolin clay
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anisotropy might again become significant due to the

elastic deformations contributing more significantly in the

overall stress–strain response. This phenomenon explains

significant influence of the intermediate principal stress on

stress–strain behavior of heavily OC clay in comparison

with NC clay. This phenomenon was knowingly neglecting
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Fig. 12 Model predictions and experimental data from TT tests on OC = 10 kaolin clay
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during development of the proposed model to avoid com-

plicating the formulation and increasing required number

of model parameters without adding much accuracy in the

predictions.

5 Summary and conclusions

A new constitutive model is proposed in this research

based on the observations from an extensive experimental

study on kaolin clay using true triaxial system. While the

formulation has been kept with minimized complexity, the

developed model is able to incorporate the complex be-

havior of clay including the effect of intermediate principal

stress and overconsolidation. The proposed rate-indepen-

dent isotropic model follows a non-associative flow rule.

The shape of yield surface is defined on the basis of ex-

perimentally observed acceptable range of elastic defor-

mation. The failure condition has been derived from the

widely recognized correlation between the normalized

undrained shear strength of clays and their overconsolida-

tion level. The pre-failure plastic behavior is defined to be

controlled by a reference surface, which is different from

the failure surface in octahedral plane. An asymptoting

factor has been introduced to model the sudden failure

response in a continuous mode when the stress state

reaches close to failure surface.

The six model parameters were calibrated using one

each of one-dimensional compression test and triaxial

compression test on kaolin clay. Using these parameters,

the predicted shear stress–strain relationship and excess

pore pressure both compared well with the experimental

results for the effect of overconsolidation over a range of

OCR values from 1 to 10. The effect of intermediate

principal stress (for b = 0, 0.25, 0.5, 0.75 and 1.0) was

predicted well for OCR = 1 and 5, and it was reasonably

close to the experiments in the case of OCR = 10. The

overall stress–strain relationship and shear strength were

slightly underpredicted in some cases of OCR = 5 and

overpredicted in some cases of OCR = 10.
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