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Using the Ultrarelativistic Quantum Molecular Dynamics (UrQMD) model, the balance energies of free neutrons, free protons 
and Z=1 particles (including free protons, deuterons and tritons) from mass symmetric heavy-ion collisions with isotopes, iso-
bars and isotones are studied. The influence of nuclear symmetry potential energy on the balance energy is emphasized. It is 
found that the balance energy of free neutrons is sensitive to the nuclear symmetry energy, while that of free protons is not. 
Particularly, the initial neutron/proton ratio dependence of the balance energy of free neutrons from Sn isotopes can be taken as 
a useful probe to constrain the stiffness of the nuclear symmetry energy. 
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1  Introduction 

One of the researched areas in heavy ion collisions (HICs) 
at the incident energies from 40 to 400 MeV/nucleon is to 
study the density dependence of the symmetry energy in-
cluded in the nuclear equation of state (EoS), which is de-
fined as the difference in energy per nucleon between the 
pure neutron matter and the isospin symmetric nuclear mat-
ter. It is well known that the symmetry energy is critical for 
many aspects not only in nuclear physics, e.g., nuclear 
masses, neutron skin thickness of nuclei [1,2] and the struc-
ture of exotic nuclei, but also in astrophysics, e.g., superno-
va dynamics, and the structure of neutron stars (their masses 
and radii) [3]. Significant progress has been made in recent 

years in constraining the density dependence of the sym-
metry energy, a number of useful probes have been pro-
posed as well, particularly around and below the saturation 
density. Nevertheless, the high density behavior of the nu-
clear symmetry energy is still not well constrained partly 
because of the strong model dependence. For recent review 
we refer the reader to refs. [4,5]. 

The nuclear collision offers a unique opportunity to in-
vestigate the EoS of compressed, hot and isospin asymmet-
ric nuclear matter. The collective flow is a common phe-
nomenon from nuclear collisions, which was first discov-
ered at Bevalac in 1984 and has been widely studied since 
then (see, e.g., ref. [6], and references therein). Different 
components of the collective flow have been used frequent-
ly to constrain the stiffness of the EoS [7]. In recent years, 
to further constrain the stiffness of the symmetry energy has 
become one of the major interests in the exploration of in-
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termediate energy HICs. But, since the effect of the sym-
metry energy on the collective flow is relatively weak and 
even further interfered by uncertainties in the in-medium 
nucleon-nucleon collisions as well as various model param-
eters, it becomes difficult to pin down thoroughly the be-
havior of symmetry energy directly from the collective flow. 
Recently, it was found that the neutron-proton differential 
transverse flow [4,8], the neutron-proton elliptic flow dif-
ference [9], and the ratio of the elliptic flow parameters of 
neutrons with respect to protons or hydrogen isotopes [10], 
can be taken as sensitive observables to the density de-
pendence of the symmetry energy. Certainly, to more 
strictly constrain the symmetry energy, one needs more pre-
cisely experimental data as well as more self-consistently 
theoretical models. 

The directed and elliptic flows are two popular flow 
components which are extracted from the Fourier expansion 
of the azimuthal distributions of emitted particles with re-
spect to the reaction plane. Previous studies of the beam- 
energy dependence of the directed flow showed that the 
slope of the directed flow at mid-rapidity changes sign from 
negative to positive at an incident energy, termed as the 
balance energy (Ebal). It was soon later found that this is the 
result of the balance between the attractive mean-field po-
tentials and the repulsive binary collisions. This interesting 
phenomenon has been widely detected by many experi-
ments during the last two decades (see refs. [11–16] and 
references therein). Theoretical studies with the help of 
transport models have demonstrated that the Ebal is sensitive 
to the nuclear EoS, the in-medium cross section [17–25], 
and the momentum dependence of the interactions [13,20, 
26]. But, in early studies, it was reported that the Ebal does 
not heavily depend on the emitted particle species [13,15]. 
In most of these theoretical investigations one particle in-
dependent global quantity “directed transverse momentum 

dirpx ” was taken into use. However, more recent experi-

mental data for the 197Au+197Au system published by the 
INDRA-ALADIN collaboration  have shown clearly that 
the slope of directed flow changes the sign at about 60 
MeV/nucleon for Z=2 particles, but it moves to be about 80 
MeV/nucleon for Z=1 particles [27]. 

The isospin dependence of Ebal has been studied theoret-
ically with the isospin-dependent quantum molecular dy-
namics (IQMD) model [17,28], the Boltzmann-Nordheim- 
Vlasov (BNV) model [29] and the isospin-dependent 
Boltzmann-Uehling-Ulenbeck (IBUU) model [14]. Experi-
mentally, the Ebal values for 58Fe+58Fe and 58Ni+58Ni have 
been measured by MSU 4 Array, and shown that it de-
pends on the isospin of the system, which is basically in 
agreement with the prediction of the isospin-dependent 
BUU model [14]. However, it can be noted that the meas-
ured values of Ebal were extracted from the transverse flow 
of Z=2 fragments, while the calculated values were only for 
nucleons. The Ebal for these two reactions were studied 

more widely at various conditions with different theoretical 
models [19,28–30]. Although all these studies shown that 
the Ebal for these two reactions are different, calculations of 
the Ebal value were performed not to depend on emitted par-
ticle species. Thus, it is quite necessary to further investi-
gate the isospin effect on the Ebal for different particle spe-
cies emitted from systems with different initial isospin. 

In our recent work, the system-mass and particle-species 
dependence of Ebal was investigated [31]. It was shown that 
the Ebal of free neutrons from HICs is sensitive to the densi-
ty dependence of the symmetry potential energy. In this 
work, we further examine the isospin effect on Ebal by tak-
ing several groups of semicentral (with reduced impact pa-
rameters b0=b/bmax=0.15–0.4, where bmax is the sum of the 
radii of the colliding nuclei) collisions of isotopes 
(100Sn+100Sn, 112Sn+112Sn, 124Sn+124Sn, 132Sn+132Sn), isobars 
(132Xe+132Xe, 132Ce+132Ce, 132Sm+132Sm) and isotones 
(124Sn+124Sn, 132Ce+132Ce, 140Dy+140Dy) into account. 

The paper is organized as follows. In the following sec-
tion, the symmetry energy used in the updated version of 
the Ultrarelativistic Quantum Molecular Dynamics (Ur-
QMD) model is given. The appearance and the time evolu-
tion of the directed flow is vividly demonstrated as well. 
Also, we calculate the Ebal of free protons, Z=1 particles and 
free neutrons, calculation results of the isospin dependent 
Ebal are shown and analyzed in details.  

2  Density-dependent symmetry energy and di-
rected flow 

The density-dependent symmetry energy used in this work 
is expressed as: 

 
pot kin

sym sym sym

2/3
0 0       20 MeV ( / ) 12 MeV ( / ) ,

E E E
   

 

   
 

(1)
 

where the coefficient  in the potential part pot
symE  is the 

corresponding strength parameter, and  and 0 in the pot
symE  

and the Fermi kinetic energy kin
symE  are nuclear density and 

normal nuclear density, respectively. 
In addition, we choose a soft EoS with momentum de-

pendence (SM-EoS, corresponding incompressibility K= 
200 MeV) and a momentum- and density-modified nucle-
on-nucleon elastic cross section which were examined in 
our recent work [32]. It was found that, at INDRA/GSI en-
ergies (40–150 MeV/nucleon), the slope of directed flow of 
Z=1 particles at midrapidty can be reproduced rather well 
with this parameter set. 

The time evolution of the nuclear densities in the central 
zone (with in a cube of length 4 fm) of 100Sn+100Sn, 
132Sn+132Sn and 132Sm+132Sm reactions at 85 MeV/nucleon 
and b0=0.3 is shown in Figure 1. The symmetry potential  
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Figure 1  Time evolution of central nuclear densities for 100Sn+100Sn, 
132Sn+132Sn and 132Sm+132Sm reactions at Elab=85 MeV/nucleon and b0=0.3. 

strength parameter =1.0 is used in calculations. It is seen 
that the maximum density is about 1.7 times of normal one, 
and is weakly influenced by the initial N/Z ratio of the col-
liding system (when the total mass numbers are the same), 
which is reasonable. Furthermore, the supra-normal density 
nuclear matter is built up within the time span from about 
15 fm/c to 45 fm/c in this beam energy region. Afterwards, 
the system decompresses. 

During the same process, the flow appears and evolves. 
In upper plots of Figure 2 the contour plots (in the x-z plane) 
of the density of all protons from semi-central 132Sn+132Sn 
collisions at 85 MeV/nucleon and at three time points    

(0 fm/c (a), 30 fm/c (b), and 150 fm/c (c)) are shown. Cor-
respondingly, the momentum px-pz distributions of all pro-
tons at the three times are shown in lower plots (Figures 
2(d), (e), and (f)). 8000 events are collected in the calcula-
tion. Figures 2(a) and (d) denotes the initialization of the 
two nuclei, and sampled target and projectile nuclei are 
surely same in the phase space, the average value of px in 
each pz bin (shown by the line in Figure 2(d)) clearly shows 
no initial flow as well. At t=30 fm/c (in Figures 2(b) and 
(e)), when the maximum density is made in the central zone 
of the colliding system, a negative directed flow is formed, 
which is due to the dominance of the attractive mean-field 
potentials compared to the repulsive binary collisions. At 
the end of the collision, i.e., 150 fm/c (in Figures 2(c) and 
(f)), the negative directed flow is largely reduced due to the 
well known binary rescattering process. 

The directed flow is commonly expressed as v1, which is 
one of coefficients of the azimuthal distribution of the emit-
ted particles [33], 

 0 1 2

d
[1 2 cos( ) 2 cos(2 )],

d

N
v v v 


    (2) 

and 

 1
t

cos( ) ,xp
v

p
   (3) 

where  is the azimuthal angle of the emitted particle with 
respect to the reaction plane, and the angle brackets denote 

 

Figure 2  Upper: Contour plots of the density of all protons in the reaction plane of semi-central 132Sn+132Sn collisions at 85 MeV/nucleon and at three 
times (0 fm/c (a), 30 fm/c (b), and 150 fm/c (c)). The solid, dotted and dashed lines represent the boundary of 0/16, 0/8, and 0/2, respectively. Lower: 
Corresponding momentum distributions at same times in (d), (e), (f), respectively. The line in each plot denotes the average value of px for every pz bin.
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an average over all considered particles from all events, and 
2 2

t x yp p p   is the transverse momentum. For a certain 

reaction, the directed flow is functions of pt and normalized 
longitudinal rapidity y0=yz/ypro, where ypro is the projectile 
rapidity in the center-of-mass system. For symmetric colli-
sions, cos  is an odd function of the center-of-mass 

rapidity, leading to the well-known “S-shape” of v1 as a 
function of rapidity [33]. The variation of v1 with y0, can be 
well fitted by 3

1 0 0 0( ) ,v y y by c    where  is the slope 

of v1 at mid-rapidity (y0=0). If >0 (<0), it indicates that 
the directed flow is positive (negative). When =0, it repre-
sents that the directed flow disappears, and the correspond-
ing incident energy is termed balance energy. For the 
method to quantitatively determine the Ebal, we refer the 
reader to ref. [31]. 

3  Results 

Figure 3 depicts the dependence of the Ebal of free neutrons 
(top (a), (b), and (c) plots), Z=1 particles (middle (d), (e), 
and (f) plots) and free protons (bottom (g), (h), and (i) plots) 
on the initial N/Z ratio from semi-central and mass-   
symmetric HICs with isotopes (100Sn+100Sn, 112Sn+112Sn, 
124Sn+124Sn, 132Sn+132Sn, left plots), isobars (132Xe+132Xe, 
132Ce+132Ce, 132Sm+132Sm, 132Sn+132Sn, middle plots) and 
isotones (124Sn+124Sn, 132Ce+132Ce, 140Dy+140Dy, right plots). 
Calculations with the consideration of the symmetry energy 
and with different  parameters are shown by lines with 
solid symbols, while cases without the consideration of both 
Coulomb and symmetry potentials are shown with dotted 

lines with open circles. We simulate 600 thousand events 
for each reaction at incident energies around its balance 
energy in steps of 2 MeV/nucleon, then the Ebal can be ex-
tracted with high accuracy (errors are within about 1 MeV). 

Firstly, from Figure 3, it can be seen clearly that for all 
colliding systems under consideration the influence of 
symmetry potential with different values of  on the Ebal for 
free neutrons is the strongest of all, while the values of Ebal 
for free protons keep almost no change when varying the 
value of . It is similar to calculations in ref. [31] for 
Au+Au reactions. 

Secondly, from Figures 3(a)–(c), it can be also observed 
that the value of Ebal of free neutrons changes almost line-
arly with the increase of the N/Z ratio and the influence of 
symmetry energy on Ebal becomes stronger with larger value 
of the N/Z ratio. Particularly, the Ebal of free neutrons in 
Figure 3(a) slightly increases with increasing both mass 
number and N/Z ratio when the soft ( =0.5) symmetry po-
tential energy is chosen, the corresponding slope parameters 
 equals 5.5±0.6. It becomes flat (=0.7±0.9) when  =1.0, 
and starts to decrease (=2.5±0.4) when =1.5. Therefore, 
the Ebal of free neutrons from mass symmetric HICs with Sn 
isotopes can be taken as a sensitive probe to complemen-
tarily constrain the density dependence of symmetry poten-
tial energy. Recently, Sood [17] studied N/Z and N/A de-
pendence of Ebal for isotopic series of a lighter system, 
Ca+Ca, within IQMD model, and also claimed that the N/Z 
and N/A dependence of Ebal are sensitive to the symmetry 
energy. More specifically, we found that this probe mainly 
provides the information of the symmetry energy at su-
pra-normal densities since the values of the balance energy 
of free neutrons calculated with the soft symmetry energy 

 

 

Figure 3  N/Z dependent balance energies of free neutrons (top plots), Z=1 particles (middle plots) and free protons (bottom plots) for semi-central (b0 
=0.15–0.4) and mass-symmetric HICs with isotopes (left plots), isobars (middle plots), and isotones (right plots). Calculations with different strength param-
eters =0.5, 1.0, and 1.5 are shown by lines with solid symbols, while the dotted lines with open circles are calculations without both symmetry and Coulomb 
potentials.  
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are higher than those with the hard one (although the sensi-
tivity is largely reduced by the symmetry potential in the 
sub-normal density region especially at the late stage) [31]. 
It is known that at supra-normal densities a soft symmetry 
potential will cause weaker repulsion (attraction) for neu-
trons (protons) in the neutron-rich fireball than a stiff sym-
metry potential, which leads to higher value of the balance 
energy. We further find that, if both Coulomb and sym-
metry potentials are switched off, the values of Ebal are mo-
notonously driven up when compared to results with a linear 
symmetry potential energy. It is a result of both the repulsive 
symmetry potential for neutrons in neutron-rich system and 
the repulsive Coulomb potential for protons in any system. 

Lastly, if we observe from Figure 3(a) to Figure 3(b), it 
can be found that the Ebal of free neutrons with all  s increase 
with increasing N/Z for isobaric systems. It is because that for 
more neutron-rich system, the total binary collision number 
decreases due to the facts that both neutron-neutron and pro-
ton-proton elastic cross sections are smaller than neu-
tron-proton one and, the Pauli blocking effect on neu-
tron-neutron collisions becomes stronger. If we further move 
to Figure 3(c), it is seen that the Ebal of free neutrons rise 
more quickly with increasing N/Z since now the isotones be-
come smaller. With the decrease of the total mass number of 
the colliding system, the average collision number for each 
nucleon should be decreased as well. Therefore, we can con-
clude that the Ebal of free neutrons increases with increasing 
N/Z, and decreases with increasing system mass. The effects 
cancel each other to a large extent in isotopic systems shown 
in Figure 3(a). This cancellation makes it possible to enlarge 

the symmetry potential effect on the Ebal. However, for free 
protons, the weak N/Z and symmetry potential dependence of 
the Ebal shown in Figure 3(h) implies that it is dominantly 
affected by the size but not by the isospin of the system. The 
fall and rise of the Ebal of free protons shown in Figures 3(g) 
and (i), respectively, are mainly due to the change of the total 
mass number of systems. 

From Figures 3(a), (d), and (g), it can be noted that, even 
for the isospin-symmetric system (100Sn+100Sn), the influ-
ence of  values on the Ebal of free neutrons and Z=1 parti-
cles is still large, which is due to the non-equilibrium dy-
namic evolution of the local isospin asymmetry (=(np)/ 
(n+p)). Figure 4 illustrates the contour plots of  in the 
reaction plane of semi-central 100Sn+100Sn collisions at 
Elab=85 MeV/nucleon and at time points 30 fm/c (a), 60 
fm/c (b), 90 fm/c (c), and 150 fm/c (d). From Figure 1, we 
know that at approximately 30 fm/c, the nuclear density in 
the central region is up to 1.5 times of nuclear normal den-
sity, and it can be seen from Figure 4(a) that  is positive in 
the central region of the fireball. Concurrently, it is negative 
in the peripheral region of the fireball. It is primarily due to 
the repulsive Coulomb force which makes protons more 
difficult to be compressed than neutrons. As the reaction 
continues, the isospin asymmetry becomes even more ob-
vious in the neck region which is so-called the isospin dis-
tillation and has already been investigated by other people 
[34,35]. 

The different sensitivities to the isospin shown in Figures 
3(b), (e), and (h) can also be better understood by compar-
ing the time evolution of two typical systems, 132Sn+132Sn  

 

 

Figure 4  Contour plots of the isospin asymmetry  in the reaction plane of semi-central (b0=0.3) 100Sn+100Sn collision at Elab=85 MeV/nucleon and at time 
points 30 fm/c (a), 60 fm/c (b), 90 fm/c (c), and 150 fm/c (d). =1.0 is chosen in calculations.  will be shown only if both the neutron (n) and proton (p) 
densities are greater than 0.001 fm3. 
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Figure 5  Time evolution of the slope of directed flow v1 for free neutrons 
(a) and free protons (b) from 132Sn+132Sn (lines with circles) and 
132Sm+132Sm (lines with triangles) collisions at Elab=85 MeV/nucleon and 
b0=0.3. =1.0 is chosen in calculations. 

and 132Sm+132Sm. Figure 5 shows the time evolution of 
slopes of the directed flow v1 at mid-rapidity for free neu-
trons (a) and free protons (b) from these two collisions at 85 
MeV/nucleon and b0=0.3. It is apparent that the total pro-
cess may be divided into three time spans: with time increa- 
sing, and 1) at t≲40 fm/c, the v1 slopes decrease quickly; 2) 
at 40≲t≲90 fm/c, the v1 slopes increase quickly; 3) at t≲90 
fm/c, the v1 slopes decrease again but slowly. In the first 
period, the system compresses and the attractive mean field 
dominates so that the v1 slope decreases and changes to 
negative at such a beam energy. In the second period, the 
system starts to decompress and the two-body repulsive 
rescattering plays a more important role than the net contri-
bution of the mean field. In the last period, collisions be-
tween nucleons almost cease and the residual interactions 
including both Coulomb and nuclear forces influence 
weakly the emission of clusters. Although the Coulomb 
potential contributes a repulsion to the flow of protons, the 
decrease of the v1 slope shown in Figure 5(b) implies that 
the net contribution of potentials is still attractive. 

Further, if we compare the result of 132Sn+132Sn with that 
of 132Sm+132Sm, we may find two interesting phenomena. 
The first one is the crossing behavior at t=30–40 fm/c. Be-
fore this time, the v1 slope of free neutrons from 132Sn+132Sn 
reactions is larger than that from 132Sm+132Sm reactions 
which is primarily because of the repulsion of the symmetry 
potential on neutrons in the neutron-rich 132Sn+132Sn system. 
For the v1 slope of free protons, contrarily, the result from 
132Sm+132Sm reactions is larger than that from 132Sn+132 Sn 
reactions, which is due to both a stronger repulsion of the 
Coulomb potential and a weaker attraction of the symmetry 
potential in the 132Sm+132Sm system. After this time, how-
ever, since the two-body collision starts to have a more im-
portant role, the collision number per nucleon controls the 
slope of flow. The v1 slope of free protons from 132Sn+132Sn 

reactions starts to be larger than that from 132Sm+132Sm re-
actions only because protons in the neutron-rich system 
have more chance to collide with neutrons than with protons, 
and it is known that neutron-proton elastic cross section is 
larger than proton-proton (neutron-neutron). This hold also 
for the v1 slope of free neutrons. The second interesting be-
havior in the comparison of the results from the two systems 
comes from the late stage of the whole process. That is, the 
difference of v1 slope of free protons between the two sys-
tems almost disappears while that of neutrons survives in 
the end of the process. For protons, a stronger Coulomb 
potential in 132Sm+132Sm reactions leads to a weaker de-
crease of the v1 slope than in 132Sn+132Sn reactions so that 
both of them meet together in the end. For neutrons, it does 
not occur because the Coulomb potential does not work on 
neutrons. 

4  Summary 

To summarize, within the improved version of UrQMD 
model, the balance energies of free neutrons, Z=1 particles 
and free protons from mass symmetric HICs with isotopes, 
isobars and isotones are investigated. The influence of 
symmetry energy on the balance energy is emphasized. It is 
shown that the balance energy of free neutrons follows a 
linear behavior as a function of the initial N/Z ratio of the 
colliding system, and is sensitive to the nuclear symmetry 
energy. Particularly, the initial N/Z dependence of the bal-
ance energy of free neutrons from Sn isotopes can be taken 
as a useful probe to constrain the stiffness of the nuclear 
symmetry energy. We also found that in reactions with iso-
bars (here A=132), the balance energy of free neutrons in-
creases with the increase of the initial N/Z ratio, but that of 
free protons almost does not depend on the initial N/Z of the 
system. 
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