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Abstract Structural optimization methods are used for a
wide range of engineering problems. In geotechnical
engineering however, only limited experience exists with
these methods. The difficulties in applying such methods to
geotechnical problems are discussed in this paper, and the
adaption of the commonly known SIMP-method to geo-
technical problems is introduced for a special case. An
application example is used to present the potential of
topology optimization methods, and the application to
geotechnical engineering is evaluated.
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1 Introduction

Optimization of structural topology, shape and material is
state-of-the-art in a wide area of engineering applications.
Methods of topology optimization are especially used to
reduce weight, costs and material in the automotive and
aircraft industries. The methods of structural optimization
allow an automatic development of the optimal design of
construction elements. Depending on the particular appli-
cation, it is possible to generate an optimized structure from
an unshaped block element. The coupling of structural
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optimization methods with numerical simulation software,
such as the Finite Element Method, allows the simulation
and estimation of almost any imaginable geometry. In
structural engineering, the development and application of
such optimization methods have only recently been initi-
ated. This due to the differences between structural and
mechanical engineering. Mass productions are aimed at
mechanical engineering, where a small reduction in costs
can enable large savings. In structural engineering, however,
the product typically is a individual one-off design. The
application of optimization methods in geotechnics is
uncommon to date. Until now, optimization methods are
used in geotechnics e.g. to determine slope stability (Baker
and Gaber [2]). Another application of optimization is the
inverse soil parameter determination (Zhang et al. [21] and
Meier et al. [11]). An application of optimization af a geo-
technical design process can be found in Kinzler [8]. The
potential of these methods is shown by the results of the
application in other engineering areas. In geotechnical
engineering, these methods are able to support the engineer
in achieving economic designs, even if the problem is very
difficult and complex. In the strategies of optimization in
automotive and aircraft industries, merely the structure of
homogeneous materials is optimized. This contrasts with
geotechnical engineering, where two different materials,
structure and soil, have to be considered. In this paper, the
development and application of structural optimization
methods in geotechnics are demonstrated. Several methods
to solve strutural optimization problems have been devel-
oped. A review of the most common formulations can be
found by Arora and Wang [1]. The SIMP-Method of Sig-
mund [17], a combined method of topology and shape
optimization, is described and used. This method is very
robust and the link-up to a finite element programm can be
realised simply.
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2 Terminology

Structural optimization is divided in topology optimization,
shape optimization and dimension optimization. Most of
the structural optimization methods are developed espe-
cially for one of these three groups.

Topology stems from the greek terms l16gos (teaching)
and tépos (location). It is an area of mathematics that
describes structures geometrically. The topology is the main
design of a structure. The terminology ‘topology’ is illustrated
with a geotechnical example in Fig. 1. Figure 1a shows the
actual design problem, a surface jump has to be stabilized.
Three different solutions are shown in Fig. 1a,b,c. The solu-
tions differ in their topology.

Once a topology is chosen, its shape can be improved. It
is not possible to change the topology during a shape
optimization. The topology in Fig. 1d is chosen for this
example. Figure 2 shows three alternatives to achieve the
optimization objective. In this case, the maximum wall
deflection is a possible optimization object. To achieve an
economic design for the chosen topology, it is reasonable
to vary the anchor position (Fig. 2b), the anchor inclination
(Fig. 2¢) and the anchor length (Fig. 2d).

Dimension optimization defines the profile properties of
the individual structural elements. Neither the topology
nor the shape can be changed by the dimension optimi-
zation. This group of structural optimization is the most
widely applied method in structural engineering, because
most analysis software provides this option. In our
example, the shape optimization in Fig. 2 results in the
the optimal shape shown in Fig. 3. In this case, the
dimension optimization defines for instance the wall
profile, the anchor profile and the dimensions of the
grouted anchor.

3 SIMP-method

The SIMP-method (Solid Isotropic Material with Penaliza-
tion) is a very popular and efficient method for topology
optimization (Sigmund [17]). This method is based on the
idea that the required material is already uniformly placed in

design problem (a) gravity wall

? =

the design domain Q. The optimal subset that represents the
optimal topology of this domain is called Q™. The SIMP-
Method seeks iterativly the optimal subset. The design
domain Q is discretized with finite elements. The material
properties are constant in each of these elements und depend
on the relative density p. The relative density varies over the
design domain. The material is concentrated at highly loa-
ded locations and less concentrated in areas of low stress.
The relative density should be either 1 or O at every point
a in the design domain Q after the optimization:

(1)

(a) = 0 — no material
PL@=1 1 - material

The goal of the optimization method is to minimize the
compliance of the structure in the design domain €. Thus,
the stiffness is maximized.

The compliance of a structure can be expressed using
the internal energy of the system. The internal energy c of
an elastic material is defined by:

c(x) = U'KU (2)

where U is the global deformation tensor, K the global
system stiffness matrix and x the tensor of the design
parameters. The design parameters x; of the tensor x are
distributed over the design domain. These are variable
parameters that have to be chosen for the specific case, i.e.
the elastic modulus E, the Poisson’s ratio v, the friction
angle ¢, etc. This optimization method considers two
different constraints. The first constraint is in this case
expressed with the equilibrium:

KU=F (3)

where F is the tensor of the external forces.

The second constraint demands that the volume of the
design structure decreases or remains equal to the volume
Vj at the beginning of the optimization process. The SIMP-
Methods assumes constant volume:

ﬁ“m:w 4)

The design parameters x, are limited by an upper and a
lower bound, such that the material properties correspond

(b)single anchored () grouted anchored
wall wall

g8

T~

\
\

Fig. 1 Topology optimization for a design problem, a gravity wall, b single anchored wall, ¢ double anchored wall with grouted anchor
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Fig. 2 Shape optimization: a chosen topology, b variation 1: anchor position, ¢ variation 2: anchor inclination, d variation 3: anchor length
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Fig. 3 Dimension optimization

to the physically possible range. The optimization task for
minimal compliance design can be cast as:

min: c(x) = U'KU = YV (p, )P ul K,u,
subject to: KU =F
(5)
Vs =Vo-0

O<pmin Sx€§1

where u, is the element displacement tensor, K, the element

elasticity matrix and p, the relative density of the element.
The internal energy in the design domain € cannot be
minimized, because the external energy has to equal the
internal energy for the equilibrium in the Finite Element
Method. Therefore, the internal energy is multipled with the
relative density for each element. To reach the minimum
compliance design, the sum of the internal energy in
elements with a high relative density is minimized. c(x) is
also called compliance, so it is a minimal compliance
optimization. A lower bound of p,,;, > 0 for the relative
density is established to avoid numerical singularities. The
material change-over is controlled by a penalty term p,
which is commonly chosen to p = 3 [4]. In the element e,
the Young’s modulus E changes from E; to E, depending on
the virtual density p, during the optimization:

Ey =Ei-(p.) (6)

This equation is used to demonstrate the influence of the
penalty term p, see Fig. 4. If the penaltiy term is too small,
the material change-over cannot finish completely during
the optimization process. Hence, in such cases, the results
cannot be interpreted because the material surface cannot
be identified. Bendsge [4] proposed to select p > 3 in two-
dimensional and p > 2 in three-dimensional space. After
the application of the SIMP-Method in Sect. 5, the result
(Fig. 8d) is checked regarding the material change-over.
It can be seen that the material change-over finished nearly

1,0
1
I
!
0,8 /// ]
p=1 q
/
AN ///
_ 06 rZ2 ’
m /
E\l p:3 \ /,/
0,4 S/
\ 7
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0 o ——
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Fig. 4 Change-over of the Young’s modulus E of two different
materials depending on different values of the penalty term p

completely in all elements, so the choice of the penalty
term p = 3 for this application is well chosen.

The volume Vs corresponds with the volume Vj of the
design domain where ¢ is the volume fraction. To solve the
optimization task, the method of optimal criteria is used as
predefined by Bendsge [4]:

max(pmim Pe — m)

if peBZ Srnax(pmin’ Pe — m)
peB;

if max(pminv Pe
min(1, p, -+ m)

if min(1, p, +m) < p,B!

pnew _
¢ 7m)<peBZ<min(17pe+m)

(7)

A positive move-limit m and a numerical damping
coefficient n = 0.50 are introduced, see Bendsge [4]. The
values for m and u are chosen by experiment to reach a
stable convergence of the iteration scheme. The sensitivity
of the objective function is expressed as

0
a_;e = —p(p.)" g Kette (8)
and B, is defined through the Lagrangian multiplier A:
7ac/ape
e =T A 9)
0V /op,
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Sigmund [17] uses a filter to ensure a unique solution of
the optimization task. The filter modifies the element
sensitivity, so the solution does not depend on the
discretization level. Further detail can be found in
Sigmund [15, 16].

4 Adaptation of the SIMP-method to geotechnical
engineering

The main assumption of the SIMP-method is the homo-
geneity of the material in the structure. The elements in the
design domain with no material are disabled by assigning
very soft material properties. The homogeneous material is
modelled generally with linear elastic material behaviour.
In geotechnics, at least two different material types, the soil
and the structure, have to be considered. The material
behaviour of soils is highly nonlinear and cannot be
reproduced adequately with a linear elastic or a linear
elastic - ideal plastic constitutive model.

4.1 SIMP-method adaption requirements

The adaption of the SIMP-method in geotechnics requires
primarily the consideration of two different types of
materials. Therefore, the volume V, (see Eq. 4) is defined
as the volume of the structural parts only. In the particular
case of linear elastic material behaviour of both materials,
the material parameters of soft material relates to the vir-
tual density p = 0. The virtual density of p = 1 relates to
the stiff material. The material parameters between the
limits of the relative density, 0 < p < 1, are labelled as
change-over material. The mathematic function to describe
the change-over process is expressed with the given
example of Young’s modulus change-over:

E = Eo+ (E1 — E) - (p,) (10)

E is the Young’s modulus in a particular element, E of the
soft material and E; of the stiff material. The stiffness of
the change-over material has to increase with increasing
virtual density p to minimzie the compliance. Decreasing
compliance strictly requires increasing material stiffness. If
the stiffness of the change-over material does not increase
continuously related with the virtual density, it is possible
to reach a local minimum of the objective function. In this
case, the material change-over cannot be completed.

4.2 Material change-over in geotechnics
As stated above, a sophisticated constitutive model is
required to reproduce the salient material behaviour. In the

present paper, the hypoplastic constitutive model of von
Wolffersdorff [19] with the extension of intergranular
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strain by Niemunis and Herle [12] is used. Hypoplastic
model was originally developed for cohesionless materials.
Recently, the model was extended to include cohesive soils
(Huang et al. [7], Weifner and Kolymbas [20], Masin and
Herle [10], Bauer [3]). Numerical investigation of bound-
ary value problems using hypoplastic constitutive models
was reported recently by Henke and Grabe [6], Salciarini
and Tamagnini [14], Tejchman and Gorski [18]. The
identification of parameters in the hypoplastic model was
discussed by Rondén et al. [13], Guo [5] for a large
number of soil types. The constitutive model is able to
reproduce the nonlinear and anelastic behaviour of soils
close to reality. Specific properties of soils are considered,
including dilatancy, different stiffnesses for loading and
unloading paths, barotropy and pyknotropy. The extension
of intergranular strain allows the simulation of effects such
as accumulation of deformation and hysteretical behaviour
under cyclic loading to be modelled appropriately. The
constitutive model is expressed in a rate-dependent form
defined by the tensor function:

T = M(T,e,): D (11)

In this equation, ’i‘ is the objective stress rate, D the
strain rate and M a fourth order tensor, which depends on
the actual Cauchy stress T, the void ratio e and the
intergranular strain 8. The input of 14 material parameters
is necessary to use this constitutive model (Table 1).

In contrast to linear elasticity, the material change-over
from a soft to a stiff material, coupled with a linear inter-
polation of the virtual density, is limited to rare cases. The
material change-over as shown in Eq. 10 frequently leads
to a temporary material loosening such that a local

Table 1 Material parameters for the hypoplastic constitutive model
with intergranular strain

Parameter Description
@, Critical state friction angle
hy Granular hardness
n Exponent
eq0 Minimal void ratio
eio Critical void ratio
eqo Maximal void ratio
o Exponent
Exponent
R Maximum value of intergranular strain
mg Stiffness ratio at a change of direction of 180°
my Stiffness ratio at a change of direction of 90°
Pr Exponent
bV Exponent
eo Void ratio at a stress state of ¢ = 0 kN/m?
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Fig. 5 Material behaviour of a stiff, a soft material and the according change-over materials, a oedometric test, b triaxial test

minimum of the objective function can be reached. Due to
this effect, the change-over of every single material
parameter has to be determined individually. Figure 5
shows the results of an oedometric and a triaxial test. The
soft material, the stiff material and also three steps of the
material change-over are tested. The material parameters of
the soft and the stiff material are listed in Table 2. The
material change-over is interpolated linearly in this
example. The steps of the change-over are plotted for the
densities p = 0.25; 0.50; 0.75. The oedometric test starts at
a stress level of 10 kN/m? and is loaded to 1,000 kN/m?>.
The unloading and reloading paths are not shown in this
Figure. The triaxial test is performed with a cell pressure of
o, = 200 kN/mz, and the sample is loaded until a maximal
strain of & =20% is reached. Figure 5b shows the
increasing resistance ¢, = max(g; — o) of the material
over the change-over steps. The stiffness of the material,
see Fig. 5a, increases over the first change-over steps. After
the third change-over step, the stiffness exceeds to the
stiffness of the stiff material. Thus, some of the change-
over materials have better properties than the stiff structure
material. The SIMP-method minimizes the compliance by
changing the material or its properties and stiffens the
behaviour. Hence, the material change-over cannot finish
completely and remains in step three.

Figure 6a shows a rare case. All material parameters can
be linearly interpolated depending on the virtual density.
The resistance g,,,, increases with the relative density, see
Fig. 6b. The stiffness increases over the material change-
over in the oedometric test and reaches its maximum
stiffness value with the stiff material (Fig. 6a). The mate-
rial parameters for both materials can be linearly interpo-
lated and are applicable for the SIMP-method and Eq. 10.

Table 2 Hypoplastic material parameters for the examples of mate-
rial change-over

Parameter ¢, hg [MPa] n e € ecp o p
Nonlinear material change-over
Soft material 36 3.2e7 0.18 0.53 0.73 0.80 0.08 1.80
Stiff material 33 1.5e6 028 055 095 1.05 0.25 1.05
Linear material change-over
Soft material 30 5.8e6 0.28 0.53 0.84 1.00 0.13 1.05
Stiff material 45 1.5e6 0.28 0.55 095 1.05 0.50 3.05
Parameter mg mr R Pr 1 e

Nonlinear material change-over

Soft material 2.0 1.0 le-4 0.5 6.0 0.65

Stiff material 2.0 1.0 le-4 0.5 6.0 0.65
Linear material change-over

Soft material 2.0 5.0 le-4 0.5 6.0 0.65

Stiff material 2.0 5.0 le-4 0.5 6.0 0.65

4.3 Implementation

The SIMP-method is coupled here with the commercial
finite element method program Abaqus/Standard, Version
6.8. The method is implemented with an external stand-
alone program routine. The routine calculates the distribu-
tion of the relative density and executes the finite element
calculation. The compliance is evaluated after each suc-
cessful calculation, and a new distribution of the relative
density is defined. In this way the system is optimized
iteratively.

Abaqus/Standard offers the possibility to use material
behaviour depending on the actual temperature. The
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Fig. 6 Special case: material behaviour of a stiff, a soft material and the according change-over materials, a oedometric test, b triaxial test

material parameters can be defined regarding different
temperature states. This option is used to obtain the cor-
relation between the material parameters and the relative
density. The distribution of the relative density is set
equal to a virtual temperature state 7(x) in the finite ele-
ment calculation. The temperature can reach values
between 0 K < T(x) < 1 K. The material properties of
elements with a temperature of 7 = 0 K relate to the soft
material and elements with 7= 1 K relate to the stiff
material. The hypoplastic constitutive model is imple-
mented in Abaqus via a user subroutine, which has to be
extended for a temperature-depending soil parameter
definition. The material change-over occurs according to
Eq. 10.

5 Application

The estimated settlement and inclination of a structure
affect mainly its usability and thus usually describe the
main boundary conditions in geotechnics. In this applica-
tion, the potential of the supposed topology optimization
method is demonstrated using the example of a simple strip
foundation. An optimized foundation structure topology
has to be developed under an already existing foundation.
The objective function is given in Eq. 5. A resulted set-
tlement reduction can be shown with this simple example.
The soil and all structural parts are discretized with 4-node
volume elements with reduced integration and linear
approach. The contact between the existing structural parts
and the soil is modelled as hard contact in the normal
direction and frictionless in the tangential direction. The
contact surface between soil and developing foundation
cannot be identified exactly with the optimization process;
therefore, no contact formulation is considered. It is
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assumed that the foundation structure does not move rel-
atively to the soil.

The behaviour of the already existing foundation is
simulated with a linear elastic constitutive model. The
Young’s modulus is E = 3.2 - 107 kN/m? and the Poisson’s
ratio v = 0.2. Both soil and new foundation structure are
simulated with the hypoplastic constitutive model of von
Wolffersdorff [19] with the extension of intergranular
strain of Niemunis and Herle [12]. The material parameters
for this model are listed in Table 2. Parameters of the linear
material change-over for the soft material correspond to the
parameters of the soil and the stiff material correspond to
the parameters of the foundation structure.

The initially existing strip foundation is 2 m wide and
1 m deep (Fig. 7) and loaded with a force P = 500 kN.

existing strip foundation P

b=2m,h=1m ‘ design domain
=
g
X
grid i
24 0.1x0.1m
[y £
f=l
o
v
X
-x
k 80 m .

Fig. 7 Discretization of the FE-model of a strip foundation with a
width of 2 m and a depth of 1 m, loaded with 500 kN by the point
load P
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Symmetrical properties of the system are not utilized, so
the optimized foundation structure can be checked for
plausibility. Three different optimization runs are calcu-
lated with different material volumes: 2, 5 and 10% of the
design domain Q. The design domain of the foundation
structure ist placed directly unter the existing foundation
and has dimensions of 20 x 14 m (Fig. 7). The distribution
of the virtual density shall be represented detailed enough,
so the design domain is discretized with elements of the
size 0.1 x 0.1 m. Due to preexamination, the penalty term
p is set to p = 3 and the radius filter to r,,;,, = 1.5.
Figure 8 shows the different evolution states of the
foundation structure with a material volume of 2% of the
design domain. In the first step (Fig. 8a), the material is
compacted under the existing strip foundation and is placed
in the pressure bulb. The evolution state after 15 iterations
is shown in Fig. 8b. The material compacts directly under
the strip foundation and develops a vertical structure under
the footing edges. The theoretical solution of an inflexible
foundations on an elastic half-space leads to stress peaks
under the foundation edges. In this area, the optimization
algorithm increases the relative material density. Figure 8c
shows the topology of the foundation structure after 50
iteration. The material distribution changed marginally

(a |P

-2
-4
. -6
£
= 8
e
< -10
-12
~14
-10 -5 0 5 10
wide [m]
(0 |P
1
2 0.9
—4 08 =
» 07 2
e 0.6 £
= -8 0.5 ;
g 0.4 -2
< —10 03 Tz
-12 0.2
14 0.1

-10 -5 0 5 10
wide [m]

relative density [-]

compared with the evolution state after 15 iterations. The
material compaction under the strip foundation edges is
clearly shown after 500 iterations in Fig. 8d. Material is
placed under the footing edges mainly in the vertical
direction. In this way the stress peaks are transferred to
deeper layers.

Figure 9 shows the settlements of the soil. The origin
design without the optimized foundation structure (Fig. 9a)
settles about 4.4 cm. Figure 9b shows the displacement of
the optimized foundation structure. The achieved settle-
ments of about 2.4 cm under the strip foundation relates to
48% of the primary displacement.

A correlation between the used material volume and the
minimal possible settlement can be estimated with the
different optimization runs. This correlation is plotted in
Fig. 10. Due to the assumption, that this optimization
method reaches a global optimum, the points on the graph
in Fig. 10 fit the EDGEWORTH-PARETO-set of an opti-
mization with the criteria of minimal settlement and min-
imal volume, see also [9]. This set is characterized by the
fact that no criteria can be improved without compromising
another. In this example, the settlement in one point cannot
be improved without compromising the volume in that
point. Every point of the EDGEWORTH-PARETO-set is

P
(b) |
1
2 0.9
—4 0.8 —
0.7 >
g 0 0.6 Z
g -8 057
=% 04 .2
3 -10 g
0.3 g
-12 0.2
14 0.1
10 -5 0 5 10
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(d) 1P
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10 -5 0 5 10
wide [m]

Fig. 8 Evolution states of the foundation structure with a material volume of 2% of the design domain; evolution state after 1 (a), 15 (b), 50

(¢) and 500 (d) iterations
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vertical dis-
(b) placement [cm]

Fig. 9 Vertical displacements before a and after b the optimization

4.5

settlement [cm]

0 5 10
material volume [%]

Fig. 10 Minimal settlement of the strip foundation depending on the
used material volume

at the optimum. For a given settlement of this foundation,
the minimum volume of the foundation can be obtained
from Fig. 10.

6 Practical realisation

Structurally optimized design puts high demands on cur-
rent methods of construction. The optimization algorithms
develop a geometric shape of a structure without consid-
eration of its practicability. The accurate transcription of a
topology-optimized structure may therefore imply enor-
mous costs. It may even be impossible to construct such a
structure. This leads to the conclusion that the construction
method for the estimated result and the relevant materials
have to be chosen a priori. The jet grouting method is a
suitable example. This method forces a cement emulsion
into the soil. The emulsion hardens and cements the soil
grains. A compact jet grouting structure develops. This
method allows to realize almost every optional geometry.
Another way to use topology-optimized designs ist to
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Fig. 11 Example: Interpretation of the topology-optimized design

interpret and to adjust the design regarding possible con-
struction methods. An example is given in Fig. 11. In this
way, the structural optimization is not used to obtain the
globally optimal structure, but it is used to better under-
stand the flow of forces in complex design tasks and to
elaborate a practicable design. However, this strategy does
not fully utilize the potential of the optimization method.

7 Conclusion

The applicability of structural optimization methods,
especially of the topology optimization in geotechnical
engineering, can be demonstrated in this paper. The opti-
mized topology of the application example can be
explained with classical theory of soil mechanics. The
realization of such topologies is partially possible with the
current construction methods, such as the jet grouting.
Further investigation is required for the interpretation of
optimized structures regarding the application to other
construction methods due to the costs of complex topolo-
gies. Nevertheless, the potential of the structural optimi-
zation methods has been demonstrated. These methods
provide significant opportunities in the design process of
geotechnical engineering.
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