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Starting from a rudimentary quantum-networks model that consists of two two-level confined atoms locating respectively in
spatially-separated cavities coupled by fiber, we investigate the complex entanglement characteristics of the composite system
analytically under the maximally initial entangled state that generates two excitations simultaneously during the tem-
poral-evolution process. Our calculation clearly shows that, through mediating the atom-cavity coupling strength and pho-
ton-photon hopping rate appropriately, the entanglement dynamics displays some distinctive temporal properties differing from
those obtained in one-excitation space, characterized partially by these newly quantum phenomena termed as entanglement
sudden death and recurrence. Effectively, within the framework of two excitations, we suggest the purposeful manipulations of

atomic entanglement communication for quantum networks.
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1 Introduction

Quantum entanglement, which essentially reveals the non-
local correlation between localized subsystems without any
classical analogue, has been generally recognized as the
fundamental resource in efficiently implementing certain
quantum information-related tasks [1]. By making use of
such a notion, the most profound result associated with
quantum entanglement should be the theoretical prediction
and experimental demonstration of teleporting of an un-
known coherent superposition state [2,3], which may offer
us some conceivable physical models about quantum net-
works. Similar to conventional counterparts, a quantum
network generally consists of local information processors
responsible for coherent manipulation of quantum state, and

*Corresponding author (email: cesyxy @mail.sysu.edu.cn)

© Science China Press and Springer-Verlag Berlin Heidelberg 2012

physical communication channels for transmitting infor-
mation. Recently, a generic physical model capable of act-
ing as the rudimentary quantum internet has been a focus of
research for its potentiality in realizing scalable quantum
computation. This physical model, namely, the atom-cavity-
fiber-cavity-atom coupled system, is constructed by two
two-level atoms trapped in fiber-coupled high-finesse cavi-
ties [4-7], and may offer us some pivotal advantages in
practical applications. For instance, the atomic systems de-
scribed by quantum electrodynamics are highly qualified to
perform as qubits, as appropriate internal electronic states
could coherently store information over a relatively long
timescale. Based on this aforementioned physical model,
highly reliable and robust quantum swap, controlled-Z and
phase gates have been deterministically realized and reveal
some potential perspectives for future quantum-information
processing [8,9]. More recently, under different initial con-
ditions (including g,, >J, g,,~J and g, 6 <J),
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researchers have discussed the detailed transfer behavior of
quantum state between two two-level atoms in photon-
ic-crystal coupled cavities within the context of a single
excitation, which actually corresponds to the maximally

e.)|g,)+|e)g.))/N2  110.11].

Liao et al. [12] also studied the efficient control of trans-
porting a single photon in an array of coupled cavities by
modulating the cavity frequency appropriately. On the basis
of the previous study of quantum dynamics of a two-qubit
composite system [13], in this work we extend the quantum
physical model suggested by previous work [10,11], and
consider another general and more complex case character-
ized by another type of maximally initial entangled state

(ea> eb>+ ga> gb>)/\/§ It is evident that this type of

entangled state could generate two excitations during the
complex evolution process. Consequently, it can be antici-
pated that the outcomes obtained in two-excitation space
will differ from those in previous studies [10,11], and thus
may offer us some insights into the entanglement behavior
in cavity quantum electrodynamics.

initial entangled state (

2 Theory

Figure 1(a) schematically depicts the physical configuration
of the composite system under consideration, which consists
of two two-level atoms confined in two spatially-separated
and fiber-coupled optical cavities within a single mode.
Under the resonant condition, which means that the atomic
transition frequency is equal to the cavity oscillatory fre-
quency, the associated Hamiltonian of the coupled quantum
system in the interaction picture reads

H=ih >’ [gl. (a,*of —O'fal>]+i774](afa2 —ala;>, (1)

i=a,b,l=1,2
where o), and o,, are the atomic rising and lowering
operators; a, and g, are the creating and annihilation

operators of the single cavity-mode field, respectively. g,

is the coupling strength of atomic dipole moment within the
single cavity mode, which can be modulated by placing the
atom in different positions in the cavity. J represents the
photon hopping rate between the spatially-separated cavities,
which is closely related to the distance between the cavities.
The term «, a, (a,a, ) suggests that after a photon is anni-

hilated in cavity 2 (1) and another photon will subsequently
be generated in the cavity 1 (2). Here the photon can be
treated as the good quantum-information carrier due to the
low leakage out of an optical fiber and the capability of the
photon to travel long distance with slight decoherence. Be-
cause we only consider the case of double excitations, the
following concentrates on the entanglement dynamics of the
maximally initial entangled state:
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o) =(le.) &.))/V2. @)

Therefore we need to construct the following nine standard
product states to describe the total evolution of the coupled
quantum system, expressed as:

eb>+ ga>

19)=le.)l2:)[0),]0), (32)
18)=le.)le,)[0),]0), (3b)
17)=2.)le)1),[0), ()
16)=le.)l )]0}, 1, (3d)
15)=le.)l&) [ [1), (3e)
[4)=1.)le)|0)[1), (30
13)=[e.)l2:)[1)[0), Ge)
12)=le.)le.)12),]0), (3h)
[0 =le.)l€.)|0),[2),- (i)

It can be seen that the temporal evolution of the null-exci-
tation quantum state |9> remains invariant under the ac-

tion of the Hamiltonian. Thus, we could ignore its effects on
the entanglement dynamics and simplify our calculation.
Figure 1(b) explicitly illustrates the allowed atomic di-
pole-moment transition and photon exchange between the
associated quantum states. Therefore the entanglement be-
havior within the double-excitation space under considera-
tion involves eight eigenvalues. Furthermore, it should be

noted that some new quantum states such as |4> R |3>, |2>

and |l> emerge because of the photon interchange between

the cavities through the optical fiber, which is not possible
for the case of two isolated cavities without any connection.
According to the Schrodinger equation

iﬁa|vg§t)>:H|W<t)>’ )

in which |y/(t)>:zg:Ck (t)|k> is called the total wave
k=1

function, the first-order coupled ordinary differential equa-
tions describing the composite system dynamics are ob-
tained, given by

C, (1) =-g,C, (1) - g,C (D), (5a)
C,(t) = g,C, (1)~ g,Cs (1) + JC, (1), (5b)
Co(t) = g,Co(t)— g,C5(t) — JC, (1), (5¢)

C.(t) = g,C, (1) + g,C, (6)—~2JC, (6) +~2JC, (1), (5d)

C,(1)=-g,C\ (1) - JC, (D), (5e)
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Figure 1 (a) Schematic representation of the composite system under consideration. The two two-level atoms are respectively embedded in local cavities
coupled by an optical fiber, which performs the photon exchange between the spatially-separated cavities within hopping rate J. (b) Illustrates the allowed
atomic dipole-moment transition and photon hopping between the corresponding quantum states.

C'3 (t) =—g,C, (1) +JC, (1), (50) By employing the Laplace transform theory and the cou-
C,(t) = g,C, () +~N2JC, (1), (52)  pled initial condition of the system (|e,)|e,)+|g,)|g,))
G () = g,C,()-2JC,(1). (5h) |0),]0), / V2, we derived the analytical solutions as thus

53 (2 22 ) g+ (g -2 8) P w4t vk
22N4 e, (6a)
S [(1rar 242 312490 K (607 23 ) K

o [ 12+ g +(-2V2gl 283 + g2 )2 44 K| .
7([)—\/572:;/12 " 2< 2—\/5,]2> 2 2 2 g4 6 € (6b)
. g g, gab+(5J +2ga)Kj+Kj

o & ||k (Vg v gl v gl) s v K|
6(f)=—2_ZA2 2 2 2\ 2 AN (6¢)
- +ga(gb +2J )gab+<5J +2g,7)Kj +K;

2 4
C, (t)=‘gagbiA;1 215 +(V2 1) 22
2 =] +2|:<\/5J2 —1)J2 _gjb:|K_12' _2K~?

~(2v2+1) 13 +2(g2, 282 )7 + 4T

e, (6d)

_gJ 8 O Kt
C (£)=—2<5"4 e, (6e)
0= ,Z‘ U |e[sr el -(2V2 1) KK 4 g
2 4
) (t)_ngiAl (22 +1) 15 +2(gl —V2g )7 + 40 o -
3 _\/E — 3 2 2 4 4 ’
Jj=1 +|:5J +2gb 2\/§+1> :IKj+Kj+gb
£)==2 4, e, (62)
V2R gl - g 2 s + (2 1)K
(V2 e)g g (224 &
G(1)= a/ Tat 5 4o (21 -ai )& e, (6h)

V2 = +gt— 12 2g2 )’ +<2x/§+1>K}‘.‘

where gl =g +g)', g =g -g (m=2,4,6), f,=g.g;,

(£ +67° =2v27% ) g2, +(3-242) S gl + gl + 6 /)7 +4°
= , (7a)
+[(18—4ﬁ)fg§,, +6g" +612 +18J4JKJ? +(1872+9g2 )K* +4K"
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2[ s +(6+(3-242) gl >J2+(6—2«/5>J4>g5b+4J6}K

) (7b)
+[12ga,, 12+ 36 8I)J2) g’ +36J4]Kj. +(18g2, +36J7)K; +8K]
2(6J% +g2,) 2 +2¢5, +[4(3—«/§>J2 +(6—4«/5)g§,,}g§,,f +8J°
4= , (7¢)
+[12ffb +12g}, +(36-8v2) g2,/ +36J4JK/? +(36% +18¢2 ) K +8K'
[2(6J2 vgl)f2 28, +(4<3—\/§)J2 +(6—4x/§)g§b)g§bﬁ +8J6]1<
4, = . (7d)
+[12ffb +12g}, +(36-8v2) ¢, +36J4}KJ3. +(36J% +18¢2 ) K3 +8K]
K; is one of the roots of the following characteristic equation
gt +{fjh +g5+ (3-2V2) gl + 613 +(6-242) 7 |22 +4J6}K2
+{12J4 +[(9—2ﬁ)g§b +3g" +3faﬂJ2}K4 +3(27% 4 g% ) K + K =0. ®)

One should note that from eqs. (6e) to (6h), the emer-
gence of new quantum states is entirely determined by the
parameter J, consistent with our preceding intuition.

To quantify and trace the amount of entanglement ap-
propriately, Wootters concurrence [14] is employed, defined
mathematically as:

C,(6)=2max (0.2 % -2 -J& ), ©

where 1

1234> arranged in a decreasing order, as are the

eigenvalues of the density matrix operator p,p.,, where

Pp=0,80,p,0

,0, ®o, with o being Pauli matrix and

p., denoting the complex conjugation of p,,. Concur-

rence varies from 1 for a maximally entangled state to O for

|C; 0 0
0 laf+laf

|2
Pup (t):

cc, 0 0

Thus the mathematical expression for concurrence should

C,(t)=

According to the explicit definition of concurrence, we
continue to calculate the temporal evolution of atom-atom
entanglement under three different initial circumstances.
In first case, the coupling strength of atom-cavity is much
larger than that of the photon-photon hopping strength,
which can be expressed as g,, > J. The second case is

that g,, and J is comparable in magnitude; that is, 8y ®J.

C,C.+C,C;
0 CC+CC, | [ +of

J-[(ef +lef) e +lef)]

[(ccvoc)(cc,+ c;‘c})]‘/ ’

a completely separable state. By exploiting the physical
insight of concurrence, the qualitatively new phenomena,
namely entanglement sudden death (ESD) and recurrence
(ESR), have been investigated extensively under the re-
gimes of Markovian and non-Markovian approximations
[15,16], respectively. Generally speaking, we could apply
concurrence to quantify the entanglement amount of various
subsystems such as atom-atom subsystem, atom-cavity
subsystem and cavity-cavity subsystems. The fundamental
interest of this paper is to focus on the atom-atom entan-
glement dynamics for its potential applications in future
quantum network. Consequently, by taking the partial trace
over the cavity-cavity subsystem, the reduced time-de-
pendent density matrix for the atomic system in terms of the

e lelgs). |g.)]e) and |g,)|g,)
can be written as:
e
0
(10)
0
G el +[cuf +lef
take the exact form
(11)

2
_|C8|(|C9|2 el +laf +lq |2>

For the third case, it corresponds to the condition g, , <
J.

3 Results and discussion

As schematically depicted in Figures 2 and 3, which respec-
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Figure 2 Concurrence evolution as a function of time for J=1 and (a) ((al) and (a2)) g,=10, g,=10; (b) ((b1) and (b2)) g,=1.5, g,=1.5; (c) ((c1) and (c2))

8,=0.1, g,=0.1. The right graphics are the zoomed views of those on the left.

il il
oo T mnn
s AN
0.980 :} \f lL_,' IU'I | \\/ &/ \‘J \{ \/ '|U. 'Jf. ‘I/ \I l;i. \;

0.975 . : : .
0 20 40 60 80 100
T

(a2)
05 1.0 15 2.0
T
®2)
2 4 8 10
T
(c2)
2 8 10

Figure 3 Concurrence evolution as a function of time for J=1 and (a) ((al) and (a2)) g,=10, g,=5; (b) ((bl) and (b2)) g.=1.5, g,=0.75; (c) ((c1) and (c2))

8,=0.1, g,=0.05. The right graphics are the zoomed views of those on the left.
tively correspond to the equal (g, =g,) and unequal
(g, # g,) atom-cavity coupling strength, the entanglement
dynamics of atom-atom subsystem are quite distinctive un-

der differing initial conditions. In the g, ,>J and g, =g,

case, where the atom-cavity coupling strength dominates the
whole evolution process and is involved in shaping entan-
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glement, the temporal evolution of atom-atom entanglement
displays approximately quasi-periodic oscillation in magni-
tude with rapid frequency, which is directly proportional to
these parameters g, and g,. In contrast to the corresponding
results in refs. [11,12], the fundamental feature that a
fast-oscillation pattern is superposed with a slowly varying
oscillatory envelope has disappeared here. Mathematically,
this trait originates from different timescales g,, and J
dominates. It can be seen that g, , > J, g, is responsible

for the rapid oscillation curve and J for the slowly varying
envelop. Here the phenomenon can be attributed to different
initial entangled states. For the maximally initial entangled

state (ea> eb>+| ga> gb>)/ V2 under consideration here,

two excitations appear during the evolution process, while
only one excitation emerges for another maximally initial

e)lg)+ |g.)le))/¥2 1112 The

bidirectional and simultaneous communication of two pho-
tons generated in the two-exci- tation space could reduce
the timescale effected by J, when it is compared to the
timescale in one-way transmission of a single photon
through the optical fiber. The reduced timescale caused by
the influence of J thus makes the slowly varying envelope
not obvious within the two-excitation space. The simulta-
neousness mentioned hereby refers to the input of the pho-
ton into the communication channel and the corresponding
output that occurs precisely at the same time, which can be
satisfied by assuming g, =g,. Thus

entangled state (

each atom’s

time-evolution is symmetrical and identical. Naturally one
can anticipate that when the composite system loses the
simultaneousness (by setting g, # g, ), the slowly varying

envelope becomes remarkable, as clearly demonstrated in
Figure 3(b). In addition, under this limit of large coupling
strength, it can be observed that the atom-atom coupled
system suffers from ESD and ESR due to the remarkable
atomic dipole-moment transition induced by strong at-
om-cavity coupling strength. ESD and ESR appear alterna-
tively as a function of time and indicate the dramatic ex-
change of entanglement resource between atom-atom sub-
system and other coupled subsystems.

However, ESD and ESR disappear completely when it
comes to the regime that g, , < J (refer to Figures 2(c)

and 3(c)). It can be shown that the entanglement behavior
undergoes a cosine oscillation via time, whose amplitude
quantified by concurrence ranges approximately from 0.92
to 1. This feature reflects the slight repetitive communica-
tion of entanglement between atom-atom subsystem and
other subsystems. That is because, due to the weak coupling
strength and the two-way propagation of photons within the
two-excitation space, most entanglement resource could be
preserved in the atomic system. Moreover, when the value
of J becomes relatively higher, the spatial distance between
the cavities can be considered negligible. Therefore, within
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the two-excitation space, the distinctive property of entan-
glement from extremely different coupling strengths pro-
vides us with some useful clues to manipulate quantum sys-
tems efficiently.

We now turn to another case in which g, and g, are
comparable to J in magnitude. Unlike the two extreme situ-
ations mentioned above, the atom-atom entanglement dy-
namics with irregular oscillation frequency seems to be
chaotic and unpredictable. The complex process actually
results from the violent competition between various sub-
systems which intrinsically contend for the entanglement
resource. Under this condition such that g,,=J, no individ-
ual evolution of the quantum state predominates over the
whole process. On the contrary, all quantum states interplay
and depend strongly on each other as time processes. Here
one unique feature that characterizes the complete loss of
atom-atom entanglement with relatively long time emerges,
as opposed to the quasi-cosine oscillation of atomic entan-
glement for the other two cases (g,, >J and g, , < J,

respectively). This trait also reflects the mechanism of
competition for the entanglement resource between different
subsystems. Consequently, the aforementioned characteris-
tics within the framework of two excitations reveal some
essential properties of atom-atom entanglement behavior in
cavity quantum electrodynamics.

Finally, we come to discuss briefly the experimental fea-
sibility of the double-excitation physical architecture within
the framework of current technologies. In recent years, the
successful engineering of quantum systems on single-atom
single-photon level in high-finesse cavities and the realiza-
tion of perfect fiber-cavity coupling with efficiency larger
than 99.97% can convincingly guarantee the practicability
of this physical model [17-19]. Furthermore, a high-finesse
cavity can protect photons from dissipation caused by am-
bient environment for a relatively longer time scale.

4 Conclusion

Thus, we have investigated the atom-atom entanglement
behavior analytically and numerically within the two-exci-
tation space. The physical architecture under consideration
is constructed by two two-level atoms trapped respectively
in two spatially-separated and fiber-coupled cavities. Under
three different initial conditions (including g, , > J,

g.,~J and g, , <J), the entanglement characteristics

within the two-excitation space prove to be quite different
from those obtained in the single-excitation space. By set-
ting the ratio of g,, to J appropriately, we can accomplish
the efficient manipulation of atom-atom entanglement be-
haviors like accelerating or suppressing the emergence of
ESD and ESR. Our analysis may offer some useful guide-
lines for distributing and preserving entanglement in com-
plex quantum networks.
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