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The successful observation of gravitational waves has provided humanity with an additional method to explore the universe, par-
ticularly black holes. In this study, we utilize data from LIGO and Virgo gravitational wave observations to test the first law of
black hole mechanics, employing two different approaches. We consider the secondary compact object as a perturbation to the
primary black hole before the merger, and the remnant black hole as a stationary black hole after the merger. In the pre-merger
and post-merger analysis, our results demonstrate consistency with the first law, with an error level of approximate 25% at a
68% credibility level for GW190403_051519. In the full inspiral-merger-ringdown analysis, our results show consistency with
the first law of black hole mechanics, with an error level of about 6% at a 68% credibility level and 10% at a 95% credibility
level for GW191219.163120. Additionally, we observe that the higher the mass ratio of the gravitational wave source, the more
consistent our results are with the first law of black hole mechanics. Overall, our study sheds light on the nature of compact
binary coalescence and their implications for black hole mechanics.
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1 Introduction

Black holes (BHs) are among the most fascinating ob-
jects in the universe, with their fruitful field for theo-
retical exploration of the frontiers of physics, including
topics such as the singularity theorem, the cosmic cen-
sorship conjecture, and the black hole information para-
dox [1-3]. Over the past few decades, our understand-
ing of BHs has improved significantly, particularly in the
areas of gravitation, thermodynamics, and quantum the-
ory. BH mechanics, in particular, plays a crucial role
in the relationship between these fields and has provided
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us with a deeper understanding of quantum phenomena that
occur in strong gravitational fields [4].

Testing BH mechanics has become increasingly impor-
tant for developing a comprehensive theory of quantum grav-
ity. The advent of gravitational wave (GW) astronomy has
opened a new window on the study of BHs [5, 6]. In 2015,
the LIGO detectors observed a GW signal from a binary BH
system, GW150914, which was the first direct detection of
GWs by human beings [7]. Since then, a number of GW
events have been observed, providing valuable insights into
BH mergers and their properties [8,9]. In addition, observa-
tional testing of BH properties is made possible with the aid
of various methods. For example, the black-hole area law,
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also known as the second law of BH mechanics, has been
tested [10], along with the BH no-hair theorem [11]. Here,
we present a new GW observational test on the first law of
BH mechanics.

The first law of BH mechanics, also known as the
Bekenstein-Smarr formula, has important implications for
our understanding of BHs and their properties. This law de-
scribes an important relationship between the parameters of a
stationary axisymmetric BH if the BH settles down to a new
stationary axisymmetric BH after some infinitesimal physi-
cal process [12-15]. While the second law of BH mechanics
has been tested with GWs [10], the first law has yet to be
confirmed.

GWs carry valuable information about their sources. By
analyzing the data from GW observations, we can indirectly
obtain information about the sources. In this paper, we pro-
pose a scheme to test the first law of BH mechanics using
GWs that have been observed so far. We approach this test-
ing from two perspectives: the pre-merger and post-merger
analysis, and the full inspiral-merger-ringdown (IMR) analy-
sis. Our results provide important insights into the testing of
BH mechanics and its implications for the development of a
comprehensive theory of quantum gravity.

In order to view the merger of a binary system as a per-
turbed process and test the first law of BH mechanics, it
is essential to ensure that the chosen GW event has a large
mass ratio. When the collision occurs, we consider the sec-
ondary compact object as a perturbation to the primary black
hole. We conducted separate analyses using the pre-merger
and post-merger data of GW190403_051519, with mass ra-
tios of approximately 4. Additionally, we analyzed the com-
plete IMR data of all GW events with a mass ratio higher
than 3 that have been observed thus far. Among these events,
GW191219_.163120 exhibits the highest mass ratio of 27 and
serves as an excellent candidate for our analysis.

2 Method

The first law of BH mechanics is a fundamental result in the
study of BHs that relates changes in the mass, angular mo-
mentum, and area of a stationary BH when it perturbs. It
states that for a stationary BH in a vacuum, the variations of
these quantities satisfy [12-15]:

oM = X 5A + Q6 )
8

where M, J, and A are the mass, angular momentum, and
area of the BH, respectively. « is the surface gravity of the
BH and Q is its angular velocity at the event horizon. In
terms of the mass, M, and the dimensionless spin magnitude,
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X = |JIc/(GM?), these quantities have the following explicit
form:
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where r, is radius of the outer horizon and satifies

re=M(1+yT-x7). 3)

Eq. (1) is analogous to the first law of thermodynamics,
which relates changes in energy, heat, and work as 0E =
T6S — PoV. The first term on the right-hand side of the equa-
tion, g~0A, represents the change in the BH’s energy due to a
change in its area. The second term, Q4J, represents the work
done on the BH by a change in its angular momentum [12].
As a consequence, the first law of BH mechanics is an impor-
tant result in the study of BHs, as it suggests that BHs possess
properties similar to those of thermodynamic systems, such
as temperature and entropy. In addition, a remnant BH after
binary black hole merger is thermodynamically stable [16].

To assess the validity of the first law of BH mechanics,
we define r as r = 0M/ (#&4 + Q(S]) to calculate the ratio
between the left and right-hand sides of eq. (1). By deter-
mining the probability that the value of r approaches unity,
we can evaluate the extent to which the first law holds. The
probability density distribution (PDD) of ratio r can be ob-
tained by combining the PDD of the following quantities:
OM = myp —mg, 6A = Ay — Ao, 6J = Jr — Jo, k and Q. Here
the subscripts “0” and “f” represent the quantities before and
after the merger of the primary BH, respectively.

To obtain the PDDs of Agy and Jo ; for BHs before and
after mergers, we can combine the posterior distributions of
their masses m s and dimensionless spin magnitudes y r, as
described in ref. [17]. Similarly, the PDDs of the surface
gravity k and orbital frequency Q before the merger can be
obtained by combining the posterior PDDs of the initial pri-
mary BH mass m and spin magnitude yo. The PDDs of the
differences in mass dM, in horizon area dA, and in angular
momentum ¢J then can be obtained by combining the PDDs
of mo,f, A(),f, and J(),f.

In order to evaluate the reliability of our GW observed
data, we need to compare the actual value of r with the the-
oretical expected value. We can quantify the accuracy of our
results using the fractional difference, (r, — r.)/r., Where r,
represents the actual value of r and r, represents the expected
value of r, whichis 1 [18].
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By calculating this fractional difference, we can measure
the level of error in our data and determine how closely it
matches our theoretical expectations. This is an important
step in ensuring the accuracy and validity of our results, and
can help us to draw more meaningful conclusions about the
nature of GWs.

The observed data in gravitational wave analysis consists
of both signals and noise. The GW signals are embedded
within the data, but their detectable strain in the space-time
fabric is typically around 107'%, whereas the data itself ex-
hibits a strain on the order of 107!, To achieve more ac-
curate parameter estimation for GW sources, it is necessary
to preprocess the data by applying whitening and bandpass
filtering techniques prior to template matching.

In the context of parameter estimation for gravitational
wave applications, Bayes’s theorem can be represented as
follows:

PO, Mid) = L(d|6, M)P(6, M)’ @
Z
where Z = f L(d|6, M)P(6, M)d@ represents the evidence.
In this equation, 6, M and d represent, respectively, the un-
known parameters, the waveform templates, and the data.
The conditional probability density function of the unknown
parameters, given the waveform templates and the data, is
denoted as P(6, M|d).

Obtaining the PDD of parameters often requires the ap-
plication of computational techniques, such as Markov chain
Monte Carlo (MCMC) or nested sampling. These techniques
are particularly useful for solving problems involving high-
dimensional integration and a large number of iterations, of-
ten reaching tens of thousands. In this iterative process, the
posterior value from the previous iteration serves as the prior
value for the current iteration. The collection of posterior
values after convergence constitutes the posterior PDD of the
parameters.

In our study, we conduct separate analyses on the pre-
merger and post-merger data. For the pre-merger data, we
estimate mg and y utilizing the Bilby" [19] package in the
frequency domain. For the post-merger data, we estimate m¢
and y utilizing pyRing? [20] Python package in the time do-
main. The pyRing package can measure remnant parameters
by analyzing ringdown data directly and independently.

The posterior samplers of g s and o, s in our full inspiral-
merger-ringdown analysis were obtained from LIGO and
Virgo released®®, where my and yxy were derived using
numerical-relativity fits. The main distinction between the
pre-merger and post-merger analysis, and the full inspiral-

1) https://Iscsoft.docs.ligo.org/bilby/.

2) https://Iscsoft.docs.ligo.org/pyring/.
3) https://zenodo.org/record/6513631/.
4) https://zenodo.org/record/5546663/.
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merger-ringdown analysis, lies in the approach employed to
determine my and y . The former analysis directly and inde-
pendently measures the remnant parameters without assum-
ing the validity of general relativity (GR), while the latter
method assumes the validity of GR a priori.

Our estimation of my and y s relies on the ringdown wave-
form, which can be expressed as:

) M 00 ! )
he®) =i = L3730 3 AmS il 9 ¥m, )
=2 m=-1 n=0

where Wy, = expl(t — fin)Wimn + Pimn]- The strains h, and
hy correspond to the plus and cross polarization of gravita-
tional waves, respectively. My represents the final remnant
mass, while D;, denotes the luminosity distance. The triplet
(I,m, n) serves as the three indices labeling the quasi-normal
modes (QNMs) of a Kerr black hole, where [/ and m are re-
spectively the angular and magnetic quantum numbers, and n
is the overtone index. The quantities A, tiun> Qlmn»> aNd Gy
are complex amplitudes, starting times, complex frequencies,
and initial phases associated with each mode. S j,,, represents
the spin-weighted spheroidal harmonics, while ¢ and ¢ rep-
resent the polar and azimuthal angles, respectively. In our
study, we specifically focus on the fundamental mode (with
n = 0) of the dominant mode (with [ = m = 2).

3 The pre-merger and post-merger analysis

In this section, we analyze the GW event GW190403_051519
[21], which has a mass ratio of approximately 4. This event
corresponds to a binary black hole coalescence signal ob-
served during the first half of the third observation run of
Advanced LIGO and Advanced Virgo.

We employ the Bilby package along with the Dynasty
sampler to estimate the values of my and yo. The summary of
the parameters for GW190403_051519 estimated with Billy
is showed in Table al in the Appendix. The waveform model
utilized is IMRPhenomXPHM [22]. The priors for the mass
ratio, chirp mass, and y are set as [0.1, 1], [50, 100], and
[0, 1] respectively. For the GW190403_051519 event, we de-
termine the values of m; and y using the pyRing package
and the CPnest sampler. The summary of the parameters for
GW190403_051519 estimated with pyRing is showed in Ta-
ble a2 in the Appendix. The priors for my, x r, and the starting
time of the ringdown are chosen as [140, 310], [0.6, 1], and
1238303737.22, respectively. All masses are measured in the
detector frame and are expressed in solar masses. The
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Table 1 The parameter values are obtained from different analyses®
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Event mgre m;pst mI/MR Xgre X;gst XI/MR
40.47 73.01 36.53 0.14 0.14 0.05
GW 190403051519 182.81+4047 206.63+7391 2254743633 083044 0.84*0.14 09139
pre pre post post IMR

a) m; and y,, are measured from the pre-merger data, m .~ and x f

are measured from the post-merger date, m 7

and X}MR are measured from

numerical-relativity fits. The median value and the range of the 90% credible interval are provided. All masses are measured in the detector frame and are

expressed in solar masses.

specific values of mg ; and o s are presented in Table 1 addi-
tionally.

We present the result of testing the first law of the BH
mechanics with GW190403_051519 in Figure 1. The 68%
credible region is (=25.02%, 1.33%), yielding an approxi-
mate 25% error level.

The predicted values through numerical relativity are de-
noted as m;MR and X}MR, which are obtained through the mass
and spin of the initial primary BH and secondary compact
object. While the measured values from the data are repre-
sented by m?os{ and X?OSt, which are derived directly and inde-
pendently from the analysis of ringdown data. By assessing
the consistency between these values, we can test the validity
of GR. The values of m;MR and )(;MR of GW190403_051519
are obtained from LIGO and Virgo released”. The results
are shown in Figure 2. As depicted in Figure 2, 88% of the
samples within the blue dashed contour lie within the over-
lapping region of the blue solid contour. This indicates an
agreement between the measured remnant parameters from
both approaches, with an 88% probability. This result sup-
ports the validity of general relativity, and confirms that the
remnant black hole of GW190403_051519 is a Kerr black
hole, as predicted by GR.
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Figure 1  (Color online) The probability density distribution of the frac-
tional difference of r of GW190403_051519, whose mass ratio is about 4.
We estimate mp and yo with the Bilby package and my and y, with the
pyRing package. The green dashed lines indicate the 68% credible regions.
The black dotted line indicates the expected value, which is 0.

5) https://zenodo.org/record/6513631/.
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Figure 2 (Color online) The remnant parameters of GW190403_051519
are measured from the post-merger data analysis (solid blue) and the full
IMR analysis (dashed blue). The top and right-hand panels display one-
dimensional posteriors for m, and y r, respectively. Contours represent the
90% credible regions for my and y . The black plus marker indicates the
median values of my and y s obtained from the full IMR analysis. Masses
are measured in the detector frame and are expressed in solar masses.

4 The full inspiral-merger-ringdown analysis

In the analysis conducted in the previous section, the results
of testing the first law were not satisfactory. Our goal is
to analyze events with higher mass ratios. However, as the
mass ratio increases, the disturbance becomes smaller. Since
ringdown signals are already weak, analyzing them becomes
even more challenging. Therefore, we attempt a full IMR
analysis, where the remnant parameters are obtained through
numerical-relativity fits using the pre-merger parameters as
raw data, rather than directly analyzing the ringdown signal.

We begin by analyzing GW191219_163120, which is
currently the event with the highest mass ratio observed.
GW191219.163120 was observed during the second part of
Advanced LIGO’s and Advanced Virgo’s third observing run
[23]. This event features a BH primary component with a
mass of 31.1’:5% and a neutron star secondary component
with a mass of 1.177297 (at 90% credible regions). After the

-0.06
merger, the final remnant mass is 32.23%. With a mass ratio
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of 27, which is comparatively extreme, this event provides
an opportunity to test the first law of BH mechanics, which
pertains to small change.

The parameter samples for GW191219_163120 were de-
rived by matching different waveform models. The param-
eters values vary among different waveform models. To
eliminate the effect of waveform models on our results, we
combine three waveform models, IMRPhenomXPHM: High-
Spin, IMRPhenomXPHM: LowSpin, and SEOBNRv4PHM,
with a weight of 1:1:2 to ensure that the weight of IMRPhe-
nom and SEOBNR is 1:1. This is illustrated in Figure 3. The
68% credible region is (—0.10%, 6.13%), and the 95% cred-
ible region is (—4.70%, 9.94%). The result indicates that we
have tested the first law of BH mechanics with an error level
of about 6% (10%) and 68% (95%) credibility under the as-
sumption of GR being valid.

The first law of BH mechanics, as shown in eq. (1), per-
tains to small variations of M, A, and J. To test this law,
we can approximate the merger of a binary system as a per-
turbed process and examine the fractional difference of r.
We hypothesize that there should be a negative correlation
between the mass ratio of GW sources and the error level.
In other words, as the mass ratio of the binary increases, the
fractional difference of r should decrease. To verify our hy-
pothesis, we analyze all GW events with a mass ratio higher
than 3 that have been observed thus far. Ten events in total
meet this criterion, with different mass ratios. Five of these
events are from the O3a observation run of Advanced LIGO
and Advanced Virgo [24], specifically GW190403_051519,

GW190412, GW190426_152155, GW190814, and

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
121 ! ! ! !
1 1 1 1
1 1 1 1
1 1 1 1
f0- o o
z ! ! ! !
g 1 1 1 1
g s o L
= i i i i
3 i i i i
T 6 1 1 1 1
2 i i i i
o i i i i
4 - i i i i
1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1
21 i i i i

1 1 1

1 1

1 1 1

1 1 1
O T T T L T T II T T II T II

-10%-8% -6% -4% -2% 0% 2% 4% 6% 8% 10%
GW191219_163120
Figure 3  (Color online) The probability density distribution of the frac-

tional difference of r is shown, where we mix the samples from the last three
waveform models and use 70 bins. The green dashed lines indicate the 68%
credible regions, and the blue dashed lines indicate the 95% credible regions.
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GW190917_114630. The remaining five events are from the
03b observation run [23], specifically GW191113_071753,
GW191219_163120, GW200115.042309, GW200208_
222617, and GW200210-092254. Our analysis confirms
our hypothesis, as demonstrated in Figure 4. We show the
detailed mass ratios and the fractional differences in Table 2.
The figure shows that, in general, the higher the mass ratio
of the GW source, the smaller the fractional difference and
therefore, the lower the error level.

5 Discussion and conclusions

Our use of GW data observed by LIGO and Virgo provides
both physical evidence and an observational test of this math-
ematically derived law. We are the first to test this law using

® GW190412
® GW190426_152155
25% GW200115_042309
® GW200208 222617
® GW190403 051519
° GW190917_114630
(&)
GW191113_071753
= o/ -
o 20% GW200210_092254
_:,UEJ ° GW190814
© ° 4 GW191219_163120
i iy
o
B 15% A
©
=
[0}
e
'_
10%
*
T T T T T
5 10 15 20 25

Mass ratio

Figure 4 (Color online) 68% credible measurements of the fractional dif-
ference of different mass ratios of GW sources. Each point represents a
different GW event.

Table 2 Mass ratios and the fractional differences at 68% credible regions
of twelve events in Figure 4. The median value and the range of the 90%
credible interval of mass ratios are provided

. The fractional
Event Mass ratio

difference (%)

GW190412_053044 3.077]3 19.63
GW190426.152155 3.66%513 17.26
GW200115.042309 4.127276 26.73
GW190403.051519 4.34+333 16.04
GW200208.222617 4.6671%9 16.71
GW200105.162426 4744170 12.12
GW191113.071753 4954313 13.36
GW200210.092254 8.497432 16.51

GW190814 8.96707 8.79
GW191219.163120 26.65+256 6.13
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GWs, which adds to the growing body of knowledge about
BHs and their behavior.

Firstly, we test the first law with GW190403_051519.
However, the collision between the primary black hole and
secondary black hole does not satisfy the perturbation condi-
tion required by the first law, mainly due to the insufficiently
high mass ratio of the event. As a result, the constraints for
testing the first law are not strong. Unfortunately, we are
unable to obtain effective posterior samplers for my and y
for all events. The ringdown signal is weaker than the pre-
merger signal, making the analysis of the ringdown data more
challenging.

Therefore, we have turned to an alternative analysis ap-
proach. The full IMR analysis can demonstrate that if our
analysis of the ringdown signal is sufficiently advanced and
refined, the error level of testing the first law will be signif-
icantly reduced. In our analysis, GW191219_163120, which
has the highest mass ratio among the events considered, ex-
hibits an error level of approximately 10% at a 95% credibil-
ity level.

We totally analyze ten events with the full IMR analy-
sis. We find that the error level of testing the first law is re-
lated to the mass ratio of the gravitational wave sources, with
higher mass ratios resulting in lower error levels and better
agreement with the first law of BH mechanics. In the fu-
ture, ground-based and space GW observatories will be able
to further test the first law with even lower error levels and
higher agreement with higher mass ratio signals.

Ground-based GW observatories, such as LIGO [25],
Virgo [26], and KAGRA [27], operate in the frequency band
of 10 Hz-10 kHz, while space GW observatories, such as
LISA [28], Taiji [29-31], and TianQin [32,33], operate in the
frequency band of 0.1 mHz-1 Hz. Space observatories are
more sensitive to low-frequency signals than ground-based
observatories and can detect GW signals emitted by a stellar
BH orbiting a supermassive BH, known as Extreme Mass-
Ratio Inspirals (EMRIs) and Extreme Mass-Ratio Bursts
(EMRBs), with a mass ratio of at least 10* [28]. EMRI sig-
nals are continuous due to their low eccentric orbits [34],
while EMRB signals are short-lived due to their high eccen-
tric orbits [35]. LISA, for example, can detect a minimum
of a few EMRIs events per year and a maximum of a few
thousand EMRIs events per year [36], and two Galactic EM-
RBs events could be observed in LISA’s two-year lifetime
[37]. By analyzing events with a mass ratio of at least 10%,
the error level of testing the first law of BH mechanics will
be significantly lower, and the agreement with the first law
will be higher.
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Appendix

In this appendix, we provide additional details regarding the
parameters for GW190403_051519. Table al presents the es-
timated parameters using Billy, while Table a2 presents the
estimated parameters using pyRing.

Table al Summary of the parameters for GW190403_051519 that are esti-

mated with Billy?
Parameter Value
The mass of the primary BH 182.8 lt;‘g:gg
The mass of the secondary BH 33.79jf:g?
The spin of the primary BH 0.83f8:;‘11
The spin of the secondary BH 0.511'8:32
6 0.70%05
0 1524108
AD 3.02393
b 3311333
Declination —0.56:1):%
Right ascension 2.56:%:3%
The binary’s orbital inclination 1.623%?
The binary’s polarization 158312
The phase of coalescence 3.403:33

a) 61 represents the tilt angle of the primary BH’s spin axis. 8, represents
the tilt angle of the secondary BH’s spin axis. A® represents the azimuthal
angle between the spin vectors of the two BHs. ¢ represents the azimuthal
angle between the total angular momentum vector and the orbital angular
momentum vector. The median value and the range of the 90% credible in-
terval are provided. All masses are measured in the detector frame and are
expressed in solar masses.

Table a2 Summary of the parameters for GW190403_051519 that are esti-
mated with pyRing®

Parameter Value

Polarization 1.54* : j§§

The mass of the remnant BH 206.63j§:%
The spin of the remnant BH 0-84i8:;‘
Amplitude_1 247459
Amplitude_2 112354
Phase_1 3.1 731;2
Phase 2 3.227 708

a) The median value and the range of the 90% credible interval are pro-
vided. The mass of the remnant BH is measured in the detector frame and is
expressed in solar masses.
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