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Abstract  In this paper, a new type of distribution, 
multivariate compound extreme value distribution 
(MCEVD), is introduced by compounding a discrete 
distribution with a multivariate continuous distribution 
of extreme sea events. In its engineering application 
the number over certain threshold level per year is 
fitting to Poisson distribution and the corresponding 
extreme sea events are fitting to Nested Logistic 
distribution, then the Poisson-Nested logistic trivariate 
compound extreme value distribution (PNLTCED) is 
proposed to predict extreme wave heights, periods 
and wind speeds in Yellow Sea. The new model 
gives more stable and reasonable predicted results. 
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Compound extreme value distribution (CEVD) was 
derived in 1980 as Poisson-Gumbel CEVD for ty-
phoon-induced extreme events in South China Sea[1] 
and Poisson-Weibull model for hurricane characteris-
tics along Atlantic coasts and the Gulf of Mexico in 
1982[2]. After their publication, the CEVD has aroused 
great interests of scientists and engineers[3―7]. Accord-
ing to the statistics for about forty coastal structures, 
the CEVD has been successfully used to predict design 
wave height. Especially, the catastrophe in New Or-
leans induced by Hurricane Katrina in 2005 shows that 
the design basis of New Orleans protection structures is 
‘Standard Project Hurricane’ proposed by NOAA[8], 
which only corresponded to 38 years return period of 

hurricane central pressure and Hurricane Katrina cor-
responded to 60 years return period predicted by Pois-
son-Weibull model[2]. 

Bivariate compound extreme value distribution was 
derived in different forms and applied to some engi-
neering areas, such as platform deck clearance design, 
disaster prevention design criteria for estuarine city 
Shanghai and coastal city Qingdao, etc.[9―13].  

In this paper, the Poisson-nested logistic trivariate 
compound extreme value distribution (PNLTCED) is 
derived by compounding the discrete distribution of the 
number of data sampling over certain threshold level 
per year (Poisson distribution) into the multivariate 
continuous distribution (Nested logistic trivariate dis-
tribution). The difference of this model from our previ-
ous study lies in the data sampling of discrete distribu-
tion. In this paper, the number of data sampling over 
threshold level is taken account in the CEVD instead of 
typhoon occurrence frequency. Comparison between the 
predicted results based on the long term observed data 
and short term data shows its stability in prediction. 

1  Fundamental theory of the multivariate com-
pound extreme value distribution 

Let N be a random variable (the number of storms in a 
given year), with their corresponding probability {P N =  

let} ,  1, 2,kk p k= = ; ( )11 1,..., ,nξ ξ ( )12 2,..., ...nξ ξ  be 
an independent sequence identically distributed random 
vectors (the observed extreme sea environments in the 
sense defined above within the successive storms) with 
common density ( )g ⋅ . Then we are interested in the 
distribution of 

1 1( , , ) ( , , ),n i niX X ξ ξ=… …  

where 1iξ  is the maximum value of 1 ,  1 ,j j Nξ ≤ ≤  

1,2,...N =  
It represents the maximum annual value of the prin-

cipal variable, together with the simultaneously occur-
ring values of the concomitant variables. There is a 
reasonable approximation in definition of , 
the case of N=0 should be neglected, because no ex-
treme value of interest can occur outside the storm 
when N=0. A more detailed discussion of the model 
correction in case of  can be found in ref. 
[1]. 

1( , , )nX X…

( 0)p N =
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When multivariate continuous cumulative distribu-
tion is , we can derive the MCEVD as 1( , , )nG x x…
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where ( )1 1G u  is marginal distribution of , 

and 
1( , , )nG x x…

( 1,... n )g u u  is density function. 
This can be proved as follows: 
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Therefore, eq. (1) is proved. 
As mentioned above, the frequency of typhoon (hur-

ricane, winter storm) occurrence can be fitted to Pois-
son distribution  
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Then Poisson-Nested logistic trivariate compound ex-
treme distribution can be obtained from formula (1):  
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Nested-Logistic trivariate distribution is expressed as  
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in which jξ , jμ , jσ  are the shape, location and 

scale parameters of marginal distributions ( )jG x  to 

jx (j = 1, 2, 3), respectively. And dependent parameters 

α, β can be obtained through moment estimation[14]
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where  is correlation coefficient, I < j, i, j = 1, 2, 3. ,i jr

Trivariate layer structure (α, outside layer; β, inside 
layer) shows that the correlation between 1x  and 2x  
is stronger than those among 1x , 3x  and 2x , 3x . 

As shown above, the PNLTCED can be obtained 
through estimation of parameters of marginal distribu-
tions and their dependent parameters.  

2  Application of the PNLTCED to predictions of 
extreme sea states at Yellow Sea 

2.1  Data sampling, marginal distribution and pa-
rameter estimation 

The observed wind speed, wave height and period 
data at a certain oceanologic station at Yellow Sea in a 
total of 26 years from 1963 to 1988 are classified into 
two groups: Af data (1963―1988) and Bf data (1973―
1988). By checking residual life plot[15―18] it is shown 
that the smoother part of wind data in residual life plot 
gives a threshold level of 21 m/s. Then the data series 
of wind speed, wave height and period dominated by 
wind can be obtained. The probability plot, return level 
plot, quantile plot and density plot are shown in Fig. 1. 
The confidence probability is 95% for all data. So all 
data can be used for marginal distribution analysis and 
correlation analysis for groups Af and Bf (Table 1). The 
linear correlation analysis gives corresponding correla-
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2.2  The physical characteristics of the PNLTCED 
model 

tion coefficients and correlation parameters ˆˆ,  α β  for 
inside layer and outside layer (Table 2). 

Table 2 shows that there is a stronger correlation 
between wave height and wind speed than those be-
tween others, so the wave height (x1) and wind speed 
(x2) can be taken as inside layer variables, and the wave 
period (x3) as outside layer variable. 

The tridimensional perspective projection clearly 
shows some characteristics of the PNLTCED model 
(Figs. 2 and 3). The new model considers the most dis-
advantageous combination of three kinds of environ-
ment loads. The joint return periods of different com-
binations of wind speed and wave period with some 
return periods are listed in Tables 4 and 5. It can be 
seen that the joint return periods calculated using short 
term data (Bf) are close to those calculated using long 
term data (Af). And the results are stable and reason- 

Instead of the BCEVD, in this paper the daily ex-
treme sea state data over the certain threshold value are 
used as the sample of discrete random variable. Check-
ing K-S with the significance level of 0.05, we see that 
the data fit to Poisson distribution very well (Table 3). 

 

 
Fig. 1.  Distribution diagnostic testing of wave height (group Af). 

 

Table 1  Parameters of marginal distribution (groups Af and Bf) 
Wave height Wind speed Wave period 

Variables 
Af Bf Af Bf 

 
Af Bf 

location parameter μ 4.17 4.07 22.0 22.1  5.99 6.27 
standard deviation of μ 0.16 0.23 0.18 0.20  0.14 0.18 
scale parameter σ 1.48 1.59 1.28 1.32  1.39 1.35 
standard deviation of σ 0.12 0.17 0.16 0.17  0.09 0.12 
shape parameter ξ −0.08 −0.06 0.38 0.29  −0.25 −0.35 

Parameters 

standard deviation of ξ 0.09 0.12 0.18 0.16  0.05 0.06 
 

Table 2  Linear correlation coefficient and dependent parameter 
Data group x1 vs. x2 r12 x1 vs. x3 r13 x2 vs. x3 r23 α̂  β̂  

Af 0.84 0.66 0.80 0.51 0.77 
Bf 0.82 0.62 0.78 0.54 0.79 

 

Table 3  The parameters of over threshold data for groups Af and Bf 
Over threshold num-

bers per year 0 1 2 3 4 5 6 7 8 9 10 11 Total data num-
bers/total years Mean value λ

Years (Af) 1 1 4 4 5 4 3 2 1 0 0 1 112/26 4.308 
Years (Bf) 1 1 2 1 3 4 2 3 0 0 0 0 66/16 4.125 
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Fig. 2.  Joint probability distribution function and the contour line. 

 

 
Fig. 3.  Joint probability density function and the contour line. 

 
Table 4  The joint return period of 100-year wave height and corresponding wind speed, wave period with different return periods 

Wave period Af 
Wind      Joint return 
speed Af          period Af 

100 200 500 
Wave period Af 

Wind      Joint return 
speed Af          period Af 

100 200 500 

100 189 286 588 100 196 294 588 
200 278 357 625 200 286 370 625 
500 667 714 833 500 667 714 909 

 
Table 5  The joint return period of 500yrs wave height and corresponding wind speed, wave period with different return periods 

Wave period Af 
Wind      Joint return 
speed Af          period Af 

100 200 500 
Wave period Af 

Wind      Joint return 
speed Af          period Af 

100 200 500 

100 385 526 833 100 370 526 845 
200 455 556 909 200 435 556 909 
500 625 769 1000 500 625 769 1031 

 
able. So the PNLTCED model can be used to predict 
reasonably the return level of a certain return period in 
engineering environments when the data period is not 
too long. 

2.3  Comparison of predicted results by different 
methods 

Comparison of predicted results by different meth-
ods is shown in Tables 6 and 7. 

(i) Using 100-year return period wind speed com-
bined with 100-year wave height and 100-year wave 
period as the extreme load combination, their joint re-

turn periods are 189 years (group Af) and 196 years 
(group Bf), calculated using the PNLCED. This com-
bination will always yield conservative predictions and 
in some cases may be too conservative[19]. 

(ii) Using 100-year return period wave height with 
the associated wind speed and associated wave period 
as the traditional definition of the extreme load combi-
nation, (here the meaning of ‘associated’ is the statisti-
cally expected value of wind speed and wave period co-
existing with the 100 year return period wave height), 
their joint return periods are 152 years (Af) and 161 
years (Bf), as calculated by the PNLTCED.  
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Table 6  Comparison of the calculated results using different methods (Af) 
Load combination Method Joint return period 

wave height (m) wind speed (m/s) wave period (s) 
1 189 11.25 51.88 10.33 
2 152 11.25 48.45 10.23 
3 100 10.60 44.17 10.10 

 
Table 7  Comparison of the calculated results using different methods (Bf) 

Load combination Method Joint return period 
wave height (m) wind speed (m/s) wave period (s) 

1 196 12.03 43.28 9.64 
2 161 12.03 39.45 9.45 
3 100 11.25 38.61 9.52 

 
(iii) Using the PNLTCED model to predict the load 

combination of wave height, wind speed and wave pe-
riod with 100-year joint return period, the reducing 
rates of design wave height, wind speed and wave pe-
riod using data Af are 5.8%, 14.9% and 2.2% respec-
tively, while the reducing rates using data Bf are 
6.5%,10.8% and 1.3%. 

3  Conclusions 
The PNLCED model takes account of the randomic-

ity of the marine data sampling or the extreme wind 
frequency, and its dissymmetrical form shows the lay-
ered structure of the variables with different correla-
tions (α-outside layer, β-inside layer). So the new 
model gives the full probability information of the ex-
treme sea state factors. 

The new theory is a kind of probability model which 
considers both the probability characteristics of in-
ducement and the multivariate joint probability of its 
induced abnormal variables with some correlations. 
The new model can be applied in many kinds of engi-
neering design, the probability prediction of natural 
disasters and finance risks. 

The study of wave climate is important for marine 
engineering, nautical engineering and ocean voyage[20]. 
The use of multivariate compound extreme value dis-
tribution in the joint probability analysis of wind speed, 
wave height and wave period affords a new way to 
study wave climate. 
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