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Thermal vibration of single-layered graphene sheets (SLGSs) is investigated using plate model together with the law of 
equi-partition of energy and the molecular dynamics (MD) method based on the condensed-phase Optimized Molecular Poten-
tials for Atomistic Simulation Studies (COMPASS) force field. The in-plane stiffness and Poisson ratio of SLGSs are calcu-
lated by stretching SLGSs. The effective thickness of SLGSs is obtained by the MD simulations for the thermal vibration of 
SLGSs through the natural frequency. The root-mean-squared (RMS) amplitudes for SLGSs of differing temperatures and 
boundary conditions are calculated by the MD, and are compared with the results calculated by the thin plate model together 
with the law of equi-partition of energy. At the center of SLGSs, the thin plate theory can predict the MD results reasonably 
well. For the difference of bonding structure of the edge atoms, the deviation between the MD results and plate theory becomes 
more readily apparent near the edges of SLGSs. 
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Graphene is a newly discovered carbon nanostructure which 
exhibits unique electronic properties and unusual mechani-
cal properties [1]. The vibration characteristics of mi-
croscale and nanoscale structures have been the focus of 
research in the past several years. Liew et al. [2] proposed a 
continuum-based plate theory to investigate the vibration 
behavior of multilayered graphene sheets that are embedded 
in an elastic matrix. Behfar and Naghdabadi [3] have stud-
ied the vibration of multi-layered graphene sheets embed-
ded in an elastic medium using molecular structural me-
chanics approach. Vibration analysis of multi-layered gra-
phene sheets embedded in a polymer matrix employing 
nonlocal continuum mechanics has also been studied [4]. 
Gupta et al. [5] investigated the elastic properties and fre-
quencies of free vibrations of SLGSs by using molecular 

mechanics with the MM3 potential. Investigations on free 
vibration of single- and double-layered graphene sheets by 
employing nonlocal continuum theory and molecular dy-
namics simulations [6] as well large amplitude vibrational 
properties of SLGSs using a nonlinear membrane model 
have been documented [7]. Chowdhury et al. [8] studied the 
transverse vibration of SLGSs and they reported that the 
natural frequencies of SLGSs decrease as the length in-
creases.  

The thermal vibration of carbon nanotubes was studied 
by experiment or molecular dynamics simulation to obtain 
their elastic property. Treacy et al. [9] estimated Young’s 
modulus of isolated carbon nanotubes by measuring, in the 
transmission electron microscope, the amplitudes of their 
intrinsic thermal vibrations. Researchers [10] have present-
ed a relationship between Young’s modulus, the size and 
the standard deviation of the vibration amplitude at the tip 
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of a carbon nanotube at a given temperature. The intrinsic 
thermal vibrations of a single-walled carbon nanotube via 
molecular dynamics simulations have also been presented 
[11]. Dynamics problems in the thermal vibration of carbon 
nanotube through molecular dynamics method and the con-
tinuum theory including Euler–Bernoulli beam theory and 
Timoshenko beam theory have also been investigated [12]. 
To our knowledge, however, little work has been available 
for the validation of the continuum plate model in dealing 
with the stochastically driven vibration of SLGSs. 

The primary objective of this paper is to study the valid-
ity of the plate model together with the law of equi-partition 
of energy in studying the thermal vibration, simulated by 
the molecular dynamics, of a SLGS in helium atmosphere. 

1  Thin plate model 

The SLGS in Figure 1(a) can be considered as a plate in 
Figure 1(b), which is a type of linear elastic, homogeneous 
and isotropic material structure.  

Next, a thin plate placed in (x, y) plane with the length a, 
the width b, the thickness h, the mass density , the Poisson 
ratio , and the Young’s modulus E is considered. The gov-
erning equation for the vibration of a single-layered gra-
phene sheet can therefore be expressed as [13]: 
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where w is the deflection in z direction, 3 2= /12(1 )D Eh   

is the bending stiffness. 

1.1  Four edges simply-supported square plate  

Suppose that all of the edges of the sheet are simply-sup- 
ported, and then the deflection of the layer can be approxi-
mated by a harmonic solution of the form [13]: 
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where 1,i     is the natural frequency, SSSS
mnA  are 

 

Figure 1  Models of a SLGS. (a) Molecular structure; (b) equivalent 
continuum structure. 

unknown coefficients, and m and n are the half wave num-
bers in the direction of x and y, respectively. The substitu-
tion of eq. (2) into eq. (1) gives 
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Thus the thickness of the plate is 
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where A is the surface density of the plate, and it equals h, 
K=Eh is the in plane stiffness. 

Now, let us consider the stochastic vibration of the thin 
plate from energy analysis. The total energy Emn contained 
in the mn-th vibration mode can be found by calculating the 
elastic energy at the instant of maximum deflection when 

the cantilever is momentarily stationary, that is. e 1,mnj t   
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From the law of equi-partition energy, there is an average 
kinetic energy of kT/2 per degree of freedom for all of the 
relevant lateral vibration modes, where k is Boltzmann con-
stant, T is Kelvin temperature. There are both elastic and 
kinetic energy degrees of freedom in a vibration mode, then 
on average, <Emn>=kT for each vibration mode. From eq.  
(5) we can derive: 
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Then the RMS amplitude of the mn-th mode at (x,y) is 
given as: 

    ˆ , , .SSSS SSSS SSSS
mn mn mnw x y A W x y  (7) 

As the vibration modes are mutually independent, the vi-
bration profile for the combined modes is also a Gaussian 
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distribution, with standard deviation given by the sum of the 
variances. The RMS amplitude of the SLGS at (x, y) is 
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1.2  Plate with two opposite edges simply-supported 
and other two edges free  

Suppose that two opposite edges of a plate are simply-sup- 
ported and the other two opposite edges free, then the de-
flection of the layer can be expressed as: 

 i( , , ) ( , )e .SFSF SFSF SFSF t
mn mn mnw x y t A W x y   (9) 

The classical Voigt [14,15] solution is 
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where l4=A2/D, =m/a, 1, 2, ,m    and where l2 is 

assumed to be greater than  2. The deflection function (10) 
satisfies the simply-supported boundary conditions along 
x=0 and x=a. Substituting eq. (10) into the free boundary 
conditions along the edges y=0 and y=b leads to a charac-
teristic determinant of the fourth order for each m. Expand-
ing the determinant and collecting terms yields a character-
istic equation as follows: 
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 is the non-dimensional frequency parameter defined by 
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where 2 2 2 2
1 2, .l l        

The total energy Emn contained in the mn-th vibration 
mode can be found by calculating the elastic energy at the 
instant of maximum deflection when the cantilever is mo-

mentarily stationary, that is, e 1,nj t   
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One can then calculate: 
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The RMS amplitude of the SLGS at (x, y) can be ob-
tained by eqs. (7) and (8) in sect 1.1. 

2  MD simulation 

The COMPASS force field, which has been widely em-
ployed for various gas and condensed-phase properties of 
many common organic and inorganic materials [16–18], is 
used to model the interatomic interactions. The functional 
form of compass force field is 
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where U is total potential energy, Unb is non-bonding van 
der Waals potential energy, Ub is stretching potential energy, 
U is bond angle bending potential energy, U is dihedral 
angle distortion potential energy, U is inversion angle po-
tential energy, Uel is coulomb electrostatic potential energy, 
R0, R are initial and changed distance between two atoms 
respectively, 0,  are initial and changed bond angle re-
spectively, 0,  are initial and changed dihedral angle re-
spectively, wav is inversion angle and qi, qj are the charge of 
atoms. The simulations are carried out in the (N, V, T) en-
sembles and the velocity-Verlet algorithm with time step 1fs 
is used. The Berendsen feedback thermostat [19] is em-
ployed for this system. 

To determine in plane stiffness K and Poisson ratio  of a 
SLGS in Figure 2, a positive displacement L in the x di-
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rection is applied to the carbon atoms on the right edge, then 
the carbon atoms on both left and right edges are fixed. The 
system is then relaxed. The in plane stiffness can be calcu-
lated by 
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where a is the length along x direction, b is the width along 
y direction, U is the strain energy, the tensile strain  is de-
termined by =L/a. In plane stiffness K is obtained to be 
357 N m based on eq. (18) by fitting U- curve. The Poisson 
ratio  is found to be 0.3 through measuring the change of 
the width and the length of the SLGS. 

In order to simulate the thermal vibration of SLGS in he-
lium atmosphere, a periodic lattice filled with atoms of he-
lium is built, and the distance between two atoms of helium 
is given as 0.8 nm. A piece of SLGS with length a=4.97 nm 
and width b=3.2 nm is embedded into this periodic lattice, 
and the boundary carbon atoms on all-around are fixed. The 
free thermal vibration of the system is simulated by the MD 
after it is fully relaxed (see in Figure 3).  

The histories of one random inner atom are recorded for 
a certain duration as shown in Figure 4(a), and then the nat-
ural frequencies are computed by using the fast Fourier 
transform (FFT) method. As shown in Figure 4(b), every 
peak represents one natural frequency of the SLGS. 

Figure 5 shows the first natural frequencies of the SLGS 
in different temperatures. From Figure 5, we can see that the 
nature frequencies of the SLGSs almost keep constant when 
the temperature changes from 50 K to 500 K. The effects of 
temperature can be considered as a random excitation to the  

 

Figure 2  SLGS for tensile test. 

 

Figure 3  SLGSs (a=4.97 nm, b=3.2 nm) with four edges simply-supp- 
orted in a helium atmosphere in the MD simulation. 

 

Figure 4  Displacement of atom A and FFT results. (a) Displacement in 
the z direction of atom A in Figure 3 by the MD simulation; (b) amplitude- 
frequency curve of atom A. 

 

Figure 5  First natural frequencies of SLGSs (a=4.97 nm, b=3.2 nm) with 
four edges simply-supported at different temperatures. 

vibration of SLGSs. 
Altering the initial distance between two atoms of helium, 

we can get the natural frequencies of SLGS in different gas 
density atmosphere. From Figure 6, we can see that the nat-
ural frequencies of the SLGSs almost remain constant when 
the gas density changes. 

The first natural frequency of the SLGSs can be found   
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Figure 6  First natural frequencies of SLGSs (a=4.97 nm, b=3.2 nm) with 
four edges simply-supported in different gas density atmosphere. 

from Figure 5 as =3.45×1012 rad/s. Then we can obtain the 
equivalent thickness of SLGSs h=0.38 nm using eq. (4). The 
equivalent continuum model of SLGSs is now established. 

3  Comparison between analytical and MD re-
sults  

The displacement in the z direction wi, (i=1, 2, …, t) of an 
atom at coordinate (x, y) in the SLGSs are recorded for a 
certain duration t. Then RMS amplitude of the SLGSs can 
be expressed as: 
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The results calculated by the continuum model and MD 
method under different boundary conditions are investigat-
ed. 

3.1  SLGSs with four edges simply-supported 

For the SLGSs with four edges simply-supported, we cal-
culate the RMS amplitudes of the atom in the center of 
SLGS in different density gas atmospheres. Figure 7 shows 
the results calculated by MD and plate model. The discrete 
square points in Figure 7 are the RMS amplitudes of the 
atoms in the center of SLGSs in helium atmosphere. The 
solid line is the RMS amplitude in the center of a SLGS 
obtained by plate theory. The dash-dot line is the RMS am-
plitude of the atom in the center of an isolated SLGS which 
is in vacuum. From this figure we can see that the RMS 
amplitudes obtained by MD of a SLGS in helium atmos-
phere and plate theory are consistent with each. The RMS 
amplitude, simulated by MD, of the atom in isolated SLGS 
is significantly greater than that calculated by the plate 

model. These results suggest that inert gas can provides 
better hot bath conditions than the isolated graphene. 

Figure 8 shows the RMS amplitudes of the atom in the 
center of the SLGS by MD and thin plate model in different 
temperatures. The initial distance between two atoms of 
helium in these MD simulations is 0.8 nm. From this we can 
see that the thin plate theory together with the law of equi- 
partition energy can give us good predictive results to the 
MD. 

Figure 9 shows the RMS amplitudes of the SLGSs by the 
continuum model (a) and MD method (b). The shape of 
Figures 9(a) and 9(b) is similar. The RMS amplitudes of a 
number of atoms in x and y boxes in differing temperatures 
are shown in Figure 10. It can be seen that at the center of 
the box, that is in the center of the SLGS, the results calcu-
lated by the continuum models and MD simulation are con-
sistent. However, at the edge of SLGS, the difference be-
tween the plate theory and MD results becomes obvious. 

Moreover, the RMS amplitudes of SLGSs in different 
sizes at temperature of 300 K are obtained as shown in Fig-
ure 11. The differences between the thin plate theory and 

 

Figure 7  RMS amplitudes of SLGSs (a=4.97 nm, b=3.2 nm) with four 
edges simply-supported at different gas density calculated by the MD and 
plate model. 

 

Figure 8  RMS amplitudes of SLGSs (a=4.97 nm, b=3.2 nm) with four 
edges simply-supported at different temperatures calculated by the MD and 
plate model. 
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Figure 9  RMS amplitudes of SLGSs (a=4.97 nm, b=3.2 nm) with four edges simply-supported calculated by the plate model and MD method at tempera-
ture of 300 K. (a) RMS amplitudes of SLGSs calculated by the plate model; (b) RMS amplitudes of SLGSs simulated by the MD. 

 

Figure 10  RMS amplitudes of SLGSs (a=4.97 nm, b=3.2 nm) with four edges simply-supported in different position calculated by the MD and plate model. 
(a) Position of x, y boxes on SLGS; (b) RMS amplitudes of atoms in y box calculated by the MD and plate model; (c) RMS amplitudes of atoms in x box 
calculated by the MD and plate model. 

 

Figure 11  RMS amplitudes of SLGSs with four edges simply-supported 
in different sizes calculated by the MD and plate model at temperature of 
300 K. 

MD results gradually become obvious, when the size of 
graphene sheet is very small. This result may be explained 
by the size-effects of mechanical property SLGSs. 

3.2  SLGSs with two opposite edges simply-supported 
and other two edges free 

Figure 12 shows the RMS amplitudes of the SLGSs with the 
boundaries at x=0 and x=a simply-supported, and y=0 and 
y=b free by the continuum model (a) and MD method (b). 
The shape of Figures 12(a) and 12(b) is similar. However, 
the curves of the free edges obtain by the MD simulation 
are not considered smooth. Figure 13 shows the RMS am-
plitudes along y-axis of a SLGS with length a=4.4 nm and 
width b=4.3 nm. The RMS amplitude in the center of SLGS 
given by plate model is close the results by MD simulations.  
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Figure 12  RMS amplitudes of SLGSs (a=4.4 nm, b=4.3 nm) with two 
opposite edges simply-supported and other two edges free calculated by the 
plate model and MD method at temperature of 300 K. (a) RMS amplitudes 
of SLGSs calculated by the plate model; (b) RMS amplitudes of SLGSs 
calculated by the MD method. 

 

Figure 13  RMS amplitudes along y-axis of SLGSs (a=4.4 nm, b=4.3 nm) 
with two opposite edges simply-supported and other two edges free calcu-
lated by the MD and plate model. 

Different from those inner carbon atoms which have three 
nearest atoms, only two atoms are nearest the atoms in the 
boundary. Thus the RMS amplitudes of the free edge ob-
tained by the MD simulations are significantly greater than 
that obtained by the plate model.  

4  Conclusions 

The thermal vibrations of SLGSs under helium atmosphere 
are investigated using both the MD method based on the 
COMPASS force field potential and the thin plate model in 
conjunction with the law of equi-partition energy. The 
equivalent continuum model of SLGS is established through 
the determinations of the in-plane stiffness, Poisson’s ratio 
and the effective thickness of SLGSs by the MD simula-
tions. In the center of SLGS, the plate model together with 
the law of equi-partition energy can give us a reasonable 
prediction to the RMS amplitudes for the thermal vibrations, 
simulated by molecular dynamics. However, at the edge of 
SLGS, the difference between the plate theory and the MD 
results becomes more readily apparent. The RMS ampli-
tudes obtained by the MD is significantly greater than that 
obtained by the plate model in the location near the free 
edge. These results show clear evidence of edge effects of 
SLGSs.  
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