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In this paper, the quantum entanglement between a single mode binomial field and a cascade three-level atom is calculated
mechanically without the rotating wave approximation. The numerical results indicate that the quantum entanglement at the
first few periods is reduced notably due to the fact that the atom is initially in the superposition state. With increasing field pa-
rameter 7, the period of the entanglement evolution becomes obvious and the quantum decoherence phenomenon emerges in a

short time.
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1 Introduction

The quantum entanglement plays an important role in
quantum communications and quantum computations.
However, it is essential to find a reliable way to measure the
entanglement. Since Phoenix and Knight [1,2] introduced
the entropy theory into the realm of quantum optics, entropy
has demonstrated its superiority in explaining correlations
of light and the atom as well as the quantum effects in the
interaction between them. In particular, entropy is found to
be a far better measure of the entanglement between the
light field and the atom [1-5].

The binomial state was introduced in 1985 by Stoler et
al. [6] to represent states intermediate between the number
and the coherent states. Dattoli et al. [7] found in 1987 that
the binomial state could occur in the free electron laser.
Since then, many different properties of the binomial states,
such as squeezing [8] and anti-bunching [9], have been
studied. A single mode binomial state can be written as
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|77M> =M, B n),with 0<n <1, and M>0, where B =
(M!7" A=) " [[n\(M —n)']}"* [9]. M is the maximum

photon number of the binomial state and 7 is the parameter
of the binomial state. This state is called an intermediate
state which reduces to a vacuum state when 7 =0, and to a
number state when 77 =1. In the limit of M — o, >0, it

becomes a coherent state, and 7 = 7M=a is the average
photon number.

Recently, the interaction between the atom and the field
is widely studied [10-14]. Compared with the two-level
atom, the three-level atom has different transition characteris-
tics. More interesting quantum phenomena have been ob-
served from the three-level atom [15-17]. Therefore, it is
necessary to deeply study the three-level atom.

A common approximation which is widely used in the
realm of quantum optics is the rotating wave approximation
(RWA), but sometimes the RWA could lead to the symme-
try violation [18]. With the improvement of experimental
conditions and techniques, the coupling of the cavity field
to an atom has increased notably [19,20]. In this case,
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counter-rotating terms are no longer neglectable [21-24]. In
this paper, the quantum entanglement between a single
mode binomial field and a cascade three-level atom is cal-
culated numerically in the framework of a complete quan-
tum theory and without the RWA. The influences of differ-
ent initial conditions on the quantum entanglement are dis-
cussed.

2 Model and solutions

We consider a three-level cascade type atom as shown in
Figure 1. The atomic levels are labeled as the ground state

|1> , the middle state |2> and the upper state |3> . The tran-
sitions between ground state |1> and upper state |3> are

forbidden. The Hamiltonian H' without the RWA is given
by (n=1) [25],

H'=H,+H,+H, (D)

where
H, =wda, )
H, = o, |1){l]+ @, [2)(2]+ & |3)3]. 3)

H, =u(a" +a)(|2)(3+[3)(2| }rv(a" +a) (|2)(1]+]1)(2]). @)

where, a’(a) is the cavity field creation (annihilation) op-
erator, @, @, and w; are the eigen-frequencies for the
atomic states, respectively, ay is the frequency of the single
mode and the atom-field coupling constants which are de-
fined by u=gsin€ and v=gcosé.In order to obtain the
diagonalizable Hamiltonian, and to perform an SO(3)
transformation on the Hamiltonian, we introduce a unitary
matrix

V2sin6/2 —\2/2 V2cos6/2
U=|2sin0/2 2/2 2cos6/2], (5)

—cosfd 0 sin @

where 6 is the angel of the transformation, in this paper
0=45°.

A

y 24
A '
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Figure 1 Three-level cascade type atom.
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Using the transformation of H =UH'U™", we obtain
H=

hy, +a)OA+A—g2/a)0 hy, hyy
hy, hy, +@,B"B - gz/wo hy, )
hy, hy, hy, + @w,a’a

(6)
where we have introduced two displacement transforma-
tions A=a-g/w, and B=a+g/w,, and we have de-
fined hy, = hy, = (@, sin’> @+ @, +®, cos’ 6)/2, h, =h, =
(@, sin’ 0 — w, + @, cos’ 9)/2, hy, = @, cos’ 0+ @, sin” 0,
hyy =hyy =y = hy,=—2 cosOsin (@, —®,)/2. The wave
function can be expanded in complete basis |n>A , |n>B

and |n>, respectively, where |n> B and |n>B are the Fock

states of the new bosonic operators A(A*) and B(B"), |n> is

a Fock state. Therefore, the wave function can be written as
[26-28]

[ N
AN

n=0
n)y

N
2.4,
n=0

|v)

|
L n=0 A

SPRLEN DRURY 28 WOV SRR &
;cn n![a 600] exp[woa 26{)3}'())

N " 2
= ZdnL(a++iJ exp(—ia+ —g—J|O> .
)

2
0 CDO ZClb

U 1
. +\7 0
;fnm(a ) >

Putting eqs. (6) and (7) into the Schrodinger equation and
left multiplying states by A<m| , B<m| and <m|, respec-
tively, we obtain

2
[h“ +wom_g_Jcm +hlzidn A{mln),
)

0 n=0

N
+hy ) f,  (m|n)=Ec,, (8)
n=0
N 2
hZIZCn R <m|n>A +[h22 +w,m —g—j d,
n=0 ak
N
+hyy > f, ,(m|n)=Ed,, )

n=0

N N
hy > c,{m|n) +hy, > d, (m|n) +(hy, +0,m) f,=Ef,, (10)
n=0 n=0
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where <m|n> = <In|n>B =(-D"D,,(g/m). <m|n>3 -
1" D,,,2g/@y). ,m|n), =0 (m|n), , (m|n)=
D" (m|ny, . (m|n) =(=D""(m|n), . with D,,(x)=

g r
7% min(rm,n) (—l)r xR
e 2 20

ri(m—-r)l(n—r)!

, x=g/ay. The eigenvalues

E and eigenvectors with coefficients {c!”}, {d\’} and

{f”} (i=1,---3N +3) can be exactly solved by diagonaliz-
ing the above (3N +3)x(3N +3) matrix numerically.

Assuming that the cavity field is initially in the binomial
field and the atom is in the coherent superposition state, we

have Ca|1>+Cb|2>+CC 3), where C,, C, and C, are the
superposition coefficients of atomic energy levels. If the
atom is initially in the ground state (C,=1, C,=C=0), the
wave function can be written as

|[r=0>
=24 |mIY
=2 B m)(U,]3)+ Uy 2) + U 1))

2} )| av

N

- 0
= ,-;)k” {Z(cn

n=0

n) |3)+d?

where |3'>, |2'> and |1'> are the bases after transforma-

P = Trfp
B N
@ ()*
2,
m=0 nm=0
3N N
SShne | S ave o
- j i© n Cm A min B
ij=0 nm=0
N N
@) ()*
2 L (mln) 2 S,
L nm=0 nm=0

From eq. (11) we know the initial state is a pure state, so
the entropy of the system is zero and does not change with
time. According to Araki and Lieb inequality [2]

S, +S

- (17)

S, —S,|<s<

the atom and field entropies are equal during their evolu-
tions. So we find [30]

§,0) =5,
=-Tr{p,(n1n p, (1))}
~> A Ink,,
:

where A, (k=1,2,3) are the eigenvalues of the atomic

(18)

reduced density matrix.
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tion. Left multiplying the state by A<m| , B<m| and <m| ,
respectively, we obtain

3N

M

Dokl =U, > B (m|n), (12)
i=0 n=0
3N . M
Dkdy =U, > B (m|n), (13)
i=0 n=0

3N .

Zkffn(zl) :U33 ry (14)

i=0

By solving the non-homogeneous linear eqs. (12)-(14), we
can obtain {k;} (i =1,---3N +3). The wave function at any

time can be written as

lw(®)=

3N
—iE;t
D ke

i=0

S

n=0

nxwwww%wwﬁ”mw@aa

3  Quantum entanglement

The interaction between the cavity field and the atom can
lead to the quantum entanglement. We use the field entropy
as a measure of the entanglement between the field and the
atom. The entropy is defined as S=—Trp Inp, where p is the
density matrix for a given system [29]. The reduced density
matrix of the atom can be written as

nm=0
N . N ‘
@) 7(j) @) £()*
Z;) dm dm] ZO dn f;nj <m| n>3 N (16)
m= nm=

(i)d(j)*

y (m|m)

m

N

Z f(i)f(j)*
m:o m m

4 Results and discussion

The results of our calculation are summarized in the fol-
lowing. When the atom is initially in the ground state (C,=1,
C,=C.=0) for a=100g, M=100, the entanglement in general
oscillates rapidly as a function of time. For small 7
(77=0.05), the initial cavity field approximates a coherent
state. The mean value of the entanglement increases quickly
to its maximum value as can be seen in Figure 2(a).

When 7 increases, the cavity field changes from an in-
termediate state to a Fock state. The period of entanglement
evolution becomes clear as is shown in Figures 2(b)-2(d).
For 7=0.9, we observe from Figure 2(d) that disentangle-
ment between the cavity field and the atom may occur. But
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Figure 2 Entanglement evolution when the atom is initially in the ground state for M=100. (a) 7=0.05, (b) 7=0.2, (c) 77=0.5, (d) 7=0.9.

such disentanglement can not sustain and disappears as time
goes on. One common feature found from these studies is
that for all 7 values, the entanglement reaches its maximum
of about 1.1 in a short time.

Next, we study the evolution of entanglement when the
atom is initially in superposition states. When the initial
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gt
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state is a superposition of |2> and |3> levels of equal

probability (C, =0, C, =C, = NG / 2) , the results are plotted
in Figure 3. When the initial state is a superposition of all the

three levels with equal probability (C, =C, =C, = NG / 3),
the entanglement evolution is given in Figure 4.
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Figure 3 The entanglement evolution when the atom is initially in the superposition state of ‘2) and ‘3) for M=100, a»=100g. (a) 77=0.05, (b) 7=0.2,

(c) 7=0.5, (d) 7=0.9.
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Figure 4 The entanglement evolution when the atom is initially in the superposition state of all the three levels for M=100, axy=100g. (a) 7=0.05, (b)

17=0.2, (c) n=0.5, (d) =0.9.

Because of the superposition initial states in these cases,
the initial maximum entanglement is significantly weaker
than that of the previous case. It is about 0.7 in Figure 3
and only 0.3 in Figure 4, while it is about 1.1 in Figure 2.
The common feature in both cases is that for 77=0.05, the
mean entanglement increases quickly at the beginning and
becomes saturated at gz = 30. For larger 7, however, it is

observed that it takes longer time for the mean entangle-
ment to reach the maximum value due to the superposition
of the atomic levels. Of particular interest is the appearance
of disentanglement phenomena at the first few periods in
Figures 3(d) and 4(d), where the atom is initially in the
superposition state. The disentanglement will disappear as
time goes on.

The result of ref. [31] is in the case of RWA. By com-
parison with ref. [31] it can be found that without the RWA,
with the increase of 77 the curve of the entanglement evolu-
tion shows small zigzag-shaped oscillation, which disap-
pears in the case of RWA.

5 Conclusion

In this paper, the quantum entanglement between a single
mode binomial field and a cascade three-level atom is cal-
culated numerically in the framework of a complete quan-
tum theory and without the RWA. The influences of the
different initial states and different sizes of the parameter 7

on the quantum entanglement are discussed. The results
show that if the atom is initially in the ground state, the
quantum entanglement will reach the maximum value in a
short time. In the case of the atom initially in the superposi-
tion state, the degree of the entanglement decreases notably
at the early stage. For the two cases, with the increases of 7
the disentanglement may appear and the period of entan-
glement evolution becomes clear.

This work was supported by the National Natural Science Foundation of
China (Grant No. 1097602/A06).
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