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Abstract Presented in this paper is a study of the one-
dimensional consolidation process under haversine repe-
ated loading with and without rest period. The analysis
was carried out using a hybrid coupled, analytical and
numerical implicit finite difference technique. The rate of
imposition of excess pore-water pressure was determined
analytically, and the remaining part of the governing
differential equation was solved numerically. The clay
deposit considered was a homogeneous clay layer with
permeable top and/or impermeable bottom hydraulic
boundary conditions with constant coefficients of perme-
ability and of consolidation. The study reveals that
although the loading function is positive for all times, the
excess pore-water pressure at the base of the clay deposit
with permeable top and impermeable bottom oscillates
with time reaching a ‘steady state’ after few cycles of
loading depending on whether there is a rest period or
not. An increase in the rest period causes a decrease in
the number of cycles required to achieve the steady state.
The paper shows also that the rest period in the haversine
repeated loading decelerates the consolidation process.
Similarly, the paper reveals that the effective stress at the
bottom of the clay layer with permeable top and imper-
meable bottom increases with time but showing mild
fluctuations that do not change the sign. The maximum
positive effective stress achieved depends on the rest
period of the haversine repeated loading. A haversine
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repeated loading without a rest period gives the highest
value for the positive effective stress.
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Notation
A Coefficient matrix
a Radius of circular tire-pavement contact area;

constant quantity

Column vector of unknown quantities

Column vector of known quantities

Coefficient of consolidation in vertical direction

Period of haversine repeated loading without rest

period or the duration of loading/unloading phase

of the haversine repeated loading with rest period

H Thickness of clay layer with permeable top and
impermeable bottom or half the thickness of a clay
layer with permeable top and bottom

IS

L aOaOw

k Number of uniform intervals Az in H

L Loading function (haversine repeated loading with
or without rest period)

m Integer

n* Number of uniform intervals Ar within (d)

PTIB Clay layer with permeable top and impermeable
bottom

PTPB Clay layer with permeable top and bottom

Amplitude of haversine repeated loading
Rest period

Function of time

Speed of vehicle for highways or airports
Dimensionless time factor

Actual time

Excess pore-water pressure

Imposed excess pore-water pressure
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Z Vertical coordinate measured from top surface of
the clay layer downward positive

p Dimensionless coefficient in implicit finite
difference equation

a Effective stress

1 Introduction

Some of the most important applications of repeated
loading take place in highway, airport, and railway engi-
neering. In such types of geotechnical structures, the
roadbed soil (subgrade soil) behavior depends upon the
time-dependent behavior of the repeated loading.

Mitchell [12] pointed out that repeated or cyclic loading
of soils may result from a number of natural phenomena or
human activities such as vehicular traffic, wind waves,
reciprocating machinery, and others.

Conte and Troncone [3] reported that special structures
such as silos or fluid tanks subject the soils to loading and
unloading stages that repeat themselves more or less peri-
odically over time.

Many forms of time-dependent behavior of repeated
loading were suggested by various authors [2, 9, 11].

Barksdale [2] pointed out that the stress pulse can be
approximated by a haversine or a triangular function.
However, McLean [11] determined the loading time for an
equivalent square wave vertical pulse. Huang [9] pointed
out that the type and duration of loading used in the
repeated load test should simulate that actually occurring in
the field, and he recommended the use of a stress pulse in
the form of a haversine or triangular loading.

2 Characteristics of loading waveform

For highways and airports, Huang [9] reported that when a
wheel load is at a considerable distance from a given point

in the pavement, the stress at that point is zero and when
the load becomes directly above the point considered, the
stress at that point is maximum. Therefore, it is reasonable
to assume the stress pulse to be a haversine or triangular
loading, the duration of which depends on the vehicle
speed tire contact radius as well as the depth of the point
below the surface of the flexible or rigid pavement.

Huang [9] reported that a reasonable assumption is that
the load has practically no effect when it is at a distance of
six times the radius of the circular tire-pavement contact
area from the point considered. This means that

a
d=12- 1
: (1)

where d = duration of the load, a = radius of circular tire-
pavement contact area, s = vehicle speed.

Huang [9] recommended the use of the following hav-
ersine loading given by

L(t") = gsin? (g + %ﬁ) (2)

where L(#*) = loading as a function of time, ¢ = load
amplitude, #* = time, d = period of repeated load.
For t = t* + d/2, it can be shown easily that (see Fig. 1):

t
L(t) = qsinzn— (3)
d
and
dL(r) gqm . 2mt
S g™ 4
a  d"d “)

3 Duration of loading and rest period

It is well known that the vehicle speed varies a great deal,
and the depth of the material may not be known during the
design stage. For these reasons, Huang [9] recommended
the use of duration of 0.1 s and a rest period of 0.9 s.

It is worth mentioning that the load duration has very
little effect on the resilient modulus of granular soils, but it
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Loading function, L(t)/q
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Dimensionless time [t/d]

Fig. 1 Haversine loading function
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has some effect on fine-grained soils depending on mois-
ture content. Huang [9] stated that the effect of rest period
is not known, and it is probably insignificant. However, the
effect of rest period of repeated loading on the consolida-
tion process is one of the main objects of this paper, and it
will be discussed thoroughly under Sect. 8.

4 Governing differential equation for 1-D consolidation

It is well known that the Terzaghi one-dimensional theory
of consolidation under instantaneous loading was borne in
1923 and published in his books in 1925 and 1943 [16, 17].
Terzaghi and Frohlich [15] extended the Terzaghi theory to
various cases of time-dependent loading following a single
ramp loading. Olson [13] presented charts for one-dimen-
sional consolidation for the case of simple ramp loading
assuming constant coefficient of consolidation. Hsu and Lu
[8] extended Olson’s solution of one-dimensional consol-
idation to those with varying loading-dependent coeffi-
cients of consolidation. Conte and Troncone [3] presented
analytical solution for the analysis of one-dimensional
consolidation of saturated soil layers subjected to general
time-dependent loading including the cases of cyclic
square wave and trapezoidal loadings. Their solution was
in agreement with Baligh and Levadaux [1] for 1-D con-
solidation for the case of repeated rectangular loading.
However, Favaretti and Soranzo [5], Guan et al. [7] and
Geng et al. [6] derived some solutions for different types of
cyclic loadings. For example, Geng et al. [6] developed a
simple semi-analytical method to solve the one-dimen-
sional non-linear consolidation problems with variable
compressibility and permeability under cyclic loadings.
They presented the Laplace Transform for suddenly
imposed constant loading, rectangular pulse cyclic loading,

(a)
Permeable Top (PT)

A 0

i 1 i-1

H z 2 i

3 i+1
o Jm—
5
H 6
7
A\ 4 8

Permeable Bottom (PB)

sinusoidal cyclic loading, triangular cyclic loading, and
trapezoidal cyclic loading. However, no experimental
results were presented for any case of cyclic loadings.

Zimmerer [19] treated also the problem of 1-D consol-
idation under sinusoidal loading only using finite differ-
ence technique. He extended his study to nonlinear 1-D
consolidation taking into account nonlinear variation in
permeability and density, and allowance was made for
geometrical non-linearity.

Razouki and Al-Zayadi [14] extended the consolidation
study to time-dependent embankment loading and pre-
sented various charts for quick use in practice taking into
account anisotropic permeability, various shapes of the
embankment loading, various clay layer thicknesses rela-
tive to the base width of the embankment and various
construction periods.

The governing differential equation adopted in this work
is that of Terzaghi and Frohlich for time-dependent loading
as follows (see Fig. 2):

Ou ®u  ou,

oS4 5
ot ‘072 + ot )
where u(z, t) = excess pore-water pressure at the position
z and time ¢, C, = coefficient of consolidation in vertical
z-direction, u,(f) = imposed excess pore-water pressure at
time t.

For the case of a haversine wave, as given by Eq. 3 and
noting that u, = L(f) and that Ou,/0t = dL/dt, the gov-
erning differential equation becomes:

Ou %u qn . 2mt
— = C;7—— + —sin—. 6
o o2 T a"a (©)

It should be noted at this stage that the coefficient of
swelling is assumed to be equal to that of consolidation for
the purpose of this work. This is quite justified for over

(b)
Permeable Top (PT)
A 0
1 i-1
H z 2 i

3 i+1

4
R oy
Impermeable Bottom (IB)

Fig. 2 Clay layer a with permeable top and bottom b with permeable top and impermeable bottom
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consolidated clays as well as for loading/unloading cycles
of normally consolidated clays.

5 Analytical solution of governing differential equation

The governing differential Eq. 6 is a non-homogeneous
partial differential equation. The solution of this differential
equation consists of two parts. The first part of this solution
represents the solution of the homogeneous differential
equation, while the second part represents the particular
integral of the non-homogeneous equation. It is worth
mentioning that such an exact analytical solution could not
be found in common references on advanced engineering
mathematics [4, 10, 18]. However, such a solution is pos-
sible to obtain in terms of infinite series of eigenfunctions,
but it is somewhat cumbersome to achieve at this stage and
it will be devoted to another paper on this subject.

Therefore, it was decided at this stage to develop a
numerical finite difference solution for this work to arrive
at the behavior of the consolidation process under haver-
sine loading.

6 Numerical solution of governing differential equation

To solve the governing differential equation, the implicit
finite difference technique is to be used. For this purpose,
the case of a clay layer with permeable top and permeable
bottom (PTPB case), having a total thickness of 2H or a
clay layer with permeable top and an impermeable bottom
(PTIB case) having a thickness of H as shown in Fig. 2, is
considered.

Four uniform intervals Az are to be used together with a
uniform time step Ar. Thus, the implicit finite difference
approximation for the governing partial differential Eq. 6
becomes:

Uiny1 — Uip

Ui—tpsl — Uiyt + Uisior1 | QT . 2Tt
AL + —sin

(AZ)Z d S1 7
7)

:CZ

where u;,, = excess pore-water pressure at node (i) and
time level (n), u;, .1 = excess pore-water pressure at node
(7)) and time level (n 4 1), u;_; 11 = excess pore-water
pressure at node (i — 1) and time level (n 4+ 1), u;y;-
»+1 = excess pore-water pressure at node (i + 1) and time
level (n + 1).

It can be shown easily that the above equation can be
simplified to the following form:

—PButi—yps1 + (1 4+ 2B) i1 — Ptisr g

2m — 1
4+ O ™) (8)
n n
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where

C,At

= 2 — KPAT, 9
B a2 9)

k = number of uniform intervals Az in H, T, = dimen-
sionless time factor = c,t/H?, n* = number of uniform
time intervals (Ar) within one cycle (d), ¢ = actual
time = mAt, m = 1,2,3,...

Note that the imposed time-dependent loading was taken
at the middle of the time step.

For the case of four uniform intervals Az within H (i.e.
k = 4), the governing matrix equation becomes for ¢ = unity:

1 + 2ﬁ _ﬁ O 0 M1’n+1
- 1+28 =B 0 U2,
0 -5 1425 —p U3, nt1
0 0 —Zﬁ 1+ Zﬁ U4 p+1
ui, + asin[a(2m — 1)]
| ur, +asinfa(2m — 1))
" | Uz +asinja(2m — 1))
Usy + asinfa(2m — 1))
orAB=C,B=A"'C (10)

where a = n/n*.
A = coefficient matrix =

1428 P 0 0
—B 1428 P 0
0 - 1+28 P
0 0 —28  1+2p

B = vector of unknown quantities = [u,, 11 Uz .41
T
U3 g1 Udpyr]
C = vector of known quantities = [uy, + S uz, + S
u3,n + S u4,n + S]T

S =asina(2m — 1)]. (10a)

A~! = inverse of the coefficient matrix.

7 Application

For the clay deposit shown in Fig. 2, the choice of a

dimensionless time interval AT, of 0.025, together with

k = 4, yields according to Eq. 9 a f-value of 0.4. For

f = 0.4,k = 4 and n* = 6 (i.e. the period d is divided into

six uniform time intervals), it can be shown easily that
1.8 —-04 0 0

04 18 —04 0
=1 0 o4 18 —04]
0 0 -08 18
05852 0.1378 0.3398 0.0076
1 | 01378 0.6202 0.1529 0.0340
0.0340 0.1529 0.6541 0.1454
00151 0.6800 0.2907 0.6202
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Thus, the solution at any time t can be obtained easily
using the inverse matrix given above.

Figure 3 shows the time variation of ‘excess’ pore-water
pressure at the bottom of the clay deposit with permeable
top and impermeable bottom given in Fig. 2.

It is quite obvious that the ‘excess’ pore-water pressure
builds up during the loading phase and changes to negative
pore-water pressure during the unloading phase. This
oscillation continues with some damping until a ‘steady’
state is achieved after about eight cycles. This can be
supported by the fact that the ratio of positive amplitude of
the first cycle of the excess pore-water pressure at the
bottom of the PTIB case to that for the second cycle is
about 1.136, while this ratio becomes, for example, about
1.048 for the ratio corresponding to the sixth’s and sev-
enth’s cycle. Similarly, Fig. 4 shows the ‘excess’ pore-
water pressure isochrones for the PTIB case considered for
different values of the dimensionless time factor 7, during
the loading and unloading phases of the first cycle of the
haversine loading. It is quite obvious that during loading,
the excess pore-water pressure isochrones are positive
changing gradually to negative isochrones during the
unloading phase of the haversine loading. Note that the
‘excess’ pore-water pressure isochrones can be partially
negative and partially positive. Figure 5 shows the time
variation of the effective stress during the cycles studied. It
is quite obvious from this figure that the effective stress
increases, in general, with time but showing some light
fluctuation (without changing sign) due to the loading—
unloading phases of the cyclic loading. This means that the
bearing capacity of the soil increases, in general, gradually
with increasing number of cycles of the repeated loading.
The rate of increase in effective stress is pronounced

initially and dies out thereafter, and a steady state may be
achieved after about 8 cycles.

8 Effect of rest period

To study the effect of rest period on the one-dimensional
consolidation process under repeated loading, the haversine
loading wave shown in Fig. 6 is considered. It is obvious
from this figure that the duration of the haversine loading—
unloading phase is given by (d), while the rest period is
given by (R). Thus, this repeated loading is a periodic
function given in the fundamental period as follows:

0 for0<r<R/2
L(t)=X{ gsin*n/d(t—R/2) forR/2<t<d+R/2 . (11)
0 ford+R/2<t<d+R

The first time derivative of this loading function repre-
senting the rate of imposition of excess pore-water pressure
can be written as follows:

dL 0 for 0<r<R/2
o gn/dsin2n/d(t — R/2) forR/2<t<d+R/2
"o ford+R/2<t<d+R

(12)

Thus, the analysis of the one-dimensional consolidation
process can proceed as before.

The same case treated earlier (see Fig. 2) was analyzed
again but using the haversine loading wave given by Eq. 11
and shown in Fig. 6 assuming R/d = 1 to reveal the effect of
rest period on the one-dimensional consolidation process.

Figure 7 shows the time variation of ‘excess’ pore-water
pressure at the impermeable base of the clay layer for the
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Normalized excess pore-water pressure, u/q
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Dimensionless time factor, Tv

Fig. 3 Time variation of “excess” pore-water pressure at the bottom of a clay layer with permeable top and impermeable bottom
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Fig. 4 “Excess” pore-water pressure isochrones for the PTIB case
during the first haversine loading cycle

0.5

case of a haversine loading with a rest period
R = d. Included also in this figure are the corresponding
data for the cases R/d = 0 and R/d = 2. Note that for the
case of zero rest period, the loading/unloading time covers
the whole cycle length, while for the case of a rest period
R=4d or R=2d, the duration of loading/unloading
becomes relatively short relative to the cycle length. Thus,
the existence of an ‘effective’ gradient for longer time in
the case of zero rest period when compared with that for
non-zero rest period might explain why the positive excess
pore-water pressure peaks in Fig. 7 increase with increas-
ing R/d ratio. Thus, the increase in the rest period decel-
erates the consolidation process. It is also worth noting that
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Fig. 5 Time variation of effective stress at the bottom of a clay layer with permeable top and impermeable bottom due to haversine repeated

loading
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Fig. 6 Haversine repeated loading with rest period (case R/d = 1)

@ Springer



Acta Geotechnica (2011) 6:13-20

19

3
=
o 08-
=
@
g 06-
o
g 04
g
i’ 0.2 1
2
®» !v:
(7]
8
g -02
(4]
T
g o
s
€ -06-
5 |
=
-0.8 . . .
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Dimensionless time factor Tv

Fig. 7 Effect of rest period of haversine repeated loading on the time variation of “excess” pore-water pressure at the bottom of a clay layer with
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Fig. 8 Effect of rest period of haversine repeated loading on the time variation of effective stress at the bottom of a clay layer with permeable

top and impermeable bottom

the maximum absolute value of negative pore-water pres-
sure becomes smaller by increasing the rest period.

However, the number of cycles required to achieve
‘stationary state’ decreases with increasing the rest period,
as it is about 5 for the case of non-zero rest period com-
pared with 8 for R = 0.

Figure 8 shows the effect of rest period on the time
variation of effective stress. It is quite obvious from this
figure that the effective stress increases with time but with
more pronounced fluctuation when compared with the case
of no rest period (R = 0). However, the maximum effec-
tive stress achieved decreases with increasing R/d ratio,

indicating that the consolidation process becomes slower
by increasing the rest period. It is also worth mentioning
that for non-zero rest period, a ‘steady’ state is achieved
after the fifth cycle, indicating that the rest period tends to
decrease the number of cycles required to achieve the
steady state.

9 Conclusions

The main conclusions of this work can be summarized as
follows:
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Although the haversine loading is always positive, the
‘excess’ pore—water pressure developed during one-
dimensional consolidation oscillates changing from
positive to negative and vise versa. The absolute value
of the amplitude of this excess pressure decreases
gradually with time until a steady state is achieved.
Regarding the excess pore-water pressure and effective
stress, a steady state is achieved after about eight
cycles for the case of haversine repeated loading
without rest period and after the fifth cycle for non-
zero rest period.

The effective stress and hence the bearing capacity of
the soil increase with time although showing some
fluctuations but without changing sign. This fact is
independent of the length of rest period.

The ‘excess’ pore-water pressure isochrones can be
positive, negative or consisting of two parts, namely
positive and negative.

An increase in the rest period of the haversine repeated
loading decelerates the one-dimensional consolidation
process. The maximum effective stress for non-zero
rest period becomes much less than that for no rest
period.

The number of cycles required to achieve the ‘steady-
state’ conditions decreases with increasing the rest
period. Five cycles are sufficient to achieve this state
for a non-zero rest period.
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