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Abstract In this paper, a mathematical criterion based on

bifurcation theory is developed to predict the onset of

liquefaction instability in fully saturated porous media

under static and dynamic loading conditions. The proposed

liquefaction criterion is general and can be applied to any

elastoplastic constitutive model. Since the liquefaction

criterion is only as accurate as the underlying constitutive

model utilized, the modified Manzari–Dafalias model is

chosen for its accuracy, relative simplicity and elegance.

Moreover, a fully implicit return mapping algorithm is

developed for the numerical implementation of the

Manzari–Dafalias model, and a consistent tangent operator

is derived to obtain optimal convergence with finite ele-

ments. The accuracy of the implementation is bench-

marked against laboratory experiments under monotonic

and cyclic loading conditions, and a qualitative boundary

value problem. The framework is expected to serve as a

tool to enable prediction of liquefaction occurrence in the

field under general static and dynamic conditions. Further,

the methodology can help advance our understanding of

the phenomenon in the field as it can clearly differentiate

between unstable behavior, such as flow liquefaction, and

material failure, such as cyclic mobility.

Keywords Finite element analysis � Fully implicit return

mapping algorithm � Granular materials � Liquefaction

instability � Manzari–Dafalias plasticity model � Static and

dynamic liquefaction

1 Introduction

Liquefaction—as an instability phenomenon—is perhaps

one of the most devastating yet elusive concepts in geo-

technical engineering. Abundant field evidence shows a

sudden loss of shear strength typically associated with an

apparent build-up of pore water pressure, usually observed

in relatively loose cohesionless soil formations. Several

case studies from earthquakes around the globe have shown

the world the devastating power of liquefaction: Niigata

1964, Kobe 1995, Haiti 2010, and Christchurch 2011,

among others. Yet, very little is known about the mecha-

nisms controlling the phenomenon to the extent that pre-

dictive models have remained elusive. In fact, for many

years, the liquefaction phenomenon was associated solely

as a result of earthquake (cyclic) loading and confounded

with cyclic mobility.

It is now widely accepted that: (1) liquefaction is an

instability (usually termed ‘flow liquefaction,’ see [14])

and (2) it can occur under static or dynamic conditions (the

former is typically called ‘static liquefaction’). Several

works in the field have shown the unstable behavior of the

material in the laboratory under static and cyclic loading

conditions [7, 15, 27]. Based on Hill’s instability criterion

[11], Lade [15] showed that there exists an ‘instability line’

that connects the points at which the material loses stability

in the laboratory under undrained conditions and quasi-

static loading. Borja [5] postulated a condition for lique-

faction instability, and Andrade [1] simplified the latter

condition and applied it to elastoplastic models, extracting

in this way a simple critical hardening modulus pinpointing

the onset of liquefaction, which coincides with the insta-

bility line of Lade [15] and the concept of ‘loss of con-

trollability’ postulated by Nova [22]. Later, Andrade et al.

[3] built on the concept of instability and expanded the
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liquefaction criterion to dynamic (cyclic) loading. In their

work, it was shown that liquefaction flow (or simply liq-

uefaction) is an instability, whereas cyclic mobility is a

failure phenomenon resulting from material response, but it

is not an instability. In this way, they showed the funda-

mental difference between liquefaction (as an instability)

and cyclic mobility.

Most, if not all, the aforementioned works are based on

laboratory scale observations. Once the jump to the field

scale, most of the works become observational, with

potential failure mechanisms postulated to reconstruct the

observed failure patterns. The classic example is the failure

of the lower San Fernando dam in 1971, which was

remarkably reconstructed by Seed et al. [25]. In an attempt

to provide a quantitative and rational approach, Zie-

nkiewicz et al. [30] developed a finite element model based

on elastoplasticity, where they showed some qualitative

and limited quantitative agreement with the observations

made for the lower San Fernando dam. Most remarkable is

their prediction of the deformation pattern as a result of the

earthquake excitation and capturing of the ‘delay’ in fail-

ure, occurring approximately 60 s after the earthquake.

Nevertheless, the field-scale approach based on finite ele-

ments has lacked a proper criterion for liquefaction and

correspondingly robust constitutive models to make the

predictions plausible.

As a first attempt to map liquefaction instabilities,

Ellison and Andrade [10] developed a finite element model

based on the mixed formulation to simulate static lique-

faction and were able to reproduce a classic example pre-

viously postulated by Lade [15] for submarine levees.

However, the solution is quasi-static, and it is not capable

to shed full light into the dynamic regime. This work is

based on the liquefaction criterion of Andrade [1] and the

mixed finite element for saturated granular materials under

static conditions proposed by Andrade and Borja [2].

In this contribution, the liquefaction criterion is further

generalized from that of Andrade et al. [3] to general

loading conditions (as opposed to triaxial (axisymmetric)

loading). In that way, the criterion proposed herein is closer

in philosophy to the one obtained by Borja [5] under static

conditions. The proposed criterion is applied to the most

recent Dafalias and Manzari model for sands [9], which

captures accurately the cyclic behavior of the material

invoking elastoplasticity. The Manzari–Dafalias plasticity

model with recent modifications is numerically integrated

using a fully implicit return mapping algorithm. The

implicit integration of the original model or slight varia-

tions of the model can be found in [8, 16, 21]. Finally, the

model and corresponding liquefaction criterion are cast

into a dynamic finite element code capable of simulating

coupled soil deformation with fluid flow using the classic

u-p formulation. In this way, this paper presents the fully

implicit implementation of the Manzari–Dafalias model

within a finite element code with the capability of mapping

the onset of liquefaction instability under dynamic condi-

tions. The accuracy of the implementation is benchmarked

against laboratory experiments under monotonic and cyclic

loading conditions, and a boundary value problem under

dynamic loading conditions. The framework is expected to

serve as a tool to enable prediction of liquefaction occur-

rence in the field under general loading conditions. As

such, the current paper should not be interpreted to

applying uniquely to the Manzari–Dafalias model, but can

be used with any other elastoplasticity model in the field.

The authors have chosen the aforementioned model for its

capabilities, relative simplicity, and elegance, but this is a

personal choice.

The structure of the paper is as follows. In Sect. 2, the

equations governing the problem are summarized. In Sect.

3, the Manzari–Dafalias plasticity model based on its

recent modifications is briefly described. In Sect. 4, a fully

implicit integration scheme is developed for the numerical

implementation of the Manzari–Dafalias plasticity model,

and a consistent tangent operator relevant to the proposed

return mapping algorithm is presented. In Sect. 5, a gen-

eral, mathematical criterion for the onset of liquefaction

instability is obtained. In Sect. 6, the capability of the

proposed criterion in capturing the onset of liquefaction

instability under monotonic and cyclic loading conditions

is demonstrated by solving a number of triaxial tests, and

its applicability to boundary value problems under dynamic

loading conditions is shown through a fully coupled

dynamic analysis of a plane strain test. Finally, conclusion

is made in the last section.

2 Governing equations

In this section, governing equations of fully saturated

porous media are presented. These governing equations are

based on two basic laws of force equilibrium and mass

conservation. For numerical solution of the governing

equations, finite element method is employed to discretize

the weak form of the governing equations in space together

with the generalized Newmark scheme for time domain

discretization.

2.1 Strong form of the governing equations

The partial differential equations governing the solid

phase deformation and pore fluid flow through the porous

medium are based on the balance equations of linear

momentum and mass. The linear momentum balance

equation for a fully saturated porous medium can be

written as [17]
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r � rþ qb� q€u ¼ 0 ð1Þ

where r is the total stress tensor defined as r ¼ r
00 � apwI;

with r
00

the modified effective stress tensor, a the Biot

constant, pw the pore fluid pressure, and I the second-order

identity tensor, b is the body force vector, €u is the accel-

eration vector of the solid phase, q is the average density of

the whole mixture defined as q ¼ 1� nð Þqs þ nqw; in

which n stands for the porosity of the porous medium and

qs and qw are densities of solid and fluid phases, respec-

tively, and the symbol r denotes the vector gradient

operator. Throughout this paper, the mechanics convention

is used, where stress is considered positive in tension,

while the pore fluid pressure is considered as compression

positive.

The continuity equation for pore fluid flow through a

fully saturated porous medium can be written as [17]

a� n

Ks

þ n

Kw

� �
_pw þ ar � _uþr � _ww ¼ 0 ð2Þ

where Ks and Kw are bulk moduli of solid and fluid phases,

respectively, _u is the velocity vector of the solid phase, and

_ww is the Darcy’s velocity vector of the pore fluid given by

_ww ¼ k=lwð Þ �rpw þ qw b� €uð Þ½ � with k the intrinsic

permeability matrix of the porous medium, simply replaced

by a scalar value k for an isotropic medium, and lw the

dynamic viscosity of the pore fluid.

2.2 Discrete form of the governing equations

The finite element approximation of the primary unknown

variables can be written as [17]

uh x; tð Þ ¼ Nu xð ÞU tð Þ
ph

w x; tð Þ ¼ Npw
xð ÞPw tð Þ

ð3Þ

where Nu xð Þ and Npw
xð Þ are matrices of finite element

shape functions and U(t) and Pw tð Þ are vectors of dis-

placement and pressure degrees of freedom, respectively. It

is worth noting that if the incompressible and undrained

limit state is never approached, equal-order shape functions

can be used for the approximation of both solid and fluid

variables. Otherwise, it is necessary that the displacement

field be approximated by polynomial shape functions one

order higher than those used for the approximation of the

pressure field [17]. Different order of shape functions

prevents spurious oscillations and locking in the pressure

field in the limit of nearly incompressible and undrained

state.

Following the Bubnov–Galerkin technique, the discret-

ized form of the governing Eqs. (1) and (2) is obtained as

Mu
€Uþ

Z
X

BTr
00
dX�Qpw ¼ Fu

Mw
€UþQT _Uþ C _pw þHpw ¼ Fw

ð4Þ

where B is the strain–displacement matrix. The definition

of the coefficient matrices and the force and flux vectors is

given in ‘Appendix 1.’ The above system of equations is

then discretized in time following the line of the well-

known Newmark scheme. The resulting system of fully

coupled nonlinear equations is solved using the uncondi-

tionally stable direct time-stepping procedure combined

with the Newton–Raphson iterative process. As a result, the

main unknowns are obtained simultaneously, leading to the

full solution of the problem. For a detailed presentation of

the solution procedure, see [13].

3 Constitutive model

In order to simulate the mechanical behavior of the gran-

ular material, the Manzari–Dafalias plasticity model is

used. This model was originally proposed in [20] and then

was extended to account for the effect of fabric changes

during the dilative phase of deformation on the subsequent

contractive phase upon loading reversal [9]. The Manzari–

Dafalias constitutive model is framed within the context of

the critical state soil mechanics [24], which is based on the

theory that for a given soil, a unique critical state line

(CSL) exists. In the following, the Manzari–Dafalias

plasticity model [9] is briefly described.

In Manzari–Dafalias plasticity model, the nonlinear

elastic response of the material is described by the hypo-

elastic formulation. The volumetric and deviatoric part of

the elastic strain rate tensor are given by

_ee
v ¼ �

_p

K
; _ee ¼

_s

2G
ð5Þ

where _ee
v ¼ tr _ee; _ee ¼ _ee � _ee

v=3I; p is the mean effective

stress defined as p ¼ �tr r
00
=3; s is the deviatoric effective

stress tensor defined as s ¼ r
00 þ pI; and K and G are the

elastic bulk and shear moduli, respectively, which are the

functions of the mean effective stress and void ratio [18,

23]

K ¼ 2 1þ tð Þ
3 1� 2tð ÞG; G ¼ G0pat

2:97� eð Þ2

1þ eð Þ
p

pat

� �1=2

ð6Þ

where t is the Poisson’s ratio, G0 is a material constant, pat

is the atmospheric pressure and e is the void ratio whose

evolution is given by _e ¼ 1þ eð Þ _ev; with _ev ¼ tr _e the

volumetric strain rate.
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The yield surface is defined by

f r
00
; a

� �
¼ s� pað Þ: s� pað Þ½ �1=2�

ffiffiffiffiffiffiffiffi
2=3

p
pm ¼ 0 ð7Þ

which geometrically represents a circular cone whose apex

is at the origin in the effective stress space. The yield

surface determines the limit of the elastic domain. In the

above relation, a is the deviatoric back stress-ratio tensor

defining the orientation of the cone, m is a constant

defining the size of the cone, and the symbol ‘:’ denotes the

inner product of two second-order tensors. The evolution of

a is governed by the kinematic hardening law as

_a ¼ _L
� �

2=3ð Þhb ð8Þ

where L is the loading index, the symbol hi denotes the

Macaulay brackets, and h is the hardening coefficient,

which is positive, and given by

h ¼ b0

a� ainð Þ:n ; b0 ¼ G0h0 1� cheð Þ p

pat

� ��1=2

ð9Þ

In the above relation, ain is the initial value of a at the

initiation of a new loading process and is updated when

a� ainð Þ:n becomes negative, n is the unit deviatoric

tensor, which is equal to the deviatoric part of the normal to

the yield surface, and h0 and ch are positive constants. The

unit deviatoric tensor n is defined as n ¼ s� pað Þ=
s� pak k; in which the symbol k k denotes the L2 norm

of a tensor. It is obvious that the unit deviatoric tensor n

has the following properties: tr n ¼ 0 and n:n ¼ 1: In Eq.

(8), b is given by

b ¼
ffiffiffiffiffiffiffiffi
2=3

p
ab

hn� a; ab
h ¼ M exp �nbw

	 

� m ð10Þ

where nb is a positive material constant, w ¼ e� ec is the

state parameter, in which ec is the critical void ratio

corresponding to the existing mean effective stress

computed from the power relation proposed by Li and

Wang [19]

ec ¼ ec0 � kc p=patð Þn ð11Þ

with ec0; kc and n constants. In Eq. (10), M is the critical

state stress ratio obtained by

M ¼ g h; cð ÞMc; g h; cð Þ ¼ 2c

1þ cð Þ � 1� cð Þcos3h
ð12Þ

where h is an effective Lode angle whose value varies from

0 to p/3 defined by cos3h ¼ �
ffiffiffi
6
p

trn3 and c ¼ Me=Mc with

Mc and Me the triaxial compression and extension critical

state stress ratios, respectively.

The plastic strain rate tensor is given by

_ep ¼ h _LiR; R ¼ Bnþ C n2 � 1

3
I

� �
� 1

3
DI ð13Þ

where R determines the direction of plastic flow, B ¼ 1þ
3 1� cð Þ= 2cð Þg h; cð Þcos3h; C ¼ 3

ffiffiffiffiffiffiffiffi
3=2

p
1� cð Þ=cg h; cð Þ

and D is the dilatancy defined by

D ¼ Add:n; Ad ¼ A0 1þ hz:nið Þ ð14Þ

where A0 is a positive constant and z is the so-called fabric-

dilatancy tensor whose evolution is governed by

_z ¼ �cz
_L
� �
�Dh i zmax nþ zð Þ ð15Þ

with cz and zmax material constants. The above equation

implies that the evolution of z occurs during the dilative

phase of deformation. In Eq. (14), d is given by

d ¼
ffiffiffiffiffiffiffiffi
2=3

p
ad

hn� a; ad
h ¼ M exp ndw

	 

� m ð16Þ

where nd is a positive material constant.

4 Numerical implementation

In this section, a fully implicit return mapping algorithm

is developed for the most recent plasticity model for

sands by Dafalias and Manzari [9], in which the New-

ton–Raphson scheme is employed to iteratively arrive at

a solution satisfying all the constitutive equations at the

local level. Furthermore, a consistent tangent operator

relevant to the proposed return mapping algorithm is

derived by exploiting the converged residual vector. In

what follows, Voigt notation is used. Following this, a

second-order tensor is reduced to a six-dimensional

vector and a forth-order tensor is reduced to a 6 9 6

matrix.

4.1 Implicit return mapping algorithm

Assuming that the strain increment at time tnþ1; that is De;
is given, the current strain can be directly computed from

e ¼ en þ De; in which en is the strain vector at time tn

which is known, and the current void ratio can be obtained

by integrating its evolution equation given in the previous

section, i.e., e ¼ 1þ enð Þexp Devð Þ � 1; with Dev ¼ tr De
the volumetric strain increment. It is noted that throughout

this section, the subscript nþ 1 is assumed for variables

without subscript. The objective is to find the stress vector

r
00

corresponding to the given strain increment De: Initially,

i.e., at iteration i ¼ 0; the material response is assumed to

be elastic (Dee;0 ¼ De), that is

ee;0 ¼ ee;tr ¼ ee
n þ De

a0 ¼ an

z0 ¼ zn

DL0 ¼ 0

ð17Þ

86 Acta Geotechnica (2015) 10:83–100

123



where ee;tr is the trial elastic strain. The trial stress is

obtained by integrating the rate equation _r
00 ¼ Ce � _ee using

the Euler scheme

r
00;0 ¼ r

00;tr ¼ r
00

n þ Ce;0 � De ð18Þ

where r
00
n is the stress vector at time tn which is known, and

Ce;0 is the trial elasticity matrix, in which the trial bulk and

shear moduli are evaluated from Eq. (6) as follows

K0 ¼ 2 1þ tð Þ
3 1� 2tð ÞG

0; G0 ¼ G0pat

2:97� eð Þ2

1þ eð Þ
p0

pat

� �1=2

ð19Þ

where p0 is the trial mean effective stress obtained by

integrating the volumetric part of the elastic relation given

in Eq. (5)

p0 ¼ p1=2
n � 1þ tð Þ

3 1� 2tð ÞG0p
1=2
at

2:97� eð Þ2

1þ eð Þ Dev

 !2

ð20Þ

If the trial stress state is located inside or on the yield

surface, that is

f r
00;0; a0

� �
¼ s0 � p0a0
	 


� s0 � p0a0
	 
� �1=2�

ffiffiffiffiffiffiffiffi
2=3

p
p0m� 0

ð21Þ

elastic prediction is correct.

If the trial stress state obtained using the elastic pre-

diction is located outside the yield surface, that is

f r
00;0; a0

	 

[ 0; the trial state is corrected by simulta-

neously satisfying the following equations, which are

generated by the strain increment De

r ¼

ree

ra

rz

rDL

8>><
>>:

9>>=
>>;
¼

ee � ee;tr þ DLR
a� an � DL 2=3ð Þhb

z� zn þ czDL �Dh i zmaxnþ zð Þ
s� pað Þ � s� pað Þ½ �1=2�

ffiffiffiffiffiffiffiffi
2=3

p
pm

8>><
>>:

9>>=
>>;

¼ 0

ð22Þ

These equations involve the additive decomposition of

the strain rate tensor into elastic and plastic parts, i.e.,

_e ¼ _ee þ _ep; the evolution of the deviatoric back stress-

ratio tensor a [Eq. (8)], the evolution of the fabric-

dilatancy tensor z [Eq. (15)], and the yield condition [Eq.

(7)].

In order to solve the above system of equations, the

Newton–Raphson iterative scheme is implemented to lin-

earize the above system of equations. By expanding the

local residual equations with the first-order truncated

Taylor series, the following linear approximation is

obtained for the nonlinear system to be solved

riþ1
ee

riþ1
a

riþ1
z

riþ1
DL

8>><
>>:

9>>=
>>;
¼

ri
ee

ri
a

ri
z

ri
DL

8>><
>>:

9>>=
>>;
þ Ji �

dee;iþ1

daiþ1

dziþ1

dDLiþ1

8>><
>>:

9>>=
>>;
¼ 0 ð23Þ

which can be rewritten as

riþ1 ¼ ri þ Ji � dXiþ1 ¼ 0 ð24Þ

where X ¼ eeð ÞT aT zT DL
� �T

denotes the vector of

local unknowns, inferring that r ¼ r Xð Þ; and Ji is the local

Jacobian matrix at iteration i of time tnþ1 defined as Ji ¼
ori=oXi; that is

Ji ¼
ori

ee=oee;i ori
ee=oai ori

ee=ozi ori
ee=oDLi

ori
a=oee;i ori

a=oai ori
a=ozi ori

a=oDLi

ori
z=oee;i ori

z=oai ori
z=ozi ori

z=oDLi

ori
DL=oee;i ori

DL=oai ori
DL=ozi ori

DL=oDLi

2
664

3
775

ð25Þ

which implies that the local Jacobian matrix is updated at

each iteration. The components of the local Jacobian

matrix are given in ‘Appendix 2.’ By finding the solution of

the linearized system of Eq. (24), that is the increment of

the elastic strain vector, the deviatoric back stress-ratio

vector, the fabric-dilatancy vector, and the loading index

ðdXiþ1 ¼ � Ji
	 
�1�riÞ; the vector of local unknowns is

updated using the following relation

Xiþ1 ¼ Xi þ dXiþ1 ð26Þ

and the corresponding stress is computed from

r
00;iþ1 ¼ r

00

n þ Ce;iþ1 � Dee;iþ1 ð27Þ

where Dee;iþ1 ¼ ee;iþ1 � ee
n; and Ce;iþ1 is the elasticity

matrix at iteration i ? 1 of time tnþ1; which is updated

using

Kiþ1 ¼ 2 1þ tð Þ
3 1� 2tð ÞG

iþ1;

Giþ1 ¼ G0pat

2:97� eð Þ2

1þ eð Þ
piþ1

pat

� �1=2 ð28Þ

in which piþ1 is given by

piþ1 ¼ p1=2
n � 1þ tð Þ

3 1� 2tð ÞG0p
1=2
at

2:97� eð Þ2

1þ eð Þ Dee;iþ1
v

 !2

ð29Þ

where Dee;iþ1
v ¼ trDee;iþ1: Hence, for the given strain

increment De; a sequence of linearized system of equations

is solved at each Gauss integration point until the iteration

convergence is achieved. That is, the iterative process

continues until the residual vector riþ1 vanishes within the
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given tolerance, i.e., riþ1


 

�Tol: A summary of the

return mapping algorithm is given in Table 1.

4.2 Consistent tangent operator

It is well known that when a tangent operator consistent

with the integration method employed for the numerical

implementation of the elastoplastic constitutive model is

used in the global Newton–Raphson algorithm to solve the

system of equations resulting from the governing equa-

tions, the rate of convergence of the global iterative process

is improved. In the following, a consistent tangent operator

relevant to the return mapping algorithm presented in the

foregoing subsection is derived.

The consistent tangent operator at time tnþ1 is defined as

C ¼ dr
00
=de: In order to obtain a closed-form expression

for the tangent operator consistent with the proposed return

mapping algorithm, the chain rule is used

C ¼ dr
00
=de ¼ dr

00
=dee � dee=de ð30Þ

substituting dr
00
=dee ¼ Ce into the above relation yields

C ¼ Ce � dee=de ð31Þ

To derive a closed-form expression for dee=de; the local

residual vector at the converged state, r ¼ 0; is

differentiated with respect to e. It is noted that at the

global level r ¼ r X; eð Þ; so its differentiation with respect

to e gives

dr=de ¼ or=oeþ or=oX � dX=de ¼ 0 ð32Þ

in which or=oX is the local Jacobian matrix J evaluated at

the locally converged state. Rearranging the above relation

yields

dX=de ¼ �J�1 � or=oe ð33Þ

from which a closed-form expression for dee=de is

obtained as follows

dee=de ¼ 1 0½ � � dX=de ¼ � 1 0½ � � J�1 � or=oe ð34Þ

in which 1 is the 6 9 6 identity matrix, 0 is the 6 9 13

zero matrix, 1 0½ � � J�1 is equivalent to a submatrix

corresponding to the first 6 rows of the inverse of the local

Jacobian matrix and or=oe ¼ oree=oeð ÞT ora=oeð ÞT
�

orz=oeð ÞT orDL=oeð ÞT�T whose components are given in

‘Appendix 3.’ Based on the above relation, a closed-form

expression for the consistent tangent operator is obtained as

C ¼ �Ce � 1 0½ � � J�1 � or=oe ð35Þ

5 Liquefaction criterion

In this section, a general, mathematical criterion for the

onset of flow liquefaction instability is derived. The liq-

uefaction criterion presented herein is on the basis of the

pioneering work of Borja [5, 6], which is based upon the

bifurcation theory. According to this theory, instabilities

develop when the loss of equilibrium results in multiple

feasible solutions [11].

Hill’s loss of uniqueness or stability in the infinitesimal

deformations case can be expressed as

_r½ �½ �: _e½ �½ � ¼ 0 ð36Þ

where _e½ �½ � ¼ _e� � _e is the jump in the strain rate tensor due

to potentially duplicate solutions for the velocity field and

_r½ �½ � ¼ _r� � _r is the jump in the stress rate tensor. Hill’s

instability condition implies that uniqueness is lost or

instability occurs when the jump in the stress rate tensor

vanishes, that is _r½ �½ � ¼ 0: This means that the continuity of

the stress rate tensor for a nonzero jump in the strain rate

tensor results in the loss of uniqueness or stability. Using

the definition of the total stress tensor and the constitutive

equation _r00¼C: _e; the instability condition for the fully

saturated case becomes

C: _e½ �½ � � a _pw½ �½ �I ¼ 0 ð37Þ

where C ¼ dr
00
=de is the consistent tangent and _pw½ �½ � is the

jump in the rate of the pore fluid pressure. It has been

shown in [4] that the consistent tangent can be used instead

of the continuum elastoplastic tangent Cep for detecting the

material instability.

The liquefaction instability is captured by the loss of

uniqueness conditioned to the undrained bifurcation. To

Table 1 Summary of the return mapping algorithm for the Manzari–

Dafalias plasticity model

1. Begin elastic predictor phase in which we set

ee;0 ¼ ee;tr ¼ ee
n þ De

a0 ¼ an

z0 ¼ zn

DL0 ¼ 0:

2. Compute stress r
00 ;0 ¼ r

00 ;tr ¼ r
00
n þ Ce;0 � De.

3. Compute yield function f r
00 ;0;a0

	 

:

If f r
00 ;0;a0

	 

� 0; exit. Otherwise, set iteration counter i = 0 and

continue.

4. Solve Ji � dXiþ1 ¼ �ri.

5. Update the vector of local unknowns using

Xiþ1 ¼ Xi þ dXiþ1:

6. Compute stress r
00 ;iþ1 ¼ r

00
n þ Ce;iþ1 � Dee;iþ1:

7. Evaluate residual vector riþ1:

If riþ1


 

�Tol; exit. Otherwise, set i = i ? 1 and go to step 4.
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impose this constraint, the jump in the Darcy’s velocity

vector of the fluid phase is forced to vanish, i.e., _ww½ �½ � ¼ 0:

It is noted that the constraint of undrained bifurcation is not

equivalent to the locally undrained condition, in which

_ww ¼ 0: That is, this criterion is expected to detect lique-

faction instability not only in low permeability porous

media, in which no significant drainage occurs, but also

when the rate of loading is so rapid that excess pore water

pressure develops before the pore water can drain away. In

general, field-scale boundary value problems, all potential

instabilities, e.g. instabilities in the form of strain locali-

zation (shear band) or drained diffuse instabilities, which

are induced by kinematic constraints different from that

observed in liquefaction instability, must be checked. Set-

ting _ww½ �½ � ¼ 0 in the continuity equation of flow [Eq. (2)]

yields the equivalent constraint for the liquefaction

instability

a� n

Ks

þ n

Kw

� �
_pw½ �½ � þ a _ev½ �½ � ¼ 0 ð38Þ

where _ev½ �½ � is the jump in the volumetric strain rate.

The loss of uniqueness [Eq. (37)] subject to the con-

straint obtained in Eq. (38) leads to

C �am
�amT � a�n

Ks
þ n

Kw

� �� �
_e½ �½ �
_pw½ �½ �

� �
¼ 0 ð39Þ

where C is the consistent tangent operator obtained in the

previous section and m is the identity vector defined

as m ¼ 1 1 1 0 0 0½ �T: For a nontrivial solution to

exist, the determinant of the matrix, which is referred to as

the liquefaction matrix L, must vanish. Hence, liquefaction

instability occurs when

det L ¼ 0 ð40Þ

The above condition implies that liquefaction instability

is predicted as a function of the state of the material, rather

than the material property. The liquefaction criterion given

above is general in the sense that it was derived without

using any specific assumption. Moreover, it can be applied

to any elastoplastic constitutive model, but it should be

taken into account that the accuracy of the liquefaction

prediction is highly dependent on the constitutive model

used to simulate the mechanical behavior of the material.

In the present work, the Manzari–Dafalias plasticity model

is utilized, which is capable of simulating the behavior of

granular materials under monotonic and cyclic loading

conditions. Moreover, the precision with which the

constitutive model is integrated has a significant effect on

the accuracy of the liquefaction prediction. If the algorithm

used for the numerical integration of the constitutive model

involves numerical errors, the prediction of liquefaction

instability will be as poor as the prediction of material

behavior.

If the solid and fluid phases are incompressible, the

liquefaction condition given in Eq. (39) becomes

C �m
�mT 0

� �
_e½ �½ �
_pw½ �½ �

� �
¼ 0 ð41Þ

where the last row of the liquefaction matrix implies the

incompressible bifurcation, i.e., _ev½ �½ � ¼ 0: This means that

for the incompressible solid and fluid phases, the constraint

of undrained bifurcation _ww½ �½ � ¼ 0ð Þ is equivalent to the

constraint of incompressible bifurcation. The consequence

of this constraint is that at the onset of liquefaction insta-

bility, the material deforms in the isochoric manner. The

condition for liquefaction instability derived here is more

general compared to that obtained by Andrade et al. [3], in

which liquefaction instability is attained when the hard-

ening modulus reaches the critical hardening modulus, in

the sense that it was derived under conditions of triaxial

(axisymmetric) loading, and incompressible solid and fluid

phases. In general, it is well known that the instability

criteria based on the constitutive tangent operator and

critical hardening modulus are equivalent.

6 Numerical simulations

In this section, a number of examples are presented to

verify the implicit return mapping algorithm developed for

the Manzari–Dafalias plasticity model and to illustrate the

predictive capability of the proposed liquefaction criterion

under different loading conditions.

6.1 Monotonic undrained and drained triaxial tests

on Toyoura sand

In order to verify the proposed numerical algorithm, a

series of triaxial compression tests conducted by Verdugo

and Ishihara [28] on Toyoura sand samples are simulated.

These tests have been considered by various researchers to

verify their numerical algorithm [9, 12]. In these test series,

samples are loaded monotonically under undrained and

drained conditions after consolidated isotropically, and

then unloaded. Numerical simulation of these experiments

is performed using the material subroutine inside the finite

element code as well as the finite element analysis. Mate-

rial parameters of the Manzari–Dafalias plasticity model

used in the simulations for Toyoura sand are listed in

Table 2.

Figure 1a, b shows the numerical and experimental

results for a series of undrained triaxial compression tests

conducted on isotropically consolidated samples of loose

Toyoura sand (e = 0.907) with initial confining pressures

ranging from p = 100 to 2,000 kPa. It is observed that

when sheared under undrained conditions, loose Toyoura
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sand samples exhibit contractive behavior together with

softening. As expected for the undrained case and incom-

pressible solid and fluid phases, void ratio remains constant

during the simulation. Figure 1c, d shows the results for

dense Toyoura sand samples with void ratio of e = 0.735

under undrained triaxial loading conditions. The initial

confining pressure varies from p = 100 to 3,000 kPa. As

expected for dense sand, the material undergoes the so-

called phase transformation, which is a transition from

contractive behavior to dilative behavior without softening.

Figure 1e, f shows undrained triaxial test results for the

case where the void ratio is equal to e = 0.833, and the

initial confining pressure varies from p = 100 to

3,000 kPa. It is observed that for intermediate sand,

depending on the initial confining pressure response of the

same material varies from contractive response with soft-

ening to dilative response without softening, demonstrating

the pressure-dependent behavior of sand. As expected, for

undrained samples with the same void ratio, steady state is

reached at the same point. Steady state is the state at large

strains where continued straining does not produce further

change in the stress state of the material.

Figure 2a, b shows the numerical and experimental

results for a series of drained triaxial compression tests

conducted on Toyoura sand samples with initial void ratios

of e = 0.831, 0.917, 0.996. In all these cases, the initial

confining pressure is equal to p = 100 kPa. As can be seen,

depending on the state of the sand reflected in the state

parameter samples shows different responses. In Fig. 2c, d,

numerical results are indicated for a drained triaxial test

series with a higher initial confining pressure of

p = 500 kPa and different initial void ratios of e = 0.810,

0.886, 0.960. As can be seen, a similar trend is observed as

with the previous test series upon reversal of loading in the

sense that samples show contractive response during

unloading. Compressing samples under drained conditions

causes the void ratio to change, unlike the undrained case

in which the void ratio remains constant. For both

undrained and drained triaxial test series, it is observed that

the obtained numerical results are in good agreement with

the experimental ones, verifying our numerical imple-

mentation and showing the capability of the adopted con-

stitutive model in capturing the main features of sand

behavior.

In order to illustrate the capability of the presented

criterion in capturing the onset of liquefaction instability,

the sequence of undrained triaxial compression tests con-

ducted on loose Toyoura sand samples (e = 0.907) with

different initial confining pressures is considered. The de-

viatoric stress-axial strain diagrams and the effective stress

paths are plotted in Fig. 3a, b, respectively. According to

the experimental observations, liquefaction instability is

attained at the maximum deviatoric stress point, marked by

the circle symbol in Fig. 3a, b. It is observed that only

samples with initial confining pressures of p = 1,000 and

2,000 kPa liquefy, and the sample with a relatively low

confinement never liquefies. Indeed, two different types of

behavior are observed. Loose samples with high confine-

ment display high contractive tendency, causing the pore

water pressure to increase continuously. The continuous

increase in the pore water pressure is evidenced by the

continuously decreasing mean effective stress. In this case,

the samples undergo contractive behavior and deviatoric

stress increases until liquefaction instability occurs at the

peak point. After reaching the peak point, the behavior of

the material becomes unstable in the sense that the devia-

toric stress-axial strain diagrams and the effective stress

paths exhibit a drop in the deviatoric stress. This unstable

behavior continues until failure point or steady-state point

is reached. At the failure point, the state of stress remains

constant and does not change with further shearing. In

contrast, the loose sample with low confinement encounters

the so-called phase transformation and does not liquefy. In

other words, at low confinement, the sample displays a

reversal from contractive behavior to dilative behavior due

to the low contractive tendency of sand at low confining

pressures, directing the effective stress path to the right

toward the failure point. In this case, the behavior of the

material is always stable in the sense that the deviatoric

Table 2 Material parameters of the Manzari–Dafalias plasticity

model

Toyoura sand Nevada silty sand

Elasticity

t 0.05 0.05

G0 125 125

Critical state

M 1.25 1.45

c 0.712 1

ec0 0.934 0.759

kc 0.019 0.0685

n 0.7 0.28

Yield surface

m 0.01 0.01

Plastic modulus

h0 7.05 2.0

ch 0.968 1.3

nb 1.1 1.1

Dilatancy

A0 0.704 0.204

nd 3.5 7.5

Fabric-dilatancy tensor

cz 600 500

zmax 4 10
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Fig. 1 Comparison between numerical and experimental results for the undrained triaxial compression test on samples of Toyoura sand with

void ratios of a, b e = 0.907, c, d e = 0.735 and e, f e = 0.833
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stress-axial strain diagram and the effective stress path do

not indicate a drop in the deviatoric stress. This stable

behavior continues until failure occurs.

Figure 3c shows the evolution of the determinant of the

liquefaction matrix. The onset of liquefaction instability is

detected at the point where the zero axis is crossed. As can

be seen, for the samples with high initial confinement the

determinant of the liquefaction matrix obtained from

Eq. (41) becomes equal to zero at the point corresponding

to the peak point in the deviatoric stress-axial strain dia-

gram and the effective stress path. For the sample with the

initial confining pressure of p = 100 kPa, the determinant

of the liquefaction matrix is entirely negative and never

reaches zero. That is, the liquefaction criterion is never

satisfied in this case, in accordance with the experimental

observations. These results clearly demonstrate the

efficiency of the presented criterion in capturing the liq-

uefaction instability under monotonic loading conditions.

To assess the performance of the proposed implicit

integration technique along with the consistent tangent

operator, the local and global convergence profiles

obtained from the finite element analysis of undrained tri-

axial compression test on Toyoura sand sample with initial

confining pressure of p = 1,000 kPa and void ratio of

e = 0.907 and drained triaxial compression test on Toyo-

ura sand sample with initial confining pressure of

p = 500 kPa and void ratio of e = 0.960 are presented. It

is observed from Fig. 4a, c that for the given local toler-

ance (in these examples 10-12), a few iterations are

required to achieve the local convergence, and an asymp-

totic quadratic rate of convergence is obtained. As shown

in Fig. 4b, d, using the consistent tangent operator, the
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Fig. 2 Comparison between numerical and experimental results for the drained triaxial compression test on samples of Toyoura sand with initial

confining pressures of a, b p = 100 kPa and c, d p = 500 kPa
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global residual vector vanishes within the given tolerance

(in these examples 10-13) after a few iterations. Moreover,

the asymptotic quadratic convergence rate of the global

Newton–Raphson iterative algorithm is preserved, dem-

onstrating the computational efficiency of the proposed

return mapping algorithm along with the consistent tangent

operator in the solution of boundary value problems using

finite elements.

It is worth mentioning that several monotonic undrained

and drained triaxial tests were simulated using a broad

range of increments to evaluate the performance of implicit

and explicit integration schemes. It was observed that when

very large increments are used, the implicit algorithm still

provides solutions with reasonable accuracy, while the

explicit algorithm fails to converge from the beginning

when the increment size exceeds a certain intermediate

value, indicating the accuracy of the implicit algorithm in a

relatively wide range of increments. It was also observed

that for the same increment size, the explicit algorithm

requires less CPU time than the implicit algorithm. This is

expected because of the heavy computational load required

for the implicit algorithm. However, regarding that the

explicit algorithm requires smaller increments compared to

the implicit algorithm, the required CPU time of the two

algorithms is comparable.

6.2 Cyclic undrained triaxial test on Toyoura sand

In this example, a comparison is made with the results

reported in [9] for the cyclic undrained triaxial test con-

ducted on a Toyoura sand sample with void ratio of

e = 0.808. This example in fact illustrates the difference

between liquefaction instability and cyclic mobility. First,

the sample is consolidated isotropically to the confining

pressure of p = 294 kPa (point A in Fig. 5a). Then, it is

loaded cyclically under undrained conditions with the shear

stress difference of 114.2 kPa. Fig. 5a shows the resulting

effective stress path, in which the well-known butterfly
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Fig. 3 Numerical results of the undrained triaxial compression test on samples of loose Toyoura sand with void ratio of e = 0.907
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shape is formed. It is observed that there is a good agree-

ment between the numerical results of ours and those

reported in [9], verifying our numerical algorithm for

cyclic loading.

It can be seen from the undrained effective stress path

depicted in Fig. 5a that the sand behavior is always stable

in the sense that the sand can sustain the constant deviatoric

stress difference during the whole loading until the

occurrence of failure. Consequently, the determinant of the

liquefaction matrix obtained from Eq. (41) is always neg-

ative and never crosses the zero axis. That is, the lique-

faction criterion is never satisfied, as shown in Fig. 5c. In

fact, liquefaction instability never appears in this case

although there is a decrease in the mean effective stress.

This behavior is a typical behavior observed in experiments

where cyclic mobility occurs, in which pore water pressure

increases gradually with cyclic loading without exhibiting

noticeable sudden changes in pore water pressure, and loss

of controllability or instability is never observed [26]. This

behavior contrasts with the characteristic behavior of flow

liquefaction, which is associated with a sudden pore water

pressure build-up and an occurrence of instability. In

experiments exhibiting liquefaction, the sample displays an

unstable behavior and failure follows, while in experiments

with cyclic mobility the behavior is entirely stable until

failure is reached. This example clearly shows that the

proposed criterion can distinguish between liquefaction

instability and cyclic mobility. Figure 5d shows the local

convergence results of the proposed implicit integration

scheme at several points, i.e., the loading reversal points
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and a stress point very close to the origin. As can be seen, a

few iterations are required to achieve the local convergence

within the given tolerance (in this example 10-12). It is

important to note that in the very low mean effective stress

region, which is challenging from a numerical point of

view, the presented implicit method is stable, and even at

stress point I, the rate of convergence is asymptotically

quadratic. This example was also simulated using the fully

explicit method to test its stability. It was observed that the

fully explicit method is unstable, and reducing the incre-

ment size does not prevent numerical instability.

6.3 Cyclic undrained triaxial test on Nevada silty sand

In this example, the cyclic undrained triaxial test conducted

by Yamamuro and Covert [29] on Nevada silty sand is

simulated. The material parameters of the Manzari–Daf-

alias plasticity model for the Nevada silty sand used in this

numerical simulation are summarized in Table 2.

Initially, the specimen is consolidated isotropically until

the effective confining pressure of p = 225 kPa is reached

(point A in Fig. 6a). After isotropic consolidation, the

specimen is sheared under drained conditions from the

isotropic confining pressure of p = 225 kPa to the con-

fining pressure of p = 250 kPa, which corresponds to the

deviatoric stress of q = 75 kPa, i.e., from point A to point

B. Along this portion, the effective stress path has a slope

of 3, as expected for the drained triaxial compression test.

Then, the specimen is turned undrained, and the cyclic

undrained triaxial test is performed. During the cyclic

loading, the mean effective stress decreases until the

effective stress path reaches the point marked by the red
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circle in Fig. 6a. At this point, liquefaction instability

occurs. After reaching this point, the constant deviatoric

stress difference cannot be maintained, and the behavior of

the material becomes unstable in the sense that the material

cannot resist the constant deviatoric stress difference.

Correspondingly, the determinant of the liquefaction

matrix obtained from Eq. (41) becomes equal to zero at the

point where liquefaction instability occurs as shown in

Fig. 6b, demonstrating the capability of the criterion pre-

sented herein in detecting the onset of liquefaction insta-

bility under cyclic loading conditions. These results in fact

show that the proposed criterion makes no distinction

between monotonic and cyclic loading, implying that the

liquefaction instability is a function of the state of the

material, rather than the state of loading. Figure 6a also

shows the CSL or the failure line as well as the instability

line, which is the locus of points at which liquefaction

instability is initiated under monotonic undrained triaxial

loading conditions. The instability line is built by joining

the peak points derived from a series of monotonic

undrained triaxial compression tests with the same void

ratio and different initial confining pressures. In this figure,

the instability line is plotted for the case where the void

ratio is the same as that of the cyclic undrained triaxial test.

It is observed that the performed numerical simulation

satisfactorily reproduces the experimental observations

reported in [29].

6.4 Cyclic undrained plane strain test on Toyoura sand

In order to exemplify the applicability of the proposed

liquefaction criterion to initial boundary value problems

under dynamic loading conditions, an example is solved

employing a fully coupled dynamic finite element analysis.

This example involves a fully saturated sample loaded

dynamically under plane strain conditions. The geometry

and boundary conditions of the problem are displayed in

Fig. 7. As shown in this figure, the side length of the square

sample is 1 m. The top boundary of the sample is loaded

by a uniform vertical displacement that varies with time

as �uy ¼ 2� 10�3 � 1:75b5tc=2þ1pt sin 5ptð Þm; where the

symbol bc denotes the greatest integer function. The side

boundaries are subjected to a constant uniform confining

pressure of 1,500 kPa. Undrained boundary condition is

imposed on all boundaries of the sample. That is, the

sample has impermeable boundaries to water. Prior to the

dynamic loading, the sample is loaded monotonically under

drained conditions from the isotropic confining pressure of

p = 1,500 kPa to the state of stress marked by point A in

Fig. 8a. The initial void ratio before the monotonic loading

is e = 0.909. The computed effective stress and plastic

internal variables at the end of the monotonic loading serve
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as initial values to perform the dynamic analysis under

cyclic loading. Indeed, the initial conditions for the

dynamic analysis are obtained from a preliminary static

drained analysis to ensure the satisfaction of mass and

linear momentum balance equations at time t = 0. The

adopted model parameters are assumed to be similar to

those given in Table 2 for Toyoura sand. Material prop-

erties of the fully saturated soil considered in this example

are listed in Table 3. The domain is discretized with

10 9 10 quadrilateral elements. The displacement field is

approximated by biquadratic shape functions, and bilinear

shape functions are used for the approximation of the water

pressure field.

Figure 8a shows the effective stress path, surrounded by

an envelope obtained from a monotonic undrained triaxial

compression test for the same void ratio as in this example.

It is noted that in this example, heterogeneity effects are

negligible, and the material response is almost identical at

all Gauss points. Therefore, the selected Gauss point is

representative of the entire domain. It is observed that the

sample reaches liquefaction instability very close to the

instability line obtained from a series of monotonic

undrained triaxial compression tests performed on samples

with the same void ratio as in this cyclic test. However,

neither the instability line nor the envelope serves as pre-

dictor for liquefaction. Figure 8d shows the evolution of

the pore water pressure. As can be seen, during the first

cycle the magnitude of the pore water pressure is not sig-

nificant, but in the next cycle the pore water pressure

increases suddenly. The sudden increase in the pore water

pressure causes the mean effective stress to decrease

remarkably, eventually resulting in the liquefaction insta-

bility. Accordingly, in the last cycle, the axial strain

develops much more than the previous ones, as shown in

Fig. 8b. Moreover, it maintains a nearly constant deviatoric

stress until liquefaction instability takes place. The devel-

opment of the pore water pressure and the subsequent drop

in the mean effective stress continues before the onset of

liquefaction instability. Accordingly, the determinant of the

liquefaction matrix obtained from Eq. (39) becomes equal

to zero at the point where the sample displays liquefaction

instability, as observed from Fig. 8e. This example clearly

indicates that liquefaction instability occurs when the

aforementioned liquefaction criterion is met, proving the

capability of the proposed criterion to capture liquefaction

instability in boundary value problems under dynamic

loading conditions. Figure 8f shows the local convergence

results of the proposed return mapping algorithm at several

times. It is observed that a few iterations are required to

achieve the local convergence, and an asymptotic quadratic

convergence rate is achieved for the given tolerance (in this

example 10-12).

7 Conclusions

In this paper, a general liquefaction criterion based on

Hill’s loss of uniqueness conditioned to the undrained

bifurcation was presented for detecting the onset of liq-

uefaction instability in fully saturated granular media.

The Manzari–Dafalias plasticity model based on its

recent modifications was employed to simulate the non-

linear behavior of granular materials. Furthermore, a

fully implicit return mapping algorithm was developed

for the numerical implementation of the Manzari–Daf-

alias plasticity model. It was shown that the local rate of

convergence of the proposed implicit integration scheme

is asymptotically quadratic. Moreover, in the finite ele-

ment context when the consistent tangent operator is

used in the solution of the governing system of equa-

tions, the performance of the implicit method is

enhanced. That is, the asymptotic quadratic convergence

rate of the global Newton–Raphson iterative process is

preserved. It was observed that the presented implicit

method is more accurate and stable than the explicit

method. Relatively large increments deteriorate the

numerical stability of the explicit method, while the

implicit method produces accurate and stable solutions

with relatively large increments. Moreover, the implicit

method is able to provide converged solution in the very

low mean effective stress region, while the explicit

method fails to converge at low mean effective stress

levels, and even a significant decrease in increment size

does not ensure convergence.

The predictive capability of the liquefaction criterion

presented herein was illustrated in several numerical sim-

ulations under both monotonic and cyclic loading condi-

tions. It was shown that the proposed criterion is capable of

capturing the onset of liquefaction instability under static

Table 3 Material properties for the finite element analysis

Biot’s constant a = 1

Solid phase density qs ¼ 2;000 kg=m3

Water density qw ¼ 1;000 kg=m3

Bulk modulus of solid phase Ks ¼ 0:1� 1023 Pa

Bulk modulus of water Kw ¼ 0:2� 1010 Pa

Intrinsic permeability k ¼ 1� 10�10 m2

Dynamic viscosity of water lw ¼ 1� 10�3 Pa s
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as well as dynamic loading conditions without resorting to

any specific assumption and is able to distinguish between

flow liquefaction and cyclic mobility. In cyclic mobility,

pore water pressure increases gradually with cyclic loading

without exhibiting noticeable sudden changes in pore water

pressure, and loss of controllability or instability is not

observed. Consequently, the liquefaction criterion is never

satisfied in this case. In contrast, flow liquefaction is

associated with a sudden increase in pore water pressure

accompanied by unstable behavior. It is expected that the

proposed framework can help advance our understanding

of liquefaction and contribute to the repertoire of rational

tools to predict the catastrophic effects of liquefaction

instability in the long term.

Appendix 1

The coefficient matrices in the discretized governing Eq.

(4) are given by

Mu ¼
Z
X

NT
u qNudX

Mw ¼
Z
X

rNT
pw

qw k=lwð ÞNudX

Q ¼
Z
X

BTamNpw
dX

C ¼
Z
X

NT
pw

a� n

Ks

þ n

Kw

� �
Npw

dX

H ¼
Z
X

rNT
pw

k=lwð ÞrNpw
dX

ð42Þ

and the external force and flux vectors are given by

Fu ¼
Z
X

NT
u qb dXþ

Z
Ct

NT
u
�tdC

Fw ¼
Z
X

rNT
pw

qw k=lwð ÞbdX�
Z

Cqw

NT
pw

�qwdC
ð43Þ

where m is the identity vector defined as m ¼
1 1 1 0 0 0½ �T; �t is the prescribed traction

imposed on boundary Ct and �qw is the prescribed outflow

imposed on the permeable boundary Cqw
:

Appendix 2

The components of the local Jacobian matrix Ji are given

by

ori
ee=oee;i ¼ 1þ DLioRi=oee;i

ori
ee=oai ¼ DLioRi=oai

ori
ee=ozi ¼ DLioRi=ozi

ori
ee=oDLi ¼ Ri

ori
a=oee;i ¼ �DLi 2=3ð Þ bi � ohi=oee;i þ hiobi=oee;i

	 

ori

a=oai ¼ 1� DLi 2=3ð Þ bi � ohi=oai þ hiobi=oai
	 


ori
a=ozi ¼ 0

ori
a=oDLi ¼ � 2=3ð Þhibi

ori
z=oee;i ¼ czDLi �H �Di

	 

zmaxni þ zi
	 


� oDi=oee;i
	

þ h�Diizmaxoni=oee;i



ori
z=oai ¼ czDLi �H �Di

	 

zmaxni þ zi
	 


� oDi=oai
	

þ h�Diizmaxoni=oai



ori
z=ozi ¼ 1þ czDLi �H �Di

	 

zmaxni þ zi
	 


� oDi=ozi
	

þ h�Dii1



ori
z=oDLi ¼ czh�Dii zmaxni þ zi

	 

ori

DL=oee;i ¼ ni � osi=oee;i � ai � ni þ
ffiffiffiffiffiffiffiffi
2=3

p
m

� �
opi=oee;i

ori
DL=oai ¼ �pini

ori
DL=ozi ¼ 0

ori
DL=oDLi ¼ 0

ð44Þ

in which

oRi=oee;i ¼ ni� oBi=oee;iþBioni=oee;iþ ni
	 
2� 1=3ð Þm
� �

� oCi=oee;iþ 2Cini � oni=oee;i

� 1=3ð Þm� oDi=oee;i

oRi=oai ¼ ni� oBi=oaiþBioni=oaiþ ni
	 
2� 1=3ð Þm
� �

� oCi=oaiþ 2Cini � oni=oai

� 1=3ð Þm� oDi=oai

oRi=ozi ¼� 1=3ð Þm� oDi=ozi

ohi=oee;i ¼ hi obi
0=oee;i� hi ai�ain

	 

� oni=oee;i

	 

=bi

0

ohi=oai ¼� hi
	 
2

niþ ai�ain

	 

� oni=oai

	 

=bi

0

obi=oee;i ¼
ffiffiffiffiffiffiffiffi
2=3

p
ni� oab;i

h =oee;iþ ab;i
h oni=oee;i

� �

obi=oai ¼
ffiffiffiffiffiffiffiffi
2=3

p
ni� oab;i

h =oaiþ ab;i
h oni=oai

� �
� 1

oDi=oee;i ¼ A0H zi �ni
	 


di �ni
	 


zi�Ai
da

i
	 


� oni=oee;i

þ
ffiffiffiffiffiffiffiffi
2=3

p
Ai

doad;i
h =oee;i

oDi=oai ¼ A0H zi �ni
	 


di �ni
	 


zi�Ai
da

i
	 


� oni=oai

þAi
d

ffiffiffiffiffiffiffiffi
2=3

p
oad;i

h =oai�ni
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oDi=ozi ¼ A0H zi �ni
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ni

oni=oee;i ¼ osi=oee;i�ai� opi=oee;i�ni
	
� ni � osi=oee;i
	

� ai �ni
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= si� piai
�� ��
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oni=oai ¼ �pi 1� ni � ni
	 


= si � piai
�� ��

opi=oee;i ¼ �Kim

osi=oee;i ¼ �Ki= 2pi
	 


Dsi �mþ 2Gi 1� 1=3ð Þm�mð Þ
ð45Þ

where 1 is the 6 9 6 identity matrix, H is the Heaviside

step function whose value is unity for positive arguments

and zero otherwise, the symbol j j denotes the L2 norm of a

vector, and the symbol � denotes the dyadic product of two

vectors.

Appendix 3

The components of or=oe are given by

oree=oe ¼ �1þ DLoR=oe

ora=oe ¼ �DL 2=3ð Þ b� oh=oeþ h ob=oeð Þ
orz=oe ¼ czDL �H �Dð Þ zmaxnþ zð Þ � oD=oeð

þ h�Dizmaxon=oeÞ

orDL=oe ¼ n � os=oe� a � nþ
ffiffiffiffiffiffiffiffi
2=3

p
m

� �
op=oe

ð46Þ

in which

oR=oe ¼ n� oB=oeþ B on=oeþ n2 � 1=3ð Þm
	 


� oC=oeþ 2Cn � on=oe� 1=3ð Þm� oD=oe

oh=oe ¼ h ob0=oe� h a� ainð Þ � on=oeð Þ=b0

ob=oe ¼
ffiffiffiffiffiffiffiffi
2=3

p
n� oab

h=oeþ ab
hon=oe

	 

oD=oe ¼ A0H z � nð Þ d � nð Þz� Adað Þ � on=oe

þ
ffiffiffiffiffiffiffiffi
2=3

p
Adoad

h=oe

on=oe ¼ os=oe� a� op=oe� nð
� n � os=oe� a � nð Þop=oeð ÞÞ= s� paj j

op=oe ¼ 4:97þ eð Þ= 2:97� eð ÞKDee
vm

os=oe ¼ 4:97þ eð Þ= 2:97� eð Þ �1þ KDee
v= 2pð Þ

	 

Ds�m

ð47Þ
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