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In (Phys Lett A, 2002, 297: 4-8) an entanglement criterion for finite-dimensional bipartite systems is proposed: If psp is a separable
state, then Tr(p3) > Tr(p?) and Tr(p3) > Tr(p?). In the present paper this criterion is extended to infinite-dimensional bipartite
and multipartite systems. The reduction criterion presented in (Phys Rev A, 1999, 59: 4206-4216) is also generalized to infinite-
dimensional case. Then it is shown that the former criterion is weaker than the later one.

quantum state, entanglement criterion, infinite-dimensional system

Citation: Wang Y Z, Hou J C, Guo Y. An entanglement criterion for states in infinite-dimensional multipartite quantum systems. Chin Sci Bull, 2012, 57: 1643-1647,

doi: 10.1007/s11434-012-5111-5

1 Introduction

Quantum entanglement plays a crucial role in the rapidly de-
veloping theory of quantum information and quantum com-
putation [1]. One of the most fundamental problem in en-
tanglement theory is to determine whether a given quantum
state is entangled or not. Nowadays, a number of different
entanglement criteria have been found [2—18].

For the finite-dimensional bipartite quantum systems, Wu
and Anandan [18] proposed a trace inequality criterion which
reads as: If p is a separable state of a bipartite quantum
system A + B, then Tr(pi) > Tr(p?) and Tr(p%) > Tr(p?),
where p, and pp are the reduced density matrices of p, i.e.
pa = Trp(p) and pp = Tra(p). Recall that, the reduction crite-
rion says that if a state p is separable, then py ® Iz —p > 0 and
Ip ® pp — p = 0. It is claimed in [19] that the trace inequality
criterion mentioned above is weaker than the reduction cri-
terion. Though this claim is true, the proof of it is not right
there.

The aim of this paper is to generalize the above two crite-
ria to infinite-dimensional case and then show that the trace
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inequality criterion is weaker than the reduction criterion.

Recall that, a quantum state p (i.e. a positive trace-one
operator) acting on a Hilbert space H = Hy ® Hp with
dimHy ® Hg < +oco, is called separable if it can be writ-
ten as a convex combination of some product states, i.e. p is
of the form

pzzp,p;*@p?, Zp,:l, pi>0, (D)

or, it can be approximated in the trace norm by the states of
the form in eq. (1) [20], where p* and p? are (pure) states
in the subsystems H4 and Hp, respectively. Otherwise, p is
called entangled. A quantum state p (i.e. a positive trace-one
operator) acting on a Hilbert space H = H1® H, ® ... ® Hy,
with dmH, ® H, ® ... ® H,, < +co is defined to be fully
separable if it has the form

2
p=Zpip§”®p§)®m®p§m), Zpi=1,pi>0, 2)
1 1

or it can be approximated in the trace norm by the states of
the above form, where pgk)s are (pure) states in the subsys-
tems Hy, k=1,2,..., m.

csb.scichina.com www.springer.com/scp



1644 Wang Y Z, et al.

We fix some notations used in this paper. In quantum
mechanics, a quantum system is associated with a separable
complex Hilbert space H, i.e. the state space. Let Hy, Hp,
etc., be complex separable Hilbert spaces (associated with
quantum systems), throughout the paper we use the Dirac’s
symbols. The brackets notation, (:|-) stand for the inner prod-
uct in the given Hilbert spaces. The set of all bounded linear
operators on some Hilbert space H is denoted by B(H). Let
S (Hx ® Hp) be the set of all states in H4 ® Hg. It is obvious
that S (Hx ® Hp) C B(Ha ® Hp). By 7 (H) we denote the set
of all trace class operators of Hilbert spaces H. If T € 7 (H),
we have ||T|lr, = Tr(TTT)2) < +co, where || - |Ir» denote
the trace norm. Recall that, if a quantum system is in one of
a number of states |i/;), where i is an index, with respective
probabilities p;, then {p;, [¥;)} is called an ensemble of pure
states, and the associated density operator for the system is
defined by p = Y pily;){¢;|. Obviously, p is a pure state if

and only if Tr(p?) = 1.
2 The main results

In this section we present the main results and their proofs.
Our first result is an infinite-dimensional version of the
trace inequality criterion proposed in [18].
Theorem 2.1 Let Hys, Hp be complex separable Hilbert
spaces with dim(Hy ® Hg) = +oco0. If p € S(Hs ® Hp) is
separable, then Tr(pi) > Tr(p?) and Tr(p%) > Tr(p*), where
pa = Trp(p), pp = Tra(p).
In order to prove this theorem, we need a lemma.
Lemma 2.2 Let H be a complex Hilbert space, 7,,T €
7 (H). Then lim T, = T under the trace norm implies that

n—+oo

lim T2 = T? under the trace norm.

n—+oo

Proof.  Note that, for A € 7 (H), we have ||A|| < ||Allr: <
+oo. AsT,,T € T7(H) € B(H) and ||T, — T||ry — 0, there
exists some positive number M such that sup, {[|T,llr:} = M <
+o00. Then, it follows from

172 - Tl
=\IT? = T,T + T,T — T*|Iy
<M T, = Tl + TN - 1T, = Tl

that
IT? = T?|lty — 0 as n — +oo.

Proof of Theorem 2.1. Let Ss_,(Hs ® Hp) be the set of
all separable pure states. If p is separable, then it admits a
representation of Bochner integral [21]

p= f e(p" ® pP)du(p’ ® p*), 3)
Ss—p
where u is a Borel probability measure on Ss_,(Hs ® Hp),

prepbeSs_p(Hi®Hp),and ¢ : Ss_, — Ss_, is a measur-
able function. It follows that there exists a sequences of step
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function ¢,, such that
" ®p”) = lim .(p" ® p”)

with respect to the trace norm, where

ky
enp @ p%) = " X (o' @ )i @ pF,
i=1
and Xg,(-) is the characteristic function of E;, {E[}fil is a par-
tition of S5_,(H, ® Hp). Denote by E the set of all possible
partitions {Ei}fil of Ss_,(Hy ® Hp). Then E is a direct set
and we have

- i ot @ b
p= éf}r?EZ”(E’)p’ ®p; “4)

with respect to the trace norm, as well as with respect to the
Hilbert Schmidt norm, where pf and P,B are pure states re-
spectively in H4 and Hj, i.e. there exist unit vectors {|i;)} in
Hj and {|¢;)} in Hp, respectively, such that p? = |¥){y;| and
pf.g = |¢;){¢i|. It is well known that Tr is a completely positive

linear functional of 7 (H) with dim H < +o0. In fact, taking

any orthonormal basis {|ei)}?:i‘}‘H of H, the complete positivity

of Tr comes from the fact Tr(T)(le; ){e|) = Z EiTE;L, where

i=1
E; = |e1){e;|. Thus Tr is completely bounded and hence I ® Tr
is continuous. So we have

pa=Trs(p) = lim Zu(E»p;‘, 5)
with respect to the trace norm. By Lemma 2.2, one gets
Tr(p}) = lim, Tr([Z H(ENPLT)

= Jim Tr(Z Zﬂ(Ei)ﬂ(E,f)p?p?)

= lim Tr(Z Zu<E[)y(E,)|¢/,f‘><¢/,f‘| WD)
[

= Jim [ 3 HEDE WP
J

i

. ) ) B| B\[2
> {g{gE[Z ZN(EJ#(EJ)KW?W?)(@ 5.
On the other hand, by Lemma 2.2, we have
2 = i ol @ pBT?
Tr(p?) = lim, Tr([Zy(Eop, ® pl1)

L A NA e BA o B
= lim Tr(Z Zu(El)ﬂ(E,)pi ® 070} ®p})

= lim [ > wEEW N P
i

{EiJeE

So we obtain that Tr(o%) > Tr(p?). The inequality Tr(p3) >
Tr(p?) can be checked similarly. This completes the proof.

We give an example to illustrate how to apply the trace
inequality criterion established in Theorem 2.1.
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Example Let H = Hy ® Hp be a Hilbert space with
dimHs, = 2 and dimHp = +oco. We consider a state
p € S(Hs ® Hp) with the following form:

X o 1=x , , , ,
= 2|OO 00 | + (101 ) + {10 N(O1 | +<10 )

- ;<|02’> + 11 )02 +(11')),

where 0 < x < 1, {|0), |1)} is an orthonormal basis of H, and

{0}, 1), - - -} is an orthonormal basis of Hz. Then
3 0 O o - o o0 o0 --- 0
0 * 0 0 50 0 - 0
o 0 O 0 0O 0 O 0
- 0o 7 o0 0 0 0 0
; R
o 0 O o - 0O 0 O 0
o 0 O o - 0O 0 O 0

1+x
and p4 = 2 . It is obvious that
0 )
2 _ 9 2 L,

Tr(p”) = 4x -2x+1 and Tr(py) = 4(x +2x+2).
Thus Tr(p3) < Tr(p?) whenever 0 < x <
whenever 0 < x < |

For finite-dimensional case, the trace inequality criterion
in [18] is valid for multipartite systems. Namely, if p is a
fully separable state actingon H; ® H, ® - - - ® H,,, then

1- So p is entangled

Tr(p2,) > Tr(p2 o)) =+ = Tr(Ol o,.0,) = -+ = Tr(p?), (6)

where aja; - - - @, represent r distinct elements from the set
{1,2,---,m}, and p,, is the reduced density matrix of the
subsystem @i, pPa,qe, 18 the reduced density operator of the
system a; + ay, etc., that is, p,, is obtained by tracing over
all subsystems except @y, pq,q, 1S Obtained by tracing over all
subsystems except a; and @3, and so on. In what follows, we
will generalize Theorem 2.1 to multipartite cases.

Let Hy, H,, ..., H, be separable complex Hilbert spaces
with dim(H®H,®- - -®H),) = +c0. By Ss_,(H|®H,®-®H,,)
we denote the set of all full separable pure states acting on
H ® H, ® --- ® H,. According to [21], we have that if
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p e SH ® H®--®H,) is fully separable, then p admits
a representation of Bochner integral

p= f eV 0p? @ - @p™)du(pVep? ®- --@p™), (7)
Ss-p

where u is a Borel probability measure on Ss_,(H; ® Hy ®
"®Hm)’p(1) ®p(2) ®-- .®p(m) c SS—p(Hl QH,® --®H,,),

and ¢ : Ss_, — Ss-, is a measurable function. It follows

that there exists a sequences of step function ¢, such that

wpV @p? @ @ p™) = J'_To onpV @ p? @ - @ p™)
with respect to the trace norm, where
kn
enpV ®p? @ ®p™) = ZXE,-(P(I) ®pD® - ®p™M)
i=1
xp@p? & @p",

XE,(+) is the characteristic function of E;, and {E[}fll is a par-
tition of Ss_,(H, ® H, ® - - - ® H,,). Let us denote by E the
set of all finite partitions {E } 2 of Ss_ ) (HI®H® - ® Hp).
Now we have
= i E.: (€V] (2) {m) 8

P {Et}rnEZﬂ( P, 8P, @ ®p; (8)
with respect to the trace norm, as well as with respect to the
Hilbert Schmidt norm, where p(j ) = Iz,bj )(z,bj | are pure states in

H;,j=12,.

Theorem 2.3 Let Hy,H,, -, H, be separable complex
Hilbert spaces with dimH;, @ H, ® --- ® H,, = +4co. If
peSH ®H;®---® Hy) is a fully separable state, then

Tr(pil) > Tr(pilaz) 22 Tr(pilaz---a,) 22 Tr(pz)’ (9)

where aja; - - - @, represent r distinct elements from the set
{1,2,...,m}, and p,, is the reduced density operator of the
system @i, Pa,0, 1S the reduced density operator of the sys-
tem @ + a», etc., that is, p,, is obtained by tracing over all
subsystems except @1, Pq,q, 1S Obtained by tracing over all
subsystems except «; and a», and so on.

Proof. Since Tr is a completely bounded functional,
Payara, 18 Well-defined. From eq. (8), we can see that for
every integer r satisfying 1 < r < m, pg,q,.-o, has a represen-
tation as follows:

11m Z/J(E )p(al) ®p(m) R - ®p£(!,).

Pajara, =

By Lemma 2.2, we get
2
Tr(palaz---a,)

= lim Tr(Zu(E WEN ™ 8™ ®- - p™)

% @m) ® p<az> ® - ® pia’)))

(Ei}eE

= lim [ 2 wCE o g
i
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> lim | ) Z HEDCE DY 0 g g

{E;}eE

ay @y g Qg (g 2
U P
_ 2
- Tr(p(l’l(lz"'(l’,-+1 )

So we have

Te(p;,) > Te(Ph,0,) > -+ > Tr(0] 0y0)) > -+ > Trp?). O

Next, we extend the reduction criterion to infinite-
dimensional case.

Theorem 2.4 Letp € S(Hs ® Hp) with dim(Hy ® Hp) =
+o0. If p is a separable state, then

pa®Ilp—p>0, [L®pp—p=0. (10)
Proof.  We only need to prove the inequality ps ® [p—p > 0.
Another one can be checked similarly. Since p is separable,
by egs. (4) and (5), we have

p= hm Z,u(E)p, ®p;,

and

=T = 1li E)p?
pa = Trp(p) {EH?EZ#( P;

with respect to the trace norm. Then

pa®Ip—p
= {gm (X uENp} ® Ip — Z#(E i ®p7)
= HIEIm (X u(EN P! @ I - p! @ pP)]
_ i A _ B
- {IIST{EE ;ﬂ(El)(p[ ® (IB P; ))]
> 0

as desired.
Now we discuss the relation between the trace inequality
criterion and the reduction criterion.

Definition 2.5 Let (a) and (b) be two necessary separabil-
ity criteria. By £(a) and &(b), we denote the set of entangled
states detected by (a) and (b), respectively. We say that (a) is
weaker than (b) if e(a) C &(b). In this case we also say that
(D) is stronger than (a). We say that (@) and () are equivalent
if e(a) = &(b). Finally we say that (a) and () are independent
if (@) is neither weaker nor stronger than (b).

In [19], it is pointed out that the trace inequality criterion is
weaker than the reduction criterion for the finite-dimensional
systems. However the proof provided there is not correct
since the argument is based on an incorrect equation (see
eq. (3) in [19], it is stated there that “... yjo = (4/Jo1 ® DR' =
R(+/p1)®I. Therefore, p = RT( V1 ® DR and ...”. This is not
correct since p = R(+Jp1 ® DR' # R'(4/p1 ® DR. The fact
is true that the trace inequality criterion is weaker than the
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reduction criterion for systems of any dimension. We give
a correct proof that is valid for both finite-dimensional and
infinite-dimensional cases.

Theorem 2.6 The trace inequality criterion is weaker
than the reduction criterion for both finite- and infinite-
dimensional bipartite systems.

Proof. Assume that dimHy ® Hp < +oo. Let p €
S(Hx ® Hp) be any state satisfying ps ® Iy —p > 0. Since
the square root is an operator monotone function, we have
\oa ® Iy — yJp > 0. By Douglas theorem [22], there ex-
ists a contractive operator R such that /o = (4/pa ® Ip)R =
R'(+Jpa ® Ip). It follows that

p = (\pa ® IR)RR(\Jpa ® I).

Thus,
pa = Trp(p) = VpaTrp(RR") vpa,

which implies that
Trp(RR") vjoa = vioa = VioaTrs(RR").

Consequently,
PATrp(RRY) = p3.

Since

= Voo VP = R'(pa ® I)RR (ps ® I5)R < R (p} ® Ip)R,
one has

Tr(p?) < Tr(R' (03 ® I)R)
= Tr((p; ® Is)RR")
= Tra(Trp((0; ® I5)RR"))
= Tra(0; Trp(RR"))
= Tra(p})
= Tr(p}).

Similarly, one can check that Iy ® pg — p > 0 implies that
Tr(p%) > Tr(p?). Therefore, the trace inequality criterion is
weaker than the reduction criterion.

Remark. Although the criterion of Theorem 2.1 is weaker
than the reduction criterion, it is easy to handle for some
senses, since its form is simpler than the reduction criterion.
The criterion of Theorem 2.1 is a complementarity for detect-
ing entanglement of states.
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