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Realization of allowable generalized quantum gates
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The most general duality gates were introduced by Long, Liu and Wang and named allowable generalized quantum gates (AGQGs,
for short). By definition, an allowable generalized quantum gate has the form of % = Y{=) ¢, Uy, where U,’s are unitary operators
on a Hilbert space H and the coeflicients ¢;’s are complex numbers with |ZZ;$ cl < land|e| < Lforallk =0,1,...,d—-1.In
this paper, we prove that an AGQG % = ZZ;S ¢ Uy is realizable, i.e. there are two d by d unitary matrices W and V such that
cr = WorVip (0 < k < d —1) if and only if Zz;é |cx] < 1, in that case, the matrices W and V are constructed.
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1 Introduction

The duality computer, or duality quantum computer has been
proposed recently [1], which is a new type of quantum com-
puter exploiting the quantum particle wave duality property.
Different from an ordinary quantum computer, a duality com-
puter can offer non-unitary gate operations, hence provid-
ing flexibility and ease in constructing computing algorithms.
Indeed, a duality computer is a moving quantum computer
passing through a multi-slits in general. In a duality com-
puter, there are d slits. In each slit, one can perform differ-
ent gate operations that are ordinary unitary quantum gates.
However, when the wave functions from the slits combine,
the resulting operation is the sum of the unitary operations,
which is not necessarily unitary. In such a picture, the duality
gate, or the generalized gate, can be written as

ZpiUi, (1)

where d is the number of slits that the duality computer
passes, and p; is the probability that the duality computer
passes through the i-th slit, and
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The properties of the duality gates of the form (1) have at-
tracted much attention [2-4]. Some important results have
been obtained about the properties of these duality gates and
are helpful to studying the capabilities of the duality com-
puter. For example, the set G(H) of all duality gates of the
form (1) on a Hilbert space (state space) H is a convex subset
of contract operators on H and its extreme set is just the set
% (H) of all unitary operators on H([4, Corollary 2.2]). Also,
in the case where dim H < oo, B(H) = R*G(H)([4, Theorem
2.5]).

A duality quantum computer is a quantum computer that
admits two new operations, a divider operator and a com-
biner operator. The divider operator decomposes the initial
wave function into subwaves that are attenuated copies of the
initial wave evolving along different paths. Each of the paths
can contain quantum gates, represented by unitary operators.
After the subwaves pass through the quantum gates, they are
collected together by the combiner operator to form a final
state. Finally, a measurement is performed on the final state
to gain information about the computation. These multiple
paths cause additional parallelism in a duality quantum com-
puter and accounts for their superiority over ordinary quan-
tum computers.
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He and Sun in [8] proposed a method for generating the
complete circuit of Haar wavelet based MRA by factoring
butterfly matrices and conditional perfect shuffle permutation
matrices. The pulse sequences of the logic operations used in
quantum discrete Fourier transform were designed in [9] for
the experiment of nuclear magnetic resonance (NMR), and
2-qubit discrete Fourier transforms are implemented experi-
mentally with NMR. The C¥ @ CV D-computable state was
discussed in ref. [10]. Ref. [11] gave a simple introduc-
tion to quantum entanglement, quantum operations and some
applications of quantum entanglement and relations between
two-qubit entangled states and unitary operations.

Long, Liu and Wang introduced in [7] a type of dual-
ity gates, which were called allowable generalized quantum
gates (AGQGs, for short) having the form of

% = ZC,‘U,‘, (3)

where U} ’s are unitary operators on a Hilbert space H and the
complex coeflicients satisfy |c;| < 1 and | Zf;ol ¢l < 1.
Motivated by the duality quantum gate circuit given by
Long’s in [7], we introduce the following notation.
Definition 1.1 An AGQG of the form (3) is said to be
realizable if there are two d by d unitary matrices W and V
such that
Ck:W()kao,k:O,l,...,d—l. (4)

A realizable AGQG of the form (3) with condition (4) can
be illustrated by Figure 1.

At first the initial state of the quantum computer plus the
qudit system is [¥)|0). Then we perform the unitary operation
V on the auxiliary qudit, and this transforms the state [¥)|0)

into
d-1

VIO = > Vigl¥)li). 5)
i=0

Then performing the auxiliary qudit controlled operation on
the quantum computer, one has the following state

d-1
D VioUil®)li). ©)
i=0

) ; Uo : U, oo | Ugo2 : Uy .| Readout

0 \g g

Figure 1 Duality quantum gate circuit, where [¥) is the target state
and |0) is the d-level controlling qudit. The circles represent the d-level
controlling qudit, and the squares represent unitary operations. Unitary
Uy, Uy,..., Uyg-1 are activated only when the controlling qudit holds the re-

spective values indicated in circles.

This simulates the simultaneous operations on the duality
computer at different slits. To combine the wave functions,
one performs another unitary operation W, and the result of
this operation is

d-1 d-1
D VoUilyWIiy = 3" 2%1)k), (7)
i=0 k=0
where
d-1
%chfUi(kzo,l,...,d—l), (8)
i=0
and
C?: WkiVjO(i’kzo’ 19""d_ 1)' (9)

Especially, ¢; = ¢! = Wo;Vio(i = 0, 1,...,d - 1).

As a special case of AGQGs, the restricted allowable gen-
eralized quantum gates (RAGQGs) were discussed in ref.
[12], which have the form of (3) with 0 < 397} ;| < 1 and
some properties of the set RAGQG(H) of all RAGQGs on H
are established there.

In this paper, we will show that an AGQG of the form (3)
is realizable if and only if the coefficients ¢;’s satisfy the fol-

lowing condition:
Dled <1, (10)

In that case, the matrices W and V will be constructed.

2 Main results

Let r € C, {aj};%:l c C. In this section, we denote by
E({a j}’}= |» 1) the system of equations

X xj=r
2 yi=rs
Xy = aiz(i =1,2,...,n)

and write E({aj};?zl, 1= E({aj};?:l).
Lemma 2.1 Letn e N, and

X = (x(ll),xél), o ,xﬁll))T e C",
1 (1 (1 DN\T
Y=o e

be unit vectors. Then there exist unitary matrices W = (w;;) €
M,(C) and V = (v;;) € M,(C) such that

D

D =w(j=12....n) and y\" = v (i = 1,2,...,n).

(11)
Moreover, if in addition x! (resp., y'’) € R”, we can choose
the matrices W (resp., V) € M, (R) with condition (11).
Proof Take unit vectors

X O @ @) e on
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such that {x®}7_ and {y"}" are orthonormal bases for C".

Let
K0T
x@T M@ )
W= (wi) = =i =1y ooyl (12)
T

Then W*W = V*V = [, with

W=wG=1,2...

: ;nyandy\V = vi(i = 1,2,...,n).

If in addition x(' € R”, then we can choose unit vectors

x, 3 e R,

such that {x?}"_is an orthonormal basis for R”. Then the
matrix W € M,(R) defined as in (12) is a real unitary ma-
trix. If in addition y' € R”, then we can choose unit vectors
¥y, ¥y, ..., y™ such that {y?}" | is an orthonormal basis for
R”. Then the matrix V € M, (R) defined as in (12) is a real
unitary matrix. This completes the proof.

Theorem 2.2 Letn > 2, {cj};’ c C,and 0 < IcJI =
aj < 1,0<Z;? 1. Ifthereex1stSJo€{1 2,...,n}
such that ¢, = 0, then there exists x = (x{, x2, . cx)T and
y = (1y2-...y)" € C" satisfying |Ix]| = [lyll = 1 and
xiyi=ci(j=12,...,n).

Proof We write ¢; = a;e(j = 1,2,...,n), where 6,’s
are real. Take {&;}7_; C R*U{0} with&j, = 0, a;+&; > 0(j #
Jo) and 2;;1 gj=1—-rForall j=1,2,...,n, define

(1]—}’

yi=AJaj+ej, xj=

Then

n n
VP =" 1y = D (a;+ &)
j=1 j=1
n n
=Yg+ Y e=re-n=1,
j=1 j=1

and x;y; = cj(j =1,2,...,n).

Theorem 2.3 Letn >2,c; = |cjle € C(j=1,2,...,n),
and 3_, lcjl = 1. Then there exist x = (x1, x2,..., %),y =
(V1:Y2, - > yn)" € C" satisfying ||lx]| = [lyll = 1 and x;y;
ci(j=1,2,...,n).

Proof Let

x =(Vlewls Vieals ...,

VieaD,

y =(leile®, Vieale®, .. ., Vieale™).

Then |Ix]| = [yl = 1 and x;y; = ¢;(j = 1,2,...,n).

Theorem 2.4 Letcy,c, € C\{0}and O < |cy| :=a,|ca| :=
b < 1. Then a + b < 1 & there exist unitary matrices
W = (w;;) € MoR) and V = (v;;) € M»(C) such that
ci=wyvp(i =1,2).

Proof Suppose that there exist unitary matrices W =
(W,‘j) € M>(R) andV = (V,‘j) S MQ(C) such that ¢; = wiivit (i =
1,2), then

a+ b =lci| + leal = wivil + wizvai
<VwiP + il Vv + o = 1.
Leta + b < 1. Consider the following equation
fm)y=m*—m@®+1-0b>)+da*=0. (14)
Observe that
f0)=a*>0.f(a) = ~a((1 - a)’ = b’

thus there exist my, my with 0 < m; < a < my < 1 such that

flmi) = f(mz) =0

)<0, f(1) =b*>0,

Let

m=my, n=1-my, x=my, y=1-ms.
Then m,n, x,y € (0, 1), and

m+n=1, mx=m1m2=a2, x+y=1,

ny =1 -m)(1-my) =1-(m +my) +mm,
=1-(®+1-b*)+d* =D

Suppose that ¢; = ae'”, ¢; = ael®. Let

we V) e e )
-y Vx Vne'>  \/me "
It is easy to check that
WW=WW=VV'=V'V=],

and
wivy = Vxvme? = xme? = ae'? = ¢,

Wy Vne® = Jyne'® = be'® = c;.

The proof is completed.
Lemma 2.5 Let aj,ap,r > 0. Thena; +a; < r ©
E({a ]}J 1» 1) has a positive solution.

Wi2V21 =

Proof Suppose that E({a ]}
(xl’ X2, )’1,)’2) Then

-_1»1) has a positive solution

ar+a; = \xiy1 + Vxy: < Vxi +xa v +y2 =7

Let a; + a, < r. Consider the following function

g(m) = rm* — m(a% +77 - a%) + ra%. (15)
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Observe that
g(0) = ra} > 0,

gla) = —ai(r—a;)* = a3) <0
g(r) = ra% >0,

thus there exist my, my with O < m| < a; < my < r such that

g(my) = gmy) =0
Let
Xp=my, Xop=r—my, yp=my, Y2 =17—=m;.
Then xi, x2,y1,y2 € (0,7), and

2
X1 tXo=7r Xiyr=mmy=aj, Y1 +ty2=1,

yiya = (r —my)(r —my) = r* = (my + my) + mymy

2

=r2—(a%+r2—a%)+af=a2.

This shows that (xi,x2,y1,y2) is a positive solution of
E({a ]}]_1, r). This completes the proof.

Theorem 2.6 Letn > 2, {a;}_; C R*. Then 3}, a; <
1 & E({aj};’.zl) has a positive solution (xy, x2, ..., Xy, V1,
Y25eens yn)-

Proof Use induction.

(1) When n = 2, by Lemma 2.5, we know that a; + a» <
1 o E({a j}§=l) has a positive solution.

(2) Suppose that the conclusion holds for n = k. Let
n=k+1,{a }"+1 Cc R*.

Claim 1 Z’”l a; < 1 & there exists z9 € (a7, , 1) such

that
\/ (1 = z0)(z0
<
= 20

2
- ak+1)

k
2,4

To see this, we first suppose that there exists zg € (alf o D
such that (16) holds. Then

(16)

2 2 2 2
(20 — ar+1)” 2 0 ©20 — 275 — @y + Ay 20
= 2ai4120

(1 - ar1)*20

2
S @g20 + 20

e - z20)(z0 —al,)) <

1 - z0)(z0 — @?
@\/( -t
20
It follows from (16) that
k
(1 —z0)(z0 — a} )
Zaj < \/ kel — Qk+1,
= 20

thus Zk+1 a; < 1.
Conversely, we suppose that Zl;+1 aj < 1. Consider the
following function

f(m) =m +al,,. (17)

P \2
m{aiﬂ +1- [Z aj]

J=1

Observe that

k 2
fO)=da2,, >0, f(1)= [Z aj] >0

J=1

k 2
f(ars1) = —ag+1 [(1 — akﬂ)z — {Z aj] <0

=1
thus there exist my,my with 0 < m; < ay4; < my < 1 such
that

f@my) = f(my) =0
So, the set of all solutions of the inequality f(m) < O is
[my, my] C (0, 1). Take

20 € [ars+1,m2] C [my,ma] C (0, 1),

then 0 < a?, | < ax1 < 20 < 1 and f(z) < 0, that is,

P \2
f(z0) = Z(Q) - 20 {aiﬂ +1- [Z aj]

J=1

+ap,, <0.  (18)

It follows from (18) that

¢ \/ (1 - 20)(z0
2,4 <

— 20
j=1

Claim 2 Let 7y € (a% +1> ). Then the following state-
ments are equivalent.
(1- zo)(m—am)

e -
2) The system of equations

k .
Zj:lxj =1-2z0;

2
— )

2
a
k k+1
Zj:] Vi = 1- 5
5 20
xXiy1 = ag;
Xk = az,
that is,
X
k J
Z . = 1,
= g5
k i .
Zj:] & - 1’
1 = %
20 2
X1 Yoo _ aizo . (19)
l—z0 _ ag;l (1 —z0)(z0 — ai,))
2
Xk Vk a;20
1 -2 1- Gy (l —20)(z0 — aiﬂ)

20

has a positive solution (x, x2, . ..
Note that

S Xk V1 Y2 - VE)-

\/(1 — 20)(z0
20

: _ai‘Fl)
S

J=1
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k a?Zo
= Z 2 <
= VA =200 = @)

By the assumption that the conclusion holds for n = &, we
know that Claim 2 holds.

It is obvious that E({a j}’]‘;r%) has a positive solution if and

only if there exists zp € (alf +1» 1) such that (19) has a positive
solution. Hence, Theorem 2.6 is true for all » > 2 by using
Claim 1 and Claim 2. This completes the proof.

Remark1 Letn > 2, {aj}’;.=1 c R*,Z;:Iaj < 1. From
the proof of Theorem 2.4 and 2.6, we get a positive solution
of E({aj};le).

Case 1 n = 2. In this case, (x1,x2,y1,¥2) = (m, 1 —

2 2
m, 1,1 - 2) is a positive solution of E({aj}izl), where

> m?

@ +1-a)~ (@ +1-adP - da3

1
m =
2
Case 2 n > 3. In this case,

(x17-x2" "’xrhyl’yZ" "7yn)

at ay
=13 r—2,4a3,...,4y, = s A3, ...,y
4 <

is a positive solution of E({a j}’}: 1)» where

n

FZI—Z(IJ‘,

j=3
z= 21r [(a% +7r7 - a%) - \/(a% +72 - a%)2 — 4a%r2 .

Theorem 2.7 Letn > 2, {cj};?:l € C\ {0} and 0 <
lcjl == a; < 1(j = 1,2,...,n). Then Z;leaj < 1 if and
only if there are unitary matrices W = (w;;) € M,(R) and
V= (Vij) € M,,(C) such that cj= lele(j =1,2,...,n).

Proof We write ¢; = |cjle = a;e(j = 1,2,...,n),
where 6; is an argument of ¢; foreach j =1,2,...,n.

Suppose that there are unitary matrices W = (w;;) € M,(R)
and V = (v;;) € M,(C) such that ¢; = wiv;1(j = 1,2,...,n),
then

n n n
2,4 = Qe = oy
j=1 Jj=1 j=1
n n
< Doy DIl =1
J=1 J=1

Conversely, let Z?Zl aj < 1. It follows from The-
orem 2.6 that E({aj};?zl) has a positive solution, say
(ah az,..., a'n’ﬁl’BZ’ e ’ﬁn)' Let

x(l) = (\/a/la \/027 MR \/a/n)T € Rn?

vy = (B, \Bae, ..., BT e C".

Then x) and y» are unit vectors in R” and C", respectively.
Take unit vectors x@,x®, ... x® e R", y@ y3 .y ¢

C" such that {x®}"_, {y}2  are orthonormal bases for R,
C", respectively. Let W and V be given by (12). Then
WW* = V*V = [, hence W, V are unitary matrices with

cj=a; e’ = Nay(VBe™) = wiyi(j=1,2,...,n)

since (ay, s, .. .,Bn) is a positive solution of
E(lap_)).

Remark 2 Letn > 2.{c;}j_, ¢ Cand¢; = lcjle!® =
ajei(j = 1,2,...,n), ¥, a; < 1. By Remark 1 and Theo-
rem2.2,2.4 and 2.7, we can get unitary matrices W = (w;;) €
M,(R) and V = (v;j) € M,(C) such that ¢; = wyjvji(j =
1,2,...,n).

Case 1 {cj}’}.=1 c C\ {0}

When n = 2, we compute from Theorem 2.4 that

_[ \m \/l—m]
| =viem \Vm ’

. ,a'n’ﬁl’ﬁL ..

2
-4 ot \/ @} o-ify
m m

Where m = [(af tl-a) - \/(a% +1 - a3 - dai ] /2.

When n > 3, we compute from Theorem 2.7 that

Z r—z as ... ay
wal w22 Wa3 ot Wi
W = 31 32 33 3n ,
Wni Wn2 Wnp3 ot Wi
af i0,
€ Vi2 V13 . Vin
Z
@
192
r— ¢ Vo Va3 ottt Vo
V= z )
i3
ase Vi V33 ot V3p
10,
anel V2 V3t Vi
where
n
r=1- Z aj,

=

1
e=, [(a%+r2—a%)— \/(a%+r2—a§)2—4a%r2 ,
r

n n
and {Wij}i=2,j=l - R’ {vij}i=1!j=2

V € M,(C) are unitary matrices.
Case 2 There exists jy € {1,2,...,n} such that ¢;, = 0.

C C such that W € M,(R),

W=, V=i
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with
a? "
e, J# Jos
aj+sj
wij = NJaj+gj, vy =
é
-3 J=Jo
haive;’ ’

where {sj};?:l CR* U {0} satisty gj, =0, aj+¢&; > 0(j # jo),
€= 1= T aj and {wik, o € Rofvl 1, € €
such that W € M, (R), V € M, (C) are unitary matrices.

This work was supported by the National Natural Science Foundation of
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