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A new vortex identification criterion called Q-method is proposed based on the ideas that vorticity overtakes deformation in vortex.
The comparison with other vortex identification methods like Q-criterion and A>-method is conducted and the advantages of the
new method can be summarized as follows: (1) the method is able to capture vortex well and very easy to perform; (2) the physical
meaning of Q is clear while the interpretations of iso-surface values of Q and A, chosen to visualize vortices are obscure; (3)
being different from Q and A, iso-surface visualization which requires wildly various thresholds to capture the vortex structure
properly, Q is pretty universal and does not need much adjustment in different cases and the iso-surfaces of Q=0.52 can always
capture the vortices properly in all the cases at different time steps, which we investigated; (4) both strong and weak vortices can
be captured well simultaneously while improper Q and A, threshold may lead to strong vortex capture while weak vortices are
lost or weak vortices are captured but strong vortices are smeared; (5) Q=0.52 is a quantity to approximately define the vortex
boundary. Note that, to calculate Q, the length and velocity must be used in the non-dimensional form. From our direct numerical
simulation, it is found that the vorticity direction is very different from the vortex rotation direction in general 3-D vortical flow,
the Helmholtz velocity decomposition is reviewed and vorticity is proposed to be further decomposed to vortical vorticity and

non-vortical vorticity.
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1 Introduction

Vorticity is defined as the curl of velocity and interpreted as
twice the local angular velocity of the fluid element. Be-
cause of the much simpler governing equations than veloc-
ity, vorticity received considerable attention from investiga-
tors. Classical fluid dynamics believes that vorticity cannot
be generated nor destroyed within the interior of fluids, and
it is transported inside the flow by advection and diffusion
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[1]. The physical meaning and properties of vorticity make
itself of great value in investigating vortices dominant flows.
Therefore, many researchers have tried to utilize vorticity
magnitude to educe coherent structures and identify vortex
cores in turbulent flows. As pointed out by Jeong and Hus-
sain [2], however, this approach is not always successful, es-
pecially if the background shear is comparable to the vorticity
magnitude within the vortex. It has been recognized that vor-
ticity does not represent global rotation, i.e. vortices. For ex-
ample, a laminar boundary layer possesses vorticity, but there
is clearly no rotational motion in the laminar boundary layer.

In spite of the stated consensus about vorticity, several con-
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cepts are still rather confusing in fluid mechanics. A flow
is called irrotational if V x "= 0 in all space, while a rota-
tional flow simply indicates the vorticity is not zero some-
where [3]. The previous example of the laminar boundary
layer can serve as a counterexample in which vorticity exists
without any rotational motion or vortices. Evidently, there
is a difference between vorticity (local quantity) and vortices
(group rotation). Thus, the effort to distinguish vorticity and
vortices quantitatively is justified and necessary.

On the other hand, vortex definition and identification have
been a longstanding issue. Robinson [4] proposed a rather ac-
curate definition: a vortex exists when instantaneous stream-
lines mapped onto a plane normal to the vortex core exhibit
a roughly circular or spiral pattern, when viewed from a ref-
erence frame moving with the center of the vortex core. The
definition, however, suffers from a requirement to identify the
vortex core as a priori. In the meantime, several vortex iden-
tification methods are introduced trying to fulfil the need to
investigate the vortex structures in turbulent flows.

Perry and Chong [5] suggested vortices exist where eigen-
values of velocity gradient tensor V Vare complex, which im-
plies the streamline pattern is spiral or closed viewed from a
reference frame moving with the point. The method, named
the A -method, was further developed by Zhou et al. [6]. They
suggested employing iso-surfaces of imaginary part of the
complex eigenvalue to capture vortices. Around the same
time, the famous Q-criterion was introduced by Hunt et al.
[7], in which an eddy is defined as the region with positive
second invariant Q of the velocity gradient tensor. The idea
behind this method is QO represents the balance between shear
strain rate and vorticity magnitude since it can be derived
that O = 1/2(IQI* - 1S1%) where S and Q are the symmetric
and antisymmetric components of V V. Another well-known
scheme is the 4> method, introduced by Jeong and Hussain
[2]. They suggested the usage of second eigenvalue of the
symmetric tensor S°+ Q7 trying to capture the pressure min-
imum in a plane normal to the vortex axis.

All these methods have achieved some success. As demon-
strated by Pierce et al. [8], the 4, O, A, criteria can produce
the same images when applied to DNS data of a transitional
boundary layer provided appropriately iso-surface thresholds
are chosen respectively. These criteria, however, suffer from
some common issues. First, a case related threshold is re-
quired; second, the physical meaning of 4, Q and A, is un-
clear; third, inappropriate thresholds may lead to strong vor-
tices captured while weak ones are skipped. Note that if we
use Q-criterion, different thresholds will lead to different vor-
tex structures. Itis really very hard, if not impossible, to judge
which threshold is correct and which is incorrect. In this pa-
per, a new vortex identification approach is proposed to over-
come these weaknesses. The paper is organized as follows.
In sect. 2, the concept of Helmholtz decomposition is revis-
ited, and the necessity to decompose vorticity into a vortical
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part and a non-vortical part is addressed. A new vortex iden-
tification method is proposed in sect. 3. The new method is
applied to the DNS results of late stages transitional boundary
layer flow and LES results for micro vortex generator (MVG)
case, and roughness induced hypersonic boundary layer tran-
sition flow in sect. 4. The paper ends with conclusions in
sect. 5.

2 Helmholtz decomposition revisit

According to Helmholtz [9], a vector field in three dimen-
sions can be resolved into the sum of an irrotational (curl-free)
vector and a solenoidal (divergence-free) vector field; this is
known as the Helmholtz velocity decomposition. Based on
the theorem, fluid motion can be decomposed into a symmet-
ric part and an antisymmetric part (Figure 1):

V(X+dX) = V(X)+dV, (1)
dv=dx-VvV, 2

V= %(V Vv +%(v y-v T
=G+ (VTP ®)

dV=dX. . ¢é-dX* w, 4
where @ = lVX V.

In general, people believe the first symmetric part is defor-
mation while the second antisymmetric part is rotation. How-
ever, as discussed in sect. 1, the antisymmetric part is actually
related to vorticity rather than the global rotation. Vorticity
could be considered as self-rotation for an infinitesimal parti-
cle, but not vortex. For example, both laminar and turbulent
boundary layer flows possesses vorticity. Vorticity of lami-
nar boundary layer flow is concentrated near the wall surface
and should be viewed as irrotational since the streamlines and
pathlines are all parallel and straight. Nevertheless, vorticity
of turbulent flow is mainly rotational with different sizes of

oV

Figure 1 (Color online) Helmholtz velocity decomposition.
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vortices. Thus, the definitions of irrotational flow as vortic-
ity free field and rotational flow otherwise have long been
a source of confusion and misunderstanding. On the other
hand, vorticity should be further decomposed into two parts:
one is vortical vorticity contributed to rotation and the other
one is non-vortical vorticity like the vorticity without rotation
in laminar boundary layer flows (Blasius solution).

VxV=R+(V*xV-R). 5)

R is the vortical vorticity as part of vortex, and therefore
V x V=R represents the vorticity not related to the global
rotation, namely non-vortical vorticity. In general, the direc-
tions of R and V x V are different, sometimes very differ-
ent based on our observation in turbulent boundary layer data
from a high order DNS [10]. Therefore, a decomposition can
be made inside a vortex as follows:

R | R
VxV=|VxV. —|—
IRL, |IRI,
R | R
HV XY= VXV — | —
[ IRI, |IRI,
R
= JQlv<vl,—
BT
R
HVxV=dQlv~vl,—|, (6)
IR,
Q) is then defined as a ratio of the vortical vorticity over the
. - R)? :
total vorticity as Q = % The first term is vor-
VXV IR
tical part and the second term is non-vortical part of the vor-

ticity.

Then pure deformation can be more appropriately defined
as flows with Q = 0 while the rigidly rotational flow is de-
fined as Q = 1 since the vorticity direction is the rotational
axial. Note that Q € [0, 1]. In particularly, we note that when
the vorticity is aligned with vortex axial, the deformation will
become very small. Like vorticity, the deformation is also
an important scale to judge if flow is rotational or vortex is
formed. In other words, both vorticity and deformation are
important to define a “vortex” and it reasonably leads to con-
sider the ratio of vorticity and deformation, which is called
omega method described in next section.

After revisiting Helmholtz decomposition, we believe the
fluid particle motion can be more appropriately decomposed
into four parts: translation, deformation, vortical part of vor-
ticity and non-vortical part of vorticity. Vorticity doesn’t di-
rectly represent rotation even though rigid body rotation must
possess vorticity. Therefore, vorticity could be small while
rotation is strong and vorticity could be large while rotation
is weak or none.

Boundary layer transition from laminar flow on a flat plate,
in which Q is small, implying all the vorticity is non-vorti-
cal, to turbulent flow in which Q is large in many places in-
side of the boundary layer, representing part of the vorticity is
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vortical, is basically a process in which non-vortical vorticity
transfers to vortical vorticity.

3 New vortex identification method

Based on the idea of splitting vorticity into a vortical part and
non-vortical part, a parameter (2 is introduced to represent
the ratio of vortical vorticity over the whole vorticity inside
a vortex core. In order to find Q, eq. (3) can be rewritten as
following:

VV=gVV+VVU+gVvavﬁ

=A+B, (7)
where A is symmetric and B is anti-symmetric. As stated
above, A represents deformation while B is related to the

whole vorticity. The square of Frobenius norm of A and B
is then introduced as given below:

a = trace(A'A) =Y} 3 1(Aif)2’
2
b=rtrace(B'B) =Y. ¥ (B,).

Now an estimate of the ratio Q is introduced which shows
vortex is formed when the vorticity is strong but deformation
is weak:

b
a+b’
We pick

b

2 at+b+e’ ®
where ¢ is a small positive number used to avoid division by
zero. Note that the length and velocity must be used in the
nondimensional form to calculate Q2. Otherwise ¢ needs to
be adjusted to a large number depending on the length and
velocity dimension. First, 0<Q<]1 since both a and b are not
negative. Second, in terms of a 2D rigid-body vortex with
a uniform angular velocity ¢, the velocity field is given as
V= (—¢y,¢x). It is easy to verify a =0 and then Q =1 as
expected. Apparently, we give an approximation that

__(VxV-R* b ©)
IV*VIE-IRI3

a+b’

which shows when vorticity is aligned with rotation the defor-
mation is small and vortex is really an area where projection
of vorticity in the rotating axial is about the same.
Confusions may be raised about the numerator in eq. (8),
that why the sum of deformation and vorticity becomes the
denominator. The reason is A, (deformation) and B; (vor-
ticity) are not independent. More specifically, the shear strain
rate decreases as the vortical vorticity grows. Thus, the shear
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stresses will decrease accordingly for Newton fluids. There-
fore, the dissipation of vortical flow is lower than the corre-
sponding non-vortical flow like laminar boundary layer. The
rotation state of fluid is more stable and transition from lam-
inar flow to turbulent flow is a process moving toward to a
more stable state. Unlike solid body which can have rota-
tion without any deformation, vortex in fluid flow is always
a mixture of vorticity and deformation. This is the source
of difficulties to give a rigorous definition for “vortex”. The
omega criteria just shows the vorticity overtakes the defor-
mation when the “vortex” is formed.

4 Application of the new vortex identification
method

After obtaining a formula to estimate the ratio Q, it is tempt-
ing to take advantage of it to visualize vortices in turbulent
flows. The new method is first implemented on direct numer-
ical simulation data of a transitional boundary layer [10, 11] at
both an early and a late time steps. MVG (Micro Vortex Gen-
erator) and RIT (Roughness Induced Transition) cases are
also used to evaluate the new method. The Q-criterion and
A» method are also implemented on the same data sets for
comparison.

4.1 Boundary layer transition

Figure 2 shows the iso-surfaces of 1,=—0.001, 4,=—0.0001
and 4,=—0.01, a method proposed by Jeong and Hussain [2].
Figure 3 gives the iso-surfaces of 0=0.001, 0=0.0001 and
0=0.01.

It is quite tricky to choose the threshold for iso-surface
visualization in both A, and Q methods. The criteria for
choosing appropriate thresholds in this paper are as follows:
(1) the main structures should be clear; (2) do not lose too
much small vortices. Based on these requirements, the
vortical structures are relatively appropriately represented in
Figures 2(a) and 3(a). It is argued Q is the balance between
shear strain rate and vorticity magnitude while negative A,
denotes the pressure minimum in a plane perpendicular to the
vortex axis. However, the physical meaning of these values
is unclear. On the other hand, a conclusion can be drawn
that larger magnitude Q (positive) or A» (negative) capture
stronger vortices. See Figures 2(b) and (c) and Figures 3(b)
and (c¢). Comparing Figures 2(a) and (b), we can see that a
smaller magnitude A, can capture weaker vortices including
small ring-like vortices downstream the first vortex ring and
“clouds” above A-vortex which are denoted in Figure 2(b).
However, this smaller magnitude A iso-surface smears many
structures, makes them undistinguishable from each other. A
similar situation occurs when Q-method is used as shown in
Figure 3(b). Correspondingly, alarger magnitude threshold
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Figure 2 (Color online) Iso-surfaces of (a) 1, =-0.001, (b) 2= —0.0001,
(c) 42=—0.01 at £ =6.8T , where T is the period of 7-S wave.

can lead to clear representation of the strong vortices while
the weak vortices are all skipped, see Figures 2(c) and 3(c).
Note that, in Figure 2(a), there are some “bulges” above the
A-vortex which might be thought as part of the A-vortex
while a vortex layer seems to lay upon the A-vortex in
Figure 3(a), but these structures disappear in Figures 2(c)
and 3(c), which seems clearer. However, the weak vortices
beside the strong vortices also disappear.

Iso-surface of the new method Q=0.52 is also shown in
Figure 4. The threshold value is kind of fixed since the phys-
ical meaning, that the vorticity overtakes the deformation, is
clear, although a light change of the value like 0.51 or 0.53
might also be appropriate value to represent the vortical struc-
tures. The main vortical structures captured by these three
methods are basically the same. However, advantages of the
Q-method can be seen from Figure 4 that strong vortices are
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Figure 3 (Color online) Iso-surfaces of (a) 0= 0.001, (b) Q= 0.0001, (c)
0=0.01atr=6.87, where T is the period of 7-S wave.

Figure 4 (Color online) Iso-surfaces of Q=0.52 at ¢t =6.87 , where T is
the period of 7-S wave.
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captured as clear as Figures 2(c) and 3(c) while the weak
vortices are also well represented. And there are not any
“bulge” structures and extra vortex layers above the A-vor-
tex in Figure 4. The reason is that Q is a ratio while both 4>
and Q are related to so-called vortex strength. Therefore, the
Q) can represent vortices with much larger vortex strength lat-
itude.

This superiority of the new Q-method might be very help-
ful when analyzing the transition mechanism as large magni-
tude of 4> and Q could cause faked “vortex breakdown” since
weak vortices may be missed [10].

At a much later time step, iso-surfaces of 4, =—0.001,
0 =0.001 and Q= 0.52 is shown in Figure 5. The choosing
of thresholds for 4, and O-methods is based on the criteria
stated above. Again, the vortical structures captured by all
the three methods are basically the same. Ring-like vortices,

Figure 5 (Color online) Iso-surfaces of (a) 1,=-0.001, (b) 0= 0.001, (c)
Q=0.52 at t = 12.95T, where T is the period of 7-S wave.



C.Q.Liu, eral.  Sci. China-Phys. Mech. Astron.  August (2016) Vol. 59 No. 8 684711-6

Q: 0.5 0.510.52 0.53 0.54 0.55 0.56 0.57 0.58 0.59 0.6 ‘

Figure 6 (Color online) Iso-surfaces of (a) Q=0.51, (b) Q=0.52, (c)
Q=10.55, (d) Q=0.6 at = 6.8T', where T is the period of 7-S wave.

A-vortex and stream-wise vortices are all clearly represented.

4.2 Vortex visualization by different Q

Figure 6 shows the vortical structures in early A-vortex devel-
opment at ¢ = 6.87 and Figure 7 visualizes the vortex struc-
ture in late boundary transition at ¢ = 12.9 T, where T is the
T-S wave period. In both cases, early and late, four different
Q values are selected to do the visualization, which vary from
0.51 to 0.6. This shows the vortical structures identified by
Q method are not very sensitive with the change of Q value,
although some minor structures will vanish as Q increases.

| B s | .
Q: 0.5 0.510.52 0.53 0.54 0.55 0.56 0.57 0.58 0.59 0.6

Figure 7 (Color online) Iso-surfaces of (a) Q=0.51, (b) Q=0.52, (c)
Q=10.55, (d) Q=0.6 at = 12.9T, where T is the period of 7-S wave.
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4.3 MYVG case

MVG (Micro vortex generator) is a passive control device
aiming to alleviate flow separation. Our previous study
[12] shows that it is the ring-like vortical structures that
functions to ease the separation. The computational domain
is shown in Figure 8. The visualization of these three meth-
ods with same thresholds as the DNS case at a certain time
step are illustrated in Figure 9. As shown by Figure 9(a),
the A>-method fails to capture the vortical structures in the
downstream and produce some noise in the space. Although
the downstream vortical structures are relatively well cap-
tured by O-method with a same threshold, there are too much
noise in the space (Figure 9(b)). However, with the same
0=0.52, the Q-method is able to well capture all the vortices
without any noise. It should be noticed that the MVG case
and DNS case are quite different in many aspects like speed,
compressibility and other condition. Despite the differences,
the Q-method well captured the vortical structures with the
same value of 9=0.52, while the other two methods fail to
accomplish.

By adjusting the thresholds of 4, and Q based on the criteria
described above, the vortical structures in this case can also
be properly represented as in Figure 10. However, the new
threshold of A, is 100 times larger than the appropriate A,
in the DNS case and the new threshold of O is 500 times
larger than the appropriate Q in the DNS case. In addition,
some literature shows vortices can be properly visualized by
iso-surfaces of O=50000 (Duan et al. [13]). A rather fixed
threshold in Q2-method is one of the major advantages over
other vortex identification methods.

4.4 RIT case

In recent years, RIT (Roughness Induced Transition) in hy-
personic boundary layer has becomes a research hotspot. The
DNS results in our previous study [13] show that the horse-
shoe vortex and the shear layer instabilities which come from
the “jet” upstream of the roughness, dominate the flow tran-
sition procedure downstream.

Figure 11 depicts the vortex structures around the cylindri-
cal roughness element, through the Q-criterion with different
thresholds and the Q-criterion. It should be note that the ref-
erence length in this study is 1 m, so the iso-surfaces of 0=

Ramp
Grid MVG Grid region
Fore-region transition region transition Jb

\ 4

| I
| |
1 [
| | |
| |
[ -
RN N NS

N\ \ NN N\

Figure 8 (Color online) The computational domain of MVG case.
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Figure 9 (Color online) Iso-surfaces of (a) 4,=—0.001, (b) 0=0.001, (c)
0=0.52.

1000 and 10000 are used to visualized the vortices. But the
0=0.52 iso-surface, which is the same with boundary layer
flow and MVG cases, is capable to well illustrate the vortices.
The Q-method clearly shows the vortices around cylindrical
roughness and the ring-like vortices downstream simultane-
ously, while the 0=10000 fails to illustrate the streamwise
vortex structure in the side region.

5 Concluding remarks

Helmbholtz fluid velocity decomposition of velocity field is re-
visited in this paper. It is demonstrated that the antisymmet-
ric part of velocity gradient is not directly related to rotational
motions in general. Based on the above analysis, a further de-
composition of vorticity into a vortical part and non-vortical
part is proposed. A new parameter Q is introduced to repre-
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Figure 10 (Color online) Iso-surfaces of (a) 1,=—0.1, (b) 0=0.5.

sent the ratio of vorticity square over the sum of vorticity
square and deformation square. As the vortical vorticity is
closely related to vortex motions, it is natural to visualize
vortices using the idea described above. An estimation for
the ratio Q is proposed then. It is found the iso-surfaces of
0=0.52 can well capture the vortices for all cases we studied
and there is no need to empirically choose a threshold like A,
and Q-criterion.

Previous vortex identification methods including 4, O, 1>
criteria are aiming to identify swirling strength. However,
physical meanings of the values of A4, Q, A are unclear.
What’s more, an arbitrary threshold introduces a degree of
ambiguity. For example, some literature shows vortices vi-
sualized by iso-surfaces of 0=50000 (Duan et al. [13]) while
the vortices is well visualized in Figure 3 by iso-surfaces of
(0=0.001. The choosing of threshold seems arbitrary without
a framework. Inappropriate thresholds may lead to false
interpretation of turbulence physics. On the other hand, the
threshold of this new method is always a little over 0.5 and
has a clear physical meaning that is the vorticity overtakes
the deformation. The reason why ©=0.52 is selected is both
theoretical and empirical selections. Theoretically Q=0.52
means vorticity overtakes deformation. Empirically 2=0.52
works for all cases we studied. These features of the new
vortex identification method could be valuable and helpful
for study of turbulence physics and many other vortex dom-
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Figure 11 (Color online) Iso-surfaces of (a) O=1000, (b) O=10000, (c)
0=0.52.

inant flows in science and engineering.

The new method has the following features that previous
methods like Q-criterion, A>-method do not possess.

(1) The Q method is very easy to perform;

(2) The physical meaning of Q, as a ratio of vorticity square
over the sum of vorticity square and deformation square, is
clear that the dissipation is low and the vorticity is locally
dominant, while the values of Q and A, are quite unclear;

(3) An arbitrary threshold is avoided by choosing a value
0=0.52 while both Q and A, methods require proper selection
of a wildly changed threshold, case by case;

(4) Both strong and weak vortices can be well captured by
the new method simultaneously due to the physical meaning
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of Q which is a ratio, while improper Q and A, threshold may
lead to strong vortex capture while weak vortices are lost or
weak vortices are captured but strong vortices are smeared;

(5) ©=0.52 is a pretty good quantity to define the vortex
boundary.

A short Fortran subroutine is attached as appendix to calcu-
late Q from velocity field for uniform and non-uniform grids.
A micro file is also attached for Techplot users to calculate Q.
Note that the length and velocity must be used in the nondi-
mensional form to calculate Q. Otherwise ¢in the denomina-
tor of Q2 needs to be adjusted to a large number depending on
the length and velocity dimension.
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