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Flux balance analysis, based on the mass conservation law in a cellular organism, has been exten-
sively employed to study the interplay between structures and functions of cellular metabolic networks. 
Consequently, the phenotypes of the metabolism can be well elucidated. In this paper, we introduce the 
Expanded Flux Variability Analysis (EFVA) to characterize the intrinsic nature of metabolic reactions, 
such as flexibility, modularity and essentiality, by exploring the trend of the range, the maximum and 
the minimum flux of reactions. We took the metabolic network of Escherichia coli as an example and 
analyzed the variability of reaction fluxes under different growth rate constraints. The average variabil-
ity of all reactions decreases dramatically when the growth rate increases. Consider the noise effect on 
the metabolic system, we thus argue that the microorganism may practically grow under a suboptimal 
state. Besides, under the EFVA framework, the reactions are easily to be grouped into catabolic and 
anabolic groups. And the anabolic groups can be further assigned to specific biomass constitute. We 
also discovered the growth rate dependent essentiality of reactions.  

metabolic network, flux balance analysis, modularity, essentiality 

The complete sequences of the genome of several model 
organisms combined with stoichiometric information of 
biochemical reactions allow biophysics researchers to 
reconstruct the metabolic network at the genome-scale 
level[1,2]. However, the lack of kinetic information on in 
vivo biochemical reactions and concentrations of me-
tabolites hinders the development of dynamic models. 
To overcome these difficulties, the constraint-based and 
parameter-free models such as flux balance analysis 
(FBA)[3] have been well developed to interpret the prop-
erties of metabolic networks and predict cellular beha- 
viors. The metabolic flux distributions, growth rate or 
by-product production provided by FBA are consistent 
with experiments[4]. The applications of these ap-
proaches are well documented in literature[5,6]. 

Under the framework of FBA, several novel methods 
have been developed to study the properties of the net-
works. Firstly, the flexibility and robustness of meta-
bolic networks have been studied through elementary  

modes analysis[7] and multiple equivalent phenotypic 
state analysis[8]. The flexibility or redundancy is an im-
portant property because it results in robustness to the 
network that may face enzyme loses for some reasons. 
The flexibility can be represented by the number of ele-
mentary modes or that of vertexes under specific condi-
tions[7,8]. Secondly, the modules of the network have 
been obtained from flux coupling analysis[9] or minimal 
cut sets[10] from the topological perspective. It enables us 
to reveal the global organization and functional units of 
the metabolic network. Thirdly, the essentiality of reac-
tions can be elucidated by FBA[11]. If the maximum 
biomass flux becomes zero after deletion of one reaction, 
this reaction is essential under current conditions. High  
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consistence with the experiments has been obtained[11]. 
Though the above topics are different and independent, 
we find out they can all be well elucidated by our newly 
developed method, named expanded flux variability 
analysis (EFVA). 

EFVA is an expansion of the flux variability analysis 
(FVA), which calculates the flux variability under prede-
fined optimal states based on linear programming[12]. 
Compared with the mixed integer linear programming 
(MILP) algorithm, FVA is a computationally affordable 
method to discover multiple states of genome-scale 
models. In this work, we expand the flux variability 
method by tracing the trend of the variable range, the 
maximum and the minimum flux values of each bio-
chemical reaction under the constraint of fixed growth 
rate, ranging from zero to optimal growth rate. We use 
the metabolic reaction network of E. coli. (iJE660a), 
reconstructed by Edwards and Palsson[11] as model or-
ganism. We find that the optimal growth rate is at an 
expense of decreasing flexibility and robustness, indi-
cating that the microorganism may practically grow at a 
suboptimal rate. Our method can also be applied in the 
modular analysis of the network. All the reactions in the 
metabolic network can be separated into two groups ac-
cording to their distinct behaviors in maximum possible 
value of the flux. One group supplies rudimentary dis-
posal of nutrients and energy; the other is in charge of 
assembling the biomass components. The latter group 
can be further divided into subsets that synthesize each 
biomass component for cellular growth. We then inter-
pret the underlying mechanism of biochemical reactions’ 
essentiality based on the subsets and define the growth 
rate dependent essentiality. 

1  Materials and methods 

The subject of our study is E. coli iJE660a, recon-
structed by Edwards and Palsson[11]. All isoenzymes 
catalyzing one reaction are merged to a single flux. This 
model finally includes 629 unique biochemical reactions 
and accounts for 660 genes. The biosynthetic demands, 
i.e. the production of amino acids, nucleotides, phos-
pholipid together with energy and redox potential for 
growth are determined from the biomass composition 
and expressed as the growth flux, using the biosynthetic 
precursors (Xi) in experimental determined ratios (di): 

 growth flux  biomass.
m

i i
i

d X⋅ ⎯⎯⎯⎯⎯→∑  (1) 

The primary constraints of FBA include the pseudo- 
steady-state assumption and the bounds for particular 
fluxes. The former constraint requires the balance of all 
inner metabolites, i.e. the sum of all influx equals to the 
sum of outflow; and it is based on the mass conservation 
law. The latter requires that the values of fluxes are re-
stricted in an interval, because of the enzymatic capacity, 
the thermodynamical feasibility and the nutritional 
availability. These constraints of networks can be written 
as linear equations and inequalities. The feasible solu-
tion space is thus been defined as a high-dimensional 
polyhedron. The information on the function and struc-
ture of networks, i.e. viability, fitness, robustness, etc., 
can be obtained by analyzing this feasible solution 
space. 

The assumption of the steady state of concentrations 
of the intracellular metabolites requires a mass balance 
of all the internal metabolites. Thus, the following equa-
tion must be satisfied: 

 
1

0,  ,
n

ji i
i

S v j
=

= ∀ ∈∑ N   (2) 

where Sji is an element of the m×n stoichiometric matrix 
S, m and n are the number of metabolites and the num-
ber of reactions respectively; vi is an element in the net 
reactions rates vector v. Usually S is a singular ma-
trix[13,14], so that eq. (1) has multiple solutions. These 
solutions are subjected to two constraints: the nutrition 
(i.e. carbon, oxygen, etc.) uptake constraint is specified 
by 
 uptake uptake max

transport,  ,i iv v i M∀ ∈≤  (3) 

and the thermodynamic constraint is specified by 
 vi ≥ 0, .i M∀ ∈  (4) 

The traditional FBA is seeking the maximum growth 
rate in eq. (1) under those constraints. 

In our expanded flux variability analysis, the growth 
rate is treated as a constraint to the network. This con-
straint is a fixed value vobject defined by 
 vobject = r×voptimal, r ∈ [0, 1], (5) 
where voptimal is derived from the classical FBA; r is the 
relative growth rate ratio, indicating the difference be-
tween traditional and expanded flux variability analysis. 
If the value of r equals one, the expand approach will be 
identical to the traditional one. The expanded flux vari-
ability analysis can be mathematically interpreted as 
follows: For given i, maximize and minimize vi subject 
to eqs. (2)―(5). The boundaries of all the reactions are 
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obtained. The range of a flux i (δi) is calculated in eq. (6) 
as the difference between the maximum and the mini-
mum value:  
 δi = vmax,i−vmin,i.  (6) 

In order to identify and compare the effects of differ-
ent levels of constraint on the variable ranges of reac-
tions, we apply the reference range of the reaction. We 
derive the reference range by removing the constraint in 
eq. (5). That is, the Vmax,i (Vmin,i) are deduced by maxi-
mizing (minimizing) vi subject to the constraint in eqs. 
(2)―(4). Then the range can be normalized into the in-
terval from 0 to 1 by 

 
max, min,

.i
i

i iV V
δ

Δ =
−

  (7) 

Under a given nutrient condition, some reactions al-
ways carry zero flux[9]. The variable ranges of this set of 
reactions are zero. Hence, we can first identify them 
using flux variability analysis to reduce the computa-
tional complexity. 

The solutions of the liner programming (LP) prob-
lems (using GNU Linear Programming Kit) outlined 
above for each reaction i in the network determine the 
upper and lower bounds of every reaction flux. However, 
due to the coupling between reactions, this approach 
provides the bounds of all feasible flux distribution 
rather than the exact shape of allowable solution space. 
A schematic description of feasible set is presented in 
supplementary Figure 2. Note that in our expanded 
model, this growth constraint could be not only set as 
the biomass composition but also arranged as ATP 
composition or synthesization of single metabolite, 
which is usually used to guide metabolic engineering. 

2  Results and discussion 
2.1  E. coli practically grows at a suboptimal rate 

The feasible solution space of a metabolic network, in 
which the fluxes of metabolites meet all the physiologi-
cal constraints, includes all allowable metabolic flux 
distributions. It defines the metabolic capacity of the 
system[15] and determines the robustness of the network. 
Recent advancements have shown that the feasible solu-
tion space is biologically meaningful[16–18]: high varia-
tions in gene expression levels are detected between ge-
netically identical cells taken from the same culture. 
Additionally, Fong et al.[12,19] have shown that multiple 
biologically meaningful flux states can be active in dif-

ferent conditions. All these evidences encourage us to 
study the variability of the reactions. Specifically, we 
study the variation of the feasible solution space as a 
function of the growth rate constraint. 

The volume of the feasible solution space is a natural 
order parameter in this study. However, in practice it is 
very difficult to calculate the volume of the feasible so-
lution space, which is a high-dimensional irregular 
polyhedron. Previously proposed Monte Carlo sampling 
method[17] is computationally intractable for genome 
scale networks. Herein, we try to find an order parame-
ter to quantitatively measure the volume under the con-
straint of a fixed growth rate. Assume that the flux dis-
tribution of an organism evolves in the feasible solution 
space. If one ignores newly introduced reactions in the 
process and the influence of coupling between reactions, 
one evolutionary event is usually only related to one 
existing biochemical reaction, resulting in a random flux 
fluctuation of this reaction. Bilu et al.[16] have shown 
that the variable range of fluxes gives the evolutionary 
constraints on the enzymes activities and fluxes. We thus 
assume that the probability for an organism to stay in a 
particular growth rate is proportional to the variable 
range of the flux under this growth rate. In other words, 
the variable range of a particular reaction at a given 
growth rate measures the tolerance of the system en-
countering perturbations in this reaction. If treating all 
the reaction equally, one can thus use the average of 
variable ranges of all reactions (defined as evolutionary 
volume) to measure the volume of the feasible solution 
space at a specific growth rate. This is the order pa-
rameter we used in this study. 

We calculated the evolutionary volume of the meta-
bolic network of E. coli. (iJE660a) under the constraint 
of a fixed relative growth rate varying from 0 to 1, nor-
malized by optimal growth rate in the minimal media. 
Figure 1 presents the main result of the study. It shows 
that the evolutionary volume decreases almost linearly 
with the increase of the growth rate constraint. Because 
a state of suboptimal growth rate corresponds to a larger 
solution space, the metabolism in this state is more 
flexible to mutational perturbations. We think that an 
organism should balance the advantages in growth rate 
and flexibility. Analytically, we can partition the system 
into different sub-groups according to its growth rate, 
and the growth rate of cell population in the ith partition 
can be described by the following equation:  
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Figure 1  The variability of reactions under different growth rates in 
Escherichia coli. The average variability of reactions versus the 
fixed growth rate as constraint. The evolutionary volume shrinks as 
the growth rate increases. 

 
d

,
d

i
i i ij j ij i

j j

p
x p b p b p

t
= + −∑ ∑  

where xi is the growth rate of population i and bij is the 
transition rate of cell jump from jth sub-group to the i 
sub-group, which in our model is supposed to be propor-
tional to the solution space of the ith sub-group (details 
in calculation of this transition matrix are analyzed and 
presented elsewhere). The above equation can be written 
as a vector form: 

d .
d

M
t

=
P P  

Due to the evolutionary competition, we find the 
largest eigenvalue of the equation gives the growth rate 
of the cell population, and the corresponding eigenvec-
tor tells us the composition of the cell population. Our 
calculation shows that the average growth rate of the E. 
Coli population should be about 2/3 of the maximum 
growth rate (details are presented else where), so that the 
cell may grow at a suboptimal growth rate. 

This suboptimal growth phenomena have been vali-
dated by Fischer and Sauer[20] in the study of Bacillus 
subtilis. They found that a part of the null mutants of the 
species grew faster than the wild type, indicating that the 
metabolism of the species is regulated to a suboptimal 
growth rate in the wild type. We further evaluated the 
distribution of the growth rate obtained by Fischer et al., 
and found that the wild type was located at 0.76 nor-
malized by the maximum growth rate of all mutations 

(refer to supplementary material for details). This ob-
servation supports our argument. 

We also computed the variable range of each reaction 
under the constraint of a fixed relative growth rate. 400 
out of 629 reactions carry non-zero flux without growth 
constraint. Under the optimal growth condition, the 
fluxes of only 37 reactions can be variable, whereas un-
der any suboptimal growth condition the fluxes of more 
60% (249) of the reactions are variable. Note that for the 
first approximate, we trait each reaction with equal 
weight, which is valid in FBA analysis but may not ex-
actly reflect the real system: some reactions may be 
more important than others in other control systems. 

Although the common perception is that the evolved 
networks operate at an optimal metabolic state, at least 
in their normal environment[4], this perception ignores 
the evolutionary approachability and stability of the 
system. Our results show that the network has less flexi-
bility when operating at the optimal growth state. In fact, 
because of the inevitable fluctuations in enzymatic ac-
tivities and genetic perturbations, there is always a trade- 
off between the growth rate and the robustness[20,21]. 
Therefore the growth rate is not the only dominate factor 
in the evolution process; robustness is another important 
aspect that should be considered. 

Biological robustness is a ubiquitous property and 
fundamental feature of complex evolvable systems[7,22]. 
It is defined as the ability to maintain the performance in 
face of perturbations and uncertainties; and associates 
tightly with the flexibility[23]. This issue has been well 
addressed in in vitro evolution[24], where the thermody-
namic stability and mutational robustness are critical to 
the functions and the evolutionary longevity of DNA 
molecules. In the case of the metabolic network, exter-
nal perturbations and internal mutations may introduce 
instabilities and in-approachability of the optimal state, 
whereas the suboptimal ones are more stable against 
these fluctuations. This situation can be likened to a 
thermodynamic system, where the competition between 
enthalpy and entropy determines the fate of the system. 
Similarly, in the evolutionary process of E. coli, we 
suggest that there is also a trade-off between the growth 
rate (enthalpy) and evolutionary space (entropy). The 
evolutionary approachable and stable states should be 
located at a suboptimal growth. 

2.2  The modular division of the metabolic network 

We next report our investigation of the maximum value 
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of each flux as a function of the growth rate constraint. 
The result of the calculation is presented in Figure 2(a). 
We found out that the reactions in the metabolic network 
exhibited three different behaviors as the increase of the 
growth rate constraint. The first group of 20 reactions 
keep a constant maximum value because of the futile 
cycles in the network; the second (161 reactions) and the 
third (219 reactions) group of reactions have, respec-
tively, an increasing and a decreasing maximum value as 
the growth rate constraint goes higher. The maximum 
fluxes in the second group are in higher order of magni-
tude than those in the third group. A detailed study re-
vealed that the second group is the assembling group, 
which contributes to the synthesis of biomass compo-
nents; the third group is in charge of supplying energy 
and the precursors of biomass components. It is com-
posed of most reactions involved in glycolysis, TCA 
cycle, anaplerotic pathway and oxidative phosphoryla-
tion pathway. We define it as the preparing group.  

If we use ATP consumption rate as the constraint in-

stead of the growth rate constraint in eq. (5), the reac-
tions in the assembling group switch to a decreasing 
maximum values with the increase of ATP consumption 
rate constraint, as shown in Figure 2(b). This switch is 
due to the following reasons: (i) there is a competition 
between the ATP yield and the growth for the carbon 
resource and oxygen; (ii) there is no coupling between 
the reactions in the assembling group and the ATP con-
sumption reactions. Therefore a higher constraint of en-
ergy consumption rate will reduce the cellular growth 
rate, and thus decreases the maximum value of the cou-
pled reactions, i.e. the reactions of the assembling bio-
mass components. The experimental evidence for the 
competition between yield and growth rate has been 
discovered by Novak et al.[25]. If we set the biomass flux 
to zero and set the ATP consumption rate as the con-
straint, none of the reactions in the assembling group 
can carry flux, as shown in Figure 2(c). These results 
show that the assembling group is coupled with biomass 
composition. 

 

 
Figure 2  The maximum value of each reaction under different constraints in Escherichia coli. (a) The maximum feasible values of metabolic 
reactions as a function of the biomass composition threshold; (b) the assembling reactions group has a decreasing maximum value when 
setting ATP composition as the threshold and allowing cellular growth; (c) the assembling reactions group is suppressed to zero when setting 
ATP composition as the threshold and cellular growth to zero; (d) the maximum feasible values of the assembling reactions group all become 
null except reactions in isoleucine pathway when setting the composition of isoleucine as the threshold and not allowing growth. Each line 
represents one flux. Some reactions have identical viable range, thus lines may overlap.  
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With the implementation of our approach, we further 
tried to divide the assembling group into subsets associ-
ated with the synthesis of individual biomass component. 
It was implemented by tracing the behavior of the 
maximum value when we set the product rate of a par-
ticular biomass component as the constraint. With this 
approach, the biomass-coupled reaction group (i.e. the 
assembling group) can be broken up into subsets when 
the biomass reaction is replaced by independent drains 
of biomass components. Here, we take the procedure in 
isoleucine biosynthesis as an example. The behaviors of 
maximum value of fluxes are presented in Figure 2(d). 
The six overlaying increasing lines represent the maxi-
mum fluxes of six reactions, as shown in Figure 3. The 
combination of these reactions forms the assembling 
subset of isoleucine. 
 

 
Figure 3  The isoleucine subset. The isoleucine biosynthesis 
pathway from threonine. For reaction details see supplementary 
information 4. 
 

The same method is applied to calculating the subsets 
for all the biomass components (totally 47) and the as-
sembling group is successfully divided. Figure 4 sum-
marizes the results. This modular division agrees well 
with analytical results based on functional classifica-
tion[11]. 

In the study, we observed that only less than one-tenth 
of the reactions in the preparing group are essential for 
synthesizing the biomass constitutes (see supplementary 
Table 3). Meanwhile, most of the reactions in the as-
sembling group (the reactions in subsets) are essential 
for synthesizing the biomass constitutes. A few excep-
tions can be attributed to the alternative reactions in the 
long linear synthetic pathway. The union of all the sub-
sets in Figure 4 includes 159 reactions, with the excep-
tion of the fake growth flux and DAMP +ATP ↔ ADP + 
DADP in the salvage pathway. Because the synthesis of 
some constitutes may share the same pathways or the 

same reactions, the subsets are not mutually exclusive. 
The composition of purine serves as a perfect example: 
Twelve reactions that are functionally related to the 
purine synthesis are simultaneously presented in the 
thirteen other subsets. The multiple involvement of reac-
tion in subsets mainly results from the bow-tie structure 
of metabolic network[26]. Approximate 90 reactions only 
appear in one subset, while the uptake of ammonia flux 
is involved in 44 of the total 47 subsets.  

Modularity of complex biological networks contrib-
utes to the robustness and flexibility of the organ-
ism[27–29]. Such modular descriptions of biochemical 
network function are shaping current researches in sys-
tem biology[27]. Historical definition of modules as 
groups of reactions that have a related function is subject 
to intuitions of researchers, whereas our proposed 
methodology can be applied to dividing the metabolic 
network hierarchically by setting diversified constraint 
functions, i.e. cellular growth and synthesize of certain 
metabolites. Our method can include non-obvious 
groups of reactions that differ from the methods based 
on visual impression of topological property[30]. The key 
advantage of expanded flux variability analysis over 
previous approaches is that it does not need a priori as-
sumption of dividing networks into subsystems for 
analysis, and its computational feasibility for the divi-
sion of genome-scale metabolic network. Previous 
methods such as elementary mode and extreme path-
way[31], which have been applied to identification of 
enzyme subset, require breaking the network into sub-
systems. They can only handle network with approxi-
mately one hundred reactions[32]. 

2.3  The explanation of the essentiality of reactions 

We consider a reaction essential in the metabolic net-
work if the growth of the organism will halt without this 
reaction[33,34]. In our framework, the range of a reaction 
flux for a given growth rate constraint can reveal the 
essentiality of the reaction. If the range contains zero, 
this reaction is not essential for the given constraint, be-
cause the flux can be equal to zero under this condition. 
On the other hand, if the range does not contain zero for 
a particular growth rate constraint, this reaction is essen-
tial under this condition, because the deletion of the re-
action will render the network impossible to finish the 
given task. In this way, we can calculate the essentiality 
of the reactions. As shown in Table 1, our results show 
that the reactions in the assembling group are mostly  
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Table 1  The explanation of essentiality: The number of reactions 
in each category. 70% of the optimal growth rate is used as the 
growth rate constraint in the calculation. The result is insensitive to 
the value of the growth rate constraint, as long as it is smaller than 
70% of the optimal value. AS. denotes the assembling group, while 
PR. denotes the preparing group 

Category Essential Nonessential 

UP/UC and AS. 150 9 

Not UP/UC and AS. 2 0 

UP/UC and PR. 51 143 

Not UP/UC and PR. 6 19 

 
essential compared with those in the preparing group. 
152 out of 161 (94%) deletions of reactions in the as-
sembling group are lethal, compared with 57 out of 219 
(23%) ones in the preparing group. The nine unessential 
reactions in the assembling group are unexpected be-
cause these reactions are directly coupled with biomass 
flux. The bypass in the synthetic pathways is attributed 
to the phenomenon. 

The essentiality of a reaction can also change when 
the growth rate changes. Some genes which are respon-
sible for the reactions in the metabolic network of E. coli. 
(iJE660a) are listed in Table 2. One observes that certain 
essential reactions may become nonessential when the 
growth rate constrain drops. This implies that we can 
define the growth rate as dependent essentiality. It is 
noteworthy that the essential threshold of oxygen uptake 
is 0.3, while that of carbon dioxide secretion is 0.59. 
This indicates that the glucose is not necessary to be 
oxidized to carbon dioxide under anaerobic condition; 
its secretion steps in only when the bacteria grow very  

 

Table 2  The listed genes are essential when the relative growth 
rate is greater than the essential threshold in the left column 

Essential threshold Genes 
0.99 araD, tktB, talB, sucAB, sucCD, ppc, fdhF, glpK, 

asnA, speF, proB, proA, purN, ndk, adk, deoD, 
cmk, gcvHTP, lpdA, pta, purT, deoB, pyrH, fabH 

0.98 pgi, lpdA aceEF, zwf, pgl, gnd 

0.97 cyoABCD, cycBC, cydAB 

0.96 pfkB, fbaA, mdh, tpiA 

0.95 gdhA 

0.94 pykF 

0.92 gpmB, eno, fumC 

0.86 gapC1C2, pgk 

0.82 nuoABEFGHIJKLMN 

0.59 carbon dioxide secretion 

0.36 atpABCDEFGHI 

0.3 oxygen uptake 

0.04 ribA, ribD, ribD, ribH, ribF, ribF 

0.02 ribB, ribE 

fast. 
There has been a long history to uncover the underly-

ing mechanism of the essentiality of the metabolic reac-
tions[35]. Previous studies tried to attribute the essential-
ity to the low degree of metabolites[11,36], especially the 
“UP/UC” nature of the reactions. Metabolites in the 
networks show a large variation in their degree of con-
nectivity[35,36]. A metabolite was defined as “uniquely 
produced” or “UP” (“uniquely consumed” or “UC”) if  
there is only one reaction in the network that produces 
(consumes) the metabolite[11]. The UP/UC reactions can 
largely explain the essentiality of the reaction because 
they are designated as “essential” for the balance of a 
particular metabolite. However, not all metabolites are 
indispensable for cellular growth. In Table 1, one finds 
that among 194 UP/UC reactions in the preparing group, 
73.7% of the reactions are not essential. This is because 
the metabolites involved in the preparing group may not 
be required for cellular growth. For example, several 
reactions in pentose phosphate pathway are UP/UC re-
actions. However, the EMP pathway provides a bypass, 
so that these reactions are not essential for cellular 
growth. The central carbon metabolic network, i.e. gly-
colysis, TCA cycle, anaplerotic reactions, and oxidative 
phosphorylation reactions bears the most flexibility and 
redundancy of the system. The alternative pathway will 
buffer for the low degree reactions that seem fragile. 

In contrast, in the assembling group 152 out of 161 
reactions are essential. Among those, 150 reactions are 
UP/UC reactions (Table 1). Their essentiality can be 
explained by a low degree of reactions as explained by 
Samal et al.[33]. We can also explain the essentiality 
through our subset division. As shown in supplementary 
Table 2, almost all the reactions in the subsets are essen-
tial for the synthesis of certain biomass component. For 
instance, THR → OBUT + NH3 is critical for the cellu-
lar growth, since it is involved in the synthesis of isoleu-
cine. If a reaction is involved in several subsets, the de-
letion of the reaction will affect the synthesis of several 
biomass components. For instance, if we delete the reac-
tion PRPP + GLN → PPI + GLU + PRAM, the biosyn-
thesis of twelve biomass components cannot be con-
ducted successfully.  

From this analysis, we conclude that UP/UC analysis 
may not precisely explain the mechanism of the essen-
tiality without a functional category analysis of the me-
tabolites. Our approach can overcome the shortcomings 
of this topological study of network structure, and pro-
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vide a method for the functional analysis of the meta-
bolic system. 

3  Conclusions 

To summarize, we introduced the expanded flux varia- 
bility analysis to study the intrinsic properties of reac-
tions in the metabolic network under different environ-
mental conditions. The approach was based on the solu-
tion of linear programming, thus allowing it to remain 
tractable for large metabolic network involving hundreds 
even thousands of reactions. We investigated not only 
the flux distributions at optimal growth condition but 
also the distributions at suboptimal growth rate. The 
variation trend of the range, the maximum and the 

minimum value of reactions as a function of the growth 
rate constraint were informative for us to obtain different 
characteristics of the network, such as the robustness, 
modular structure, and reaction essentiality. The analysis 
approach presented here has also been applied to ana-
lyzing other nutritional conditions in the metabolic net-
work of E. coli, as well as other metabolic networks, 
such as Saccharomyces cerevisiae. Similar results have 
been obtained. This indicates that the expanded flux 
variability analysis can provide a useful framework for 
both modelers and experimentalists to extract biological 
information from metabolic reconstruction. 

The authors thank M. Ni and S.Y. Wang for their valuable suggestions and 
critical reading of the manuscript.  
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