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β-decay properties of N=18-22, Z=10-14 nuclei are analyzed with a new shell-model Hamiltonian using the Gogny density-
dependent interaction. The Gogny force which has been widely and successfully used in mean-field theory can provide rea-
sonable two-body matrix elements for cross-shell calculations. The log f t values and β-decay level schemes are systematically
studied using the D1S-Gogny interaction and compared with the SDPF-M results and experimental data. It is shown that the
new Hamiltonian provides reliable results for β-decay along with subtle level schemes for this region. Shell-model calculations
with Gogny interaction can lead to a successful description of nuclei in and around the N=20 island of inversion and supplements
experiment where sufficient data are not available.
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1 Introduction

Based on the concept of shell structure established by Mayer
[1] in the 1950s, when the number of nucleons reaches
the “magic number”, nuclei own stable properties such as
a spherical ground state (g.s.), a remarkably higher E(2+1 ),
and smaller B(E2) than their neighbors. With the develop-
ment of experimental techniques studies on nuclear physics
have been moving towards the drip-line and more exotic
characteristics have been uncovered. In the 1970s, the ab-
normal binding energy of 31Na,32Na, which were tighter
than predictions of the spherical shell model, were observed
by Thibault et al. [2]. These significantly motivated nu-
clear physicists and before long further studies had shown a
large deformation region around “magic number” N=20 with
large B(E2) and low E(2+1 ) [3-5], which deviated strongly
from the traditional shell-model prediction. These anomalous
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properties indicate the quenching of the N=20 shell gap and
the probable intrusion of neutron orbits from the p f shell into
the sd shell. Warburton et al. [6] proposed that nuclei with
intruder ground states would cover the area Z=10-12, N=20-
22 with nine candidates. This region is the so-called island of
inversion.

In the following years, both theoretical and experimental
investigations have been made to understand the microscopic
mechanism of inversion and to extend the boundary of the
island. During the studies, nuclear theorist found it difficult
to explain the abnormal phenomena in this region using tra-
ditional shell model and standard model space [7]. To solve
these problems, new methods within the shell-model frame-
work, such as the large-scale shell model by Caurier et al. [8],
Monte Carlo shell model by Utsuno et al. [9], have been in-
troduced. Despite some discrepancies in predicting the island
boundary, all of these methods have concluded that strong
sd-p f cross-shell excitations have to be taken into consid-
eration for nuclei around this region. Once the cross-shell
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model space is applied, one also needs to construct the proper
cross-shell interaction. Effective interactions within one ma-
jor shell, for example, the PWT interaction [10] for the p
shell, USDB interaction [11] for the sd shell and GXPF1 in-
teraction [12] for the p f shell, have been thoroughly investi-
gated and widely used. In most instances, two-body matrix
elements (TBMEs) of the effective interactions were origi-
nally derived from realistic forces and then modified by fit-
ting experimental data [13,14] (mainly nuclear binding ener-
gies and excitation spectra). However, when the model space
contains two or more major shells, the fitting procedure can
be very complicated. Not only because of the large number
of TBMEs to be fitted, but also there will be large uncertain-
ties in evaluating TBMEs because many of the off-diagonal
matrix elements would be insensitive to data fitting.

In the present work, we present a new effective Hamilto-
nian by introducing a finite-range density-dependent Gogny
force [15] in the shell-model frame. The Gogny interac-
tion, which contains 14 free parameters, has been success-
fully used in mean-field models and has given good descrip-
tions of various properties of nuclei. With this method, the
cross-shell TBMEs can be derived naturally. In this paper,
we systematically investigate the structure evolution of nuclei
in and around the N=20 island of inversion using the Gogny
shell model, and develop a unified description about the nu-
clei in this region. There are other methods that can describe
the bulk properties of nuclei in this region [16, 17] but our
discussion concentrates on other aspects. In experiments, β-
decay is an important tool to study the nuclear structure for
neutron-rich nuclei far from stable line. In recent years, more
studies have used β-decay as probes for nuclear structure in
this region [18-21] because it provides information on cor-
relations between the wave functions of parent and daughter
nuclei. In this regard, β-decay properties are carefully dis-
cussed in the following context and hopefully bring further
understanding for exotic nuclei near N=20.

2 Model

In shell-model calculations with a frozen core, regardless the
size of the model space, the effective Hamiltonian [22,23] can
always be written as a sum of one- and two-body operators

H =
∑

a

ean̂a +
∑

a6b,c6d

∑
JT

VJT (ab; cd)T̂JT (ab; cd), (1)

where ea is the energy of the single-particle valence orbit and
n̂a is the number operator. The label a denotes quantum num-
bers (na, la, ja).

T̂JT (ab; cd) =
∑
JzTz

A†JJzTTz
(ab)AJJzTTz (cd) (2)

is the two-body density operator for nucleon pairs, which
couples to angular momentum J and isospin T .

We consider a Gogny like density-dependent, two-body
nucleon-nucleon interaction [15], given by

VNN,12 =

2∑
i=1

e−(r1−r2)2/µ2
i (Wi + BiPσ − HiPτ − MiPσPτ)

+ t3δ(r1 − r2)(1 + x0Pσ)
[
ρ
( r1 + r2

2

)]α
+ iW0δ(r1 − r2)(σ1 + σ2) · k′ × k. (3)

Here, Pσ and Pτ are the spin- and isospin-exchange operators,
respectively, and ρ is the density of the nucleus. The first two
Gaussians provide finite-range attraction between nucleons.
The density-dependent term, which originates from three-
body correlations, can produce a proper repulsive effect. The
last term is a simple spin-orbit coupling, where k and k′ are
the relative wave vectors of the two nucleons, acting on the
right and left sides, respectively.

When we try introducing Gogny forces in the shell model
frame, we will have trouble in determining the density dis-
tribution ρ (r1 + r2) /2. Driven by the nature of density-
dependent force, an iterative calculation is needed. We start
with a trial wave function to calculate the density distribu-
tion and then diagonalize the Hamiltonian in the whole model
space to obtain the approximate solutions. Then the g.s. den-
sity is used as new input for the Hamiltonian. The above
steps are repeated until convergence. The convergency of
this procedure has been tested. With this method, one can
acquire TBMEs of the cross-shell model space naturally. To
study various properties of nuclei near N=20, a complete set
of matrix elements for the sd-p f shell are derived by Gogny
interaction. With the TBMEs, the eigen wave functions for
the current Hamiltonian can be acquired for cross-shell nu-
clei in this region, and β-decay observables of interest can be
obtained.

As mentioned above, the beta decay can be used as ef-
fective probes to investigate the nuclear structure of those
neutron-rich nuclei. For allowed transitions in β-decay, there
are Fermi (F) and Gamow-Teller (GT) transitions corre-
sponding to different situations in which electron and neu-
trino have their spins antiparallel and parallel, respectively.
The Fermi and GT transition probabilities B(F) and B(GT )
are defined as [24]:

B(F) = |⟨ψ f ||
A∑
k

τk ||ψi⟩|2, (4)

and

B(GT ) =
1

2Ji + 1
|⟨ψ f ||

A∑
k

σkτk ||ψi⟩|2, (5)
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where |ψi⟩ and |ψ f ⟩ describe the states of parent and daugh-
ter nuclei, respectively. Ji is the angular momentum of initial
state, the index k refers to all nucleons in the many-body sys-
tem. For a mixed Fermi and GT transition, the f t-value or
so-called comparative half-life is

f t =
C

g2
v B(F) + g2

AB(GT )
, (6)

where C = 2π3~7ln2
m5

eC4 , gv and gA are the weak interaction vector
and axial-vector coupling constants, respectively. One should
note that in the allowed transition B(F) only connects isobaric
analogue states. Because of this, for most instances, only the
GT transition will occur in β-decay and therefore f t-values
calculated with the shell model are actually f t(GT ).

3 Discussions and conclusions

In studies of β-decay, we need to relate the theoretical results
to the experimental observables, such as the f t value men-
tioned before. The f t value reflects the order of a transition
and allows us to compare the different beta-decay paths inde-
pendent of decay energies [24]. As the comparative half-life
can take a very wide range of values, it is more convenient
for us to use the logarithm of the f t value, i.e., log f t.

We performed systematic calculations for Z=10-14,
N=18-22 nuclei and detailed information including log f t are
shown in the Table 1 [25]. The results of shell-model calcu-
lations using SDPF-M [26, 27] and Gogny [28] interactions

Table 1 Experimental and theoretical log f t values. The calculated shell model results with SDPF-M interaction and D1S-Gogny interactions are both listed.
Here Ex are the excitation energies of daughter nuclei, 0 for ground states. The transitions between ground states of parent and daughter nuclei are preferentially
shown below. For transitions without exact Jπ or no data at all, the corresponding theoretical results shown in the table are with the largest branching ratio.
Experimental data are extracted using the NNDC On-Line Data Service1), except for data of 31Al→31Si transition, which is taken from ref. [25]

N AZi(Jπ) AZf(Jπ)
Ex (MeV) log f t

Expt. SDPF-M D1S Expt. SDPF-M D1S
28Ne(0+) 28Na(1+) 0 0 0 4.2 4.49 3.55
29Na( 3

2
+) 29Mg( 3

2
+) 0 0( 1

2
+) 0 5.06 5.06 4.09

18 30Mg(0+) 30Al(1+) 0.69 0.58 2.2 3.96 3.60 3.97
31Al( 5

2
+) 31Si( 3

2
+) 0 0 0 4.7 4.06 4.64

32Si(0+) 32P(1+) 0 0 0 8.21 4.4 4.3
29Ne( 3

2
+) 29Na( 5

2
+) 0.07 0.25 0.06 4.76 4.22 3.89

30Na(2+) 30Mg(2+) 1.48 1.69 1.01 5.86 5.23 4.70

19 31Mg( 1
2
+) 31Al( 1

2
+, 3

2
+) 0.95 1.68( 1

2
+) 1.57( 1

2
+) 6.02 5.17 4.82

32Al(1+) 32Si(0+) 0 0 0 4.36 4.02 3.74
33Si( 3

2
+) 33P( 1

2
+) 0 0 0 4.96 5.54 4.79

30Ne(0+) 30Na(1+) 0.15 0.34 0.26 4.04 3.93 4.02
31Na( 3

2
+) 31Mg( 1

2
+) 0 0.17 1.73 4.9 4.43 4.13

20 32Mg(0+) 32Al(1+) 0 0.02(1+) 0.34(1+) 4.67 4.58
33Al( 5

2
+) 33Si( 3

2
+) 0 0 0 4.3 4.34 3.74

34Si(0+) 34P(1+) 1.608 0(1+) 0.35(1+) 3.35 3.84 4.32
31Ne( 3

2
−) 31Na 3.35( 5

2
−) 2.14( 5

2
−) 3.98 4.91

32Na(3−,4−) 32Mg(2−,3−) 3.04 4.48(2−) 3.346(2−) 5 4.75 5.54

21 33Mg( 3
2
−) 33Al( 3

2
−, 5

2
−) 1.84 5.93( 5

2
−) 2.47( 5

2
−) 5.69 4.67 5.54

34Al(4−) 34Si(3−) 4.26 4.66(4−) 3.07(3−) 4.9 4.71 3.93
35Si( 7

2
−) 35P( 7

2
−) 4.10 4.77( 7

2
−) 2.67( 9

2
−) >4.6 4.15 4.91

32Ne(0+) 32Na 1.52(1+) 0.70(1+) 3.81 3.7
33Na( 3

2
+) 33Mg( 1

2
+ 3

2
+ 5

2
+) 0.71 1.54( 3

2
+) 0( 3

2
+) 5.6 4.33 4.37

22 34Mg(0+) 34Al 0.16(1+) 0.37(1+) 4.25 3.50
35Al( 5

2
+) 35Si( 3

2
+) 0.97 0.62 0.94 4.67 4.16 3.86

36Si(0+) 36P(1+) 1.30 1.16 1.14 4.45 4.2 3.75

1) National Nuclear Data Center Evaluated Nuclear Structure Data File, http://www.nndc.bnl.gov/ensdf/

http://www.nndc.bnl.gov/ensdf/


W. G. Jiang, et al. Sci. China-Phys. Mech. Astron. August (2017) Vol. 60 No. 8 082011-4

are shown in the table for comparison. The model space con-
tains all orbits of sd-shell (d5/2, s1/2, d3/2) and the first two
orbits of p f -shell ( f7/2, p3/2) [29, 30]. The SDPF-M inter-
action is composed of the USD interaction [31] for sd-shell,
the Kuo-Brown interaction [32] for p f -shell, and a modified
Millener-Kurath interaction [33] for the cross-shell matrix el-
ement. The Gogny interaction, on the other hand, is obtained
using the D1S parameter-set [34] without further adjustment
and the single particle energies are −3.42, 3.8, −0.91, 9.4 and
−9.4 MeV for d5/2, d3/2, s1/2, f7/2, p3/2, respectively. One
should be aware that for initial and final states of the exper-
iment in Table 1, if there are more than one Jπ, it means all
of them are possible values. A blank space means there is
no current experimental data. Most transitions listed in the
table are from ground states to ground states. If transitions
are forbidden due to selection rules then we present the path
from the g.s. of the parent nucleus to the excited state of the
daughter nucleus with the largest β-decay branching ratio.

As evident, both interactions reproduce most of the spins
and parities of nuclei in their ground states and provide rea-
sonable log f t. For N=19-21 isotones, the log f t values are
in the range of allowed transitions. By analyzing these nuclei
with different neutron numbers, as shown in Figure 1, we find
that the log f t values of transitions grow steadily from Ne to
Mg. When going to Al→Si transitions, the log f t values of
experiment drop dramatically for N=19,21 isotonic chains.
For the N=20 chain, both theoretical calculations also show a
drop from Z=12 to Z=13. The sudden change in log f t values
indicates that in the N=19-21 region the wave functions of the
ground states in Al deviate from Mg but are more similar to
Si. It suggests that Al is a the boundary on the high-Z side of
the island of inversion. The experimental half-lives of these
nuclei have been studied systematically by Han et al.2) and
a similar conclusion is drawn. Note that the two theoretical
curves give different tendencies for the N=21 isotone chain.
This is because these log f t values are taken from the g.s. to
excited states and it is difficult to determine which theoretical
path corresponds to the experimental one as the branching
ratios for different paths are close to each other. For N=18
and N=22 isotones, the saltation at Al does not occur and the
log f t of Mg→Al transitions are much lower than N=19-21
cases.

Besides the overall analysis based on log f t, the β-decay
schemes can provide more detailed information about the
transitions that we are interested in. While we try to study β-
decay schemes within the shell-model frame, both wave func-
tions of the parent and daughter nuclei are required to calcu-
late transition probabilities. Therefore we need to describe
the level schemes of parent and daughter nuclei as accurate
as possible. This is a difficult task because most effective in-

teractions have trouble in dealing with nuclei in this region.
A few β-decay schemes are shown below to demonstrate the
feasibility of the new Hamiltonian and further discussion fo-
cused on these transitions are given.

Figure 2 shows the level schemes for 30Na→30Mg. We

N = 19

N = 20

lo
g
ft
 

N = 21

Z

Figure 1 (Color online) Calculated log f t of N=19-21 isotonic chains us-
ing the D1S-Gogny interaction and SDPF-M interactions are compared with
experimental data are extracted using the NNDC On-Line Data Service1).

E
 (
M
e
V
)

30Mg

Expt. SDPF-M D1S

30Na

Figure 2 Experimental and theoretical β-decay schemes for 30Na and its
daughter 30Mg. The branching ratio of each transition is listed on the left side
of the level. Energy levels with uncertain spin and parity are either written
as (Jπ) or left blank. Experimental data are are extracted using the NNDC
On-Line Data Service1).

2) R. Han, X. Q. Li, W. G. Jiang, et al. Northern boundary of the “Island of Inversion” and triaxiality in 34Si, in preparation.
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shall see that both D1S and SDPF-M interactions can repro-
duce the existing energy levels of the parent and daughter
nuclei. The branching ratios of different transitions are quite
dispersive and even the path with largest ratio can only oc-
cupy 20 to 30 percent. To interpret this dispersion, we com-
pared the calculated wave functions of different excited states
in 30Mg. Results of both interactions reveal that they have
similar configurations especially for the 2+n states. The dis-
persion of the branching ratio is because of fair competition
between these comparable states.

Furthermore, Figure 3 shows the level diagrams for
30Mg→30Al as a sequence of 30Na→30Mg. Both SDPF-M
and Gogny calculations can provide reasonable branching ra-
tios from the 0+ g.s. in 30Mg to different excited states in
30Al. In experiment, the transition with the largest branching
ratio 68(20)% is from the g.s. in 30Mg to the first 1+ excited
state in 30Al, whereas SDPF-M gives 95% and Gogny gives
71% for the corresponding path.

For 31Ne→31Na, there are no data for β-decay experiment
to date. Shell-model calculations using the SDPF-M and D1S
interactions are shown in Figure 4 to illustrate the feature of
the transitions. Although the β-decay scheme seems com-
plicated with a dozen transitions, one can still extract useful
information from it. First, both theoretical calculations re-
produce the low-lying spectra of 31Na. As for the g.s. of
the parent nucleus, its Jπ is not yet confirmed in experiment
and both the Gogny and SDPF-M calculations predict that
the g.s. of 31Ne is 3/2−. In addition, the same conclusion is
drawn from the results of the two interactions that the transi-
tions with the largest and second largest branching ratios are

E
 (
M
e
V
)

30Mg

30Al

Expt. SDPF-M D1S

Figure 3 Experimental and theoretical β-decay schemes for 30Mg and its
daughter 30Al. The branching ratio of each transition is listed on the left side
of the level. Experimental data are extracted using the NNDC On-Line Data
Service1).

E
 (
M
e
V
)

SDPF-M D1S

31Na

31Ne

Figure 4 Theoretical β-decay schemes for 31Ne and its daughter 31Na. The
branching ratio of each transition is listed on the left side of the level.

related to the 5/2− and 1/2− final states, respectively. With
this information, we can better identify the different transi-
tions of 31Ne→31Na when corresponding experimental data
are avail able in the future. By analyzing all β-decay schemes
in this region, we find that the D1S-Gogny shell-model
Hamiltonian possesses advantage in describing the ground
states of these nuclei so that it can also give good descrip-
tions of transitions that are from g.s. to g.s..

4 Summary

In the present work, we investigated the properties of nuclei
in and around the island of inversion through β-decay. A new
cross-shell Hamiltonian is introduced and the TBMEs are de-
duced with the Gogny density-dependent interaction. Various
properties including level schemes of the parent and daugh-
ter nuclei, log f t, and branching ratios of transitions are cal-
culated with the new Hamiltonian. Its results are compared
with the SDPF-M calculations and experimental data. The
good agreement between theoretical and experimental values
suggests that the present Hamiltonian can provide useful in-
formation for the N=18-22, Z=10-14 nuclei with a unified
Gogny interaction. By analyzing the log f t value of these
nuclei, we shall found a systematic structure evolution in
N=19-21 isotonic chains and the saltation of log f t for the Al
isotopes. In addition, we presented the β-decay schemes of
30Na→30Mg, 30Mg→30Al and 31Ne→31Na to acquire more
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detailed information on transitions and level schemes of the
nuclei. Among these schemes, there are no experimental data
for 31Ne→31Na transitions and the theoretical calculations
are presented as predictions. In summary, the new Hamilto-
nian performs well for the island of inversion and maintains
fine predictive power where experimental data are deficient.
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