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This paper summarizes the isoscaling and isospin related studies in asymmetry nuclear reactions by different dynamic and sta-
tistical models. Isospin dependent quantum molecular dynamics model (IQMD) and lattice gas model (LGM) are used to study 
the isoscaling properties and isoscaling parameters dependence on incident energies, impact parameters, temperature and other 
parameters. In the LGM model, the signal of phase transition has been found in free neutron (proton) chemical potential dif-
ference Δμn or Δμp as a function of temperature, or in free neutron and proton chemical potential difference Δμn-Δμp. Density 
dependence of symmetry energy coefficient Csym(ρ/ρ0) is also studied in the frame of LGM, with the potential parameters 
which can reproduce the nuclear ground state property, soft density dependence of symmetry energy is deduced from the sim-
ulation results. Giant dipole resonance (GDR) induced by isospin asymmetry in entrance channel is also studied via IQMD 
model, and the dynamic dipole resonance shows isospin sensitivity on the isospin asymmetry of entrance channel and sym-
metry energy of the nuclear equation of state (EOS). GDR can also be regarded as a possible isospin sensitive signature. 

nuclear EOS, isospin, isoscaling, density, giant dipole resonance 
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1  Introduction 

The EOS of isospin asymmetric nuclear matter is a 
longstanding problem in both nuclear physics and astro-
physics, and has received much attention in the past. The 
development of radioactive beam facilities around the world 
during the last decades, making it possible to experimental-
ly study the properties of nuclear matter or nuclei under the 
extreme condition of large isospin asymmetry in terrestrial 
laboratories, and there has been a surge of research activi-
ties on this problem [1]. The one main goal of isospin phys-
ics is to determine the isospin dependence of the in-medium 
nuclear effective interactions and the equation of state  
(EOS) of isospin asymmetric nuclear matter or finite nuclei, 
particularly its isospin-dependent term, i.e., the density de-

pendence of the nuclear symmetry energy. Knowledge of 
nuclear symmetry energy is essential for understanding not 
only many problems in nuclear physics, such as the dynam-
ics of heavy-ion collisions induced by radioactive beams 
and the structure of exotic nuclei, but also a number of im-
portant issues in astrophysics, such as the supernova simu-
lation and neutron stars models, which require inputs for the 
nuclear equation of state at extreme values of density and 
asymmetry [2,3]. Impressive progress has been made both 
experimentally and theoretically, and a number of earlier 
reviews on isospin physics with heavy-ion reactions can be 
found in refs. [4–6]. 

Symmetry energy can be extracted from heavy-ion colli-
sion, and one sensitive observable of the symmetry energy 
is the fragment isotopic composition investigated via the 
isoscaling approach, which was first proposed in mul-
tifragmentation [7–10], then verified in a variety of reac-
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tions and theoretical studies [11–26]. 
The isoscaling law, which means that the ratio of isotope 

yields 21 2 1( , ) ( , ) ( , ) ,R N Z Y N Z Y N Z=  from two similar 

reactions, denoted as reactions 1 and 2, different only in 
their isospin asymmetry, is found to exhibit an exponential 
relationship as a function of the neutron number N and pro-
ton number Z [8–10], i. e. 

 ( ) ( )
( ) ( )2
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where Y2(N, Z) and Y1(N, Z) are fragment yields from the 
neutron-rich and neutron-deficient reactions, respectively, C 
is an overall normalization factor, α and β are fitted param-
eters. The isoscaling parameter α is related to the symmetry 
energy coefficient Csym of EOS in microcanonical and ca-
nonical frames by the following relation [8–10]: 
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where (Z/A)1 and (Z/A)2 are the charge and mass numbers of 
the sources from the two systems, and T is their tempera-
ture. 

Determining the density dependence of the symmetry 
energy, Esym(ρ), becomes one of the main goals in nuclear 
physics at present and in the near future, and has been stim-
ulated by many theoretical studies in experiments. Heavy 
ion collisions (HIC) with neutron-rich nuclei provide a 
unique opportunity to obtain the information on the density 
dependence of the symmetry energy in laboratories becaus-
es a large extent of density can be formed during the HIC. 
Many useful observables from HIC, such as isoscaling, iso-
spin diffusion [27–29], neutron to proton yield ratios and its 
flow at intermediate heavy ion collisions, have been pro-
posed. 

GDR is a collective vibration of protons against neutrons 
with a dipole spatial pattern that starts with the overlap of 
two nuclei in many reactions [30,31]. Some efforts have 
been made to study the dipole resonance formed during the 
fusion and incomplete fusion in N/Z asymmetry heavy ion 
reactions, so it could be a good probe for the symmetry term 
in the EOS [32]. 

2  Isoscaling property with IQMD and LGM  

The mean field involved in the present IQMD model is 
given by Sky Coul Sym( ) ,U U U Uρ = + +  with Sky ,U  CoulU  

and SymU  representing the skyrme potential, the Coulomb 
potential and symmetry potential, respectively [20]. The 
skyrme potential is Sky

0 0( / ) ( / ) ,U γα ρ ρ β ρ ρ= +  where 

ρ0=0.16 fm−3 is the nuclear saturate density. We take the 
parameters α =−356 MeV, β =303 MeV, and γ = 7/6 as a 

soft EOS, α =−124 MeV, β =70.5 MeV, and γ = 2 as a hard 
EOS[33]. The symmetry potential is obtained by 
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with Csym the symmetry energy strength, τz being the zth 
component of the isospin degree of freedom, which equals 1 
or −1 for neutrons or protons, respectively. 

Simulation was performed for collisions 40Ca+40Ca and 
48Ca+48Ca systems with impact parameter b=1 at several 
different incident energies E/A=25, 35, 50, 70 MeV [20]. 
Figure 1 shows the isoscaling parameter α and β depend-
ence on incident energy. Isoscaling parameters are sup-
pressed by the increase of incident energy, i.e., low incident 
energy makes the isoscaling phenomena more clear. Since 
high incident energy induces the collision more violently 
and isospin evolution becomes faster and deeper, then  
mere the isospin difference in two isospin different colli-
sions. However too lower incident energy means few frag-
ments emitted, results in difficult to collect enough isotope 
yields, especially the isotopes far from the stable line. 
Isoscaling parameters are connected with the temperature 
by n Tα μ= Δ  and p ,Tβ μ= Δ  where nμΔ  and pμΔ  

are free neutron and proton chemical potential difference in 
two systems respectively, T is the system temperature. 
Normally Higher incident energy can produce higher sys-
tem temperature T, therefore reduce the isoscaling parame-
ters. 

In Figure 2 the relation of isoscaling parameters α and  
|β | with the impact parameter b is shown for collisions 
40Ca+40Ca and 48Ca+48Ca at incident energy 35 MeV/A. The 
α and |β | values raise with the increasing of impact param-
eter b. As we have discussed, the reactions become more 
violent from peripheral to central collision in the same inci-
dent energy case, more excitation energy can be achieved in 
the central collision, and system temperature T, which is  

 

Figure 1  The variance of isoscaling parameters α and β with the incident 
energies for central collisions 40Ca+40Ca and 48Ca+48Ca. 
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Figure 2  Relation of isoscaling parameters α and β with the impact pa-
rameter b, at incident energy 35 AMeV for collisions 40Ca+40Ca and 
48Ca+48Ca. 

directly connected with the excitation energy. The higher 
temperature in the central collision reduces the isoscaling 
parameters α and |β |, and this dependence also indicates 
that large isospin effect can be observed in peripheral colli-
sions than in central collisions. 

The lattice gas model was developed to describe the liq-
uid-gas phase transition for an atomic system by Lee and 
Yang [34]. The same model has already been applied to 
nuclear physics for isospin symmetrical systems in the 
grand-canonical ensemble [35–37] with a sampling of the 
canonical ensemble [38–41] and also for isospin asymmet-
rical nuclear matter in the mean field approximation [42]. 

In the lattice gas model, A(N+Z) nucleons with an occu-
pation number s which is defined s=1 (−1) for a proton 
(neutron) or s=0 for a vacancy are placed on the L sites of 
lattice. Nucleons in the nearest-neighboring sites interact 
with an energy .

i js sε  The Hamiltonian is written as: 
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In order to investigate the symmetrical term of the nucle-
ar potential in this model, we use two sets of parameters: 
one is an attractive potential constant 

i js sε  between neu-

trons and protons but no interaction between like nucleon, 
i.e. proton and proton or neutron and neutron—namely: 

 0 MeV,    5.33 MeV,nn pp pnε ε ε= = = −  (5) 

This potential results in an asymmetrical potential among 
different kinds of nucleons; hence it is an isospin-dependent 
potential, and it is called isoLGM. And another interaction 
set 

 5.33 MeVnn pp pnε ε ε= = = −  (6) 

is called noisoLGM. 
Small-size nuclei with A=36 as emission sources 

arechosen [17]. Four isotonic sources—namely, 36Ca, 36Ar, 

36S, and 36Si—corresponding to N/Z=0.8, 1.0, 1.25, and 1.57, 
respectively, are simulated. In all cases, the freeze out den-
sity ρf is chosen to be 0.563 ρ0, which corresponds to a 43 
cubic lattice. Here, 10000 events are simulated for each T 
which ensures good statistics for the results. 

Figure 3 shows the extracted α and β versus Z or N. Ob-
viously, α and β keep the same value in the wide Z or N 
range and their absolute values are almost the same, which 
is due to the absence of a Coulomb interaction in the lattice 
gas model. 

Figure 4 shows the temperature dependence of the abso-
lute values of isoscaling parameters α and β. In which the 
scattering points are the calculation results with asymmet-
rical nucleon-nucleon potential, and the lines are the results 
with noisoLGM interaction. The decreasing dependence of 
isoscaling parameters α and |β | on temperature can be seen 
in the isoLGM results, which indicates that the isospin de-
pendence of the fragment yields becomes weak with the 
increase of temperature. This dependence is in accord with 
the result of IQMD in Figure 1, i.e., the decrease of isoscal-
ing parameter on the incident energy. 

Considering the above mentioned relation between isos- 

 

Figure 3  (Color online) Isoscaling parameters α and β extracted in fixed 
Z and N, respectively. 

 

Figure 4  (Color online) The absolute value of the isoscaling parameters 
α and β as a function of T from the yield ratios with sources of 36S and 
36Ca. 
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caling parameters and the free neutron (proton) chemical 
potential difference equation α=Δμn/T and β=Δμp/T, we can 
deduce the free neutron or proton chemical potential differ-
ence of the sources, as a function of the source temperature 
T, as shown in Figure 5(a). Within the error bars, it looks 
like that Δμn and Δμp keep constant in the case of an asym-
metrical potential. However, a slight and wide valley can 
also be identified around T=5 MeV as well as a slight kink 
showing in the SMM model for Sn systems [43]. This val-
ley may be related to the liquid gas phase change for a sim-
ilar system around 5 MeV in the same model calculation as 
well as in the data [44]. This valley becomes obvious if we 
plot the values of (Δμn−Δμp)/2 as a function of temperature 
as suggested in ref. [43]. Figure 5(b) shows that a turning 
point seems to occur around 5 MeV. 

Around this point, an apparent critical behavior has been 
observed in the disassembly of hot nuclei with A~36 in 
TAMU-NIMROD experimental data and model calculations 
[44] by a wide variety of observables [45,46]. This turning 
point of the difference between neutron and proton chemical 
potentials might give additional evidence of the chemical 
phase separation when the liquid-gas phase transition oc-
curs. 

3  Density dependence of symmetry energy nu-
clear EOS in the lattice gas model 

In order to study the density dependence of isoscaling and 
symmetry energy, equilibrated source pairs are chosen with 
different system isospin asymmetry N=Z, and groups of the 

 
Figure 5  (Color online) (a) The absolute value of the difference of neu-
tron and proton chemical potential (Δμn and |Δμp|) as a function of T; (b) 
(Δμn−Δμp)/2 as a function of temperature, and the line is the second poly-
nomial fit. 

source pairs have been used: Z = 30 with A=60, 63, 66 and 
69, respectively, corresponding to N/Z=1, 1.1, 1.2 and 1.3. 
The freeze-out density ρf is chosen to be 0.48ρ0, 0.28ρ0, 
0.18ρ0, 0.12ρ0 and 0.08ρ0, in which 53, 63, 73, 83 and 93 cu-
bic lattice were used for A=60, respectively. However, 
slightly different ρf values are obtained for A=63, 66 and 69 
due to their mass differences [47]. 

We perform calculations on sources with different iso-
spin asymmetry for different densities at T=3 MeV. Figure 
6(a) shows that α increases with the difference of the source 
isospin asymmetry. From eq. (1) the symmetry energy coef-
ficient Csym can be extracted from the isoscaling parameter 
α. The symmetry energy plays an important role in nuclear 
structure of the nuclei with large isospin asymmetry, and the 
study of the isoscaling parameters at different density can 
be used to probe the isospin dependent symmetry energy. 
Figure 6(b) shows that the deduced symmetry energy coef-
ficient Csym by eq. (1) is a function of freeze-out density at 
different temperature. By fitting the date point in Figure 6(b) 

with a form of function ( )sym 0 0 ,C C
γρ ρ=  we obtain the 

parameters C0=24 MeV and γ=0.59. This value is in the 
range suggested by other models and the data [48], but a 
little softer than that in ref. [28]. 

4  The study of isospin asymmetry induced 
GDR by IQMD 

The giant dipole moment in coordinator space DR(t) and 

 
Figure 6  (a) Isoscaling parameters α as a function of density from dif-
ferent isospin asymmetry sources; (b) density dependence of the deduced 
symmetry energy coefficient from (a). 
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momentum space DK(t) is written, respectively, as follows 
[31]:  

 ( ) ( ) ( ),Z N

NZ NZ
DR t X t R R

A A
= = −  (6) 

where X(t) is the distance between the centers of the mass of 
protons and neutrons, ( )Z i iR x p= ∑  and ( )N i iR x n= ∑  

is the center of the mass of protons and neutrons, respec-
tively, and 

 ( ) ( ) p n
P PNZ NZ

DK t t
A A Z N

⎛ ⎞
= Π = −⎜ ⎟

⎝ ⎠
 (7) 

is just the canonically conjugate momentum of the DR(t), 
where ( )tΠ  denotes the relative momentum, with Pn(Pp) 
centers of the mass in momentum space for neutrons and 
protons. 

Here, N=NP+NT and Z=ZP+ZT, and the suffix P (or T) 
marks projectile (or target). The initial dipole moment can 
be calculated by eq. (6): 
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where RP and RT are the radii of the projectile and target , 
respectively. 

Derived from the overall dipole moment D(t), we can get 
the γ -ray emission probability for energy E [31,49]: 

 
2 dd 2

( )
d 3π d

kVP e
E

E E c t
=  (9) 

where dP/dE can be interpreted as the average number of γ 

ray emitted per energy unit, while d d ( )kV t E  is the Fou-

rier transformation of the time derivation on the kth com-
ponents x and z of V . 

Figure 7 shows the evolution of the giant dipole moment 
with time in coordinate space and momentum space for 
40Ca+48Ca collision at 10 MeV/nucleon and b=1 fm. The 
periodical vibration in both coordinate and momentum 
space between protons and neutrons can be seen clearly, and 
it damps with the evolution time. The giant dipole moment 
attenuates rapidly after t=400 fm/c, illustrating a clear re-
duction of the collective behavior [50]. 

To determine the reliability of our calculation of dipole γ 
emission with the IQMD model, experimental data for the 
40Ca+48Ca system [51] at Ebeam=10 MeV/nucleon and 
16O+116Sn system [52] at Ebeam=15.6 MeV/nucleon are 
compared with our result in Figure 8. It should be noted that 
the experimental data on dynamical dipole emission here 
are obtained by taking away the statistical contribution (re-
sult of the statistical model calculation) from the measured  

 

Figure 7  (Color online) (a) Evolution of the giant dipole moment with 
time in coordinate space Dx(t) and momentum space DKx(t); (b) dynamical 
dipole mode |Vx(t)|. 

spectrum. Both systems calculated here are carried out with 
soft Skyrme potential and impact parameters being a trian-
gle distribution between 1 and 6 fm. The good agreement 
between the data and the IQMD calculation encourages us 
to make systematic calculation on dynamic GDR γ emission 
on isospin asymmetry effect. 

The correlation between the dynamical dipole emission 
and the symmetry term of the EOS is investigated by 
changing the symmetry energy coefficient (Csym). In the top 
panel in Figure 9, the spectrum of dynamic emission of the 
same system 40Ca+48Ca is reported, and the calculation is 
performed in the same situation except for the Csym. We can 
clearly see an increased yield of γ rays for larger Csym val-
ues. 

As mentioned before, another interesting aspect of the 
GDR emission property is its dependence on the N/Z 
asymmetry of the reaction systems, which in fact is a direct 
result of eq. (8). This relationship is of most importance for 
its association with the symmetry term of the EOS. So by 
taking the charge and mass symmetry system 40Ca+40Ca as a 
reference system, the dynamic giant dipole resonance is not   
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Figure 8  (a) Experimental data (stars) [51] together with IQMD calcula-
tion (solid circles) of the γ-ray spectrum of the 40Ca+48Ca system at 10 
MeV/nucleon; (b) measured value of γ-ray yield for the 16O+116Sn system 
at 15.6 MeV/nucleon (filled triangles) [52] and our calculation results 
(open circles) under the same conditions. 

expected because of small initial dipole moment in both 
coordinate and momentum space.  

Calculations of dipole γ emission in N/Z asymmetry sys-
tems 40Ca+48Ca and 40Ca+52Ca are performed. In the bottom 
panel of Figure 9, we show the results for γ emission in the 
early 400 fm/c at Ebeam=10 MeV/nucleon, with b=4 fm and 
soft EOS. In the inset, the ratio of γ yields are also shown, 
where the ratio between the 40Ca+48Ca and 40Ca+40Ca sys-
tems is shown by filled circles, and the ratio between 
40Ca+52Ca and 40Ca+40Ca systems is denoted by open trian-
gles. From the figure one find that the N/Z asymmetry sys-
tems 40Ca+48Ca (N/Z=1.3) and 40Ca+52Ca (N/Z=1.2) show a 
clear enhanced yield of the order of about 20% and 35%,  

 
Figure 9  (a) Symmetry energy coefficient (Csym) dependence of γ emis-
sion probability for the system 40Ca+48Ca at Ebeam=10 MeV/nucleon and 
b=4 fm; (b) γ emission probability of systems 40Ca+52Ca and 40Ca+48Ca and 
reference system 40Ca+40Ca at Ebeam=10 MeV/nucleon and b=4 fm with soft 
EOS(Csym=32 MeV). Inset: Ratio of γ yields of systems with a 48Ca target 
or 52Ca target to those with a 40Ca target. 

with respect to the symmetry system 40Ca+40Ca (N/Z=1.0), 
consistent with the result in ref. [49] and references therein. 

5  Conclusions 

We have investigated the isoscaling properties by IQMD 
and isospin dependent LGM. In LGM model calculation, 
the possible phase transition signal has been proposed by 
the difference of free proton and neutron chemical potential 
difference (Δμn−Δμp)/2 as a function of temperature. Sym- 
metry energy coefficient and density dependence of sym- 
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metry energy are also investigated through LGM model 
simulation, and soft density dependence of symmetry ener-
gy is obtained. We tried to observe the dynamic dipole γ 
emission from the isospin asymmetry nuclei induced reac-
tions, and found that GDR γ emission is sensitive to the 
symmetry energy. This offers another method to probe the 
isospin degree in nuclear EOS. 

Symmetry energy study in nuclear EOS with isospin 
asymmetry nuclei and nuclear matter is the critical research 
at present, for both exotic nuclei structure and reactions 
induced by isospin asymmetry nuclei. We have paid much 
efforts to look for the probes of isospin degree. Isoscaling is 
one of the probes that can directly connect symmetry energy 
coefficient with the experimental observable. Many meas-
urements and calculations have been devoted to this subject, 
and have got considerable achievements. Now, the con-
straint of the symmetry energy dependence on density is the 
essential work, and more observables are needed to give 
further information of the symmetry energy term in nuclear 
EOS and isospin degree in nuclear physics. 
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State Basic Research Development Program in China (Grant No. 
2007CB815004). 
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