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Recent experimental and numerical investigations reveal that the onset of turbulence in plane-Poiseuille flow and plane- 
Couette flow has some similar stages separated with different threshold Reynolds numbers. Based on these observations and 
the energy equation of a disturbed fluid element, a local Reynolds number ReL is derived to represent the maximum ratio of the 
energy supplement to the energy dissipation in a cross section. It is shown that along the sequence of transition stages, which 
include transient localized turbulence, “equilibrium” localized turbulence, spatially intermittent but temporally persistent tur-
bulence and uniform turbulence, the corresponding thresholds of ReL for plane-Couette flow, Hagen-Poiseuille flow and 
plane-Poiseuille flow are consistent, indicating that the critical (threshold) states during the laminar-turbulent transition are de-
termined by the local properties of the base flow and are independent of global features, such as flow geometries (pipe or 
channel) and types of driving forces (shear driving or pressure driving). 
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Depending on the amplitude of disturbances, the lami-
nar-turbulent transition in shear flows may have different 
scenarios. A sequence of bifurcations started with a super-
critical instability may occur when the amplitude is small, 
for example, in Taylor-Couette flows or Rayleigh-Bénard 
convection [1]. Finite-amplitude disturbances may trigger 
transitions as well, such as in Hagen-Poiseuille flow and 
plane-Couette flow, where the base-flow profile is always 
linearly stable. Recent experiments and numerical simula-
tions have revealed that for the latter type of transition, 
there are several stages between steady laminar flows and 
turbulence [2,3]. Shear flows are stable when Reynolds 
number (Re) is small. Re = UL/, where U, L and  are the 
characteristic velocity, characteristic length and fluid vis-
cosity of the mean flow, respectively. At small or moderate 
values of Re, shear flows are always stable to localized dis-

turbances. When Re is larger than a threshold value, say 
ReTLT, transient and localized turbulence with small scale 
vortices, such as spots in Couette flow [4–6] and puffs in 
pipe flow [7–9], can be observed in experiments. When Re 
is increased further and exceeds another threshold ReELT, 
“equilibrium” localized turbulence may appear, e.g., equi-
librium puffs in pipe flow [10,11] and turbulent bands in 
plane-Couette flows. These local coherent structures do not 
split and remain constant in spatial extent and hence have 
typical length scales. When Re is large enough (i.e., Re> 
ReSITP), the flow transfers to spatially intermittent but tem-
porally persistent turbulence [12,13]. Finally, uniform tur-
bulence appears when Re is larger than ReUT, and a key fea-
ture of uniform turbulence is the Gaussian-type probability 
distribution function (PDF) of the character disturbing ve-
locity [14]. Different stages in the transition are shown in 
Figure 1, where the corresponding critical Reynolds num-
bers are named as well. Since the transition to localized   
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Figure 1  Bifurcation diagram of parallel shear flow. 

turbulence occurs when the basic flow is still linearly stable, 
all the above thresholds can only be observed when the ex-
ternal disturbances are sufficiently strong. The similarities 
between the transition scenarios of these shear flows sug-
gest that they may follow the same route to turbulence [15], 
and accordingly a direct quantitative validation of this con-
jecture is required. 

A transition from laminar to turbulent flow is often ob-
served near Re of about 2000 for pipe flow and 400 for 
plane-Couette flow. A readily apparent reason for such dis-
crepancy seems that the Reynolds number is defined with 
different time and spatial scales for different flows. Conse-
quently, finding a unified control parameter becomes the 
first and necessary step to understand the universality of 
transition mechanism. Manneville et al. [16] proposed a 
“physical Reynolds number” based on the mean shear of 
basic flow, and it was shown that the corresponding thresh-
old of the banded turbulence pattern [17] in plane-Couette 
flow coincided with the value of Taylor-Couette flow with 
zero-average rotation [18–20], but it differed from the 
thresholds of Poiseuille flows. Since slight local variations 
in the velocity profile do not cause an apparent change of 
the mean shear but may lead to instability and trigger the 
transition in pipe flows [21–24], a unified control parameter 
should be able to reflect local properties of flow fields. 

The velocity profile of steady pipe flow will deviate from 
the parabolic one for non-Newtonian fluids, and hence may 
postpone the onset of transition to turbulence. By largely 
intuitive arguments, Ryan and Johnson [25] used a local 
control parameter Zmax, which represents a ratio of input 
energy to energy dissipation for an element of fluid, to de-
fine the boundary between stable laminar and turbulent 
flows. It was shown that the critical Zmax of transition ob-
tained in experiments agreed reasonably well between 
Newtonian fluids and several pseudoplastic fluids moving 
in straight pipes of circular cross section. In order to avoid 
the geometry dependence of Zmax, Hanks [26] proposed an-
other local parameter κ, which is defined as the ratio of the 
normal gradient of kinetic energy to the streamwise gradient 
of pressure. Note that both Zmax andκ are defined with just 
the properties of steady basic flow and Zmax = 2 for pipe 
flows. These local parameters have been applied to study 
the instability and transition of pipe flows for fluid with 
various suspensions [27], Bingham fluids [28], yield stress 
fluid and shear thinning fluid [29]. 

We will derive a local Reynolds number ReL by analyz-

ing the energy equation of a fluid element, and discuss the 
difference between ReL and the previously defined local 
parameters. Additionally we will show for the first time that 
different shear flows have the same thresholds along the 
sequence of transition stages when ReL is applied.  

1  A parameter for fluid element 

Since external disturbances cannot be described exactly and 
completely in advance, most control parameters are defined 
only based on the base-flow properties. We consider a 
steady, incompressible and parallel base flow (U0(x2), 0, 0). 
x1, x2 and x3 are the streamwise, normal and spanwise/azi- 
muthal coordinates, respectively. When the flow is per-
turbed with a disturbance (u, v, w), the governing equations 
of motion for a fluid element can be written as:  
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where U1=U0+u, U2=v, U3=w, ij = 0,ij + ij. ij and ij in-
dicate the total and disturbing stress components exerted in 
the xi direction at the element surface normal to xj. The sub-
script 0 represents the base-flow properties and 0, /ij jx  = 

0 because the base flow is steady. An energy equation can 
be obtained by taking the scalar product of eq. (1) and the 
vector velocity of the base flow,  
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, the term on 

the left side of eq. (2) is an estimation of the growth rate, 
unit-volume basis, of total kinetic energy in a disturbed fluid 
element. On the right side, the first term represents the rate 
of energy supplement transferred from the main stream, and 
the remaining term represents the rate of energy dissipation. 
The energy ratio α is  
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In order to define a nondimensional control parameter to 
describe the most vulnerable state to external perturbations, 
we examine the largest energy ratio  in a cross section 
when fluid elements are exerted with the same disturbing 
force per unit volume as that at the wall F=du/dt=dU1/ 
dt= 1 /i ix   1( /i wall) .ix  

To carry this analysis further one would need to define 
the form of the perturbation stream function, which is not 
known in most realistic cases, and one thus would lose gen-
erality. Eckhardt [2] and Manneville [3] have summarized 
several well-defined thresholds (lower bounds) during the 
transition to turbulence for both channel and pipe flows 
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when the perturbations are strong enough. Based on these 
observations, it is postulated that at these critical states the 
characteristic time scale of effective disturbances is related 
to the corresponding value of the base flow, namely,  

 0,w1
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where C is a coefficient and may be different at different 
critical (threshold) states. 0,w is the wall shear stress of the 
base flow and Rh is the corresponding hydraulic radius, 
which is widely used to assess different channels’ transport 
capacity in hydraulic engineering,  

 h

the cross - sectional area of  flow
.

wetted perimeter
R   (5) 

It can be verified that Rh is half the height h of a paral-
lel-plate channel with infinite width and Rh=R/2 for straight 
pipe with circular section. Here R is the radius of the pipe. 
Consequently, the maximum ratio of the energy supplement 
to the energy dissipation (eq. (3)) in the normal direction 
max can be evaluated with the base-flow properties as:  
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Since C is a constant coefficient, the local Reynolds number 
ReL represents the maximum energy rate of a fluid element 
at the critical (threshold) state. Considering that ReL is de-
rived directly from the energy equation without specifying 
the base-flow geometry or the type of driving force (e.g., 
pressure-driving or shear driving), physically it is a gener-
alized control parameter for viscous shear flow.  

In order to verify the universality of transition scenario, 
this local parameter is applied to three types of shear flows, 
namely the Hagen-Poiseuille flow, plane-Poiseuille flow 
and plane-Couette flow. The coordinates are laid at the axis 
of pipe and the middle plane of channels, respectively. For 
Hagen-Poiseuille flow, by substituting basic flow solution 

2 2
0 M (1 / )U U r R   into eq. (6) we find that LRe   

M (3 3 )U R   at r=R/ 3 . Similarly, for plane-Poiseuille 

flow U0 = UM (1y2/h2), we can obtain ReL= 2 / 3 3Re . UM 
is the maximum velocity of the cross section. For plane- 
Couette flow U0 = UMy/h, the local Reynolds number ReL is 
just the same as the classical one.  

Based on a linearized two-dimensional energy equation, 
Ryan and Johnson [25] proposed a local parameter Zmax to 
describe the transition threshold of non-Newtonian fluids in 
pipe flows. Hanks [26] extended the concept to plane- 
Poiseuille flow and suggested another locally defined con-

trol parameterκ, which is equivalent to Zmax for pipe flow 
(Zmax =2).  

 
2
0M

max
0 max

( )4 1
, ,

27 2
  

URU
Z

p
 




 


 

where the subscript “max” means the maximum value in the 
cross section. The definitions of three local parameters are 
shown in Table 1 for different shear flows. Note that κ can-
not be applied to shear-driven flows, e.g., Couette flow 
where p0 = 0. For Hagen-Poiseuille flow, Zmax=2ReL and 
the factor 2 is caused by the fact that we use a generalized 
length scale (eq. (5)) in this paper. Therefore, comparing 
with Zmax and κ, ReL is a more generalized control parame-
ter. 

As a reference, the Reynolds number defined with mean 
shear is derived as well,  
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For plane-Couette flow, experiments show that streamwise 
vortices and streaks, which are the dominant structures in 
the transition range, develop in the full gap, hence L=2h and 

Re =(UM/h)(2h)2/=4Re. If the plane-Poiseuille flow can be 
understood as two plane-Couette flows side by side each of 
width h and velocity difference UM, and at the moderate 
Reynolds numbers of interest disturbance structures devel-
oping in one half of the system are relatively independent of 

what happens in the other, then L is set to h and Re = 
(UM/h)h2/=Re. For Hagen-Poiseuille flow, the mean shear 

is of the order of UM/R and thus Re = (UM/R)R2/=Re. 

2  Results and discussion 

The traditional Re only includes the global scales of the 
mean flow, hence cannot distinguish between plane-Couette 
flow and plane-Poiseuille flow with the same channel height 
and the same maximum velocity. It is shown in sect. 1 that 
the mechanism governing the growth of kinetic energy of a 
fluid element is the same for different shear flows, hence 
ReL, defined with terms including local time and spatial sca- 

Table 1  Definitions of Re, Zmax, , Re  and ReL. h is the half height 
between the two plates, R is the radius of the pipe and UM is the maximum 
velocity of the base flow. PCF, HPF and PPF represent the plane-Couette 
flow, Hagen-Poiseuille flow and plane-Poiseuille flow, respectively 

Flow type Re Zmax  Re  ReL 

PCF MU h


   M4U h


 MU h


 

HPF MU R


 M2

3 3

U R


 M1

3 3

U R


 MU R


 M1

3 3

U R


 

PPF MU h
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3 3

U h
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3 3
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les (e.g., dU0(x2)/dx2 in eq. (6)), is expected to be able to 
mark the universality of transition stages. 

2.1  Plane-Couette flow 

Plane-Couette flow represents the simplest solution of the 
Navier-Stokes equation of motion, and turbulence was ob-
served experimentally when Re>280 [30]. By introducing a 
thin wire parallel to the spanwise direction in the center 
plane, Bottin et al. [31] found that transient localized turbu-
lence started to be formed at Re = 290, and this critical val-
ue is confirmed later by numerical simulations [32]. Eck-
hardt et al. [33] studied numerically the initial stage of tran-
sition, and observed that the probability of finding long- 
lived transient states for repeated calculations started to de-
viate from zero at Re = 280–290. Therefore, ReTLT defining 
the initial appearance of transient localized turbulence is 
around 290. 

An early experimental study found a critical Reynolds 
number for a self-sustaining spot as Re = 370 ± 10 [4], and 
a later experiment estimated it as Re = 325 ± 5 [6]. For 340 
<Re<394 (see ref. [17], Figure 2(b)) a spatially periodic 
pattern composed of distinct regions of turbulent and lami-
nar flow has been discovered in plane-Couette experiments. 
Since the turbulent stripes are statistically stationary and are 
isolated periodically by laminar bands with well-defined 
wavelength and tilt angle, they are referred to as “equilib-
rium” localized turbulence in this paper. Barkley and Tuck-
erman [32] reported the first direct numerical simulation of 
turbulent-laminar patterns. They found that at Re = 390 sta-
ble pattern formed with distinct turbulent and laminar re-
gions while at Re = 400 the flow became spatially intermit-
tent-quasilaminar regions nucleated and disappeared con-
tinually. By direct numerical simulations in a very large 
domain Duguet et al. [12] observed that a pattern consisted 
of alternating laminar and turbulent bands would fill up the 
whole numerical domain at 330Re380. 

It is also found that with the increase of Re turbulent 
stripes still emerged eventually, but became less well-  
defined. When Re is approximately 400 the laminar zones 
emerge spontaneously and transiently, hence the flow be-
comes spatially intermittent, though the turbulent area frac-
tion remains almost time independent. When Re is increased 
further, the flow may turn to be uniform turbulence. Re-
cently, Tuckerman et al. [34] have shown that the PDF of 
the characteristic disturbing velocity was almost identical to 
a Gaussian type for 500Re600, and the fitting coefficients 
of a quartic polynomial proposed for the PDF changed very 
little for Re>500 (see ref. [14], Figure 8). Based on the 
above experimental and numerical results, it can be con-
cluded that the thresholds for the “equilibrium” localized 
turbulence, the spatially intermittent but temporally persis-
tent turbulence and the uniform turbulence are ReELT  330, 
ReSITP  390 and ReUT = 500, respectively. 

2.2  Hagen-Poiseuille flow 

After introducing a jet at an upstream position in a pipe, 
localized turbulent structures bounded by regions of laminar 
flow, the reputed puffs [7], are recorded downstream when 
Re increases to 1500 [35]. Peixinho and Mullin [36] per-
formed a series of experiments with different types of dis-
turbances and perturbation amplitudes. They found that the 
critical Reynolds number, where localized turbulence starts 
to be formed, decreased with the increase of the disturbance 
amplitude until a lower threshold is reached. The bottom 
error bars for single jet disturbances and for spanwise push- 
pull disturbances (see ref. [36], Figures 3 and 4) indicate a 
rapid decay of disturbances and their averaged value 1513 is 
referred as the threshold ReTLT, which is close to Hof et al. 
[35] observations. At higher Reynolds numbers, a me-
ta-stable state or the reputed “equilibrium” puff [10,11], that 
is, one which does not grow, split or shrink (statistically 20 
diameters long) as it travels through a long pipe. By inject-
ing perturbations into the pipe flow and observing their de-
cay, Darbyshire and Mullin [8] summarized their experi-
ments and concluded that the critical threshold of turbulent 
structures was in the range of Re≈1760, below which no 
sustained turbulence was observed. Peixinho and Mullin  
[36] investigated the relaminarization of puffs and found 
that with the increase of Re, the time required for puffs to 
decay increased sharply at Re = 1750±10. Such critical be-
havior was qualitatively supported by a numerical investi-
gation [37], though the extrapolated critical Reynolds num-
ber 1870 was larger than the experimental value.  

In addition, recent numerical and experimental studies 
[36–40] all support a paradigm that the transition to turbu-
lence in pipe flow is linked to a strange saddle in the phase 
space of the Navier-Stokes equations [15], and the turbulent 
lifetimes, the time prior to escaping the saddle, are expo-
nentially distributed. By using substantially larger sample 
size of simulations than previously used, Avila et al. [41] 
studied the lifetime data and showed that the lifetimes are 
not exponentially distributed until Re≈1720. This result 
suggests the existence of a saddle-node bifurcation and 
hence the corresponding threshold for “equilibrium” puff is 
set as ReELT≈1720.  

Although it is shown that every single puff has finite life-
time [42], Wygnanski et al. [10] and Nishi et al. [43] 
showed that they could split at higher Reynolds numbers. 
More recently, Avila et al. [13] illustrate numerically and 
experimentally that with increasing Reynolds number the 
mean lifetime of puffs increases rapidly, while the mean 
time it takes for them to split decreases. At Re = 2040 ± 10 
these two characteristic time coincides with each other, and 
accordingly the flow turn to be spatially intermittent while 
the turbulent fraction is temporally persistent, namely ReSITP 
= 2040±10. Based on experimental observations, Patel and 
Head [44] suggested that intermittency disappeared when 
the Reynolds number Re is in the region of 3000. By sys-
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tematically analyzing the numerical results of the transition 
between intermittent and uniform turbulence, Moxey and 
Barkley [11] defined a critical Reynolds number for uni-
form turbulence (ReUT  2600) along the pipe, where the 
PDF of the characteristic disturbing velocity was close to a 
Gaussian type. 

2.3  Plane-Poiseuille flow 

In the first flow visualization study of spots in plane- 
Poiseuille flow, Carlson et al. [45] summarized that below a 
Reynolds number (defined with h and centerline velocity) of 
about 840 a disturbance was found to grow into a semi- 
developed spot and then decay into a streamwise structure 
that ultimately disappeared. Therefore, the threshold for 
equilibrium spot satisfied ReELT840. At a Reynolds num-
ber of about 1000, a strong, repeatable, growing spot could 
be triggered and spot-splitting, the counterpart of puff- 
splitting in pipe flow, might occur as the spot moved down-
stream (see ref. [45], Figure 6). Hence the critical value for 
spatially intermittent but temporally persistent turbulence 
satisfies ReSITP  1000. In a later experiment [46], turbulent 
spots could not be generated for Re<1100. We have done 
direct numerical simulations in a periodic domain of 160h × 
2h × 120h (768 × 65 × 1024 grids system). The growth of 
spots and spot-splitting are observed at Re = 1000 and hence 
our DNS results are consistent with Carlson’s observations. 
At higher Reynolds number, Patel and Head [44] concluded 
that the uniform turbulence or disappearance of intermit-
tency was first observed experimentally at 2h 0U /ν  1800 

or Re  1350, where 0U  is the mean (bulk) velocity. Re-

cently, turbulent stripes are still observed experimentally 
and numerically at 2h 0U /ν=2000 [47]. Since we focus on 

the lower bound of every transition stage, the threshold of 
uniform turbulence is estimated as ReUT  1350. 

Four transition thresholds discussed above for plane- 
Couette flow, plane-Poiseuille flow and Hagen-Poiseuille 
flow are summarized in Table 2. It can be seen clearly that 
the traditional Reynolds number thresholds differ signifi-

cantly between these flows, and Re  thresholds show a 
better agreement than Re with a relative difference about 
35%–110%. When the local Reynolds number ReL is ap-
plied, the series of threshold values for different shear flows, 
from the onset of transient localized turbulence to uniform 
turbulence, almost coincide with each other and have a per-
centage difference less than 5%. These unified thresholds 
confirm quantitatively the intrinsic consistency and deter-
minacy of the transition process. 

It should be noted that the unified milestones along the 
route to turbulence do not suggest that the whole transition 
scenarios can be transformed completely from one flow to 
another. The reasons are as follows. Firstly, we only com-
pare the lower band of every transition stage, which is 

unique for every kind of flow and hence the corresponding 
effective disturbance has strong correlation with the base- 
flow solution as described by eq. (4). Between these thresh-
olds, e.g., ReTLT<Re<ReELT, the critical Reynolds number of 
localized turbulence is determined not only by the base-flow 
information but also by the style and amplitude of disturb-
ances as shown by previous experiments [36]. Secondly, 
though the sustaining mechanism of disturbances is univer-
sal as described by eq. (2), their long-term evolution may be 
different because of boundary conditions in different shear 
flows. For example, the “equilibrium” localized turbulence 
has typical streamwise and spanwise length scales Lst and 
Lsp, whose corresponding values for plane-Couette flow, 
plane-Poiseuille flow and Hagen-Poiseuille flow are (Lst;  
Lsp)≈(110h; 50h–80h) at 340Re395 [18], (40h; 30h) at 
Re = 1000 [45] and (40R; <2R) [48], respectively. It is read-
ily apparent that the Lsp of Hagen-Poiseuille flow is 
one-order smaller than those of channel flows due to the 
spanwise confinement. Considering that energy dissipation 
of turbulence is mostly contributed by fine flow structures, 
pipe flows will have larger percentage of energy dissipated 
by disturbances with small spanwise (or azimuthal) length 
scales than channel flows. Though such extra energy dissi-
pation is small and does not affect the transition thresholds, 
it accumulates along with the downstream advection and 
may lead to the eventual decay of puffs. These intuitive 
arguments explain to some degree a discrepancy between 
pipe flows and channel flows, namely, when Re > ReELT the 
turbulent bands or spots in channel flows can sustain and 
behave as chaotic attractors [12,45], while the “equilibrium”  

Table 2  Comparison of the threshold Reynolds numbers during the lam-
inar-turbulent transition  

Flow type ReTLT Re  ReL 

Plane-Couette 

280 
290 
290 

280–290 

1120 
1160 
1160 

1120–1160 

280 
290 
290 

280–290 
Hagen 

-Poiseuille 
1500 
1513 

1500 
1513 

288.6 
291.1 

ReELT 

Plane-Couette 
340 

325±5 
330 

1360 
1300±20 

1320 

340 
325±5 

330 

Hagen-Poiseuille 
1760 

1750±10 
1720 

1760 
1750±10 

1720 

338.6 
336.7±1.9 

331 

Plane-Poiseuille 840 840 323.3 

ReSITP 

Plane-Couette 
394 

390–400 
380–400 

1576 
1560–1600 
1520–1600 

394 
390–400 
380–400 

Hagen-Poiseuille 2040±10 2040±10 392.5±1.9 

Plane-Poiseuille  1000  1000  385 

ReUT 

Plane-Couette 
500 
500 

2000 
2000 

500 
500 

Hagen-Poiseuille 2600 2600 500.4 

Plane-Poiseuille  1350  1350  519.6 
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puffs in pipe flow are meta-stable transients [41,42,49] and 
behave as strange repellers. 

3  Conclusions 

Recent numerical and experimental progresses on localized 
turbulence in shear flows make it possible to compare their 
routes to turbulence quantitatively. As a first step, a unified 
control parameter—local Reynolds number ReL is derived 
based on the energy equation of a fluid element. The availa-
ble numerical and experimental data are analyzed and the 
transition route is divided into several stages, the transient 
localized turbulence, the “equilibrium” localized turbulence, 
the spatially intermittent but temporally persistent turbu-
lence and uniform turbulence. It is shown that the corre-
sponding ReL thresholds for plane-Couette flow, plane- 
Poiseuille flow and Hagen-Poiseuille flow are consistent 
with each other. This surprising agreement indicates that it 
is the local properties, not global characteristics (e.g., flow 
geometries or types of driving forces) of a base flow that 
determine the key features of the transition scenario. The 
unified thresholds are sufficiently well-defined to await 
further calibrations with other viscous shear flows. 
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